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The existence of a pullback random attractor is established for a stochastic three-component
reversible Gray-Scott system on unbounded domains. The Gray-Scott system is recast as a random
dynamical system and asymptotic compactness which is illustrated by using uniform, a priori
estimates for far-field values of solutions and a cutoff technique.

1. Introduction

Consider the asymptotic behavior of solutions of the following stochastic three-component
reversible Gray-Scott system with multiplicative noise defined in the entire space R” xR" x R":

g—”t‘=d1Aﬁ-(P+k)ﬁ+ﬁ25—cﬁ3+N@+f1(x)+oﬁo%,

9 = dyAD — F5 — 20 + Gil® + fa(x) + 0D o @, (L.1)
ot dt
%—ZZJ=d3AZTJ—(F+N)zT)+kﬁ+f3(x)+oz7Jo%,

with initial data

(0, x) = up(x), (0, x) = Ug(x), w(0,x) =wy(x), x€R" (1.2)
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where all the parameters are given positive constants; f; (i = 1,2,3) are nonlinear functions
satisfying certain conditions; B; is a two-sided real-valued Wiener process on a probability
space (Q,F,P), Q = {w € C(R,R) : w(0) = 0}, the Borel o-algebra ¥ on Q is generated by the
compact open topology (see [1]), and P is the corresponding Wiener measure on ¥; o denotes
the Stratonovich sense of the stochastic term.

Historically, when @0 = 0,G = 0,f; = f3 = 0,f, = F and there are no random
terms (o = 0), system (1.1) reduces to the two-component Gray-Scott system which signified
one of the Brussels schools led by the renowned physical chemist and Nobel Prize laureate
(1977), Ilya Prigogine, which originated from describing an isothermal, cubic autocatalytic,
continuously fed, and diffusive reactions of two chemicals (see [2—6]). The three-component
reversible Gray-Scott model was firstly introduced by Mahara et al., which is based on the
scheme of two reversible chemical or biochemical reactions [7]. Then in [8], You took some
nondimensional transformations, the three-component reversible system was reduced to the
system (1.1) without random forces. In [8], You considered the existence of global attractor
for the system (1.1) with Neumann boundary condition on a bounded domain of space
dimension n < 3 by the method of the rescaling and grouping estimation.

Stochastic differential equations of this type arise from many chemical or biochemical
systems when random spatiotemporal forcing is taken into consideration. These random
perturbations are intrinsic effects in a variety of settings and spatial scales. They may be
most obviously influential at the microscopic and smaller scales, but indirectly they play
an important role in macroscopic phenomena. Recently, Gu [9] gave the existence of a
compact random attractor for stochastic three-component reversible Gray-Scott system with
multiplicative white noise in a bounded domain of R* (n < 3) when fi1 = f3 =0,f, = F
in system (1.1). As pointed in [10], the discussion of the same or similar coupled reaction-
diffusion systems on a higher dimensional domain with the space dimension # > 3 and on an
unbounded domain is still open to the best of our knowledge. Here, we intend to investigate
the dynamical behavior of the system (1.1) on unbounded domains and give a partly answer
to the problems proposed in [10]. It is worth mentioning that Sobolev embedding is not
compact on domains of infinite volume. This introduces a major obstacle for proving the
existence of random attractors for partial differential equations on unbounded domains. For
some deterministic equations, the difficulty caused by the unboundedness of domains can
be overcome by the energy equation approach which developed by Ball in [11, 12] and used
by many authors (see, e.g., [13-15]). In this paper, we will use the uniform estimates on the
far-field values of solutions to circumvent the difficulty caused by the unboundedness of the
domain. This idea was developed in [16] to prove the asymptotic compactness of solutions
for autonomous parabolic equations on R”, and later extended to nonautonomous equations
(see, e.g., [17-19]) and stochastic equations (see, e.g., [20-22]). Here, we will use the method
of tail-estimates to investigate the asymptotic behavior of system (1.1) with initial data (1.2).

