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We study complete synchronization of the complex dynamical networks described by linearly coupled ordinary differential equation
systems (LCODEs). Here, the coupling is timevarying in both network structure and reaction dynamics. Inspired by our previous
paper (Lu et al. (2007-2008)), the extended Hajnal diameter is introduced and used to measure the synchronization in a general
differential system. Then we find that the Hajnal diameter of the linear system induced by the time-varying coupling matrix and
the largest Lyapunov exponent of the synchronized system play the key roles in synchronization analysis of LCODEs with identity
inner coupling matrix. As an application, we obtain a general sufficient condition guaranteeing directed time-varying graph to reach

consensus. Example with numerical simulation is provided to show the effectiveness of the theoretical results.

1. Introduction

Complex networks have widely been used in theoretical anal-
ysis of complex systems, such as Internet, World Wide Web,
communication networks, and social networks. A complex
dynamical network is a large set of interconnected nodes,
where each node possesses a (nonlinear) dynamical system
and the interaction between nodes is described as diffusion.
Among them, linearly coupled ordinary differential equation
systems (LCODESs) are a large class of dynamical systems with
continuous time and state.
The LCODE:s are usually formulated as follows:

) =f(x®)+ ailijij ®, i=12,....m,
j=1

@

where t € R" = [0, +0c0) stands for the continuous time and
x'(t) € R” denotes the variable state vector of the ith node,
f:R" — R” represents the node dynamic of the uncoupled
system, 0 € R* = (0, +co) denotes coupling strength, l,-j >0
with i # j denotes the interaction between the two nodes, and

I, = - Z;.”# lij» B € R™" denotes the inner coupling matrix.
The LCODEs model is widely used to describe the model in
nature and engineering. For example, the authors study spike-
burst neural activity and the transitions to a synchronized
state using a model of linearly coupled bursting neurons in
[1]; the dynamics of linearly coupled Chua circuits are studied
with application to image processing and many other cases in
[2].

For decades, a large number of papers have focused on
the dynamical behaviors of coupled systems [3-5], especially
the synchronizing characteristics. The word “synchroniza-
tion” comes from Greek; in this paper the concept of local
complete synchronization (synchronization for simplicity) is
considered (see Definition 3). For more details, we refer the
readers to [6] and the references therein.

Synchronization of coupled systems have attracted a great
deal of attention [7-9]. For instances, in [7], the authors
considered the synchronization of a network of linearly
coupled and not necessarily identical oscillators; in [8], the
authors studied globally exponential synchronization for
linearly coupled neural networks with time-varying delay and
impulsive disturbances. Synchronization of networks with



time-varying topologies was studied in [10-16]. For example,
in [10], the authors proposed the global stability of total syn-
chronization in networks with different topologies; in [16],
the authors gave a result that the network will synchronize with
the time-varying topology if the time-average is achieved
sufficiently fast.

Synchronization of LCODEs has also been addressed
in [17-19]. In [17], mathematical analysis was presented on
the synchronization phenomena of LCODEs with a single
coupling delay; in [18], based on geometrical analysis of
the synchronization manifold, the authors proposed a novel
approach to investigate the stability of the synchronization
manifold of coupled oscillators; in [19], the authors pro-
posed new conditions on synchronization of networks of
linearly coupled dynamical systems with non-Lipschitz right-
handsides. The great majority of research activities men-
tioned above all focused on static networks whose connectiv-
ity and coupling strengths are static. In many applications, the
interaction between individuals may change dynamically. For
example, communication links between agents may be unre-
liable due to disturbances and/or subject to communication
range limitations.

In this paper, we consider synchronization of LCODEs
with time-varying coupling. Similar to [17-19], time-varying
coupling will be used to represent the interaction between
individuals. In [6, 13], they showed that the Lyapunov expo-
nents of the synchronized system and the Hajnal diameter
of the variational equation play key roles in the analysis of
the synchronization in the discrete-time dynamical networks.
In this paper, we extend these results to the continuous-time
dynamical network systems. Different from [11, 16], where
synchronization of fast-switching systems was discussed, we
focus on the framework of synchronization analysis with
general temporal variation of network topologies. Additional
contributions of this paper are that we explicitly show that
(a) the largest projection Lyapunov exponent of a system is
equal to the logarithm of the Hajnal diameter, and (b) the
largest Lyapunov exponent of the transverse space is equal to
the largest projection Lyapunov exponent under some proper
conditions.

The paper is organized as follows: in Section 2, some
necessary definitions, lemmas, and hypotheses are given; in
Section 3, synchronization of generalized coupled differential
systems is discussed; in Section 4, criteria for the synchro-
nization of LCODEs are obtained; in Section 5, we obtain
a sufficient condition ensuring directed time-varying graph
reaching consensus; in Section 6, example with numerical
simulation is provided to show the effectiveness of the
theoretical results; the paper is concluded in Section 7.

Notions. e} = [0,0,...,0,1,0,... ,0]" € R” denotes the n-
dimensional vector with all components zero except the kth
component 1, 1, denotes the n-dimensional column vector
with each component I; for a set in some Euclidean space U, U
denotes the closure of U, U® denotes the complementary set of
U,and A\B = AnB;foru = [uy,... ,un]T € R", ||lu|| denotes
some vector norm, and for any matrix A = (a;) € R™,
|All denotes some matrix norm induced by vector norm,
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for example, [lull, = Y., |ul and |Al, = max; Y lay;l;
for a matrix A = (q;) € R™" |A| denotes a matrix with
|Al = (la]); for a real matrix A, A" denotes its transpose and
for a complex matrix B, B* denotes its conjugate transpose;
for a set in some Euclidean space W, O(W, §) = {x : dist(x,
W) < 6}, where dist(x, W) = infyewllx — yli; #] denotes the
cardinality of set J; | z] denotes the floor function, that is, the
largest integer not more than the real number z; ® denotes
the Kronecker product; for a set in some Euclidean space W,
W™ denote the Cartesian product W x --- x W (m times).

2. Preliminaries

In this section we will give some necessary definitions, lem-
mas, and hypotheses. Consider the following general coupled
differential system:

d)=f(x0.O), .. W),), i=12.,m,

(2)
with initial state x(t,) = [x'(t,) ..., x"(t)"]T € R™,
where t, € R" denotes the initial time, t € R" denotes the
continuous time, and x'(t) = [x|(t),..., x,(t)] € R" denotes

the variable state of the ith node, i = 1,2,...,m.
For the functions f' : R™ xR* — R"i=1,2,...,m,
we make the following assumption.

