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Under some weaker conditions, we prove the strong convergence of the sequence generated
by a modified regularization method of finding a zero for a maximal monotone operator in a
Hilbert space. In addition, an example is also given in order to illustrate the effectiveness of
our generalizations. The results presented in this paper can be viewed as the improvement,
supplement, and extension of the corresponding results.

1. Introduction

Let H be a real Hilbert space and C a nonempty closed convex subset of H, and let F : H —
H be anonlinear operator. The variational inequality problem is formulated as finding a point
x* € C such that

(Fx*,v-x*)>0, VYveC. (1.1)

In 1964, Stampacchia [1] introduced and studied variational inequality initially. It is
now well known that variational inequalities cover as diverse disciplines as partial differ-
ential equations, optimal control, optimization, mathematical programming, mechanics, and
finance, see [1-5].

Let T be an operator with domain D(T) and range R(T) in H. A multivalued operator
T : H — 2 is called monotone if

(u-v,x-y) >0, (1.2)
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for any u € Tx, v € Ty, and maximal monotone if it is monotone and its graph
G(T)={(x,y) :x€ D(T),y € Tx} (1.3)

is not properly contained in the graph of any other monotone operator.

One of the major problems in the theory of monotone operators is to find a point in the
zero set, which can be formulated as finding a point x so that x € T~1(0), where T~!(0) denotes
the zero set of the operator T. A variety of problems, including convex programming and
variational inequalities, can be formulated as finding a zero of maximal monotone operators.
A classical way to solve such problem is Rockafellar’s proximal point algorithm [6], which
generates an iterative sequence as

Xn+l = ]cT(xn + en)/ (14)

where, for ¢ > 0, JT denotes the resolvent of T given by JI = (I +cT)™, with I being the
identity map on the space H. If T71(0) #0, it is known that the sequence generated by (1.4)
converges weakly to some point in T71(0).

Motivated by Lehdili and Moudafi’s prox-Tikhonov method [7], Xu [8] considered the
following regularization iterative form: for a fixed point u € H,

Xpi1 = ]3;((1 —ty)x, +tau+e,), n>0, (1.5)

where t, € (0,1) and {e,} is a sequence of errors. Then, the iterative sequence converges
strongly to Pr-1(gyu, provided that

(C1) limy,— t, =0,

(C2) X020 ltns1 = tal < 00,

(C3)0<c<en<y,

(C4) 3o lenen — el < oo,

(C5) Xiiotn = o0, 3052 llenl| < oo

Recently, Song and Yang [9] removed some strict restrictions in Xu [8]. Under condi-
tions (C1), (C2), (C4) (or X721 = (cn/cns1)| < +00), (C5), and (C3')

(C3) 0 < liminf,, , o ¢y,

they proved that the sequence generated by (1.5) converges strongly to Pr-1g)u.
Very recently, under conditions (C1), (C3) (or C3'), (C5), and (C4')

(C4') limy, o0 |1 = (cp/Cne1)| = 0.

Wang [10] proved the strong convergence of the sequence generated by (1.5). It is easy to see
that conditions (C3') and (C4') are strictly weaker than conditions (C3) and (C4), respectively.

We remind the reader of the following fact: in order to guarantee the strong
convergence of the iterative sequence {x,}, there is at least one parameter sequence
converging to zero (i.e., t, — 0) in the result of Xu [8], Song and Yang [9], and Wang [10].
So the above results bring us to the following natural questions.
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Question 1. Can we obtain the strong convergence theorem without the parameter sequence
{t,} converging to zero?

Question 2. Can we get that the sequence {x,} converges strongly to x* € T~(0), which solves
uniquely some variational inequalities?

In this work, motivated by the above results, we consider the following modified
regularization method for the proximal point algorithm: for an arbitrary xy € H,

zp=(I—-t,F)x, +t,u+e,,
(1.6)
Xn+l = ]g;,znr n>0,

where F is a k-Lipschitzian and 7-strongly monotone operator on H and u is a fixed point in
H. Without the parameter sequence {t,} converging to zero, we prove that the sequence {x, |
generated by the iterative algorithm (1.6) converges strongly to x* € T~'(0), which solves
uniquely the variational inequality (Fx* — u,x* — p) < 0, forall p € T~1(0). In addition, an
example is also given in order to illustrate the effectiveness of our generalizations. The results
presented in this paper can be viewed as the improvement, supplement, and extension of the
results obtained in [6-10].

2. Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. For the sequence {x,} in
H, we write x, — x to indicate that the sequence {x,} converges weakly to x. x, — x means
that {x,} converges strongly to x.

A mapping F : H — H is called k-Lipschitzian if there exists a positive constant k
such that

|Fx - Fy|| <k|x-y|, VxyeH. (2.1)
F is said to be 7-strongly monotone if there exists a positive constant 7 such that

> Vx,yeH. (2.2)

(Fx-Fy,x-y)>n|x-y

Let A be a strongly positive bounded linear operator on H, that is, there exists a
constant ¥ > 0 such that

(Ax,x) > §llx|>, VxeH. (2.3)

A typical problem is that of minimizing a quadratic function over the set of the fixed points
of a nonexpansive mapping on a real Hilbert space H:

min {%(Ax,x) - (x,b)}, (2.4)

x€eFix(W)

where b is a given point in H and Fix(W) is the set of the fixed points of nonexpansive
mapping W.
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Remark 2.1 (see [11]). From the definition of A, we note that a strongly positive bounded
linear operator A is a || A||-Lipschitzian and y-strongly monotone operator.

Let T be a maximal monotone operator on a real Hilbert space H such that S :=

T-1(0) #@. For ¢ > 0, we use J! to denote the resolvent of T, that is,

JE =T +cT)™ (2.5)

It is well known that JT is firmly nonexpansive and consequently nonexpansive; moreover,
S=Fix(JI) = {xe H:x=Jx}.

The following lemma is known as the resolvent identity of maximal monotone
operators.

Lemma 2.2 (see [8]). Let ¢, t > 0. Then, for any x € H,

Jix= gt (G (1- 2 )t), 26

In order to prove our main results, we need the following lemmas.

Lemma 2.3 (see [11]). Let F be a k-Lipschitzian and n-strongly monotone operator on a Hilbert
space H with 0 < < kand 0 <t < n/k* Then, S = (I - tF) : H — H is a contraction with

contraction coefficient T, = /1 — t(2n — tk?).
Lemma 2.4 (see [12]). T is firmly nonexpansive if and only if 2T — I is nonexpansive.

Lemma 2.5 (see [13]). Let H be a Hilbert space, C a closed convex subset of H,and T : C — C
a nonexpansive mapping with Fix(T) #0; if {x,} is a sequence in C weakly converging to x and if
{(I =T)x,} converges strongly to y, then (I - T)x = y.

Lemma 2.6 (see [14]). Let {x,} and {z,} be bounded sequences in Banach space E and {y,} a
sequence in [0, 1] which satisfies the following condition:

0 <lim infy, <lim supy, < 1. (2.7)
n—o n—oo ’
Suppose that Xp.1 = YuXn + (1 = yn)zn, n 2 0, and limsup,, _, _ (1zns1 = Zull = [[Xne1 = x4l]) < 0.

Then, lim,, _, ||z, — x,|| = 0.

Lemma 2.7 (see [15, 16]). Let {s,} be a sequence of nonnegative real numbers satisfying

Sp+1 < (1 - /ln)sn + 1,6, + Yo, N2 0, (28)

where {A,}, {6}, and {y,} satisfy the following conditions: (i) {A,} C [0,1] and >,7° Ay = oo, (ii)
lim sup, 6, <00r X720 Au6y < 0o, and (iii) y, > 0 (n > 0), 372 yn < o0. Then, lim,, _, s, = 0.



Journal of Applied Mathematics 5

3. Main Results

Let F be a k-Lipschitzian and 7-strongly monotone operator on H with 0 < 77 < k and J! the
resolvent of T. Let t € (0,77/k?) and 7; = 1/1 — t(21 — tk?) € (0,1), and consider a mapping V;
on H defined by

Vix = JI[(I -tF)x +tu], x€H, (3.1)

where ¢ > 0 is a fixed constant and u € H is a fixed point. It is easy to see that V; is a
contraction. Indeed, from Lemma 2.3, we have

Vi = Vayl| = | J1(T = F)x + tu] = JT[(1 = tF)y + tu |
< ||I-tF)x- I -tF)y| (3.2)
<zllx -y,

for all x, y € H. Hence, it has a unique fixed point, denoted by v;, which uniquely solves the
fixed point equation

v = JI[(I - tF)v; +tu], v € H. (3.3)