The paper is organized as follows. In the next section, we recall the fundamental
concepts and results for pullback random attractors for random dynamical systems. In
Section 3, we define a cocycle for the stochastic three-component reversible Gray-Scott system
on R" x R" x R". Section 4 is devoted to deriving the uniform estimates of solutions for
large space and time variables. In the last section, we give the asymptotic compactness of
the solution by using uniform estimates on the tails of solutions and then prove the existence
of a pullback random attractor.

The following notations will be used throughout the paper. We denote by ||-|| and (, -, )
the norm and inner product in L?(R") or H = [L2(R™)]?. Let U = [LS(R™)]% E = [HY(R™)];
|l - |ls and || - ||y denote the norm in L(R") and U.
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2. Preliminaries

In this section, we recall some basic concepts related to random attractors for random
dynamical systems. We refer the reader to [1, 23, 24] for more details.

Let (X, | - [x) be a separable Hilbert space with Borel o-algebra B(X), and let (Q, ¥, P)
be a probability space.

Definition 2.1. (2, F,P, (0¢)r) is called a metric dynamical system if 6 : Rx Q — Q is (B(R) x
¥, ¥)-measurable and 6y is the identity on €, 8s.+ = 6,0, for all s,t € R and 6, = P for all
teR.

Definition 2.2. A stochastic process {¢(t, w) } ;5 ,cq 1S @ continuous random dynamical system
(RDS) over (Q, F,P, (0;),er) if ¢ is (B[0, 00) x F x B(X), B(X))-measurable, and for all w € Q,
(i) the mapping ¢(t,w) : X — X, x — ¢(t, w)x is continuous for every t > 0;
(ii) (0, w) is the identity on X;
(iii) (cocycle property) ¢(s +t,w) = ¢(t, 0sw) (s, w) for all s,t > 0.

Definition 2.3. (i) A set-valued mapping w — B(w) C X (we may write it as B(w) for short) is
said to be a random set if the mapping w — distx (x, B(w)) is measurable for any x € X.

(i) A random set B(w) is said to be bounded if there exist xy € X and a random
variable r(w) > 0 such that B(w) C {x € X : ||lx — xo||x < r(w), xg € X} for all w € Q.

(iii) A random set B(w) is called a compact random set if B(w) is compact for all w € Q.

(iv) A random bounded set B(w) C X is called tempered with respect to (6;),cy if for
ae w € Qlimy,.pesup, g ., I¥lx = 0forally > 0. A random variable w — r(w) € R
is said to be tempered with respect to (6;),cp if for a.e. w € Q, limH+we‘YtsupteR|r(9,tw)| =
Oforally > 0.

We consider a continuous RDS {¢(t, w)}50,,cq OVer (2, F, P, (0;),z) and D the set of
all tempered random sets of X.

Definition 2.4. A random set KX (w) is called an absorbing set in @ if for all B € ® and a.e.
w € Q there exist tg(w) > 0 such that

o(t,0_1w0) B(0w0) C K(w) Vt> tz(w). 2.1)

Definition 2.5. A random set & is called a global ®-random attractor (or ®-pullback attractor)
for {¢(t, w) } 150, weq if the following hold:

(i) o is a random compact set, that is w — d(x, #(w)) is measurable for every x € X
and +#(w) is compact for a.e. w € Q;

(ii) 4 is strictly invariant, that is, for w € Q and all t > 0 one has ¢(t, w)# (w) = 4 (Ow);
(iii) o attracts all sets in 9, that is, for all B € @ and a.e. w € Q we have

Jim d(p(t,0-10)B(O-10), S (w)) =0, (2.2)

where d(Y, Z) = supyeyinfzezﬂy — z||x is the Hausdorff semimetric (Y C X, Z C X).
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Proposition 2.6 (see [24]). Let K(w) € D be a random absorbing set for the continuous RDS
(@(t)) 450, which is closed and satisfies for a.e. w € Q the following asymptotic compactness condition:
each sequence x, € ¢(t,, 0w, K(0_,w)) with t, — oo has a convergent subsequence in X. Then,
the cocycle ¢ has a unique global random attractor.

