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A nonlinear generalization of the Camassa-Holm equation is investigated. By making use of the
pseudoparabolic regularization technique, its local well posedness in Sobolev space H°(R) with
s > 3/2 is established via a limiting procedure. Provided that the initial value u, satisfies the sign
condition and uy € H°(R) (s > 3/2), it is shown that there exists a unique global solution for the
equation in space C([0, o0); H*(R)) N C!([0, 00); H*"1(R)).

1. Introduction

Camassa and Holm [1] employed the Hamiltonian method to derive a completely integrable
shallow water wave model

Up — Upyy + 2Ky + 3Ully = 2UsUyy + Ullyxy, (1.1)

which was alternatively established as a water wave equation in [2-4]. Equation (1.1) also
models wave current interaction [5], while Dai [6] derived it as a model in elasticity (see
[7]). In addition, it was pointed out in Lakshmanan [8] that the Camassa-Holm equation
(1.1) could be relevant to the modeling of tsunami waves (see Constantin and Johnson [9]).
After the birth of the Camassa-Holm equation (1.1), many works have been carried
out to probe its dynamic properties. For k = 0, (1.1) has travelling wave solutions of the
form ce <!l called peakons, which describes an essential feature of the travelling waves
of largest amplitude (see [10-14]). For k > 0, its solitary waves are stable solitons [15]. It
is shown in [16-18] that the inverse spectral or scattering approach is a powerful tool to
handle the Camassa-Holm equation and analyze its dynamics. It is worthwhile to mention
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that (1.1) gives rise to geodesic flow of a certain invariant metric on the Bott-Virasoro group
[19-21], and this geometric illustration leads to a proof that the least action principle holds.
Xin and Zhang [22] proved the global existence of the weak solution in the energy space
H!(R) without any sign conditions on the initial value, and the uniqueness of this weak
solution is obtained under some assumptions on the solution [23]. Coclite et al. [24] extended
the analysis presented in [22, 23] and obtained many useful dynamic properties to other
partial differential equations (see [25-28] for an alternative approach). Li and Olver [29]
established the local well posedness in the Sobolev space H*(R) with s > 3/2 for (1.1) and
gave conditions on the initial data that lead to finite time blowup of certain solutions. It is
shown in Constantin and Escher [30] that the blowup occurs in the form of breaking waves,
namely, the solution remains bounded but its slope becomes unbounded in finite time. For
other methods to handle the problems relating to various dynamic properties of the Camassa-
Holm equation and other shallow water equations, the reader is referred to [31-39] and the
references therein.

Motivated by the work in Hakkaev and Kirchev [33] to investigate the generalization
forms of the Camassa-Holm equation with high-order nonlinear terms, we study the
following generalized Camassa-Holm equation:

m+1

Uy — Upex + kU™t + (M +3) "™y = (1 + 2) U™ et + 1" Ui, (1.2)

where m > 0 is a natural number and k > 0. Obviously, (1.2) reduces to (1.1) if we set m = 0.
As the Camassa-Holm equation (1.1) has been discussed by many mathematicians, we let the
natural number m > 1 in this paper.

The objective of this paper is to study (1.2). Its local well posedness of solutions
in the Sobolev space H®(R) with s > 3/2 is developed by using the pseudoparabolic
regularization method. Provided that (1 — 82)up + k/2(m + 1) > 0 and uy € H® (s >
3/2), the existence and uniqueness of the global solutions are established in space
C([0,0); H*(R)) N C'([0,); H*'(R)). It should be mentioned that the existence and
uniqueness of global strong solutions for the nonlinear generalized Camassa-Holm models
like (1.2) have never been investigated in the literatures.

2. Main Results

The space of all infinitely differentiable functions ¢(f, x) with compact support in [0, +o0) x R
is denoted by C°. L? = LP(R)(1 < p < +0) is the space of all measurable functions h such
that ||h||z,, = [ |h(t,x)Pdx < oo. We define L* = L*(R) with the standard norm ||h|;.. =
infyn(e)=0SUP g\ |1 (t, x)|. For any real number s, H* = H*(R) denotes the Sobolev space with
the norm defined by

= ([ (Let) frepfa)” <o 1)

where h(t, &) = [, e ™ h(t, x)dx.
For T > 0 and nonnegative number s, C([0, T); H*(R)) denotes the Frechet space of all

continuous H®-valued functions on [0,T). We set A = (1 — 6§)1/2. For simplicity, throughout
this paper, we let ¢ denote any positive constant which is independent of parameter «.
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We consider the Cauchy problem of (1.2), which has the equivalent form

- (m+1)0x (u’”ui) +u Uy, k>0, m>1, (2.2)

u(0, x) = up(x).

Now, we give our main results for problem (2.2).

Theorem 2.1. Suppose that the initial function ug(x) belongs to the Sobolev space H*(R) with s >
3/2. Then there is a T > 0, which depends on ||uo|| s, such that there exists a unique solution u(t, x)
of the problem (2.2) and

u(t,x) € C([0,T]; H*(R) (" C' ([0, T]; H'(R)). 2.3)

Theorem 2.2. Let ug(x) € H®, s > 3/2and (1 — 32)ug + k/2(m + 1) > 0 for all x € R. Then
problem (2.2) has a unique solution satisfying that

u(t, x) € C([0,00); H*(R)) (| C' ([0, 00); H*\(R) ). (2.4)

3. Local Well-Posedness

In order to prove Theorem 2.1, we consider the associated regularized problem

k m+3 1
U — Uppxe + EUpxrrx = — (um+1> - <u"‘+2> + —ai (u’"+2>
m+1 x m+2 x m+2

- (m+1)0y (umui> + U Uy Uy, (3.1)

u(0,x) = up(x),

where the parameter ¢ satisfies 0 < e < 1/4.

Lemma 3.1. Let r and q be real numbers such that —r < q < r. Then

, 1
[l < cllull ol if x> 5,
(3.2)
. 1
[uollgrare < cliullpeliols, i r<s.

This lemma can be found in [34, 40].

Lemma 3.2. Let ug(x) € H°(R) with s > 3/2. Then the Cauchy problem (3.1) has a unique solution
u(t,x) € C([0,T]; H*(R)) where T > 0 depends on |luollpsry- If s > 2, the solution u €
C([0, +o0); H?®) exists for all time.
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Proof. Assuming that D = (1 -2 + %), we know that D : HS — H**is a bounded linear
operator. Applying the operator D on both sides of the first equation of system (3.1) and then
integrating the resultant equation with respect to t over the interval (0,t) lead to

= [ [ ), -0, )

(3.3)
—(m+1)0, <umui> + umuxuxx] dt.