Theorem 3.1. Forany ¢ > 0and u € H, let the net {v;} be generated by (3.3). Then, as t — 0, the
net {v;} converges strongly to v* of S, which solves uniquely the variational inequality

(Fv* —u,v* -p)<0, VpeS. (3.4)

Proof. We first show the uniqueness of a solution of the variational inequality (3.4), which is
indeed a consequence of the strong monotonicity of F. Suppose v* € S and ¥ € S both are
solutions to (3.4); then,

(Fv* —u,v*-0) <0, (3.5)

(FB—u,5-v*) <0. (3.6)

Adding (3.5) to (3.6), we get

(Fv* - Fo,v"-0) <0 (3.7)
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The strong monotonicity of F implies that v* = ¥ and the uniqueness is proved. Below we

use v* € S to denote the unique solution of (3.4). Next, we prove that {v;} is bounded. Taking
p € S, from (3.3) and using Lemma 2.3, we have

loc = pll =

JI[(I = tF)v; + tu] —p”
< ||(I = tF)v, - (I - tF)p + t(u - Fp)|| (3.8)

< wflo—pll +tlu-Fpl,

that is,
o~ pll < 7=~ Fpl (39)
v =p| < 11 u— Fp||. .
Observe that
ot 1
tlilgl " ﬁ (3.10)

From t — 0, we may assume, without loss of generality, that t < 7/k® — ¢, where € is
an arbitrarily small positive number. Thus, we have that ¢/(1 — 7;) is continuous, forall
t € [0,17/k? — €]. Therefore, we obtain

E_, 1
sup{l_Tt.t€<0,k2 € }<+oo. (3.11)

From (3.9) and (3.11), we have {v;} bounded and so is { Fo;}. On the other hand, from (3.3),
we obtain

T
[ =] =

JET = tFyor + ] = J Lo
< | = tF)vs + tu — v4| (3.12)

=t|lu-Fof| —0 (t—0).
To prove that v; — v*, for a given p € S, using Lemma 2.3, we have

2
loc=pl* = |21 = tFyor + tul - p|

< (I =tF)o ~ (I - tF)p + t(u - Fp) |

< 72||or - p||” + £||lu - Fpl||” + 2((I - tF)o, - (I - tF)p,u — Fp)
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< 7||or = p||* + || - Fp||* +2t(v - p,u - Fp) + 2£(Fp — Foy, u - Fp)
< nllocplP + £ llu - FplP + 2t(00 - p,u~ Fp) +22K]lp -] [u - Fp

< 7||v = p||* + 22 M + 2t (v, — p,u - Fp),

(3.13)
where M = max{||lu — Fp||2,2k||p —v¢|||lu — Fp||}. Therefore,
) 28 2t
_ < = o - - . 3.14
loe=pll" < g= M+ = (v —p,u~Fp) (3.14)

From 7, = /1 - (25 - tk?), we have lim;_o(t*/(1 = 7)) = 0. Moreover, if v; — p, we have
lim;,o((2t/(1 = 7))(vt —p,u— Fp)) = 0.

Since {v;} is bounded, we see that if {t,} is a sequence in (0,7/k>—€] such thatt, — 0
and vy, — 7, then, by (3.14), we see that v;, — ©. Moreover, by (3.12) and using Lemma 2.5,
we have € S. We next prove that ¥ solves the variational inequality (3.4). From (3.3) and
p € S, we have

lor = pII < 1(T = tF)or + tu - p||*

= ||lv: - p||2 +P|lu - Fo|)* + 2t(vy — p,u— Foy), e
that is,
(Foy —u,v —p) < £||u—th||2. (3.16)
Now replacing t in (3.16) with t,, and letting n — oo, we have
(Fo-u,o-p) <0. (3.17)

That is, ¥ € S is a solution of (3.4), and hence ¥ = v* by uniqueness. In a summary, we have
shown that each cluster point of {z;} (att — 0) equals v*. Therefore, v; — v*ast — 0. O

Setting F = A in Theorem 3.1, we can obtain the following result.