Aw)= [ Upt,6:(w), KO:(w))). (2.3)

>tk (W) 2T

3. RDS Generated by Stochastic Three-Component Reversible
Gray-Scott System

In this section, we will give the basic setting of system (1.1) and show that it generates a
random dynamical system. Let (2, ,P) be a probability space as in Section 1. Define (6;),cr
on Q via Oiw() = w(-+t) —w(t), t € R, then (Q,F,P, (0;),cr) is an ergodic metric dynamical
system (see [1, 23]).

Denote § = (i, ,@)", system (1.1) with initial data (1.2) can be rewritten as

ag_ ~ e ~ dBt
E—Ag+A(g)+f(x)+0'go I t>0,

(‘:’(Orx) = §0(x)/ X € Rn/

(3.1)

where

d 0 0 _ —(F+k)u + 2?0 - Gii® + Nw
A=(0d 0)a, A® = —F% - % + Gi® , (3.2)

0 0 ds kii — (F + N)@

and f(x) = (fi(x), f> (x),fg(x))T, here T denotes the transposition.

For our purpose, it is convenient to transform the problem (3.1) into a deterministic
system with a random parameter and then show that it generates a random dynamical
system.

Before performing this transformation, we need to recall some properties of the
Ornstein-Uhlenbeck processes. Let

0
z(Bw) = —f 0w (t)dr, teR, weQ. (3.3)

We know that z(6;w) is an Ornstein-Uhlenbeck process on (Q, F,P, (6¢),cz) and solves the
following one-dimensional stochastic differential equation (see [25] for details):

dz = —zdt + dB;, z(-0) =0, Vt>0, weQ, (3.4)
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where Bi(w) = B(t,w) = w(t) for w € Q,t € R. In fact, from [1, 26], we know that the random
variable z(w) is tempered, and there is a 0;-invariant set Q C Q of full P measure such that
for w € Q, t — z(6;w) is continuous in ¢; furthermore,

t
lim [2(6:0)] = lim 1f z(Bsw)ds = 0. (3.5)

t—+oo t t—+oo 0

Let

u(t) = a(bii(t)
o(t) = a()D(t)  with a(t) = e 770w) (3.6)

w(t) = a(t)w(t),

then system (3.1) can be written as

2—? =diAu— (F + k - 0z(6iw))u + a”>(H)u’v - Ga2(H)u’ + Nw + a(t) f1,
%—? =dyAv — (F - 0z(0iw))v — a2 (H)uPv + Ga 2 (H)u® + a(t) f, (3.7)
ow

i dsAw — (F+ N - o0z(0w))w + ku + a(t) f3,

thatis, g(t,-) = (u(t,-),v(t,-), w(t,-)), t > 0 satisfies

d
d_f = Ag+A(gw) +at)f(x), t>0, (3.8)

2(0,x) = go(x) = e 7@ gy(x), x€R",

where

—(F - 0z(6w))v — a2 (H)u’v + Ga 2 (t)u®
—(F+ N - o0z(6ww))w + ku

—(F +k - 0z(6iw))u + a”2(t)u’v - Ga (t)u® + Nw
A(g w) = < > (3.9)

We will consider (3.8) for w € Q and still use Q instead of Q from now on.