Suppose that both 1 and v are in the closed ball By, (0) of radius M, about the zero function in
C([0,T]; H*(R)) and A is the operator in the right-hand side of (3.3). For any fixed t € [0,T],
we get the following:

: k
IOD[_m+1(um+1>x_Z—:;<um+2>x m+283< m+2>

—(m+1)0y <umui> + umuxuxx] dt

t k 3
~J Pl ) e (), e ()

(3.4)
—(m+1)0, ( > +v vaxx]dt”
HS
< TC1 sup um+1 _ Z)erl + sup um+2 _ Um+2
0<t<T H* o<t He
sup | Doy [ ook | + sup D[ sthes - vmvxvxxlan),
0<t<T 0<t<T
where C; may depend on ¢. The algebraic property of H* (R) with sy > 1/2 derives
m+2 _  m+2 _ _ m+1 m L. m m+1
”u v —”(u v)(u +u"v+---+uv™ + 0 >||HS
Py ~ m+1 A-j j (3.5)
< 1 = 0) e D5 luellye 0l e
=0
< Mg = 0) g,
||um+1 _ ,Um+1 - < M6"||(u — 'U)”Hs,
oo (e -oma), <o), s [oonfre ool

(i)

< CM™ |y = o]

2
ez =em],.)

Hs1



Abstract and Applied Analysis 5

Using the first inequality of Lemma 3.1, we have

DIttt = 0"l = | 5D [a (1) -7 (22) ]
X X Hs
Yol Pl ol
(R CRLIN ey (CORCE —v'">|HH) |
< Clu" g oz =22+ [[o2] e = o™l
< CMy*Hlu = ol
where C may depend on €. From (3.5)—(3.7), we obtain that
|Au — Av||y. < Ollu—-vlly:, (3.8)

where 0 = TC2(M6” + M6"+1) and C; is independent of 0 < t < T. Choosing T sufficiently
small such that 6 < 1, we know that A is a contraction. Applying the above inequality yields
that

[ Aulls < lluollprs + Ol - (3.9)

Choosing T sufficiently small such that Mg + ||uo|| s < Mo, we deduce that A maps By, (0)
to itself. It follows from the contraction-mapping principle that the mapping A has a unique
fixed-point u in Bay, (0).

For s > 2, using the first equation of system (3.1) derives

d 2, .2
aJ‘ (u +12 + e )dx 0, (3.10)
from which we have the conservation law
f <u + U + el >dx f <ué + U+ sugxx>dx. (3.11)
R R

The proof of the global existence result is a routine argument by using (3.11) (see Xin and
Zhang [22]). O

Lemma 3.3 (Kato and Ponce [41]). Ifr >0, then H" (\ L* is an algebra. Moreover

[uoll, < c(llwll=lIvll, + llull,l[oll=), (3.12)

where c is a constant depending only on r.



6 Abstract and Applied Analysis

Lemma 3.4 (Kato and Ponce [41]). Let r > 0. Ifu € H' \W'® and v € H"' (" L*®, then

A7, ulollz: < c(19ell || Ao

L I8l ol ). (3.13)

Lemma 3.5. Let s > 2, and the function u(t, x) is a solution of problem (3.1) and the initial data
uo(x) € H®. Then the following inequality holds:

llulf7,: < f <u2 +ul + euix>dx
R

(3.14)
= f <u§ +ud + guéxx>dx.
R
For q € (0,5 — 1], there is a constant c independent of € such that
1) 1,\? 2
f (A‘” u) dx SI [(A‘“ u()) + e(AMugyy) ]dx
R R (3.15)

t
2 -1 -1 2
+cf el ( (Ul + Nl ) otell e + ol el ) .
0
For q € [0,s — 1], there is a constant ¢ independent of € such that

-1 -1 2
(1 =28l < cllllpges ((aallfs" + sl ) aallzs + NPt + el Nt )

(3.16)
Proof. The inequality |[u|}; < [p(u? + u2)dx and (3.11) derives (3.14).
Using 0% = —~A? + 1 and the Parseval equality gives rise to
J‘ ATuN1D? (um+2>dx =—(m+2) J <Aq+1u> AT <um+1ux)dx
R R (3.17)

+(m+2) I (ATu) AT <um+1ux>dx.
R

For g € (0,s — 1], applying (A7u)A1 to both sides of the first equation of system (3.1)
and integrating with respect to x by parts, we have the identity

L[ (0« W et
_mli 1 fR(Aqu)A‘? <um+1>xdx - (m+2) IR(Aqu)Aq (um+1ux>dx

(3.18)
- J‘ <A‘7+1u>A‘7+1 <um+1ux>dx +(m+1) J‘ (ATuy) AT <umui>dx
R R

+ J‘ ATuN (U™t ) dx.
R
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We will estimate the terms on the right-hand side of (3.18) separately. For the second term,
by using the Cauchy-Schwartz inequality and Lemmas 3.3 and 3.4, we have

IR (ATu) A1 (um+1ux> dx

f (Au) [A" <u"‘+1ux> - um”Aqux]dx + f (ATu) ™ ATy dx
R R

< cllull go ((m + D) [l Foo 2t || oo M2l g+ Noe | poe 122l Foo N2l 10)

m + 1 2

—— Il T e[l e | AT

2
< cllullgalleell o Nl o

(3.19)
Similarly, for the first term in (3.18), we have
IR(A”u)A"(umux)dx < clluallFro lull 7 el - (3.20)
Using the above estimate to the third term yields that
fR(Aq”u)Aq“ (" | < clull gl ol (3.21)

For the fourth term, using the Cauchy-Schwartz inequality and Lemma 3.3, we obtain that

2 2
IR(Aqux)Aq (umu,()dx < || ATy 2 || AT (umux> b .
< cllulpgen " el ol + Ntall el ) B2
< el el o el 7,
in which we have used [[u™uy || s < ¢l (@™ e < cllullfe ]| o
For the last term in (3.18), using u™(13) , = (u™u2), — (u™),u?% results in
q q (™ < q q(1m2 Ay AT (™) 142
UR(A u) AT (U uyttyy)dx| < IRA u, A <u ux>dx +J.RA ul\ [(u )xux]dx (3.23)
= K1 + Kz.

For K, it follows from (3.22) that

Ko < clfullfen ol o el - (3.24)
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For K;, applying Lemma 3.3 derives

Ko < cljull o || (u™) 185

Ha

2
< cllulpas (™) ol |12,

< cllallpe (el aeell.- ).