Assumption 1. (a) There exists a function f: R” — R" such
that fi(s,s,...,s,t) = f(s) foralli = 1,2,...,m,s € R",
and t > 0; (b) for any t > 0, fi(~, t) is C'-smooth for all
x=[x",...,x""]" € R™, and by DF'(x) = ((3f'/9x')(x,
t)):Zzl € R™™ denotes the Jacobian matrix of F(x,t) =
[fi(x, 0. .. M (x, AT with respect to x € R™; (c) there
exists a locally bounded function ¢(x) such that | DF*(x) || <
@(x) for all (x,t) € R™ x R*; (d) DF(x) is uniformly locally
Lipschitz continuous: there exists a locally bounded function
K(x, y) such that

|DF (x) - DF* ()] < K (x, ) | = 5] 3)

forallt > 0and x, y € R™; (e) fi(x, t) and DF'(x) are both
measurable for t > 0.

We say a function g(y) : R? — RP? is locally bounded
if for any compact set K ¢ R, there exists M > 0 such that
lg(y) | <M holds forall y € K.

The first item of Assumption 1 ensures that the diagonal
synchronization manifold

S = “xlT, xZT,...,me]T eR™ . 5T = T,
(4)
ij=12,...,m}

is an invariant manifold for (2).
If x}(t) = 2*@t) = -+ = x™(@) = s(t) € R”is the
synchronized state, then the synchronized state s(¢) satisfies

$(1) = f(s@). (5)
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Since f(-) is C'-smooth, then s(t) can be denoted by the
corresponding continuous semiflow s(t) = 9“s, of the in-
trinsic system (5). For 9, we make following assumption.

Assumption 2. The system (5) has an asymptotically stable
attractor: there exists a compact set A C R" such that (a) A
is invariant through the system (5), that is, 99 A ¢ Aforall
t > 0; (b) there exists an open bounded neighborhood U of
A such that (5, 9T = A; () Ais topologically transitive;
that is, there exists s, € A such that w(s;), the w limit set of
the trajectory 9%s,, is equal to A [3].

Definition 3. Local complete synchronization (synchroniza-
tion for simplicity) is defined in the sense that the set

é’ﬂAm = { xT,xT,...,xT]T eR"™ . x" ¢ A} 6)

is an asymptotically stable attractor in R™". That is, for the
coupled dynamical system (2), differences between com-
ponents converge to zero if the initial states are picked
sufficiently near & (] A™, that is, if the components are all
close to the attractor A and if their differences are sufficiently
small.

Next we give some lemmas which will be used later, and
the proofs can be seen in the appendix.

Lemma 4. Under Assumption 1, one has

m afl _ - af
j=1$ (5,1) = 3 (), (7)
foralls € R" and t > 0, where S = [sT,sT, .. ,sT]T.

Lemma 5. Under Assumptions 1 and 2, there exists a compact
neighborhood W of A such that 99W c 9W forallt > ' >
0 and (o 99W = A.

~ Letdx(t) = [0x'(1)T,...,8x™ ()] € R™, where 8x'(t) =
x'(t) — s(t) € R". We have the following variational equation
near the synchronized state s(¢):

) m o fi )
8% () = Z% G(),0)0x (1),
1%

i=172)'-~>m7 (8)

or in matrix form:
8% (t) = DF' (s (1)) 8x (1), 9)

where DF'(s(t)) denotes the Jacobin matrix DF'(5(t)) for
simplicity.

From [20], we can give the results on the existence,
uniqueness, and continuous dependence of (2) and (9).

Lemma 6. Under Assumption 2, each of the differential equa-
tions (2) and (9) has a unique solution which is continuously
dependent on the initial condition.

Thus, the solution of the linear system (9) can be written
in matrix form.

Definition 7. Solution matrix U(t, £, s,) of the system (9) is
defined as follows. Let U(t, ty,s,) = [u'(t,tg,50)s .., "™ (t,
to So)]> where t5(t, t,, s,) denotes the kth column and is the
solution of the following Cauchy problem:

8x (t) = DF' (s (1)) 6x (¢),
s(to) = sp» (10)
Ox (ty) = ep™.

Immediately, according to Lemma 6, we can conclude
that the solution of the following Cauchy problem

8% (t) = DF' (s (t)) 8x (1),
s(to) = sp» 1)
8x (ty) = Ox,

can be written as dx(t) = U(t, t,, 57)0x,.
We define the time-varying Jacobin matrix DF’ by the
following way:
DF :R* xR" — 28",
. (12)
(t9>50) — {DF' (s )},

with s(ty) = s, where 28" is the collection of all the subsets
of R™™"™,

Definition 8. For a time varying system denoted by DF, we
can define its Hajnal diameter of the variational system (9) as
follows:

diam (DZF, s,) = tlinéof‘i%{diam (U (4, to,so))}l/t, (13)
02

where for a R™"" matrix in block matrix form: U = (Ul-j)Z}=1
with U; € R™", its Hajnal diameter is defined as follows:
diam (U) = max [[U; - U, (14)

where U; = [U;;, U, ..., Uyl

Lemma 9 (Grounwell-BeesacK’s inequality). If function v(t)
satisfies the following condition:

v(t)<a(t)+b(t) Jt v (1) drT, (15)
0

where b(t) > 0 and a(t) are some measurable functions, then
one has

vt <a(t) +b () Jt a(m)el PO 150 (16)
0

Based on Assumption 1, for the solution matrix U, we
have the following lemma.



Lemma 10. Under Assumption 1, one has the following:

M) X0, Uyt ty,50) = U(t,ty,s,), where U(t, ty,s,) de-
notes the solution matrix of the following Cauchy
problem:

of

=), )

S (to) = So5

(2) for any given t > 0 and the compact set W given in
Lemma 5, U(t + t, t, ) is bounded for all t, > 0 and
so € W and equicontinuous with respect to s, € W.

Let P = (P));";_, be a R™™" matrix with P;; € R™" sat-
isfying (a) P; = (1/+/m)P, for some orthogonal matrix P, €
R™" andalli=1,2,...,m; (b) Pis also an orthogonal matrix
in R™™""_We also write P and its inverse P"' = P' in the
form

P=[P,P], P'= , (18)
pr

2
where P, = (1/+/m)1,, ® P, and P, € R™"™V_ According
to Lemma 10, we have

1

Vm
Since P, P, = 0 which implies that each row of P} is located
in the subspace orthogonal to the subspace {1,, ® ,& € R"},
we can conclude that P2T U(t, ty, so)P; = 0. Then, we have

U (0, 80) Py = L,® [U (t.t050) po] - 19

PU (t,tg,50) Py a(t,t,s
P_IU(t,tO,SO)P: 0 ( 0 O) 0 ~( 0 0)
0 U (t,tySo)
(20)
where U(t, ty>Sp) denotes the common row sum of U(t, t,
o) = (Uij):f}zl as defined in Lemma 10, U(t, t,, s,) = PZTU(t,

te,so)P, € RMMDAM=D St os,) € R™™D denotes a
matrix, and we omit its accurate expression. One can see
that U(t, t,, s,) is the solution matrix of the following linear
differential system.