As in the case of a bounded domain with Dirichlet boundary conditions which are
studied in [27], for A : ENU ~ H is locally Lipschitz continuous and f € HNU, by a Galerkin
method, one can show that for P-a.e. w € Q and for all gy € H, (3.8) has a unique solution
g(,w, ) € C([0,00),H) N L?((0,T); E) with g(0,w, g) = o for every T > 0. Similarly to
[28], because of the continuous nonlinearity A, one may take the domain to be a sequence
of balls with radius approaching oo to deduce the existence of a weak solution to (3.8) on
R" x R" x R". Furthermore, one may get that g(t, w, go) is unique and continuous with respect
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to go in H for all > 0. Then, (3.8) generates a continuous random dynamical system (¢(t));g
over (Q, ¥, P, (6;),cr) according to the conditions (i)—(iii) in Definition 2.2, where

p(tw, %) =g(tw,g), Y(tw ) eR xQxH. (3.10)
We now define a mapping ¢ : R* x Q x H — Hby

$(tw ) = 3w &) = g(Lw e g)e =0, (3.11)

forall (t,w, gp) € R* x Q x H.

Then ¢ is a continuous random dynamical system associated with problem (3.1) on
R™ x R" x R™,

We remark that the two random dynamical systems are conjugated to each other; thus,
the inverse transformation of ¢ is a solution of the original system. For more details on the
conjugate theory of stochastic and random differential equations, we can refer to [29]. Thus,
in the following sections, we only need to consider the existence of a random attractor of ¢.

4, Uniform Estimates of Solutions

In this section, we establish the uniform estimates on the solution of the stochastic Gray-Scott
system on R” x R"” x R" when ¢t — oo in order to derive the existence of a bounded random
absorbing set and the asymptotic compactness of the random dynamical system associated
with the problem. Particularly when time is sufficiently large, we will show that the tails of
the solutions for large space variables are uniformly small.

We always assume that @ is the collection of all tempered subsets of H with respect to
(Q, ¥, P, (0¢);cr)- The next lemma implied that ¢ has a random absorbing set in D.

Lemma 4.1. Assume that f € H. Then, there exists a random ball {HA(w)} € D centered at 0 with
radius R(w) > 0 such that {#(w)} is a random absorbing set for ¢ in D, that is, for any {B(w)} € D
and P-a.e. w € Q, there is Tg(w) > 0 such that

¢(t, 601w, B(0-w)) C HA(w) Vt>Tp(w). (4.1)
Proof. Define

Wi(t,x) = N’w(t,x), U= (4.2)

L3
K N’

then the system (3.8) becomes

aa—ltl =dAu— (F + k- 0z(0iw))u+a > (t)u*v - Ga 2 (t)u’ + kW +a(t) f1, (4.3)

g—? =dyAv — (F - 0z(0iw))v — a2 (H)uPv + Ga 2 ()’ + a(t) f, (4.4)

ow
W = uds AW — (uF + k — poz(0,w))W + ku + a(t) f3. (4.5)
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Take the inner products ((4.3), Gu(t)), ((4.4),v(t)), and ((4.5), GW(t)). Then summing up the
resulting equalities, we get

d
2 (GllulP +llo|P + uGIW ) + 2d1 G| Vaul + 26k | Vo

+ 2uGes|[ VW +2(G(F + k) ull* + Fl[ol” + G(uF + k) IW/P")

(4.6)
=4kG qux+2f a(t)ufldx+2I a(t)vfzdx+2f a(t)W fadx
R n Rn R
2
+202(9tw)<G||u||2+ ||v||2+yG||W||2> —2a72(t) <Gu2—uv> dx,
RVI
that is,
d
2 (GllulP +1lo|P + uGIW ) + 21 GVl + 2| Vo[> + 204G [T
< (202(6iw) — F) (Gllull> + [[o]]* + pGIW ) (4.7)

2(t 1
< G (A7 + LI + LAl

Let ¢; = max{1,G,1/u}/GF min {1,G,1/u} and apply Gronwall lemma to (4.7) for t > 0, we
have

”g(t, w, go(w)) ”2 < eZojéz(Gsw)ds—Ft”go(w) ”2

t (4.8)
+a ”f”zeZG fo=Ou)ds-Ft J‘ e 202(0sw)-20 I 2(0rw)dT+Fs g

By substituting w with 0_;w in (4.8), it yields that

llg(t,0-10, g0(0-10))|>

< 620' ft; z(0s_1w)ds—Ft ”gO (G_t(,(]) ”2
s f| e b= Jt ~202(05-10)=20 [ 2(Br-1c0)d+Fs g
< Py [°, z(6sw)ds—Ft ” 2 (0_1w0) ”2