+ 1) ll o

w2 Lw) (3.25)

It follows from (3.19)—(3.25) that there exists a constant ¢ depending only on m such that

q q - 9 xx d < + XL *© XILe=
Zdt,[ [A 1) + (A"uy)? + e(Au )] x c||u||Hq1<||u [P 1 1 [P ) (3.26)

Integrating both sides of the above inequality with respect to ¢ results in (3.15).

To estimate the norm of u;, we apply the operator (1 - 6)36)71 to both sides of the first
equation of system (3.1) to obtain the equation

(1—&)up — ellyzy = (1 - 6%)4 [—Eut — ku™u, - Z :i (u””z)x

(3.27)
M (um+2> —(m+1)0, <umui> + umuxuxx] .

m+2
Applying (A9u;) A1 to both sides of (3.27) for g € [0, s — 1] gives rise to

(1-¢) fR (ATuy)dx + € f ) (ATuy)?dx

k m-*—l_rn"'3 m+2 1
m+1 m+2 m+2

= f (ATu;) AT72 [—sut + Oy (— Pu™? — (m+ 1)umu§>
R

+umuxuxx] dr.

(3.28)

For the right hand of (3.28), we have

< ellullFra,

j (Au) A2 (—euy)dx
R

-1
U (ATwy) (1 - a§> A0, (—%um+1 - Z :;um — (m+1)u™i2 >dx
R

<cliul([ (1+8)" |[ [ @-mat) - Sogw G- mat)  629)

—(m+1)@(§—n)fx(n)]dn]2>

-1
< cllaalgalal o ol o (el + el )
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Since
-1
I(Aqut) (1 - Eﬁ) A90% (u””lux)dx = - J(Aqut)Aq (um+1ux>dx

B (3.30)
+ f(Aqut) <1 - ai) AT <um+1ux>dx,

using Lemma 3.3, (| el pgq < cll @) [l g0 < c(m + 2)ull7 |l g and [ulle < ez,

we have

(ATu) AT (™, ) dx
Jvmms (i)

< cllull g ||

< clull pra lluall e el o el e (3.31)

U(Aqut) <1 - afC)_lAq (um+1ux> dx

< cllugll galluell e luall o ol o

Using the Cauchy-Schwartz inequality and Lemmas 3.1 and 3.3 yields that

< el ol vhc e || pra-2

-1
I (Aqut)<1 —c')i) AT (U™ Uy gy )dx
R

2
<l |u(2) | .,
2 2
< sl | [ (1)) - it
< cllwallgs (|||, + @] )
2 2
< cllulls ([|umad |, + [ @™ ,,,)
< clltel gl gon (el ot + el 7 aael ),
(3.32)
in which we have used (3.25).
Applying (3.29)—(3.32) into (3.28) yields the inequality
(1= 2) 1ull pzo < clltllggoe ( (el + ael e ) lael g 5)
e ot e + el 7" a0 )
for a constant ¢ > 0. This completes the proof of Lemma 3.5. O

Remark 3.6. In fact, letting € = 0 in problem (3.1), (3.14), (3.15), and (3.16) are still valid.
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Setting ¢.(x) = e /4p(e7V/*x) with 0 < & < 1/4 and u,9 = P. * up, we know that
Uz € C* for any ug € H°, s > 0. From Lemma 3.2, it derives that the Cauchy problem

Up — Upex + EUpxxxx = —mlj_ 7 (um”)x - :Z—:z(u"”z)x + ﬁai <um+2>
= (m+ )0, (W) + UMttt (3.34)

u(olx) = uEO(x)/ X€R

has a unique solution u,(t, x) € C*([0, o0); H*).
Furthermore, we have the following.

Lemma 3.7. For s >0, uy € H®, it holds that

[cox | < clloxll =, (3.35)
lueollpe <c ifg<s, (3.36)
ltteoll o < ce® D% if g > s, (3.37)
l[teo — tollpga < c€ P/t ifg<ss, (3.38)
lluco — uoll = = o(1), (3.39)

where c is a constant independent of e.
The proof of Lemma 3.7 can be found in [38].

Remark 3.8. For s > 1, using |[ue||;» < clluell e < cllutellpp, lluellip < ¢ [ +1u2,)dx, (3.14),
(3.36), and (3.37), we know that

2 2 2 2
e < cliali < c [ (i, + ex, )

< c<||ugo||f{1 + Sllusollfqz> (3.40)

< c<c + ce x 5(5‘2)/2>

Co,

IN

where ¢ is independent of ¢.

Lemma 3.9. If ug(x) € H*(R) with s > 1 such that ||ugyx||;- < oo. Let ugy be defined as in system
(3.34). Then there exist two positive constants T and c, which are independent of €, such that the
solution u, of problem (3.34) satisfies ||uex || < c forany t € [0,T).
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Proof. Using notation u = u, and differentiating both sides of the first equation of problem
(3.34) or (3.27) with respect to x give rise to
(1= &)thtx — EUpyxx + ! o’ (um+2> - <m + 1) <umu2>
tx txxx m+2 2 x
k

k 1
_ m+1 m+2 - m+1 m+2 - m, 2
= u™ U - A [Eutx + Y +u™ + <m + 2) (u ux> (3.41)

m+1

e30s @] |

Letting p > 0 be an integer and multiplying the above equation by (u,)**' and then
integrating the resulting equation with respect to x yield the equality

g | e )7 s+

k
— 2p+1 m+1 m+2
IR(ux) <m+1u )dx

k 1 1
_ 2p+1 A -2 m+1 m+2 - m, 2 - m
IR (ux)PA [eutx+ +1u +u™" + <m+ 2><u ux> + 28 [(u ) U ]]dx

_n;J‘ (ux)2p+3umdx
R

(3.42)

Applying the Holder’s inequality yields that

( )2p+2dx < € |u |2p+2dx 1/(2p+2) + |um+1
2p + 2 dt o R X
2pio 1/(2p+2) 1/(2p+2)
+ <f |uerz P dx) + (I |G|2p+2dx) }
R

(2p+1)/(2p+2) _
y <f |ux|2”+2dx) + ‘ p
R 2p +2

2p+2 1/(2p+2)
dx>

2p+2
||ux||Lw||u||wa 0, PP el

(3.43)

or

- 1/(2p+2) - 1/2p+2)
-5 ([ o) T < de([ ) ([
R R
i N\ 1/2p+2) 1/(2p+2)
+<J‘ |um+2 Pt dx> + <I |G|2p+2dx> }
R R