Corollary 3.2. For any ¢ > 0 and u € H, let A be a strongly positive bounded linear operator
with coefficient 0 < y < ||A||. For each t € (0,?/||A||2), let the net {v:} be generated by v; =
JE[(I-tA)v; +tu]. Then, ast — 0, the net {v;} converges strongly to v* of S which solves uniquely
the variational inequality

Av* —u,v"-p)<0, Vpes. (3.18)
P P

Setting F = I and v* = Psu in Theorem 3.1, we can obtain the following result.
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Corollary 3.3 (Xu [8, Theorem 3.1]). Forany c > 0and u € H. For eacht € (0,1), let the net {v;}
be generated by vy = JI[(1 - t)vy + tu]. Then, ast — 0, {v} converges strongly to the projection of
u onto S; that is, limy_, ¢ v; = Psu. Moreover, this limit is attained uniformly for ¢ > 0.

The next result gives a strong convergence theorem on algorithm (1.6) with a weaker
restriction on the sequence {t,}.

Theorem 3.4. Let T be a maximal monotone operator on a Hilbert space H with S+ (. Let F be
a k-Lipschitzian and r-strongly monotone operator on H with 0 < n < k. Let {t,} be a sequence in
(0,1), {cn} asequence in (0,+o0), and € an arbitrarily small positive number. Assume that the control
conditions (C1'), (C3'), (C4'), and (C5) hold for {t,}, {c,}, and {e,}

(C1) 0<t, < 11/k2 — €, forall n > ny for some integer ny > 0.

For an arbitrary point xy € H, let the sequence {x,} be generated by (1.6). Then,

z, — X" =t,(u-Fx,) —0 (n— o0), (3.19)

where x* € S solves the variational inequality

(Fx*—u,x*-p) <0, VpeS. (3.20)

Proof. On the one hand, suppose that t,(u — Fx,) — 0(n — o). We proceed with the
following steps.

Step 1. We claim that {x,} is bounded. In fact, taking p € S, from (1.6) and (C1’) and using
Lemma 2.3, we have

v -l = |25
< || = taF)xy + tyu + e — p||

< || = taF)xp = (I = t,F)p + tu(u — Fp) + ex||

<1, || = p|| + tal|u — Fp|| + llenll (3.21)
t
<A-QA-m)]|lxn—p|| + Q- Tm)#””‘ Fp|| + llexll
t
< max{ lxn =2, ] _"Ttn || —Fp”} + |lexll,

for alln > ng for some integer ny > 0, where 7;, = 1/1 — t,(27n — t,k?) € (0,1). By induction, we

have

n-1

ll2en =l < max{[lxo = pll, llu = FpllMa} + 3 llejl, (3.22)

—
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for all n > ny for some integer 1y > 0, where M; =sup{t,/(1-1,) : 0 <t, < 71/k2 —€} < +oo.
Therefore, {x,} is bounded. We also obtain that {z,} and {Fx,} are bounded.

Step 2. We claim that limy, . |41 — x|l = 0. In fact, write J, = JL and T, = 2], — I. Then, ],
is firmly nonexpansive and T}, is nonexpansive (see Lemma 2.4).

Observe that
I1+T,
Xn+l = ]nzn = Zp

2
1 1
= EZn + ETnZn
(3.23)
1 1
= —x,+ =[thy(u—Fx,) + e, + Thzy)
2 2
= Exn + Eyn/
where vy, = t,(u - Fx,) + e, + T, z,. Therefore,
||]/n+l - ]/n” = ||tps1 (U = Fxps1) + eps1 + Tp1Znir — tn(u — Fxp) — ey — Tz, ||
(3.24)
<t (u = Fxpen)|| + ||t (u = Fxp) || + llensa |l + llenll + 1 Tus1zne1 — Trzall-
It follows from the resolvent identity that
[ Tar12x = Tux|| = 2|| Jus1x = Jux||
-2 ]n< oyt (1— Cn )]n+1x> ~ Jux
Cn+l Cn+l
c (3.25)
< 2|11 = —||lJus1x — x||
Cn+l
c
< 1= " ||Twax - x|
Cn+l
for any x € H. From (1.6), we get
||Zn+1 - Zn” = ”(I - tn+1F)xn+1 + iU+ ep — (1 - tnF)xn —tau — en”
(3.26)

< [xner = xnll + [[Ene1 (= Fxpi) || + [En(u = Fxp) || + [lensall + [lenll-

By (3.25) and (3.26), we have

||Tn+1zn+1 - Tnzn” < ||Tn+lzn+l - Tnzn+1|| + ||Tnzn+1 - Tnzn”

