Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2013, Article ID 202373, 4 pages
http://dx.doi.org/10.1155/2013/202373

Research Article

On the Stability of Heat Equation

Balazs Hegyi' and Soon-Mo Jung®

! Faculty of Mathematics, Physics and Informatics, Comenius University, Bratislava, Slovakia
2 Mathematics Section, College of Science and Technology, Hongik University, Sejong 339-701, Republic of Korea

Correspondence should be addressed to Soon-Mo Jung; smjung@hongik.ac.kr

Received 19 June 2013; Accepted 18 September 2013

Academic Editor: Bing Xu

Copyright © 2013 B. Hegyi and S.-M. Jung. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly

cited.

We prove the generalized Hyers-Ulam stability of the heat equation, Au = u,, in a class of twice continuously differentiable functions

under certain conditions.

1. Introduction

Let X be a normed space and let I be an open interval. If for
any function f: I — X satisfying the differential inequality

la, () 5 () + 4y () Y7 () )
1
+o+a (x)y' (x)+a0(x)y(x)+h(x)|| <eg

for all x € I and for some & > 0, there exists a solution f; :
I — X of the differential equation

a, () Y™ (%) +a,, (x) Y (%) o
+ota (%) y (%) +ay (%) y (%) +h(x) =0

such that || f(x) — fy(x)Il < K(e) for any x € I, where K(¢) is
an expression of € only, then we say that the above differential
equation has the Hyers-Ulam stability.

If the above statement is also true when we replace ¢
and K(e) by ¢@(x) and ®(x), where ¢, ® : [0, 0)
are functions not depending on f and f; explicitly, then
we say that the corresponding differential equation has the
generalized Hyers-Ulam stability. (This type of stability is
sometimes called the Hyers-Ulam-Rassias stability.)

We may apply these terminologies for other differen-
tial equations and partial differential equations. For more
detailed definitions of the Hyers-Ulam stability and the
generalized Hyers-Ulam stability, refer to [1-7].

Obloza seems to be the first author who has investigated
the Hyers-Ulam stability of linear differential equations (see

I —

[8,9]). Here, we will introduce a result of Alsina and Ger (see
[1]). If a differentiable function f: I — R isa solution of the
differential inequality | y'(x) — y(x)| < & where I is an open
subinterval of R, then there exists a solution f;, : I — R
of the differential equation y'(x) = y(x) such that | f(x) -
fo(x)| < 3efor any x € I. This result was generalized by
Miura et al. (see [10, 11]).

In 2007, Jung and Lee [I12] proved the Hyers-Ulam
stability of the first-order linear partial differential equation

au, (x,y) +bu, (x,y) +cu(x,y) +d =0, (3)

where a,b € R and ¢,d € C are constants with R(c) #0. It
seems that the first paper dealing with Hyers-Ulam stability
of partial differential equations was written by Prastaro and
Rassias [13]. For a recent result on this subject, refer to [14].

In this paper, using an idea from the paper [I5], we
investigate the generalized Hyers-Ulam stability of the heat
equation

Au(x,t) —u, (x,t) =0 (4)

in the class of radially symmetric functions, where A denotes
the Laplace operator, t > 0, x € I, and I ¢ R" is open. The
heat equation plays an important role in a number of fields
of science. It is strongly related to the Brownian motion in
probability theory. The heat equation is also connected with
chemical diffusion and it is sometimes called the diffusion
equation.



2. Main Result

For a given integer n > 2, x; denotes the ith coordinate of any
point x in R"; thatis, x = (xy,...,%;..., X,,). We assume that
a,b,and t; are constants with0 < a < b < coand 0 < t; < 00,
and we define

D={xeR"|a<|x| <b}, T={teR|0<t<t},

©)

where |x| = \/x? + -+ + x2.

Due to an idea from [16, Section 2.3.1], we may search for
a solution of (4) of the form u(x,t) = (l/t“)v(lxl/tﬁ) for some
twice continuously differentiable function v and constants «
and 3 > 0. Based on this argument, we define

1
U:{u:DxT—>R|u(x,t):t—aw(r) VxeD,teT

and for some function w : (ry,00) — R

. x
with r = B

and lim "w(r) = lim r"'w' (r) = 0} ,
r— 00 r— 00
(6)
where we set
a
5 (for 0 < t; < 00),
ro =11
0 (fort, = 0)
and the constants « and f will be chosen appropriately.