_ 1/(2p+2)
p m m 2p+2
+ | ——— |||t || 70 || 2£]| T2 u dx ,

2pe2 N\ 1/ @P+2)
dx>

(3.44)
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where

k 1 1
_ A2 m+1 m+2 - m,,2 - m 2
G=A"|euy, + " 1u +u"™ + <m + 2) <u ux> + 2ax[(u )xux]]. (3.45)

Since ||fll;, — lIfll;» asp — oo for any f € L* () L?, integrating both sides of (3.44) with
respect to t and taking the limit as p — oo result in the estimate

(1= &)lluxllr < (1 = €)llutoxl 0
t
‘J
0

Using the algebraic property of H* (R) with sy > 1/2 and (3.40) yields that

(3.46)

1
1 2 2
et + (Ml + Il + Gl ) + 5 Nl - | .

el 757 < cllulli® <, (3.47)

”G”Lw < C||G||H1/z+
A [Eutx ™ ™ <m + %) <umu§> + %ax [(um)xui]]
(e

(

(e + s
(
(

=C

|H1/2+

| )+e
H1/2+ H1/2+

|(um)xu§ H) s (3.48)

2 -1
c(([loeell 2 + loellzee ot oo 2ell o+ Mot oo 2l =2 IIMIIH1> +c

IN

C ||A_2uxt

+ a0 @) ]

H1/2+

IN

‘|
HO

IN

2
< el + ltellpe + leellf=) +

< c<1 + ||ux||%w>,

where we have used (3.16) and (3.40). Using (3.48), we have

t t
j |G|, dT < cf (1 + ||ux||§w)dr, (3.49)
0 0

where c is a constant independent of €. Moreover, for any fixed r € (1/2,1), there exists a
constant ¢, such that [[Upeex |1 < ¢ l[ttixxxllgr < ||t e Using (3.16) and (3.40) yields that

ltvcallpe < cllallgrs (1+ a2l ). (3.50)

Making use of the Gronwall’s inequality to (3.15) with g = r + 3, u = u, and (3.40) gives rise
to

JlP s < (IR <Ar+4u0>2 . g(AHaqux)Z) exp [c JZ(1 + ||ux||%m>d7']. (3.51)
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From (3.36), (3.37), (3.50), and (3.51), one has
t
[ ttpxll o < cEETH/4 <1 + ||ux||im> exp cf <1 + ||uxllim>d’r . (3.52)
0

For € < 1/4, it follows from (3.46), (3.49), and (3.52) that

[l < [lut0x]l o
3.53)

t T ( .
+ cf [e(s‘r)/4<l + ||ux||iw> exp(cf <1 + ||ux||im>dg> +1+ ||ux||iw] dr.
0 0

It follows from the contraction mapping principle that there is a T > 0 such that the
equation

Wl = llsoxll

+c JZ (1 + ||W||iw> exp <cf

0
has a unique solution W € C[0, T]. Using the Theorem presented at page 51 in Li and Olver
[29] or Theorem II in section 1.1 presented in [42] yields that there are constants T > 0 and
¢ > 0, which are independent of ¢, such that ||uy|;~ < W(t) for arbitrary ¢ € [0,T], which
leads to the conclusion of Lemma 3.9. O

T

(3.54)

(L IWIE)dg ) + 1+ Wi ar

Lemma 3.10 (Li and Olver [29]). If u and f are functions in HT' N {|luy|| - < oo}, then

1
C‘i”f”Hqﬂ”u”%—m/ qe <§,1],
URAq”/\q(uf)xdx'S S (1 oo el . (3.55)
*[|fx |Lm”””%ﬂ + ”f”m”””m”ux”Lw), q € (0,00).

Lemma 3.11. For u,v € H*(R) withs >3/2, w =u—wv, q > 1/2, and a natural number n, it holds
that

[ Aswons (et = omt) dx| < c(lol ol ol + ool (3.56)
R X

The proof of this Lemma can be found in [38].
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Lemma 3.12. For problem (3.34), s > 3/2 and ug € H®(R), there exist two positive constants ¢ and
M, which are independent of €, such that the following inequalities hold for any sufficiently small ¢
and t € [0,T)

l[tte |y < Me®, (3.57)
e[ geois < €7/*Me, k1 >0, (3.58)
et o < £ FFDAMES, Ky > 1. (3.59)

Proof. 1f s > 3/2, up € H°, we obtain that

3
c H ith 1< < -,
Ho Wit issis5 (3.60)

[t < clltioxll e < clluollps < c.

From Lemma 3.9, we know that there exist two constants T and ¢ (both independent of ¢)
such that

lttex|l; < ¢ for any t € [0, T). (3.61)

Applying the inequality (3.15) with g + 1 = s and the bounded property of solution u
(see (3.40) and (3.60)), we have

.[R (Noue)dx < :[R

t
=A+ cj llute || d,
0

o ¢
Asugo)2 +e( A uooey ) |dx+c u.||%,.dr,
. H

(3.62)

where

— s 2 s—1 2 2 2
A= :[R [(A usO) + 5<A usOxx) dx < ||u60||HS + ”u50||H5+1 (3.63)

<c+cee V< 2c,
in which we have used (3.36) and (3.37).

From (3.61) and (3.62) and using the Gronwall’s inequality, we get the following:

l[tte]l o < 2ce, (3.64)

from which we know that (3.57) holds.
In a similar manner, for g +1 = s + k; and k; > 0, applying (3.40) and (3.60) to (3.15),
we have

t
||ug||i{s+k1 < <C£‘k1/2 +C£—(k1+1)/26> +Cf ”uE”i{M1 dr, (3.65)
0

which results in (3.58) by using Gronwall’s inequality.
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From (3.16), for g = s + ki, we have

(1 = 2) ||ttet || s < |t || gysea =, (3.66)

which leads to (3.59) by (3.58). O

Lemma 3.13. If1/2 < g < min{1,s — 1} and s > 3/2, then for any functions w, f defined on R, it
holds that

< cllwlll £l 7o (3.67)

f ANwAT?(wf) dx

| f ) ANwAT (wyfx) dx| < cllwllia || f]] - (3.68)

The proof of this lemma can be found in [38].