Definition 11. We define the following linear differential
system by the projection variational system of (9) along the
directions P,:

¢ = DpF' (s(1) ¢,

S (to) = Sp>

where DpF'(s(t)) = P) DF'(s(t))P,.

(21)

Definition 12. For any time varying variational system DF :

R* xR" — 2% we define the Lyapunov exponent of the
variational system (9) as follows:

— 1
A(DF,u,sy) = tliﬁng()fsgg;log [U (2,20, s0) il » (22)

where u € R™ and s(t,) = s,.
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Similarly, we can define the projection Lyapunov exponents
by the following projection time-varying variation:

Rn(m—l),n(m—l)

D% : R xR" — 2 :
, (23)
(t050) — {DpF' (s (t))}%)
that is,
— 1 —
AM(DpZF, 1, sy) = lim sup- log “U(t, to,so)ﬁ", (24)

t— oo £,20 t

where & € R"™™ ™ and s(t,) = s,. Let
Ap(DF,sy) = max A(DpF,,s). (25)
fERMm-D

Then, we have the following lemma.
Lemma13. A,(D%,s;) = log diam(D%, s).

Remark 14. From Lemma 13, we can see that the largest
projection Lyapunov exponent is independent of the choice
of matrix P.

Consider the time-varying driven by some metric
dynamical system MDS(Q, &, P, o)), where Q is the com-
pact state space, & is the o-algebra, P is the probability mea-
sure, and o is a continuous semiflow. Then, the variational
equation (9) is independent of the initial time t, and can be
rewritten as follows:

¢=DF (s(t),0"w,) ¢,

s(0) = s,.

(26)

In this case, we denote the solution matrix, the projection
solution matrix, and the solution matrix on the synchro-
nization space by U(t, sy, @), U(t, sp> @), and U(t, sy, wy),
respectively. For simplicity, we write them as U(t), U(t), and
U(t), respectively. Also, we write the Lyapunov exponents and
the projection Lyapunov exponent as follows:

A(DF,u, sy, wy) = Jlim %log [U (2, 50, @) u »
— 00

A(DF, sy, wy) = ngxA (DF,u,sq,wp) >
s
(27)
-1 ~
Ap (DF,u, sy, wy) = [lim B log "U (t, sO,wO)u“,
Ap(DF,sp,wy) = max A(DpF, i, sy, wg) -

ueR"0m-D

We add the following assumption.

Assumption 15. (a) Q(t) is a continuous semiflow; (b) DF (s, w)
is a continuous map for all (s, w) € R” x Q.

The following are involving linear differential systems.
For more details, we refer the readers to [21]. For a continuous
scalar function u(t), we denote its Lyapunov exponent by

X (0] = T~ loglu (). (28)
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The following properties will be used later:

D) x[M Tz O] < Y7, xlue ()], where ¢, k = 1,2,

.., 1, are constants;
(2) if lim, _, . (1/t)log|u(t)l = «, which is finite, then
X[/ ()] = —a;
(3) x[u(®) + v(t)] < max{x[u(®)], x[v(t)]};

(4) for a vector-value or matrix-value function U(t), we
define x[U(t)] = x[IlU () [l].

For the following linear differential system:
x()=A)x(), (29)

where x(¢) € R”, a transformation x(t) = L(¢) y(¢) is said to
be a Lyapunov transformation if L(t) satisfies

1) L(t) € C'[0,+00);
(2) L(t), L(t), L' (t) are bounded for all t > 0.

It can be seen that the class of Lyapunov transformations
forms a group and the linear system for y(t) should be

y () =B () y (), (30)

where B(t) = L' (t) A(t)L(t) - L (#)L(t). Then, we say system
(30) isa reducible system of system (29). We define the adjoint
system of (29) by

%(t) = -A* () x(t). (31)

If letting V(t) be the fundamental matrix of (29), then
[V71(#)]* is the fundamental matrix of (31). Thus, we say the
system (29) is a regular system if the adjoint systems (29) and
(31) have convergent Lyapunov exponent series: {«,, ..., a,}
and {f;,...,B,}, respectively, which satisty «; + ; = 0 for
i=1,2,...,n, or its reducible system (30) is also regular.

Lemmal6. Suppose that Assumptions 1, 2, and 15 are satisfied.
Let {01,045, ...,0,,0,.1>-.,0,,} be the Lyapunov exponents
of the variational system (26), where {0,,...,0,} correspond
to the synchronization space and the remaining correspond to
the transverse space. Let Ap(DF, sy, w,) = max,, 0; and
Ag(DF, sy, wy) = max,.;.,0;. If (a) the linear system (17) is
a regular system, (b) IIDF(s(t),Q(t)wO)II < M forallt > 0,
(c) Ap(DF, sy, wp) £ A(DF, sy, wy), then A (DF, sy, w,) =
Ap(DF, sy, wy).

3. General Synchronization Analysis

In this section we provide a methodology based on the previ-
ous theoretical analysis to judge whether a general differential
system can be synchronized or not.

Theorem17. Suppose that W € R" is the compact subset given
in Lemma 5, and Assumptions 1 and 2 are satisfied. If

sup diam (D&,s,) < 1,
st dam (D) @)

then the coupled system (2) is synchronized.

Proof. The main techniques of the proof come from [3, 6]
with some modifications. Let 9 be the semiflow of the
uncoupled system (5). By the condition (32), there exist d
satisfying sup, o diam(DF,s) < d < 1and T; > 0 such
that " < 1/3,and r, = inf{r > 0, 69 ™W,7) c W} > 0.
For each s, € W, there must exist t(s,) > T, such that
diam (U (t, + t(sy), tg>5o)) < d'® for all £, > 0. According
to the equicontinuity of U(t,, + £(sy), ¢y S,), there exists § > 0
such that for any s(') € 0(sy,6), diam(U(t, + t(so),to,s('))) <
d"“ for all t, > 0. According to the compactness of W, there
exists a finite positive number set 7 = {t,,1,,...,t,} with
t; > T forall j = 1,2,...,v such that for any s, € W, there
exists t; € I such that diam(U(t, + t,15,50)) < 1/3 for
all t, > 0. Let x(t) be the collective states @), ..., xM@)}
which is the solution of the coupled system (2) with initial
condition xi(to) = xf), i = 1,2,...,m. And let s(t) be the
solution of the synchronization state equation (5) with initial
condition s(t,) = x, = (1/m) 2311 x{) € W. Then, letting
AxX'(t) = x'(t) - s(t), we have

Ax (1) = fi (x' ()., X" (1),t) = fi (s (®)
oft . ) (33)

where E;(jl(t) e R™,i,j =1,2,....omkl =12...,n, are
obtained by the mean value principle of the differential func-
tions. Letting DF*(E(t)) = ((af;(/ax})(le(t), t)), we can write
the equations above in matrix form:

Ax (t) = DF' (§ (1)) Ax (1), (34)

and denote its solution matrix by U(t + ty, ty, X,) = ([A]ij(t +
to> tos xo)):’"j:l. Then, for any t > 0 there exists K, > 0 such

that | DE**o (E(t + to) |l <K, forallt € 5 and t, > 0 accord-
ing to the 3th item of Assumption 1. Then, we have

Ax) (t +1,)

=X~ Fg + Htoiia—f’i(”( Ax] (1) d
= Xo ~ Xok L ‘ i \Ski T)’T) x (1) dr,

0o j=1l=1 xlj
m n .
22 [axi e+ to)]
j=1k=1
m n ) t+t, n .
<3 Y b-mal Ko [ Y Y @] d.
j=1k=1 fo j=1]=1
(35)
By Lemma 9, we have
m n .
2. 28 (¢ + o)
j=1I=1
(36)
m n )
<Y ) k=l

1

1

.
Il



Let

W, =qx=[x" '"T]T.— S 2/ 5

L= 3Xx =[x ,..0x .xGW',Z”x x“s(x .
~
J (37)

Picking o sufficiently small such that for each x;, € W, there
exists t € 7 such that 23-11” Ax!(t+t,) | < ry/2 and diam (U (t+
to>tg» X)) < 1/2forall ¢, > 0.

Thus, we are to prove synchronization step by step.

For any x,, € W,, there exists t' = t(x,) € I such that

“xi (t +1ty) =2/ (¢ + t0)||

= “Axi (t +1y) - AxI (¢ + to)"

<

Mz

|G (¢ + t0s 102 %0) = T (¢ + t tg, o) | | A |

=
Il

1

< diam ((7 (t’ +tos to,xo)) 1r11211x "xg - xé”

N

1 P
< —max ||x, — x| -
2 i

(38)

Therefore, we have max; | X+ ty) — X+ t)ll < (1/
2)maxi,j||xf) - xéll, which implies that x(t' +t,) €W and x(t'+
to) € Wy,

Then, reinitiated with time t' + t, and condition x(t' +
t,), continuing with the phase above, we can obtain that
lim, _, OOmaxi)jllx"(t) —x/@®)| = o. Namely, the coupled system
(2) is synchronized. Furthermore, from the proof, we can
conclude that the convergence is exponential with rate o(8")
where & = sup; ., diam(DF !, 50), and uniform with respect
tot, > 0and x, € W,. This completes the proof. O

Remark 18. According to Assumption 2 that attractor A is
asymptotically stable and the properties of the compact
neighbor W given in Lemma 5, we can conclude that the quan-
tity

sup diam (D%, s
st diem (D) )

is independent on the choice of W.

If the timevariation is driven by some MDS(Q, %, PP,
0") and there exists a metric dynamical system {W x
O,F P, n(t)}, where F is the product o-algebra on W x Q, P is
the probability measure, and 7" (sy, w) = (0%s,, 0 w). From
Theorem 17, we have the following.

Corollary 19. Suppose that the conditions in Lemma 16 are
satisfied, W x Q is compact in the topology defined in this
MDS, the semiflow 7" is continuous, and on W x Q the
Jacobian matrix DF (B(t)so, Q(t)w) is continuous. Let {0;}}"] be
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the Lyapunov exponents of this MDS with multiplicity and
{0} correspond to the synchronization space. If

sup sup o; <0,
PeErg (WxQ) izn+1 ' (40)
where Erg (W x Q) denotes the ergodic probability measure

set supported in the MDS {W x Q, F, P,\"}, then the coupled
system (2) is synchronized.

4. Synchronization of LCODEs with
Identity Inner Coupling Matrix and
Time-Varying Couplings

In this section we study synchronization in linearly coupled
ordinary differential equation systems (LCODEs) with time-
varying couplings. Considering the following LCODEs with
identity inner coupling matrix:

Xt =f(x (t))+a§l,-j O (), i=12,...,m,
j=1
(41)

where x'(t) € R" denotes the state variable of the ith node,
f() : R" — R”is a differential map, 0 € R" denotes
coupling strength, and [;;(f) denotes the coupling coefficient
from node j to i at time t, for all i # j, which are supposed to
satisty the following assumption. Here, we highlight that the
inner coupling matrix is the identity matrix.

Assumption 20. (a) lij(t) > 0, i# j are measurable and [;;(t) =
- Z;’;L#i l,-j(t); (b) there exists M; > 0 such that IZij(t)I <M,
foralli,j=1,2,...,m.

Similarly, we can define the Hajnal diameter of the
following linear system:

u(t)=cL(t)ul(t). (42)

Let V(t) = (v,-j(t))f}:1 be the fundamental solution matrix
of the system (42). Then, its solution matrix can be written
as V(t,ty) = V(t)V(tO)_l. Thus, the Hajnal diameter of the
system (42) can be defined as follows:

diam (Z) = Tim_sup {diam (V" (t,¢,))}"”" 3)
0 120

By Theorem 17, we have the following theorem.

Theorem 21. Suppose Assumptions I, 2, and 20 are satisfied.
Let y be the largest Lyapunov exponent of the synchronized
system §(t) = f(s(t)), that is,

= supm?q{xn/\ (Df,u,sp) - (44)

SeEW U€

If log(diam(&)) + u < 0, then the LCODEs (41) is synchro-
nized.

Proof. Considering the variational equation of (41):

Sx(t)={I,®Df (s(t) +oL () ® I} 8x (t).  (45)
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Let U(t,t,,s,) be the solution matrix of the synchronized
state system (17) and V' (¢, ¢,) = (v;;(t, 1.‘0)):)"],:1 be the solution
matrix of the linear system (42). We can see that V(t,£,) ®

U(t,ty,s,) is the solution matrix of the variational system
(45). Then,

diam (V (£ + tg, tg) @ U (£ + tg, g, )

m
- i,]g}?fmk; |V (£ + £, t9) = v (£ + E, )|

(46)
x ||U (t+ to,to,sO)H

= diam (V (¢ + to, £,)) [U (£ + £, 0, 50)| -

This implies that the Hajnal diameter of the variational system
(45) isless than e diam(Z). This completes the proofaccord-
ing to Theorem 17. O

For the linear system (42), we firstly have the following
lemma.

Lemma 22 (see [22]). V(t,t,) is a stochastic matrix.
From Lemmas 13 and 16, we have the following corollary.

Corollary 23. logdiam(&Z) = Ap(&), where Ap(&Z) denotes
the largest one of all the projection Lyapunov exponents of
system (41). Moreover, if the conditions in Lemma 16 are
satisfied, then logdiam(&Z) = Ap(&), where A(&£) denotes
the largest one of all the Lyapunov exponents corresponding
to the transverse space, that is, the space orthogonal to the
synchronization space.

If L(t) is periodic, we have the following.

Corollary 24. Suppose that L(t) is periodic. Let ¢, i =
1,2,...,m, are the Floquet multipliers of the linear system
(42). Then, there exists one multiplier denoted by ¢, = 1 and
diam(Z) = max;,,¢;.