Theorem 1. Let ¢ : (ry,00) — [0,00) andy : T — [0, 00)
be functions such that

0 eu2/4 00
J — J $" 1o (s)dsdu < oo, (8)
ry W u
¢ := inf "2y (1) > 0. (9)

If a twice continuously differentiable function u € U satisfies

|Au (x,1) = u, (x, 1)) S§0<%)V/(t) (10)

forall x € D andt € T, then there exists a solution uy : D x
T — R of the heat equation (4) such that u, € U and

c _ VD)
lu (x, 1) —uy (x, t)| < t”7€ (Ix1/2%)

0 eu2/4 0
X J — J "o (s)dsdu
IxI/vt U u

(11)

forallx e Dandt € T.
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Proof. Since u(x,t) belongs to U, there exists a function w :
(rg»00) — R such that

u(x,t) = tlaw (r) (12)

forany x € Dand t € T, where we set r = |x|/tﬁ. Using this
notation, we calculate u, and Au:

o
u, (x,t) = —tlxﬂw(r) - t"{il rw' (r),
1 Xi
)t = I
Uy, (x,t) t“+l3w () ]
) 2
1 1 " x,’ ! 1 'xi
u. . (x,t) = —w r)—=+w )| —-—1]).
xn (00 = o (tl3 ) |x|? ( )( x| |x|3))
(13)
So we have
Au(x,t) —u, (x,t) = a2p
-1
x <w” (r) + 2w (r)) (14)
r

+

t(x1+1 (/3rw' (r) + aw (r))

foranyx € D,t € Tandr > r,.
If we set « = n/2 and B = 1/2 in the previous equality,
then we have

Au (x,t) —u, (x,t)

= L <w” (r) + n%lw' (r) + %w' (r) + Ew(r))

t”/2+1 2
1 1 n-1 1 n-2_ 1
= FW_Z*'I((T w (T")+(7’l—l)1’ w (l"))
oL (r"w' (r) +nr"'w (r)))
2

R S S I LN
= Ftn/T<r w (r) + 3w(r)
(15)

forallx € D,t € T and r > r,. Moreover, from the last
equality and (10), it follows that

1
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(r”_lw’ (r) + %nw(r)> ‘ (16)
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forallr > ryand t € T. In view of (9), we have

n

—er" g (r) < (r"-lw’ (r)+%w(r>> <co(r) (19)

for any r > 7.
We integrate each term of the last inequality from r to co
and take account of the definition of U to get

—CJ sl (s)ds < "W (r) - "w (r)

- (19)
<c J "o (s)ds

r

or

w' (r) + %w (r)

< rnc—1 J "o (s)ds (20)

forallr > r,.
According to [17, Theorem 1], together with (8), there
exists a unique y € R such that

2
-’ /4 2 [T M 21
|w(r)—ye |Sce — S (s)dsdu (21)
P 7
for all ¥ > r,, or equivalently
Y x| €
|u (x,t) — t"7€ < e
x ¢~ xI/2VE
00 euz/4 00
xj - J "o (s)ds du,
Ixl/vE U Ju
(22)
forallx e Dandt e T.
Now, we set
2
up (%, 1) = t"% o~ (x1/2vD) (23)

forallx € Dandt € T. Thenitiseasy to show that u, € U and
u, is a solution of the heat equation (4). Moreover, inequality
(11) is an immediate consequence of (22). O

Corollary 2. Let ¢ : (ry,00) — [0,00) andy : T — [0, 00)
be functions. Assume thatn > 2, 0 < t; < co and that there
exist constants ¢ and 0 such that

[E] ~(x1/2) ( Ix] >2_n 24
(p<v?>see 7 (VxeD,teT), (24)

n/2+1

y(t) > 0. (25)

c:=inf t
teT

If a twice continuously differentiable function u € U satisfies

|Au(x>t)_ut (x’t)| S‘P(%)V/(t) (26)

forall x € D andt € T, then there exists a solution u, : D x
T — R of the heat equation (4) such that u, € U and

2 9 2-n ~ 2
| (2, £) — 1o (0, 8)] < L&e (%2907 (27)
n-2 t
forallx e Dandt e T.

Proof. It follows from (24) that

JOO sl (s)ds < ro

u u

lge A2 s = 29 1 (28)

for all u > r,. Moreover, by the previous inequality, it holds
that

ooeu2/4 0
J J "o (s)dsdu

7o ul u

(29)

2

M/t 20 ,_

SJ 126@“/4du=—r§"<oo,
r U n—2

since the assumption, 0 < t; < co, implies that r, > 0.
According to Theorem 1, there exists a solution v, € U of

the heat equation (4) such that inequality (27) holds, for all

xe€DandteT. O
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