Our next step is to demonstrate that u, is a Cauchy sequence. Let 1, and us be solutions
of problem (3.34), corresponding to the parameters € and 6, respectively, with0 < e < 6 < 1/4,
and let w = u, — us. Then w satisfies the problem

(1 —&)wr — eWxxt + (6 — €) (Ust + Usxxt)

= <1 - 6&)71 [ —ewp + (6 — €)us; — %ax <u5m+1 - ué””) — Oy (uZ‘*z - ug”+2>

3.69
— 0, [ax (1) oxto + 0 (1 - ug”l)axu@] (3.69)
Ul Ugxthorx — ug”ugxugxx]] - max <u2n+2 _ ugl+2),
w(x,0) = wo(x) = ue(x) — ugo(x). (3.70)

Lemma 3.14. For s > 3/2, uy € H*(R), there exists T > 0 such that the solution u. of (3.34) is
a Cauchy sequence in C([0,T]; H*(R)) N CL([0,T]; H*"Y(R)).

Proof. For g with 1/2 < g < min{1, s -1}, multiplying both sides of (3.69) by A9w A4 and then
integrating with respect to x give rise to

%% f R[(l —&)(ATw)? + E(Aqwx)2]dx
- (e~ 6) fRWw) [(A%uge) + (ATutgexs)]dx

- ef AN wAT2w,dx + (6 - €) f ANwAT 2 usdx
R R

1
_ q qf,m+2 _  m+2
2 IR(A w) A\ (ug Ug >xdx
k
_ q q-2 m+l _  m+l
1 J‘RA wA\ <u£ ug >xdx
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- J‘R ATwAT? (u;'”z - ug“z)xdx
- J‘R ATwAT2? [ax (u;’”l ) axw] xdx
- J‘R ATwAT2? [ax (u;”” - ug"+1>axu5] JCdx

+ J. ATWAT? [ Uy U — U UsxUsxr ] AX.
R

(3.71)
It follows from the Schwarz inequality that
4 [(1 — &) (A1) + e(ATw )2] dx
dt *

< o{ Il [(6 - ) AT + 1Al

+‘€”A‘7_2wt”L2 +(6-¢) ”Aq_zugt

ol

" f AwAT? <u?‘+1 - ug”+1>xdx

+ AN AT (™2 — 2 dx|
IR ( 5. (3.72)

. +

+ J‘A"qu_2 <um+2 - ug’+2> dx
X

JR ANwAT2 [ax (u?”) 6xw] xdx

+ IR ATwAT2 [ax <u§”+1 - ug’”)axug] xdx

+

-2
j ANTWAT? [Ul Uex Ugxx — UL UsUsxx ]| AX
R

Using the first inequality in Lemma 3.10, we have

IR ANwAT <u§”+2 - ug'”z)xdx

NwA (wg, dx
IR (wgm) (3.73)

< cllwlF | gt | o

where g1 = Z;’le uZHl_j ué. For the last three terms in (3.72), using Lemmas 3.1 and 3.13,

1/2 < g < min{1,s - 1}, s > 3/2, the algebra property of H* with sp > 1/2 and (3.40), we
have

f Aquq‘2<ax<uZ‘+1>axw> dx' < cllwl Py lluel7, (3.74)
R X

IR ANwAT? <6x (us’"” - ug’“) 6xu5>xdx

m+1 m+1
U, - u6

< cllwll pallus|l s .

2
< cllwllgallus g
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-2
I Aquq [u::nugxugxx - ugzuéxuﬁxx] dx
R
ml|,,2 2
(ul" —u6)< x) +ull [ugx—uéx]x
m|, 2 2
[CHRERICON RS i

< clwlppe (e = | (2 | e )

< cllwll g

Ha2

< cljwll g

x H'i*2>

2 2
[uex ~ Usx

Ha1

< cllwllpza (110l gro | gt | g2l + oag || e Nt + uaﬂlmll?ﬂllm)

< elleolgo (1 Iyl + (143 s e + 15l ).

(3.75)

Using (3.67), we derives that the inequality

IRAquq 2( m+2 m+2> dx

f NwAT (wgms) LAax
R

(3.76)
< C||gm+1 ”Hq ”wH%-I‘?

holds for some constant ¢, where g,,+1 = Z;”Bl uZnH J J . Using the algebra property of H4

with g >1/2, 9+ 1 < s and Lemma 3.12, we have ||gm||H,,+1 <cforte (0, T]. Then it follows

from (3.57)—(3.59) and (3.73)—(3.76) that there is a constant ¢ depending on T such that the
estimate

% IR [(1 —&)(Aw)? + e(Aqwx)Z] dx < c<6Y||w||Hq + ||w||§{q> (3.77)

holds for any t € [O,T), wherey =1ifs>3+gandy = (1+s—-¢q)/4if s <3+ q. Integrating
(3.77) with respect to t, one obtains the estimate

1 2 1 2
L ool =—j (Aw)’dx
2 H4 2 R

< f [(1 — &) (ATw)? + E(Aqw)Z] dx (3.78)
R

t
< | [y + earmoneax +c [ (8ol + ol )
R 0

Applying the Gronswall inequality, (3.37) and (3.39) yields that

]| o < 6D/ 4e + 67 (e - 1), (3.79)

forany t € [0, T).
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Multiplying both sides of (3.69) by A*wA® and integrating the resultant equation with
respect to x, one obtains that

% f [(1 —&)(Nw)® + g(Awa)z]dx
R

N —

= (=5) [ (AU + (Nt

—€ j ASwA?widx + (6 - €) f AN wAugdx
R R

k s s m+1 m+1
- IR(A w) A\ (us — Ug >xdx
BN TS (um+2 - um+2> dx (3.80)
m + 2 R € 6 X ’

— I AswAs—Z <u£n+2 _ u(rsn+2> dx
R X
- IR ANSwA? [ax <u;“+1 ) 6xw] xdx
- IR ASwA2 [ax <u;”+1 - ug"”) axug] xdx

+ f NSWAT? U U U — U s Usxx | dox.
R

From Lemma 3.13, we have

f ASwAS2 <u2“+2 - ug"+2> dx| < cs|| g || s w07 (3.81)
R X

From Lemma 3.11, it holds that

< c(lkolgze ol gl e + o0l ). (3:82)

s s, m+2 _  m+2
JRA wA (ug Ug >xdx

Using the Cauchy-Schwartz inequality and the algebra property of H* with sy > 1/2, for
s >3/2, we have

IR ANwAs2 [ax <u2"+1 > axw] xdx}

IR ASwAS2 [ax <u2”+1 > axw] xdx} =

< ol A% 2|

w2 o (Yo,
o (o
< el ol

AS2 [6x (u:g”” - u?”)bxug] ;

12

S C”w”HUI Hs-1 (3.83)

< cllwllgs

IR ANSwA? [ax <u§”+1 - u6m+1>6xu5] xdx .