0
+a|f ||2 f_t ~202(0:0)-20 [{ 2(6r)dT+Fs g g



8 Abstract and Applied Analysis

< @201} 2(0sw)ds—Ft || g0(6-tw) ”2

0
+C ”f”2 J‘ p202(0sw)-20 ff z(0-w)dr+Fs g g
—Q0

(4.9)
By (3.5), we obtain
0 0
J‘ e—ZGZ(Gsw)—ZG Js z(GTw)d"HFst < +oo. (410)
Notice that B(w) € @ is tempered, then for any go(0_;w) € B(0_w),
Jim 275 =GB 000, 1e0) |* = 0. (4.11)
— 400
Denote
7 2 (1 2020020 2(@)dreF
Rw=nmmﬂlfmw““w“”m (4.12)
then {#(w)} € D is a random absorbing set for ¢ in ®, which completes the proof. O

Lemma 4.2. Assume that f € H. Then there exists a tempered random variable R(w) > 0 such that
for any B(w) € D and go(w) € B(w), there exists a Tg(w) > 0 such that the solution ¢ of (3.8)
satisfies for P-a.e. w € Q, for all t > Tp(w),

t+1
[ 170(6,6- 100, 800011000 Pt < R, (413)
t

Proof. By replacing t and w with T and 6_;w in (4.8), for T > 0, we get

ng<T, 01w, go(&tw)) ||2

T T 2
< 820 ,[0 z(0ssw)ds—FT ”gO (Q_tw) || (414)
7 T s
fao f||2 20 o 2(0s-1w)ds—Ft J’O £7202(05-10)=20 [; 2(0r-1w)dT+Fs g o
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Multiplying both sides of (4.14) with 27 20)ds=F(-T) \ve have for t > T

20 Ji 2(0c-1e0)ds—F (t-T) ”g(f, 0_1w, g (9—tw)> “2
< 20 fo=(0sww)dsFi l|0(6-10) ||2 (4.15)

T
vl fIP f O o~202(0510)+20 [ 2(0r 1) dr+F(s-1) g

Apply Gronwall lemma to (4.7) again and denote dy = min{di, d>, d3}, c; = 1/dy, then for all
t>T,

. 2
st so(@))|[* < =@ FD | o(T,, o) |
t
vl fIP L o-202(0:0)+20 [! 2(0rw)dT+F(s-1) g g (4.16)

t
- 2d, J‘N 620 [, 2(0-w)dT+F (s—t) ” Vg(S, w, g0 (w)) ”2dS,
T
which implies that

t
J'~ 20 [ 2(B:w)dT+F(s~1) Vg (s w, go(w)) ||2d5
7

< % 20 0.0is 0D | o (F, 0, ) ||2 (4.17)

+ C12(32 ||f”2 J;: e—zoz(esw)+20j'; z(QTw)dT+F(s—t)dS‘

Replacing w in (4.17) with 0_;w and by (4.15), we obtain

t t
J~ 820 Jo 2(0rw)dr+F (s—t) ” Vg(s, 6w, <0 (B,tw)) ” st
T

IN

%620 f% 2(0s_w)ds—F (t-T) ||g<j‘—~, 0w, go(G_tw)> ||2
Cci1C2 2 (* !
+ 5 ”f” J‘N e—Zoz(QHw)+20 I z(QT,tw)dT+F(s—t)ds
T

% &2 15 2O FL | 06 00) |2

IN

t
+ C12CZ ” f||2 f 0 p202(0:-1w)+20 [ 2(Br—rco)dT+F (s—t) ds
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- %ezo Fiz 0wt g0 o)

