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We propose a new iterative method to find the bisymmetric minimum norm solution of a pair of consistent matrix equations
A,XB, = C,, A,XB, = C,. The algorithm can obtain the bisymmetric solution with minimum Frobenius norm in finite iteration
steps in the absence of round-off errors. Our algorithm is faster and more stable than Algorithm 2.1 by Cai et al. (2010).

1. Introduction

Let R™" denote the set of m x n real matrices. A matrix
X = (x;) € R is said to be bisymmetric if x;; = x;; =
neivinoje1 forall 1 < i, j < n. Let BSR™" denote 1 x n real
bisymmetric matrices. For any X € R™", X7, tr(X), | X[,
and || X], represent the transpose, trace, Frobenius norm,
and Euclidean norm of X, respectively. The symbol vec(-)
stands for the vec operator; that is, for X = (x,x,,...,%,) €
R™", where x; (i = 1,2,...,n) denotes the ith column of X,
vec(X) = (xlT, xg, ceo xZ)T. Let mat(-) represent the inverse
operation of vec operator. In the vector space R"™", we define
the inner product as (X,Y) = tr(YTX) for all X,Y € R™™".
Two matrices X and Y are said to be orthogonal if (X, Y) = 0.
LetS, = (e,,€,_1>- - -»€;) denote the n x n reverse unit matrix
wheree; (i = 1,2,...,n)is the ith column of # X 7 unit matrix
I;thenS! =S,,8 =1,

In this paper, we discuss the following consistent matrix
equations:

A,XB, =C,, A,XB,=C,, XeBSR™, (1)

where A, € R, B, € R, C, € RF*I A, € R B, €
R™% and C, € RP*% are given matrices, and X € BSR™" is
unknown bisymmetric matrix to be found.

Research on solving a pair of matrix equations A; XB; =
C,, A,XB, = C, has been actively ongoing for the past 30 or

X

more years (see details in [1-6]). Besides the works on finding
the common solutions to the matrix equations A, XB, = C,,
A,XB, = C,, there are some valuable efforts on solving a
pair of the matrix equations with certain linear constraints
on solution. For instance, Khatri and Mitra [7] derived the
Hermitian solution of the consistent matrix equations AX =
C, XB = D. Deng et al. [8] studied the consistent conditions
and the general expressions about the Hermitian solutions of
the matrix equations (AX, XB) = (C, D) and designed an
iterative method for its Hermitian minimum norm solutions.
Pengetal. [9] presented an iterative method to obtain the least
squares reflexive solutions of the matrix equations A, XB; =
Cy, A,XB, = C,.Caietal. [10,11] proposed iterative methods
to solve the bisymmetric solutions of the matrix equations
A, XB, =C,,A,XB, =C,.

In this paper, we propose a new iterative algorithm to
solve the bisymmetric solution with the minimum Frobenius
norm of the consistent matrix equations A;XB; = C,
A,XB, = C,, which is faster and more stable than Cai’s algo-
rithm (Algorithm 2.1) in [10].

The rest of the paper is organized as follows. In Section 2,
we propose an iterative algorithm to obtain the bisymmetric
minimum Frobenius norm solution of (1) and present some
basic properties of the algorithm. Some numerical examples
are given in Section 3 to show the efficiency of the proposed
iterative method.



2. A New Iterative Algorithm
Firstly, we give the following lemmas.

Lemma 1 (see [12]). There is a unique matrix P(m,n) €
R such that vec(XT) = P(m, n) vec (X) forall X € R™",
This matrix P(m,n) depends only on the dimensions m and
n. Moreover, P(m, n) is a permutation matrix and P(n,m) =

P(m,n)" = P(m,n)"".

Lemma 2. If yy, y1, V5, ... € R™ are orthogonal to each other,
then there exists a positive integer | < m such that y; = 0.

Proof. If there exists a positive integer [ < m — 1 such that
¥; = 0, then Lemma 2 is proved.

Otherwise, we have y;#0,i = 0,1,2,...,m — 1, and
Yo» Y1>+++» Y1 are orthogonal to each other in the m-
dimension vector space of R™. So ¥, ¥+, ¥,,_; form a set
of orthogonal basis of R™.