G| s 10l

< cllusllgs
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f NSWNAT? UM Uer e — UL Uy Usxx | dx
R

(CETRICN
< clleollg (11 e =) [ | ()

< cllwl,

2 2
< clfw] g7 o w2 -]

Hs—2> (3.84)

2 2
[ugx - u(sx]x HH)

+ |

Hs2 Hs

in which we have used Lemma 3.1 and the bounded property of |ju.| . and |jus|/gs (see
Lemma 3.12). It follows from (3.80)—(3.84) and (3.57)—(3.59) and (3.79) that there exists a
constant ¢ depending on m such that

% f [(1 —&)(ASw)? + s(Awa)Z]dx
R

A |
12

< 26 (sl + gt + | A2y ) ol

(3.85)

2
+ eIl + el o105t 11 )

< e(8" Il + ol ),
where y; = min(1/4, (s—q—1)/4) > 0. Integrating (3.85) with respect to ¢ leads to the estimate

%||w||§{5 < IR [(1 — &) (AN*w)? + s(Aswx)z]dx

; (3.86)
< J‘ [(Aswo)2 + E(Astx)z]dx + CI (671||w||Hs + ||w||%{s>d7'.
R 0
It follows from the Gronwall inequality and (3.86) that
2 2 12
lwll s < <2f (A*wp)” + e(ASwoy) dx) e +6" (e -1
H R[ ] ( ) (3.87)

< <||w0||H5 + 63/4>e“ +6" (e - 1),

where ¢; is independent of € and 6.
Then (3.39) and the above inequality show that

|wllgys — 0 ase—0, 6 — 0. (3.88)
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Next, we consider the convergence of the sequence {u,;}. Multiplying both sides of (3.69) by
AS~lw A5 and integrating the resultant equation with respect to x, we obtain

(1- g)”wt“ip._] + mi > J‘R (Asflwt>/\5*1 (uguz — ”gl*z)xdx
+ f [—5 (As’lwt> <As’1wxxt> +(6-¢) (Asflwt>/\571 (ust + “6xxt)] dx
R

k
_ s—1 s=3|_ _ _
= IR (A wt>A [ ew; + (6 — €)ug —1

— Oy [6x (u?‘*l)axw + Oy <u;”+1 - uZ‘”)axu(s]

m+1 m+1 m+2 m+2
8x<u€ - ug > - 6x<u£ - ug >

dx.

m m
+ [ug UexUexx — Ug uéxuﬁxx]

(3.89)

It follows from (3.57)—(3.60) and the Schwartz inequality that there is a constant ¢
depending on T and m such that

2 2
(1= &)llewrll}er < (6" + eollgre + leollor ) 1e0rll s + elleoelyen (3.90)
Hence,

1
Sl < (1= 26) [

(3.91)
< (82 + ol + [l ) oo,

which results in

1
Slollps < e (8" + lwllpg: + ol ). (3.92)

It follows from (3.79) and (3.88) that w; — 0 as &, 6 — 0 in the H*! norm. This
implies that u, is a Cauchy sequence in the spaces C([0,T); H*(R)) and C([0,T); H*"'(R)),
respectively. The proof is completed. O

Proof of Theorem 2.1. We consider the problem

=== (1=08) [ (o), (), )

—(m+1)0, <umu§> + umuxuxx] , (3.93)

u(Ol 'x) = ueo(x)‘
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Letting u(t, x) be the limit of the sequence 1, and taking the limit in problem (3.93) as¢ — 0,
from Lemma 3.14, it is easy to see that u is a solution of the problem

e (08 [l (), 3, i)

—(m+1)0y <umui> + umuxuxx] ,

(3.94)

u(0,x) = uo(x),

and hence u is a solution of problem (3.94) in the sense of distribution. In particular, if s > 4,
u is also a classical solution. Let # and v be two solutions of (3.94) corresponding to the same
initial data ug such that u, v € C([0,T); H*(R)). Then w = u — v satisfies the Cauchy problem

m+3

_(1_32\" k- _m+3 1
wt_<1 a") {ax[ mr18m m+2wgm+l+m+28x(wgm+l)

o, (um+1>axw — o, <um+1 _ Um+1>axv] (3.95)

+umuxuxx - Z)mvxvxx }/

w(0,x) =0.

Forany 1/2 < g <min{1,s-1}, applying the operator A7w A% to both sides of equation
(3.95) and integrating the resultant equation with respect to x, we obtain the equality

1d, 5 (g q_z{[k m+3 1 .,
el = [ (000t (o [ = T g+ 5 o)

-0y (um+1>axw — Oy <um+1 - v””l)axv] (3.96)

FU M Up Uy — O OOy }dx.
By the similar estimates presented in Lemma 3.14, we have
4wl < Eleoll? (3.97)
i@l < Elleolh- :

Using the Gronwall inequality leads to the conclusion that

]l <Oxe® =0 (3.98)

for t € [0,T). This completes the proof. O



22 Abstract and Applied Analysis

4. Global Existence of Strong Solutions

We study the differential equation

=u™(t,p), te[0,T),
pr=u""(t,p) [0,T) (4.1)
p(0,x) = x.
Motivated by the Lagrangian viewpoint in fluid mechanics, by which one looks at the
motion of individual fluid particles (see [43]), we state the following Lemma.

Lemma 4.1. Let uyp € H°, s > 3 and let T > 0 be the maximal existence time of the solution to
problem (2.2). Then problem (4.1) has a unique solution p € C*([0,T) x R). Moreover, the map p(t,.)
is an increasing diffeomorphism of R with px(t, x) > 0 for (t,x) € [0,T) x R.

Proof. From Theorem 2.1, we have u(t,x) € C([0,T); H*(R)) N C([0,T); H""}(R)) and
H*(R) € C!(R), where the Sobolev imbedding theorem is used. Thus, we conclude that
both functions u(t, x) and u,(t, x) are bounded, Lipschitz in space and C! in time. Using the
existence and uniqueness theorem of ordinary differential equations derives that problem
(4.1) has a unique solution p € C'([0,T) x R).