L

(4.18)
By substituting t and T for t + 1 and t in (4.18), we find that
t+1 1 5
I 620 Js " z(0rw)dT+F(s—t-1) ” Vg(S, Q—t—lwl go(e—t—lw)) ” ds
t
< % 020 111 2(Ow)ds—F(t+1) l|80(6-+-100) ”2 (4.19)

C1C2 2 0 -20z(0sw)+20 fo z(0,w)dr+Fs
T e
7t7

We know for s € [t t+1],

t+1 "
J‘ 620 ;" 2(0r1w)dT+F (s—t-1) ” Vg(s, 01w, 20 (G—t—l w)) ||2ds
! (4.20)

t+1
J‘ e_ZGmaxosrsllz(eTW)l_F || Vg(s, 6_1_1(,0, 80 (G_t_lw)) ||2dS.

t

>

Due to (3.5) and the temperedness of gy(w), there exists a Tg(w) > 0 such that for t > Tg(w),
and by (4.19) and (4.20), we get

t+1
I Vg (s, 0-1w, go(O-110)) ||*ds
t

Cy 20 j?i z(B5w)ds+20 max |z(0rw)|~Ft 5
< Ee t-1 0<rs1 ||go (94,1&]) ”
+ % ”f”Z J‘O 6_202(950.7)+20'maxﬂggl|Z((91—o.7)|-¢—20ﬁJ z(GTw)dT+F(s+1)ds (421)
—t-1

<1+ c1C2 ”f||2 IO e*ZOZ(BSw)JrZO'maxOSTg|z(61w)|+20 Jf Z(GTW)dT+F(S+1)dS
2 -0
= ﬁ(w)

By (3.5) again, we have R(w) is tempered and the proof is completed. O

We need the proposition to prove the next result.
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Proposition 4.3. Assume that f € H N U. Then, there exists a tempered random variable R(w) > 0
such that for any B(w) € D and gy(w) € B(w), there exists a Tg(w) > 0 such that the solution ¢ of
(3.8) satisfies for P-a.e. w € Q for all t > Tp(w)

t+1
f lo(s,0--1w, go(0-1-1w)) ||]I6st < R(w). (4.22)
¢

Proof. Let V(t,x) = v(t,x)/G, then (4.3)—(4.5) can be written as

66_1: =diAu— (F+k - 0z(Bw))u + a2 (H)u*v - Ga 2(H)u® + kW + a(t) f1,
ov 20\, 2 PN
B LAV = (F - 0z(6iw))V —a“(H)u"V + a“(t)u’ + Ea(t)f2, (4.23)

‘uaa—v;, = pds AW — (UF + k — poz(6yw) )W + ku + a(t) f3.

Taking the inner products of (4.23) with u°(t), GV°(t), and W>(t), and summing up the
resulting equalities, we get

%% (Il + GV, + W) + 5<d1”u2Vu||2 + d2G||V2vv||2 + yd3G||W2VW||2>
= ~(F + k = 0z(61w)) |[ulljs = G(F - 0z(6iw))||VI7s

—(yF+k—yoz(6tw))||W||ié+kf WWdx +k | uWdx
Rn

Rn

—Ga™%(t) f <u8 U’V -uPV° + u2V6> dx

+ f a(t)flude + J‘ a(t)f2V5dx + I a(t)fgwsdx,
" R R

(4.24)
that is,
d/ e . )
g (Il + GIVIE + W)
< —6(F = 02(61w)) |[ullSs — 6G(F - 02(68,0)) |6, — 6(KF - poz(6:w)) WS,
i 6.[ a(t) fiu'dx +6 fRn a(t) f2Vidx +6 IR" a(t) fsWidx w25)

< (602(6,w) - F)JullS, + G(602(8,w) - F)[V |5 + u(602(6uw) — F) WS,

1 6 1 6 1 6
g O (LAl + g Al + 515 )
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Furthermore, let

1,1/G°,1/w
oy = DxLV/G /) (4.26)
FPmin{1,1/G% 1/ %}
and apply Gronwall lemma, for v > 0, we can deduce from (4.25) that
I8 (v, go(@)) 5, < ek | gy @)
(4.27)

v s
+C3 ||f||%e60 fg z(Osw)ds—Fv J 8—602(95147)—60 jg z(9,w)dT+Fst'