If L(t) = L(o"w) is driven by some MDS(€), %, P, o*),
from Corollaries 19 and 23, we have the following corollary.

Corollary 25. Suppose L(w) is continuous on Q and condi-
tions in Lemma 16 are satisfied. Let 4 = sup; cymax,cpsA(Df,

u,80) G i = 1,2,...,m, be the Lyapunov exponents of the
linear system (42) with 6, = 0, and ¢ = sUppep, 1 () MaX;55G;.

If u+¢ <0, then the coupled system (41) is synchronized.

Let & be the set consisting of all compact time intervals
in [0, +00) and & be the the set consisting of all graph with
vertex set /" = {1,2,...,m}.

Define

G: IxR" — &,
(I=[t1t,],0) — G(L,9),

where G(I,8) = {//, &} is a graph with vertex set /" and its
edge set & is defined as follows: there exists an edge from

vertex j to vertex i if and only if Ltz lj(t)dr > &. Namely, we
1
say that there is a §-edge from vertex j to i across I = [t,1,].

Definition 26. We say that the LCODEs (41) has a §-spanning
tree across the time interval I if the corresponding graph
G(I, 6) has a spanning tree.

For a stochastic matrix V = (Vij)?,;:l’ let

nv) = Hil,}n"Vi NY; '1, (48)
where v; = [V, vl i = L2,...omyand v A, =
[min{v;;, v} ,min{vim,vjm}]T. Then, we can also define

that V is §-scrambling if n(V') > 6.

Theorem 27. Suppose Assumption 20 is satisfied. diam(Z) <
1 if and only if there exist & > 0 and T > 0 such that the
LCODE:s (41) has a §-spanning tree across any T-length time
interval.

Remark 28. Different from [16], we do not need to assume
that L(t) has zero column sums and the timeaverage is
achieved sufhiciently fast.

Before proving this theorem, we need the following
lemma.

Lemma 29. If the LCODEs (41) has a §-spanning tree across
any T-length time interval, then there exist §, > 0 and T| >
0 such that V(t,t,) is §,-scrambling for any T,-length time
interval.

Proof of Theorem 27. Sufficiency. From Lemma 29, we can
conclude that there exist §, > 0,8 > 0,and T, > 0
such that V(¢,¢,) is §,-scrambling across any T -length time
interval and inf, on(V(T| + £y, 1y)) > 8'. Forany t > t, let

t —t, = pT, + T', where p is an integer and 0 < T’ < T} and
t; =ty +1T;,0 < I < p. Then, we have

diam (V (t,t,)) = diam (V (t, tp) ﬁV (t, t1_1)>

P
< diam (HV (t, t1-1)>

I=1 (49)

. zﬁ (L= (V (tpt10))

< 21— &),

For the first inequality, we use the results in [23, 24]. This

implies diam(%) < (1 - 8")"/" < 1.

Necessity. Suppose that for any T > 0 and § > 0, there exists

T+t
ty = 1o(1,0), J,
According to the condition, there exist 1 > d > diam(%),

L(t)dt does not have a §-spanning tree.



€ > 0,and T' > 0 such that diam(V (¢ + ty)) < d' for all
tp > 0andt > T' and dT, < 1 — €. Thus, picking T' > T,

8 = m3e™MmTe)2, t, = to(T,8), and L' = (lz{j)Z}d =
(fTT h l,-j(r)d‘r)f)’;.ﬂ, there exist two vertex set J; and ], such
that li'j <difieJandj ¢ J;,ori e J,and j ¢ J,. For each
ie]yand j ¢ J;, we have

k#i

Vi (8) = L () vy () + ) Ly (8) vy (8)
ke,
+ Z Ly (@) Vij (t) (50)
k¢,
k#i
<MY v () + Y 1 ().
keJ, kéJ,
Then,
k#i,j¢], Jj¢h
Y v <MY v+ Y L)
i€l i¢h €], keJ, i€l ke,
j¢h k¢J,
=M, (#], - 1) Z"kj ®) + (m—#],) Zlik (t).
keJ, i€];

(51)

Let v(t) = Zieh,j% vij(t). According to Lemma 9, we have

T+t, J&h
(T +1,) < DT (47 L YL, () de
1 i€]
52
< (m—#],) My (m—#]))6 (52)
<m’e™Ts < g

Similarly, we can conclude that zz’élz,je]z v,j(T +1t) < €/2
for all I = 1,2. Without loss of generality, we suppose ], =
{,2,...;ptand J, ={p+1,p+2,...,p+q}, where pand q
are integers with p + g < m. Then, we can write V(T + ¢, t,)
in the following matrix form:

Xll X12 X13

V(T +t,t)) = !Xm X2 Xis
X3 X3 X3

, (53)

where X;; € RP? and X,, € R?1 correspond to the vertex
subset J, and J,, respectively. Immediately, we have || X, o, +

1
1 X sl + 1 X1l + 1 Xpslleg < € Let v = [ 8”] We let

X1,
X1,

Xy 1,

V(t;+T.t))v= : (54)
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Pi]

_ “; _ T . i i

Letu = || = [u,...,u,] withu' = [u],...,u

3
u

Xilpand py = p, p, =, p; =m— p—q. Then,

1 2
max'u,- - uj' 2 max'uk —u-|
ij ki ]

> 1= [ Xiofloo = IXisloo = 1Xiloo = X231l

>1-e.
(55)

Also,

max |ui - uj| < diam (V (¢, + T, t,)) < d". (56)
]

This implies d” > 1 — € which leads contradiction with d” <
1 — €. Therefore, we can conclude the necessity. O

5. Consensus Analysis of Multiagent System
with Directed Time-Varying Graphs

Ifweletn =1, f =0,and 0 = 1 in system (41), then we have
L) =YK, i=12.,m (57)
=1

In this case, if Assumption 20 is satisfied, then the synchro-
nization analysis of system (57) becomes another important
research field named consensus problems.

Definition 30. We say the differeptial system (57) reaches
consensus if for any x(t,) € R™, || x'(t)—-x/(¢) |- Oast — oo
foralli,je /.

In graph view, the coefficients matrix of (57) L(t) =
(I;(t)) € R™" is equal to the negative graph Laplacian
associated with the digraph G(t) at time t, where G(t) =
(7, &(t), 9(t)) is a weighted digraph (or directed graph) with
m vertices, the set of nodes 7" = {v;,...,,,}, set of edges
&(t) € 7 x 7, and the weighted adjacency matrix /(t) =
(a;;(t)) with nonnegative adjacency elements a;;(t). An edge
of G(t) is denoted by e,»j(t) = (v,»,vj) € &(t) if there is a
directed edge from vertex i to vertex j at time ¢. The adjacency
elements associated with the edges of the graph are positive,
that is, e,»j(t) € &) a,-]-(t) > 0,foralli, j € #.Itis assumed
that a;;(t) = 0 for all i € /. The indegree and outdegree of
node v; at time t are, respectively, defined as follows:

N N
deg,, (vi (1) = Y ajie degoy (vi (1) = Y 0.
=1 j=1
(58)

The degree matrix of digraph G(t) is defined as D(t) =
diag(deg (v, (t)),...,deg (v, (1)) at time t. The graph
Laplacian associated with the digraph G(t) at time ¢ is defined
as

-L(t)=Z(G®)=D@)-4(1). (59)
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Let G(I, §) defined as before. We say that the digraph G(t)
has a §-spanning tree across the time interval I if G(I, §) has
a spanning.