Differentiating (4.1) with respect to x yields that

%Px =(m+ 1)u"u, (t,p)px, te[0,T), b#0,

(4.2)
px(0,x) =1,
which leads to
t
px(t, x) = exp <I (m+ D)u"u, (7, p(T, x))d7->. (4.3)
0
For every T' < T, using the Sobolev imbedding theorem yields that
sup  |ux(7,x)| < oo. (4.4)

(7,x)€[0,T")xR

It is inferred that there exists a constant Ky > 0 such that p,(t,x) > e X! for (¢, x) €
[0,T) x R. It completes the proof. O

The next Lemma is reminiscent of a strong invariance property of the Camassa-Holm
equation (the conservation of momentum [44, 45]).

Lemma 4.2. Let ug € H® with s > 3, and let T > 0 be the maximal existence time of the problem
(2.2), it holds that

y(t,p(t, %)) P2t x) = yo(x)el ™ e, (4.5)

where (t,x) € [0,T) x Rand y := u — Uy + k/2(m + 1).
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Proof. We have

d
Syt Pt )it 0| = yipd + 2ypap + yipip?
= yip% + 2y (m + V)" upl + u™ y.p’
= [yt + ku"uy + (m + 2)u"uy + yxum”]p,zc + mumuxypi

1 2
= [ut = Uppex + Kty + (M4 2) 0" Uy (U — Ure) + U™ (Uy — Unrr) | D5
+ mumuxypi

= mu"uyp>.
(4.6)

Using p, (0, x) = 1 and solving the above equation, we complete the proof of this lemma. O

Lemma 4.3. If up € H®, s > 3/2, such that (1 - 0*)ug + k/2(m + 1) > 0, then the solution of
problem (2.2) satisfies the following:

llxllpe < fluall e + (4.7)

_ < .
2m+1) =€

Proof. Using ug—uoxx +k/2(m+1) > 0, it follows from Lemma 4.2 that u—u,,+k/2(m+1) > 0.
Letting Y7 = © — uy,, we have

u= %e’xf ey (t,n)dn + %exJ‘ e Y1 (t,m)dn, (4.8)

X

from which we obtain that

Oxuu(t, x) = —% (e"‘f ey (t,1)dn + e"f e (tnz)dn> + e"f e Y1 (t, 1)dn

X X

=—u(t,x) + exf e Y1 (t,1)dn

e k k
=-u(t,x) +e* L e’ <Y1(t,11) + m)dn - mexf eldn (4.9)

w k
= —u(t,x) + e f ey tm)dn - 30775

> —u(t,x) - m

On the other hand, we have

X

O u(t, x) = %(e‘xf e"Y,(t,n)dn + e* f ey, (t,q)dn) - e‘xf ey (t,n)dn

—Q0 X —Qo0
X

=u(t,x)—e™ J ey (t,n)dn

—0o0
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=u(t,x)—e™ Jio e' <Y1 (t,n) + Z(m—k+1)>dn + ﬁe‘x Jio e'ldn
=u(t,x)—e™ J:o ey (t,n)dn + %
<u(t,x)+ m
(4.10)
The inequalities (3.40), (4.9), and (4.10) derive that (4.7) is valid. O

Proof of Theorem 2.2. Noting Remarks 3.6 and 3.8, ||u||;n < ¢ and taking g + 1 = s in inequality
(3.15), we have

t
2 2 2 2
il < loll + cf loaly (el + laeeli2- ), (4.11)
0

from which we obtain that

lJul| s < ||u0||HSecJg<||uxnm+||uxu%w>dr. (4.12)

Applying Lemma 4.3 derives
il < Nl ", (4.13)
From Theorem 2.1 and (4.13), we know that the result of Theorem 2.2 holds. O

Acknowledgment

This work is supported by the Applied and Basic Project of Sichuan Province (2012]Y0020).

References

[1] R. Camassa and D. D. Holm, “An integrable shallow water equation with peaked solitons,” Physical
Review Letters, vol. 71, no. 11, pp. 1661-1664, 1993.

[2] A.Constantin and D. Lannes, “The hydrodynamical relevance of the Camassa-Holm and Degasperis-
Procesi equations,” Archive for Rational Mechanics and Analysis, vol. 192, no. 1, pp. 165-186, 2009.

[3] R.S. Johnson, “Camassa-Holm, Korteweg-de Vries and related models for water waves,” Journal of
Fluid Mechanics, vol. 455, no. 1, pp. 63-82, 2002.

[4] D. Ionescu-Kruse, “Variational derivation of the Camassa-Holm shallow water equation,” Journal of
Nonlinear Mathematical Physics, vol. 14, no. 3, pp. 303-312, 2007.

[5] R.S.Johnson, “The Camassa-Holm equation for water waves moving over a shear flow,” Japan Society
of Fluid Mechanics. Fluid Dynamics Research. An International Journal, vol. 33, no. 1-2, pp. 97-111, 2003.

[6] H.-H. Dai, “Model equations for nonlinear dispersive waves in a compressible Mooney-Rivlin rod,”
Acta Mechanica, vol. 127, no. 1-4, pp. 193-207, 1998.

[7] A. Constantin and W. A. Strauss, “Stability of a class of solitary waves in compressible elastic rods,”
Physics Letters. A, vol. 270, no. 3-4, pp. 140-148, 2000.

[8] M. Lakshmanan, “Integrable nonlinear wave equations and possible connections to tsunami dynam-
ics,” in Tsunami and Nonlinear Waves, A. Kundu, Ed., pp. 31-49, Springer, Berlin, Germany, 2007.



Abstract and Applied Analysis 25

[9] A. Constantin and R. S. Johnson, “Propagation of very long water waves, with vorticity, over variable
depth, with applications to tsunamis,” Fluid Dynamics Research, vol. 40, no. 3, pp. 175-211, 2008.

[10] A. Constantin, “The trajectories of particles in Stokes waves,” Inventiones Mathematicae, vol. 166, no.
3, pp. 523-535, 2006.

[11] A. Constantin and J. Escher, “Particle trajectories in solitary water waves,” Bulletin of American Math-
ematical Society, vol. 44, no. 3, pp. 423-431, 2007.

[12] A. Constantin and W. A. Strauss, “Stability of peakons,” Communications on Pure and Applied Mathe-
matics, vol. 53, no. 5, pp. 603-610, 2000.

[13] A. Constantin and J. Escher, “Analyticity of periodic traveling free surface water waves with vortic-
ity,” Annals of Mathematics, vol. 173, no. 1, pp. 559-568, 2011.

[14] K. El Dika and L. Molinet, “Stability of multipeakons,” Annales de I'Institut Henri Poincare. Analyse Non
Lineaire, vol. 26, no. 4, pp. 1517-1532, 2009.