Hence y,, can be expressed by the linear combination of

Yo» V1>« - +» Ym—1. Denote
Ym =0Yo T WY1+t Ay Y )
inwhichag; e R,i=0,1,2...,m— 1. Then
Do ym) = a9 (3o yo) + a1 (o 1)
4 Gy (Vi Vo)

m—1
3)
=a; (ypyi) + Z“j <}’i’)’j>
=1
;#i
=a{y,y), i=0,1,2,....m—1.
From (y;, y,,) = 0and (y;, y;) #0,i = 0,1,2,...,m — 1, we
havea; =0,i=0,1,2,...,m — 1; that s,
Ym = 0. (4)
This completes the proof. O

Lemma 3. A matrix X € BSR™" if and only if X = X' =
S,XS,.

Lemma4. IfY € R™", thenY +Y' +8,(Y +YT)S, € BSR™".

Next, we review the algorithm proposed by Paige [13] for
solving the following consistent problem:

Mx = f, ©)
with given M € R™, f € R".
Algorithm 5 (Paige algorithm). (i) Initialization
T, =1; & =-1

Biuy = f;

0, = 0;

T
zy = 05 w, = 0; v, = M u;.

(6)
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(ii) Iteration. For i = 1,2, ..., until {x;} convergence, do
(@) & =-& Bl zi =z + §u

() 6, = (11 = Bi0;-1) /oy w; = wi_y + O

(©) Bisithipr = Mu; — s

(d) 7; = -7/ By

(€) 4104y = MT”i+1 = Biavss
) vi = Bir1&il (Bisr6; — 1)
(8) x; = z; — yw;.

It is well known that if the consistent system of linear
equations Mx = f has a solution x* € R(M"), then x* is
the unique minimum Euclidean norm solution of Mx = f. It
is obvious that x; generated by Algorithm 5 belongs to R(M ™)
and this leads to the following result.

Theorem 6. The solution generated by Algorithm 5 is the
minimum Euclidean norm solution of (5).
If u,uy,... and v;,v,,... are generated by Algorithm 5,

then uiTu]- = 8l-j, viij = 51‘]' (see details in [13]), in which

1,  i=j,
8‘. = 7
i {0, i+]. @)
If we denote
r; = f — Mx;, (8)

where x; is the approximation solution obtained by Algorithm 5
after the ith iteration, it follows that r; = —f3;,,&u;,, (see details
in [13]). So we have

riTrj = h;;0;; )

in which hy; = ;18188

Now we derive our new algorithm, which is based on
Paige algorithm.

Noting that X is the bisymmetric solution of (1) if and
only if X is the bisymmetric solution of the following linear
equations:

T T T
A, XB, =C,, BlxaAl=c],

A,S,XS,B, =C,,  BlS,xS,AT =CT,
(10)
A,XB,=C,,  BIxAl=cl,

A,S,XS,B,=C,,  BLS,XS,A" =CL.
Furthermore, suppose (10) is consistent; let Y be a solution of
(10). If Y is a bisymmetric matrix, then Y is a bisymmetric
solution of (1); otherwise we can obtain a bisymmetric
solution of 10) by X = (Y + YT +S, (Y + Y7)S,)/4.
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The system of (10) can be transformed into (5) with

coeflicient matrix M and vector f as

BleA vec (C,)
1 1 T

A ® BlT vec (C1 )
B'S,®A,S, vec (C%)

Ve A18%®BITSn I B (c)
BleA, vec (C,)

A,® Bg vec (C;F)

BIS, ® A,S, vec(C,)
A,S,®BS, vec (C;)

(11)

— - pmMT —
Therefore, fiu; = f, v, = M uy, Bty = My, — oqu;,
and &; 05, = My, — fB;,,v; can be written as

Biu; =

U = Up

i=1,2,...,

Birithisy = v — oGy,

i=1,2,....

Xiy1Vip1 = Uiy = P Vi

(12)

From (12), we have

vec (U;)

vec (U}; )

vec (U;;)

vec (U,T1 )

i vec(Uy) |
vec (Ug)
vec (Up,)
vec (U£ )

v; = vec(V;), (13)

whereU;; € RPN, U, € RPP%V, € R, and V is a bisym-
metric matrix.