Theorem 31. Suppose Assumption 20 is satisfied. The system
(57) reaches consensus if and only if there exist § > 0 andT > 0
such that the corresponding digraph G(t) has a §-spanning tree
across any T-length time interval.

Proof. Since f = 0, we have ¢ = 0 in Theorem 21. This
completes the proof according to Theorems 27 and 21. O

Remark 32. This theorem is a part of Theorem 17 in [25].

6. Numerical Examples

In this section, a numerical example is given to demonstrate
the effectiveness of the presented results on synchronization
of LCODEs with time-varying couplings. The Lyapunov
exponents are computed numerically. By this way, we can
verify the the synchronization criterion and analyze synchro-
nization numerically. We use the Rossler system [16, 26] as
the node dynamics

X () = —x, (1) — x5 (1),
X, (t) = X1 (1) + ax, (t), (60)
X5 (1) = b+ x5 (t) (x; (t) = ¢),

where a = 0.165, b = 0.2, and ¢ = 10. Figure 1 shows the
dynamical behaviors of the Rossler system (60) with random
initial value in [0, 1] that includes a chaotic attractor [16, 26].

The network with time-varying topology we used here
is NW small-world network with a time-varying coupling,
which was introduced as the blinking model in [11, 27].
The time-varying network model algorithm is presented as
follows: we divide the time axis into intervals of length 7, in
each interval: (a) begin with the nearest neighbor coupled
network consisting of m nodes arranged in a ring, where each
node i is adjacent to its 2k-nearest neighbor nodes; (b) add a
connection between each pair of nodes with probability p,
which usually is a random number between [0, 0.1]; for more
details, we refer the readers to [11]. Figure 2 shows the time-
varying structure of shortcut connections in the blinking
model with m = 50 and k = 3.

In this example, the parameters are taken values as m =
50, k = 3,7 = 1, and p = 0.04. Then blinking small-world
network can be generated with the coupling graph Laplacian
Z(G(t)) = -L(t). The dynamical network system can be
described as follows:

X () = =Xy () - x5 () + 0 1 () x] (1),
j=1

X (1) = %) () +axy (1) + 0 ) L; (1) x) (1),

= (61)
X (1) =b+x () (x (1) - )+ I; (1) x] (1),

j=1

i=1,2,...,m.

50

40

30

X3

20

-20 _pp X1

FIGURE 1: The dynamical behavior of the Rossler system (60) with
a=0.165b=0.2,and c = 10.

Let e(t) = maxlgkjgollxi(t) — x/(t)|| denotes the maxi-

mum distance between nodes at time t. Let E = ITT+R e(t)dt,
for some sufficiently large T > O and R > 0. Let H = p + ¢
defined in Corollary 25. As described in Corollary 25, two
steps are needed for verification: (a) calculating the largest
Lyapunov exponent of the uncoupled synchronized system
(60), p and (b) calculating the second largest Lyapunov
exponent of the linear system (42). In detail, we use Wolf’s
method [28] to compute y and the Jacobian method [29] to
compute Lyapunov spectra of (42). More details can be found
in [28-30]. Figure 3 shows convergence of the maximum
distance between nodes during the topology evolution with
a different coupling strength o. It can be seen from Figure 3
that the dynamical network system (61) can be synchronized
witho = 0.4and 0 = 0.5.

We pick the time length 200. Let T = 190 and R = 10.
And choose initial state randomly from the interval [0, 1].
Figure 4 shows the variation of E and H with respect to
the coupling strength o. It can be seen that the parameter
(coupling strength o) region where H is negative coincides
with that of synchronization, that is, where E is near zero.
This verified the theoretical result (Corollary 25). In addition,
we find that o = 0.38 is the threshold for synchronizing the
coupled systems in this case.

7. Conclusions

In this paper, we present a theoretical framework for synchro-
nization analysis of general coupled differential dynamical
systems. The extended Hajnal diameter is introduced to
measure the synchronization. The coupling between nodes is
timevarying in both network structure and reaction dynam-
ics. Inspired by the approaches in [6, 13], we show that the
Hajnal diameter of the linear system induced by the time-
varying coupling matrix and the largest Lyapunov exponent
of the synchronized system play the key roles in synchroniza-
tion analysis of LCODEs. These results extend synchroniza-
tion analysis of discrete-time network in [6] to continuous-
time case. As an application, we obtain a very general
sufficient condition ensuring directed time-varying graph
reaching consensus, and the way we get this result is different
from [25]. An example of numerical simulation is provided
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@ (b)
F1GURE 2: The blinking model of shortcuts connections. Probability of switchings p = 0.04, the switching time step 7 = 1.
The maximum distance between nodes Variation of E and H with respect to o
0.4 T T T T 0.08 L T T T T
0.35
0.06
0.3
0.04
0.25
< 02 r 0.02 x
0.15
0 e
0.1 M
-0.02 7
0.05 | i
0 —0.04 L L L L L L L L L
032 034 036 038 04 042 044 046 048 0.5
t I
—— 0=0.3,H=0.0155 —%— E
—— 0=04,H=-0.0032 A H

—— 0=0.5,H=-0.022

FIGURE 3: Convergence of the maximum distance between nodes
with a different coupling strength o.

to show the effectiveness the theoretical results. Additional
contributions of this paper are that we explicitly show that the
largest projection Lyapunov exponent, the Hajnal diameter,
and the largest Lyapunov exponent of the transverse space
are equal to each other in coupled differential systems (see
Lemmas 13 and 16), which was proved in [6] for couple
discrete-time systems.

Appendix

Proof of Lemma 5. Let U be a bounded open neighborhood
of A satisfying .o 9U = Aand U, = {x € R* : 9x ¢

FIGURE 4: Variation of e and H with respect to ¢ for the blinking
topology.