Letting Tg(w) be a positive variable in Lemma 4.2, t > Tg(w), integrating (4.27) for v € (t,t+1),
we have

1

t+1
[ e s@)lsar < e 0 gy
(4.28)

t+1

t+1 S

+c3 ”f”%e&r Jo z(Bsw)ds—Ft f 6—602(9514;)—60 I z(9,w)dT+Fst.
0

Replacing w by 0_;_1w in (4.28), we obtain

t+1
[ g, 010, 800010 [
t
< b9 j(‘)” 2(0s_t-1w)ds—Ft ”gO (0_11w) ”%

t+1
t+1 s
+c3 ”f ”%eéo jo‘f 2(0s--1w)ds—Ft I 6—602(954,10.1)—60 j; z(GT,t,lw)dT+Fsds
0

< 660 J’?H z(0sw)ds—Ft ”gO(G—t—lw) ”% (429)

0
0 0
+c3 ”f ”%660 |2y 2(65w)ds—Ft J‘ e—60z(95w)—6o I Z(f’rw)d’HFSds
—t-1

<l+cs ”f”% fo 6—602(9441)—60'[2 z(0rw)dT+Fs g g

©e]

= R(w).

The last but one line in (4.29) due to B(w) € @ is tempered, then for any go(0-;1w) €
B(0-1w) C B(0-w),

lim 6 1 2@dsFt || 006, 1 00) || = 0. (4.30)

t— +oo

The proof is completed. O
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Lemma 4.4. Assume that f € H N U. Then, there exists a tempered random variable R(w) > 0 such
that for any B(w) € D and go(w) € B(w), there exists a Tg(w) > 0 such that the solution ¢ of (3.8)

satisfies for P-a.e. w € Q, for all t > Tp(w),

1V(t,0-10, 80(0-10)) || < R(w).

(4.31)

Proof. Taking the inner products of (4.3)-(4.5) with —Au,—-Av,-AW, respectively, and

summing up the three resulting equalities, we have

d
S (I7ull? Vol + W VWIP) + dif|aul + dof|ao]* + pds | AW

N =

+ (F + k — 02(6,w))||Vul]* + (F - 02(6,w))|| Vo *

+ (UF + k — poz(6iw)) | VW |2

=—a2(t) w*vAudx + Ga (1) 1’ Audx
R R

+a2(t) wvAvdx — Ga 2 (t) wAvdx -2k | uAWdx
RVI RV! RVI

- J a(t)Aufidx - j a(t)Avfrdx - f a(t) AW fzdx.
n Rn Rn
By Holder inequality, it yields

d
Z(IVul + Vol + u| Y W)

+ (F = 202(0,0)) (|| Vull* + | Vol + | VWP

2 2 -4 4,2 (2 2) 2 4 6
< —+— )a*(t uwodx+ | —+—)Ga“(t u’dx
- <d1 d2> () R" di dy () Rn

1, 2 15 2, 1 o 2
F @ OIAI+ Z@OILI + OS]

2
7

1/8 o\ 4 . 1,
< d_0<§ +4G >a (1f)<||u||L6 + ||U||L6> + d_oa O f

which implies that
d B}
Vsl < @oz(0uw) - F)[[Vg|” + caa * )| g5, + s O £,

where ¢4 = ¢2(8/3 +4G?)/ min{1,1/u} and c5 = ¢/ min{1,1/u}.

(4.32)

(4.33)

(4.34)
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Let Tp(w) be a positive variable in Lemma 4.2, t > Tg(w) and s € (t,t + 1). Then

integrate (4.34) over (s,t + 1), we get

[Vg(t+1,w,8(w))]?

t+1

<||Vg (s, w, go(w)) ||2 + j (20z(0;w) - F)||Vg(r, w, go(w)) ”2dT

s

t+1
+cy J a(7)18(7, w, go(w)) || 5T

S

t+1
+cs5 J a®(1) ||f||2d7'.