And so, the vector form of fiu, = f, qyv;, = M u,,
Binti = Mv; — agu;, and 0,0, = MT“M = Bis1v; in
Algorithm 5 can be rewritten as matrix form. Then we now
propose the following matrix-form algorithm.

Algorithm 7. (1) Initialization
T,=1&=-1;0,=0;Z,=0(c R*"}; W, = Z,;

B, = 21, I + 1G, 1% Uy =Ci/Bj=12

T, = A'U, Bl + ATUL,BL V), = T, + TV + S,(T, +
TIT)S,,; a = Vil Vy =V, /ay.
(ii) Iteration. For i = 1,2,..., until {X;} convergence, do
@) & =8 1Bl Zi=Zi1 + &V
(b) 6; = (1) = Bi6i_1) oz Wy = Wiy +6,V;;
(©) Uiy = AViBj Uy j = 1,25

— 2 — 2
Bir = 21T s I + 1T 1

Ui+1,j = Uiﬂ,j/ﬁiﬂ’ j=L2
(d) 7; = -0/ Bisrs
T
(e) Tiyy = AlUi+1,1BlT + AgUm,szT;
- T T
Vi =T + Ti+1 +8,(Tiy + T'+1)Sn - ﬂi+1Vi;

Kiy1 = ||‘_/i+1||;Vi+1 = Vi+1/‘xi+1;
() ¥ = Bis1&il (Bisr6; — 7)s
(8) X; =Z; —yW,.

Remark 8. 'The stopping criteria on Algorithm 7 can be used
as

[C: = A X;B,|| +|C, - A, X;B,| <&,
(14)
&l <e or ||X;-Xi 4| <e
where € is a small tolerance.

Remark 9. AsV,, Z;, and W, in Algorithm 7 are bisymmetric
matrices, we can see that X; obtained by Algorithm 7 are also
bisymmetric matrices.

Some basic properties of Algorithm 7 are listed in the
following theorems.



Theorem 10. The solution generated by Algorithm 7 is the
bisymmetric minimum Frobenius norm solution of (1).

Theorem 11. The iteration of Algorithm 7 will be terminated
in at most pyq, + p,q, steps in the absence of round-off errors.

Proof. By (8) and (11), we have by simple calculation that

(15)

inwhichR;, = C,-A,X;B,,andR;, = C,—A,X;B,, where X;
is the approximation solution obtained by Algorithm 7 after
the ith iteration.

By Lemma 1, we have that

vec (Rl ) P(py,q;) vec(Ry),

(16)
vec (RZ;) = P(psq,) vec(Ry),

where P(Pp‘h) ¢ RPD*P91 gpd P(pz’qz) ¢ RP:XP2%2
are permutation matrices. For simplicity, we denote P, =

1>(pl},131;)c,ep2 = P(p,,q,). Then P[P, = I, . ,P/P, =1, . .
vec (R;;) T/ vec (le)
vec (Rz) vec (RJTI)
vec (R;) vec (le)
T vec (Rg) vec (R]Tl)
i vec (R;,) vec (R j2)
vec (R?;) vec (R]TZ)
vec (R;,) vec ( Rjz)
vec (R},) vec (RJTZ)
vec (R,,) T vec (RJ»I)
P, vec (R;;) P, vec (Rﬂ)
vec(R;;) vec (le
| Pivee(®ry) Pyvee (R;,)
B vec(R;,) vec (Rjz)
P, vec (Riz) P, vec (RJZ)
vec (R;) vec (Rjz)
P, vec(Ry,) P, vec (Rjz)
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= 2(vec (R;;))" vec (le) +2(vec (R;,)) PP, vec (Rﬂ)
+2(vec (Riz))T vec (Rjz)

+2(vec (R;,)) PP, vec (Rjz)

=4 ((vec (R,-l))T vec (le) + (vec (Riz))T vec (RjZ))
(i) ()

17)