U,0 < 7 < t}. This implies U, > Uy ift' > t > 0, U, is
an open set due to the continuity of the semiflow S(t), and
99U, c U_sforallt > & = 0. Let V = (5 U,. We claim
that there exists £, > 0 such that V = U, for all t > t,,.
Foranyd > 0,lett, = nd and U, = U, . We can conclude
that V = (2, U,. We will prove in the following that there
exists 1y such that V' = U, . Otherwise, there always exists
x, € U, \U,,, forn > 0.Let y, = 9+)x, We have (i)
Y € Mo 9T and (ii) y, ¢ U. For any limit point y of
¥,» ¥ can be either finite or infinite. For both cases, y ¢ U
which implies y ¢ A. However, the claim (i) implies that
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y € A, which contradicts with the claim (ii). This completes
the proof by letting W = V. O

Proof of Lemma 10. (a) For any initial condition with the
form dx, = 1,, ® u,, the solution of (11) can be U(t, ¢,
so)(1,,®uy) = 1,,®U(t, t,, 5,)14y according to Lemma 4. This
implies the first claim in this lemma.

(b) According to Lemma 5, there exists K; > 0 such that
s(t), the solution of (5), satisfies [ s(t)[| < K, forall s, € W
and t > 0. So, there exists K > 0 such that || DF'(s(t)) || < K
according to the 3th item of Assumption 1. Write the solution
of (11) 6x(t) = U(t, ty, s9)0x, as

Sx (+ 1) = %, + r% DF* (s(1)) dx () dr.  (A.)
t

Then,
I8 (¢ + 1)

t+t,
S||8x0||+Jt IDE" @ Ix@lldr

< [0 + K Lt 163 (x + £,)] dr.

According to Lemma 9, we have [6x(t + t)ll < [I0x,ll +
K| Ot 18x,lle“ ™K dr = eX!||8x, . This implies that || U(t+t,, t,,
so) |l < e forall s, € W and t,, > 0.

For any s, s'o € W, let s(t) and s’ (¢) be the solution of the
synchronized state equation (5) with initial condition s(t,) =
sp and s'(t,) = s, respectively. We have

s(t+ty)—s (t+1,)
- Lm" [fs@) - (s @)]dr+s(t) -5 (&),
|s(t+10) 5" (£ +1,)]

< [s(to) - ¢ (1) + K j s - ¢ @] dr.

to

(A.3)

By Lemma 9, we have [|s(t + ;) — s+ to)ll < eKtlls0 - s'OII
for all t;,t > 0 and sy, s’y € W. Also, according to the 4th
item of Assumption 1, there must exist K, > 0 such that
| DE*(s(t)) — DE'(s'(t)) || < K, || s(t) = s'(t) || for all t > 0
and sy, s’y € W. Then, let 8x(t) = U(t, t, 5,)0x0, Sy(t) =
U(t, ty, s o)8x,, and v(t) = Sx(t) — Sy(t). We have

v(t+t,)

jm(’ [DF" (s (1)) 8x (1) - DF* (s (1)) 8y (1)| d=

)

- rt° [DF" (s (1)) - DF* (s (1))] 0x (1) dr

+ JWO DF" (5 (1)) v(v) dr,
to

1
v (e +2)
t+t, )
< L [|DFT (s @) - DF (' (1)) ] 16x (7)1
+ |oF" (" @)| Iv (@)1l ] d=
t
<K, JO Kdr [[ 6, | "50 - 5'0"
to+t
+ KJ lv (D)l dr.
to
(A4)
According to Lemma 9,
K. (3Kt _ oKt
v (t +t0)] < [Z(T] 16220 50 = "o -
(A5)
This implies
|U (¢ + to, 0, 50) = U (¢ + to, 1, 5'o )|
K. (2Kt _ Kt (A.6)
[ -
for all 55, s’y € W. This completes the proof. O

Proof of Lemma 13. We define the projection joint spectral
radius as follows:

S _ 1t
po (DF.50) = Jim sup U (t:t0ns0)]| - (a7)
.

First, we will prove that diam(D%, s;) = pp(D%, s,,). For any
d> pp(DF, s), there exists T > 0 such that 1T (t+t4, tgs so)ll <
d' forallty > 0 and t > T. This implies that

I

n

0
P'U(t +ty tg,s,) P -

(A.8)

x [Py U (£ + tgs tgr 5o) Pos ot (£ + £, t> o) |

<Cd'

[0 0+t
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for some C; > 0,all ¢, > 0and all t > T. Thus, there exist
some C, > 0 and some matrix function g(t) € R™" such
that

[U (¢ + to,tg> 50) = 1, ® q (1)

I

n

0
= U (t +tg,ty,80) — P

< [ByU (£ + tg, by, o) Pt (£ + g, g 50) | P~'w

< C,d'
(A.9)

forallt, > 0 and t > T, where g(t) € R™" denotes a matrix,
and we omit its accurate expression. So, we can conclude
that diam(U(t + ty,ty,s,)) < Cs;d' for some C; > 0, all
t, > 0,and t > T. This implies that diam(D%, s;) < d, that
is, diam(D%,s;) < pp(DF,s,) due to the arbitrariness of
d > pp(DF,s,). Conversely, for any d > diam(DZ, s;), there
exists T' > 0 such that

[U(t +to, tg, 50) = 1,, @ Uy || < Cud’ (A.10)
for some C, > 0,allt, > 0,and t > T, where U; = (U,
Uiy ... Uy ] the first nrows of U(t + t, £y, S,)- Then,

|P'U (¢ + to,tr5) P~ P71, @ U, P|

i y@® B

= PIU(t+toat0’50)P_|: o 0 H (A1)
0

_ - B () <C.d
0 T (t+1tgts,)

for some C; > 0,allt, > 0,and t > T, where p(t) =
P(;r U(t,ty, sy)P, € R™ and B(t) € R™™1 denotes a matrix,
and we omit its accurate expression. This implies that || Ut +
toste»So) | < Ced' holds for some Cg > 0, all t, > 0, and
t > T. Therefore, we can conclude that pp(DZF,s;) < d. So,
pp(DF,sy) = diam(DF, s,)).

Second, it is clear that log pp(DF,s,) = Ap(DF,s).
We will prove that log pp(DF, s) = Ap(DF, s;). Otherwise,
there exists some 7,1, > 0 satistying pp(DF,s,) > r > 1y >
e*?(P7%) If 5o, there exists a sequence f;, ] 00 as k —
00, tlg > 0, and v, € RV with vl = 1 such that
10t + tlg, tlg,so)vkll > ' for all k € . Then, there exists a

subsequence v, with lim;_, . v, =v". Let{e}, ey, ., €0 1)}
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be a normalized orthogonal basis of R"™ . And, let v,V =

Z?g’*l) Ej.c’ej. We have limlHOOE?’ =0forallj=1,...