[15] A. Constantin and W. A. Strauss, “Stability of the Camassa-Holm solitons,” Journal of Nonlinear Sci-
ence, vol. 12, no. 4, pp. 415-422, 2002.

[16] A. Constantin and H. P. McKean, “A shallow water equation on the circle,” Communications on Pure
and Applied Mathematics, vol. 52, no. 8, pp. 949-982, 1999.

[17] A. Constantin, “On the inverse spectral problem for the Camassa-Holm equation,” Journal of Func-
tional Analysis, vol. 155, no. 2, pp. 352-363, 1998.

[18] A. Constantin, V. S. Gerdjikov, and R. I. Ivanov, “Inverse scattering transform for the Camassa-Holm
equation,” Inverse Problems, vol. 22, no. 6, pp. 2197-2207, 2006.

[19] H. P. McKean, “Integrable systems and algebraic curves,” in Global Analysis, vol. 755 of Lecture Notes
in Mathematics, pp. 83-200, Springer, Berlin, Germany, 1979.

[20] A. Constantin, T. Kappeler, B. Kolev, and P. Topalov, “On geodesic exponential maps of the Virasoro
group,” Annals of Global Analysis and Geometry, vol. 31, no. 2, pp. 155-180, 2007.

[21] G. Misiolek, “A shallow water equation as a geodesic flow on the Bott-Virasoro group,” Journal of
Geometry and Physics, vol. 24, no. 3, pp. 203-208, 1998.

[22] Z.Xinand P. Zhang, “On the weak solutions to a shallow water equation,” Communications on Pure and
Applied Mathematics, vol. 53, no. 11, pp. 1411-1433, 2000.

[23] Z.Xin and P. Zhang, “On the uniqueness and large time behavior of the weak solutions to a shallow
water equation,” Communications in Partial Differential Equations, vol. 27, no. 9-10, pp. 1815-1844, 2002.

[24] G.M. Coclite, H. Holden, and K. H. Karlsen, “Global weak solutions to a generalized hyperelastic-rod
wave equation,” SIAM Journal on Mathematical Analysis, vol. 37, no. 4, pp. 1044-1069, 2005.

[25] A. Bressan and A. Constantin, “Global conservative solutions of the Camassa-Holm equation,” Ar-
chive for Rational Mechanics and Analysis, vol. 183, no. 2, pp. 215-239, 2007.

[26] A.Bressan and A. Constantin, “Global dissipative solutions of the Camassa-Holm equation,” Analysis
and Applications, vol. 5, no. 1, pp. 1-27, 2007.

[27] H.Holden and X. Raynaud, “Dissipative solutions for the Camassa-Holm equation,” Discrete and Con-
tinuous Dynamical Systems, vol. 24, no. 4, pp. 1047-1112, 2009.

[28] H. Holden and X. Raynaud, “Global conservative solutions of the Camassa-Holm equation-a Lagran-
gian point of view,” Communications in Partial Differential Equations, vol. 32, no. 10-12, pp. 15111549,
2007.

[29] Y. A. Li and P. J. Olver, “Well-posedness and blow-up solutions for an integrable nonlinearly disper-
sive model wave equation,” Journal of Differential Equations, vol. 162, no. 1, pp. 27-63, 2000.

[30] A. Constantin and J. Escher, “Wave breaking for nonlinear nonlocal shallow water equations,” Acta
Mathematica, vol. 181, no. 2, pp. 229-243, 1998.

[31] R. Beals, D. H. Sattinger, and J. Szmigielski, “Multi-peakons and a theorem of Stieltjes,” Inverse Prob-
lems, vol. 15, no. 1, pp. L1-L4, 1999.

[32] D. Henry, “Persistence properties for a family of nonlinear partial differential equations,” Nonlinear
Analysis. Theory, Methods & Applications, vol. 70, no. 4, pp. 1565-1573, 2009.

[33] S. Hakkaev and K. Kirchev, “Local well-posedness and orbital stability of solitary wave solutions for
the generalized Camassa-Holm equation,” Communications in Partial Differential Equations, vol. 30, no.
4-6, pp. 761-781, 2005.

[34] G. Rodriguez-Blanco, “On the Cauchy problem for the Camassa-Holm equation,” Nonlinear Analysis.
Theory, Methods & Applications, vol. 46, no. 3, pp. 309-327, 2001.

[35] Z. Yin, “On the blow-up scenario for the generalized Camassa-Holm equation,” Communications in
Partial Differential Equations, vol. 29, no. 5-6, pp. 867-877, 2004.

[36] Z.Yin, “On the Cauchy problem for an integrable equation with peakon solutions,” Illinois Journal of
Mathematics, vol. 47, no. 3, pp. 649-666, 2003.



26 Abstract and Applied Analysis

[37] Y. Zhou, “Wave breaking for a periodic shallow water equation,” Journal of Mathematical Analysis and
Applications, vol. 290, no. 2, pp. 591-604, 2004.

[38] S. Lai and Y. Wu, “The local well-posedness and existence of weak solutions for a generalized
Camassa-Holm equation,” Journal of Differential Equations, vol. 248, no. 8, pp. 2038-2063, 2010.

[39] S.Y. Wu and Z. Yin, “Global existence and blow-up phenomena for the weakly dissipative Camassa-
Holm equation,” Journal of Differential Equations, vol. 246, no. 11, pp. 43094321, 2009.

[40] T. Kato, “Quasi-linear equations of evolution, with applications to partial differential equations,” in
Spectral Theory and Differential Equations, vol. 448 of Lecture notes in Mathematics, pp. 25-70, Springer,
Berlin, 1975.

[41] T. Kato and G. Ponce, “Commutator estimates and the Euler and Navier-Stokes equations,” Commu-
nications on Pure and Applied Mathematics, vol. 41, no. 7, pp. 891-907, 1988.

[42] W. Walter, Differential and Integral Inequalities, Springer-Verlag, New York, NY, USA, 1970.

[43] B. Kolev, “Lie groups and mechanics: an introduction,” Journal of Nonlinear Mathematical Physics, vol.
11, no. 4, pp. 480-498, 2004.

[44] A.Constantin, “Existence of permanent and breaking waves for a shallow water equation: a geometric
approach,” Annales de I'Institut Fourier, vol. 50, no. 2, pp. 321-362, 2000.

[45] B.Kolev, “Poisson brackets in hydrodynamics,” Discrete and Continuous Dynamical Systems, vol. 19, no.
3, pp. 555-574, 2007.