If we let t; = (X:ZE?S) € RP* % then we have by (9)
thatt,,t,,,, ... are orthogonal to each other in R\*®¥F2%2 By

Lemma 2, there exists a positive integer ] < (p,q, + p,4,) such
that t; = 0. Hence

Ry =Ry, =0, (18)

that is, the iteration of Algorithm 7 will be terminated in at
most p;q; + P,g, steps in the absence of round-oft errors. [

3. Numerical Examples

In this section, we use some numerical examples to illustrate
the efficiency of our algorithm. The computations are carried
out at PC computer, with software MATLAB 7.0. The machine
precision is around 1071

We stop the iteration when ||R; || + [|R;, || < 10712,

Example 12. Given matrices A,, B}, C,, A,, B,, and C, as
follows:

1 4-2-10 1 -3

31 -1 3 -1 -2 1
Ao ¢332 112
17l 2 5 1 4 -1-3 4 |
-1 4 2 1 0 -13
3 -1 1 31 2 -1
-3 2 -1 3 -2 1
2 3 -1-2 3 —4
-1 1 0 1 -1 1
B=| o 1 1 0 -12 |,
1 2 3 -1-25
3 30 -3 3 -3
0 -1-10 1 -2
-19 30 11 19 -30 41
-55 47 -8 55 -47 39
~74 77 3 74 =77 80
C, = ,

-36 17 -19 36 -17 -2
19 -30 -11 -19 30 -41
55 -47 8 55 47 -39
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F1GURE 1: Convergence curves of log, (IIR;, | + [|R;,[).

3 -2-11-40 -1 then (1) is consistent, for one can easily verify that it has a
0 -3 1 -32 3 1 bisymmetric solution:
A, = -2 -4 1 -3 0 3 1 ,

0o 3 -1 3 -2 -3 -1
1 -6 0 -2-43 0

2 1 3 -2 1 -1 1 2 1 -1 1
—3-1-43 13 1 1 1 1 -1
12 3 -1 1 1 0 -2-11 1
By= 0 4 4 0 |, X=| 21 21 21 2 (20)
=2 0 -2 2 1 1 -1-20 1 1
1 =5 -4 -1 11 1 1 1 3 -1
-1 -2 -3 1 1 -1 1 2 1 -1 1
33 107 140 —-33
17 —34 —-17 -17
C,=| 27 -29 2 -27
~17 34 17 17 _ , ,
60 78 138 —60 We choose the initial matrix X, = 0, then using Algorithm 7

and iterating 13 steps, we have the unique bisymmetric

(19) minimum Frobenius norm solution of (1) as follows:

0.4755 -0.6822 0.6274 1.4586 0.2774 -1.2112 -0.1053
-0.6822 2.6628 0.4046 0.0716 1.0133 0.4001 -1.2112
0.6274 0.4046 -1.0215 -2.2128 -1.6176 1.0133 0.2774
X3 = 1.4586 0.0716 -2.2128 -1.1548 -2.2128 0.0716 1.4586 , (21)
0.2774 1.0133 -1.6176 -2.2128 -1.0215 0.4046 0.6274
-1.2112 0.4001 1.0133 0.0716 0.4046 2.6628 —0.6822
—-0.1053 -1.2112 0.2774 1.4586 0.6274 -0.6822 0.4755

with [|Ry3, [ + [Ry3, ]l = 6.2303e — 013. Example 13. Let

Figure 1 illustrates the performance of our algorithm and
Cai’s algorithm [10]. From Figure 1, we see that our algorithm

is faster than Cai’s algorithm. A, =rand (7,7), B, =rand (7,7),

A, =hilb(7), B, = pascal (7),
(22)
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0 20 40 60 80 100
Iterative steps
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F1GURE 2: Convergence curves of log, (IR;; | + IR, ).

with hilb, pascal, and rand being functions in Matlab. And
welet C;, = A, XB,, C, = A,XB,, in which X is defined in
Example 12. Hence (1) is consistent.

We choose the initial matrix X, = 0; Figure 2 illustrates
the performance of our algorithm and Cai’s algorithm [10].
From Figure 2, we see that our algorithm is faster and more
stable than Cai’s algorithm.
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