1). Thus, there exists L > 0 such that

,n(m—

|0 (¢, + £ty 50) V"

> [T (8, + £yt S0 ) Vi, I

- ||U (e, + tﬁ’,t§’>So) (vi, - V)” (A.12)

n(m-1) . P
! 1| 7 -
S R )|
=1
t t
>rih - rokl > rok’
.. . MDpZ,v*,s,) . .
for all [ > L. This implies e > r, which contradicts
with e**P7%) < ¢ This implies pp(DF,s,) = e**P7<0),

Therefore, we can conclude logdiam(D%, s;) = Ap(F,s,).
The proof is completed. O

Proof of Lemma 16. Let ¢ = P~'$. We have

¢ =P'DF (s(t),0"w,) PG

0 .
Rleorn o« g 0P
0 DF (s ), Q(t)wo)
Write ¢ = [Zg; ], where y(t) € R". Then, we have
z(t)=DF(s(t), 0" wy) 2 (1),
(A.14)

5}
y(t) = P()Ta—i (s@) Py ®)+at)z(t).
Thus, we can write its solution by
z(t) = U (t) 2y

y(t) = Py U (t) Py, + Lt PyU @)U ™" (1) Py (7) U (1) zyd.
(A.15)

We write Ap(DF, sy, w), Ag(DF, s, wp), and Ap(DF,
So»Wo) by Ap, Ag, and A, respectively for simplicity.

Case 1(Ap > Ag). We can conclude that y[z(f)] < Ap and
XLy 0] < max {x [} ) P].
L oTr o el
X [L P, UM U (1) Py (1)

xU (1) z (0) dr] } )
(A.16)
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From Cauchy-Buniakowski-Schwarz inequality, we have

|

X HU; RUMU" (1) P T (1) dr

to - 5 1/2
“0 lo®oT™ @) dr]» ]
¢ 1/2
UO ||oc(r)U(r)||dT} ] .

Claim 1 (X(_f; 10U (7)*d7) < 0). Considering the linear
system

<X (A17)

tX

u(t) = g (s@®)u), (A.18)

due to its regularity and the boundedness of its coeflicients,
there exists a Lyapunov transform L(t) such that letting
u(t) = L(t)v(t), consider the transformed linear system

) .
a—f (sE)L®-L L@ | v(E)
S (A.19)

=AMt)v(t).

v(t) =L @)

Let solution matrix V(t) = (T/ij(t))zjzl, A = (c‘t,-]-(t))zj:1

which satisfies that A(t) and V(¢) are lowertriangular. And
its Lyapunov exponents can be written as follows:

t
o; = lim % J a; (t)dr, (A.20)
0

which are just the Lyapunov exponents of the regular linear
system (A.18),i = 1,2,...,n. We have y[¥;(t)] = 0; and

{’k+1,k (t)
t t T
— eJU e e ()T J e I ak+1,k+1(9)d‘9ék+1,k (1) le,k (r) dr.
0

(A.21)
This implies

X [Virrie O] € 01 = Oy + 0+ 0y = 0. (A.22)

By induction, we can conclude that x[v;.(t)] < oj forall j >
k.For j < k, X[T/jk(t)] = —00 due to the lower-triangularity
of the matrix V().

Considering the lower-triangular matrix V7'(f) =
(Lbij)z -1 its transpose (V'(@#))" can be regarded as the solu-
tion matrix of the adjoint system of (A.18):

w(t)=-A"(Hw(t), (A.23)

which is also regular. By the same arguments, we can conclude
that x[wy ] = -0y forallk = 1,2,...,n, x[w;] < -0y for all
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k > j,and y[wy] = —oco forall k < j. Therefore, for each
i>j,

n}’e}xx [L |U U™ (T)L,jdr]

< n}’?xx [J.o '\7 ¢V (T)'ijd‘[]

t
L] 0

t
< max maxy [J |T/ik (t) Wy (T)| dT]
ij o j<k<i 0

Z |T/ik () Wy (T)l d‘[] (A.24)

j<ks<i

< max max (o — 0y) = 0.
i,j o j<k<i

This implies that y[ [, | (U™ (1)dz|dr] < 0.
Noting that

X Hot e ﬁ(f)nzdf] <x[le@T O[] <225
(A.25)

So, x[y(t)] < max{Ag, Ap} = Ap. This leads to y[¢(t)] < Ap.
This implies that A, = max{Ag, A;}. Thus, Ap = Ap can be
concluded due to Ap > Ag.

Case 2 (Ap < Ag). For any e with 0 < € < (Ag — Ap)/3, there
exists T' > 0 such that

|07 @] <9, Ja@l < e,

(A.26)
oo st

for all ¢ > T. Define the subspace of R™":
o ~ —_—
V= {m y= _J pU™! (T)Pooc(T)U(T)dTZ]»,
0
(A.27)

which is well defined due to ||PJ071(T)POOC(T)U(T)” <
e AT ¢ ([T, +00)). For each ¢(t) with initial condition
[Z ] € V, we have y[z(t)] < Apand

xly(®)]

= H—PJIU (t) P, ro PyU™ (1) Pya (7) U (2) dt
0
+P, U (t) P, r PyU™ (1) Py (1) U (1) dT} z]
0

=x [—POT U (t)J U™ (1) Py (1) U (1) de] <Ap
t
(A.28)
according to the arguments above. Thus, we have
max,, ., MDF, u, sy, wy) = Ap. Since dim(V) = n(m - 1),V

define the transverse space and A = Ap. This completes the
proof. O
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Proof of Lemma 22. Since L(t) satisfies Assumption 20, if the
initial condition is u(t,) = 1,,, then the solution must be
u(t) = 1,,, which implies that each row sum of V (¢, ¢,) is one.
Then, we will prove all elements in V(t,t,) are nonnegative.
Consider the ith column of V(t, t,,) denoted by Vi, t,) which
can be regarded as the solution of the following equation:

= oL (t)u,
(A.29)
u(ty) =e".

For any t > t, if iy = i,(t) is the index with uio(t) =
min_, ,u(t), wehavew, (t) = YL, ol ;(u;(t)-u; (1)) = 0.
This implies that min,_, , _,u,(t) is always nondecreasing for
all t > t,,. Therefore, u;(t) > 0 holds foralli = 1,2,...,m and
t > t,. We can conclude that V'(¢,t,) is a stochastic matrix.
The proof is completed. O

Proof of Lemma 29. Consider the following Cauchy problem:
i () = ) ol (D u; (1),
=1
(A.30)

1, i=k,
0, otherwise,

ui<to)={
i=1,2,...,m.

Noting that i, (t) > oly,u, we have u (t) > e For
eachi#k,since u;(t) > Oforalli=1,2,...,mandt > t,, we
have

u; (t) = Z J.t el Ul""(s)dsalij (D) u; (1) dr

j#iJto

t ¢
> J ek GO 1 (1) uy (1) dT
K (A31)

t
> J e MmN M) G (1) dr
iO

t
= ¢ M) Jt ol (1) dr.
0

So, if there exists a §-edge from vertex j to i across [t,
ty + T1, then we have v;(t, + T.t,)) = e MTs. Let
d, = min{e ™7 e T8} We can see that V(¢, t,) hasa §,
spanning tree across any T-length time interval. Therefore,
according to [31, 32], there exist §; > Oand T} = (m — 1)T
such that V(t,t,) is §, scrambling across any T’ -length time
interval. The Lemma is proved. O
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