Cn

”Tn+1zn+1 - Zn+1|| + ||Zn+1 - Zn”
Cn+1

‘|-




10 Journal of Applied Mathematics

Cn

< 1= I Tw1Zne1 = Zuoll + 12s1 = X

Cn+l

+ lltne1 (= Fxpen) | + [l (i = Fxu) || + llensall + lleal]-

(3.27)
Substituting (3.27) into (3.24) at once gives
||yn+1 - ]/n” < 2|ltpa (u = Fxner) || + 2([tn (u = Fxn) || + 2l e |
c, (3.28)
+2[|eq|l + 1 - M + | xns1 = xall,
Cn+1
that is,
||yn+1 - ]/n” = lxna1 = x| < 2||tns1 (U — Fxpen)|| + 2|t (= Fxy) || + 2||€nt|
c (3.29)
+2|len|l + |1 - —|M,,
Cn+l

where M, = sup{||Ty+12n+1 — Zn+1ll,n > 0}. Observing t,(u — Fx,) — 0,e, — 0, and |1 -
(cn/cns1)] = 0(n — oo0), it follows that

lim sup ([[yns1 = yal| = lxnia = xall) < 0. (3.30)
n— oo
From (3.23) and using Lemma 2.6, we have lim,,_, ||y, — x4|| = 0. Therefore,

. 1
nlgr;o”xnﬂ —Xull = nlgr;ozllyn - xn” =0. (3.31)

Step 3. We claim that lim,,_, o, [|x, — JTx,| = 0. Since lim inf, _, c, > 0, there exist « > 0 and
a positive integer N such that forall n > N, ¢, > a. From Lemma 2.2, for each ¢ € (0, a), we

have
c c
JuXn — ]chn = ]g<_xn + <1 - _>]nxn> - ]chn
Cn Cn
< ixn + (1 - i)]nxn - X,
Cn Cn (3.32)
c
=|1-— ”]nxn - an
Cn
< ”]nxn - xn+1” + ||xn+1 - xn”-
Observe that

Jn%n = Xnaall < {1200 = zull < [t (1 = Fxn)| + [l€n]| — O. (3.33)
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Thus, it follows from (3.32), (3.33), and Step 2 that

JnXn — ]chn

lim = 0. (3.34)

Since [|x, - ]chn” < oen = Xt || + 1201 = JnXnll + || JnXn — ]chn”/ then

lim |(|x, - ]CTxn

n—oo

- 0. (3.35)

Step 4. We claim that lim sup,, _, {(x,—x*,u—Fx*) <0, where x* = lim; ¢ v; and v; is defined
by (3.3). Since x, is bounded, there exists a subsequence {x, } of {x,} which converges
weakly to w. From Step 3, we obtain JTx, — w. From Lemma 2.5, we have w € S. Hence,
by Theorem 3.1, we have

lim sup(x, — x*,u — Fx*) = lim (x,, —x",u - Fx") = (w—-x",u—-Fx") <0. (3.36)

n— oo k—oo

Step 5. We claim that {z,} converges strongly to x* € S. From (1.6), for an appropriate con-
stant y > 0, we have

%1 = X1 = | Juza — x|
< |lz - x*|?
= ||(I = t,F)xp + tyu + e, — x*||?
< = tuF)xy + tyre = x* | + yllenl|
< (T =t F)xty = (I = £,F)x™ + £y (= Fx*)|* + y]len]|
< 12 |l = x*|* + 2l = Fx*|* + 2t (I = £y F)xty — (I = t,F)x", 1 = Fx*) + y|len]|
< 7y, |30 — x| + 2]l = x| + 2t (2 — x* = tyFoty + tyu, u— Fx")
+ 2ti<Fx* —u,u—Fx*) +yllenl
< 7, lloen = X" |17 + 2t (00 — X%, 1 = FX*) + 2ty |t (1 = Fox) |||l = Fx*[| + yllen]
<[1-(1=7,)]llxn = x|

+ (1 =m,)[2M1(x, — x*,u = Fx*) + 2M ||t (1 — Fx,)|[lu = Fx*||] +yllexll,
(3.37)

for all n > ng for some integer ny > 0. For every n > ng, put g, = 1 -7, and 6, = 2M;(x,, —
x*,u—Fx*) + 2Mq||t,,(u — Fx,)||||u — Fx*||. It follows that

21 = 27 < (1= pa) 120 = X*|* + B + Yllewll,  ¥n > mo. (338)
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It is easy to see that 37>, p, = oo and lim sup, _, 6, < 0. Hence, by Lemma 2.7, the sequence
{x,} converges strongly to x* € S. Observe that

20 = 2"l = |(I = taF)xp + tytt + € — X7|

(3.39)

< lxn = X7 + [Itn (u = Fx) || + llenl-

Thus, it follows that the sequence {z,} converges strongly to x* € S.

On the other hand, suppose that z, — x* € Sasn — oo. From (1.6), we have
xne1 = x*|| = [|JnZn = X7|| < ||z = x"[| — 0. (3.40)
Therefore,
lltn (4 = Fxn) |l = |20 = 2Xn = enll

< lzn = xall + llenll (3.41)
<llzn = x| + [l = x*|| + [lenll — 0. .

Setting F = I and x* = Psu in Theorem 3.4, we can obtain the following result.

Corollary 3.5. Let T be a maximal monotone operator on a Hilbert space H with S#@. Let {t,} be
a sequence in (0,1), {c,} a sequence in (0, +o0), and € an arbitrarily small positive number. Assume
that the control conditions (C1"), (C3'), (C4'), and (C5) hold for {t,}, {cn}, and {e,}.

(C1") 0 < t, <1—¢, forall n > ng for some integer ny > 0.

For an arbitrary point xo € H, let the sequence {x,} be generated by

zn=(1=ty)x, +t,u+ey,
(3.42)
Xn+1 = ]g;zn/ n>0.

Then,

z, — Psu = t,(u-x,) —0 (n— o). (3.43)

Corollary 3.6 ([Wang [10], Theorem 4]). Let {c,}, {tn}, and {e,} satisfy (C1), (C3), (or (C3")),
(C4') and (C5). In addition, if S # 0, then the sequence generated by (1.5) converges strongly to Psu.

Proof. Since lim,,_, ,t, = 0, it is easy to see that t, < n/k* — ¢, forall n > n, for some integer
ny > 0. Without loss of generality, we assume that 0 < ¢, < 1/ k2 — ¢, forall n > ny for some
integer ny > 0. Repeating the same argument as in the proof of Theorem 4 in Wang [10], we
know that {x,} is bounded. Thus, we have that t,(u — x,) — 0. Therefore, all conditions
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of Corollary 3.5 are satisfied. Using Corollary 3.5, we have that {z,} converges strongly to
Psu € S, with z,, = (1 - t,,)x, + t,u + e,. Therefore,

l[xn+1 = Psul| < ||z = Psul| — 0. (3.44)
O

Remark 3.7. Corollary 3.5 is more general than Theorem 4 of Wang [10]. The following
example is given in order to illustrate the effectiveness of our generalizations.

Example 3.8. Let H = R be the set of real numbers, u = 0 and ¢, = 1/2 for all n > 0. Define
a maximal monotone operator T as follows: Tx = 2x, forall x € R. It is easy to see that
]CTn = (1/2)I and S = {0}. Given sequences {t,} and {e,}, t, = 1/2and e, =0, forall n > 0.
For an arbitrary x € R, let {x,} be defined by (3.42), that is,

Zn = 1x
. N (3.45)
Xps1 = Ezn = an, n>0.
Observe that
a1 — O] = ‘ L —0“ =D, -0y (3.46)
4 4

Hence, we have ||x,.1 — 0| = (1/4)""||xo - 0|| for all > 0. This implies that {x,} converges
strongly to 0 = Ps0. Thus,

[[£n (1 = xn) || = %lenll —0 (n— o). (3.47)

Furthermore, it is easy to see that there hold the following:

(Bl) 0<t,=1/2<1-¢, foralln > ny for some integer ny > 0,
(B2) 320 tn = 250(1/2) = oo,
(B3) lim inf, . ,c, =1/2>0and lim,, ., |1 — (¢x/cns1)| =0,
(B4) X520 llenll = 35200 =0 < co.
Hence there is no doubt that all conditions of Corollary 3.5 are satisfied. Since ¢, =
1/2 -+ 0, the condition t, — 0 of Wang [10, Theorem 4] is not satisfied. So, by Corollary 3.5,

we obtain that the sequence {x,} and {z,} converges strongly to zero but Theorem 4 of Wang
[10] cannot be applied to {x,} and {z,} in this example.
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