S

(4.35)

Now integrating (4.35) with respect to s over (t,t + 1), we find that

t+1

1950+ Lo g < 1=F) [ 9500 5000 e

t

t+1
120 J' 2(0,w) | Vg (7, w, go(w)) |[Pdr
t

(4.36)

t+1
cer[ @t mllg(rw g ar
t

t+1 )
+cs J a?(7)|| f || dr.
t

Since z(w) is tempered and z(6;w) is continuous in ¢, there exists a tempered variable r(w)

such that

|2(Bw)| < el'lr(w),

(4.37)

Then, replacing w with 0_;_1w, by Lemma 4.2 and Proposition 4.3, it follows in (4.36)

that

Vg (t+1,0-110, g0(0-1-10)) ||

t+1

<A-F)| |Vg(r,0-1w,(0-110))| dr
t

t+1
+20 J. 2(0r—1-1w) || Vg (T, 0111w, 0 (0-1-1w)) ||2d7'
¢

t+1
+cy I 72019 o(7,0__ 10, g0 (0-1-10) ) || S dT
t

t+1
ves e far
t
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t+1

< (1-F +2eor(w)) Vg (7,0-1-1w, g0 (6-1-1w)) ”2dT
¢

+ Cc4e

40 max |z(6,w)| bl 6
10 |g (7, 0-t-10, 80(0-t-10)) ||, dT

0
+cs5 I g~207(0:w) ||f||2dT
1

< (1-F +2eor(w))R(w) + qewmaxflsfsolz(&w”ﬁ(a))
0 2
vos [ e 0| far
-1
= R(w).
(4.38)
Note that f € HNU. It is easy to see that R(w) is tempered. This completes the proof. O

Lemma 4.5. Assume that f € H. Let {B(w)} € @ and gy(w) € B(w). Then, for every € > 0, there
exist T* = T(e,w, B) > 0 and K* = K(e,w) > 0 such that the solution ¢ of problem (3.8) satisfies for
P-ae. w € Q, forallt > T,

fl o lo(t, 010, 80(6-1w))|*dix <. (4.39)
x|>K*

Proof. Choose a smooth cutoff function satisfying 0 < p(s) < 1 for s € R and p(s) = 0 for
0<s5<1,p(s) =1fors > 2. Suppose there exists a constant ¢ such that [p'(s)| < ¢ for s € R*.

Taking the inner product of (4.3), (4.4), and (4.5) with Gp(|x|*/K?)u, p(|x|*/K?)v and
Gp(|x|>/ K*)W in L?(R™), respectively, we get

Gd ESR 2 f ESS
—_— — — — A
> I Rnp< 2>|u| dx - diG Rnp > Juludx

x|

+ G(F + k — 0z(6yw)) J‘Rn p<_2> |u|2dx
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2 2
%j ,0<| x| >|v| dx — dZJ‘ p<|;2—|2>vAvdx+(F—oz(@tw))J‘RHp<|;—|2>|v|2dx
f ( >a‘2(t)uzvzdx +G fRn P<|132_|22> a > (Houldx
’%dif < >|W|2dx—de3 J‘Rnp<|;2| >WAde

+G(uF + k - 0z(6w)) f < >|W| dx

» i i .
= kG P ﬁ Wudx + G P F CX(t)f?,W X.
Rn Rn

NI =

>zx(t)fzvdx,

7‘I

(4.40)

Adding up the three equalities, we have

d P\, e J N, e I |x® 2
¥T: (G fRn p< e >|u| dx + . P\ k2 |o|"dx + uG o P\ k2 [W|~dx
|x® |x/” Jx®
-2 le o P F ulAudx + d2 : P ﬁ vAvdx + ‘I/lGd3 . P F WAW dx

+G(F - ZGZ(Gtw))J‘ <|x| >|u|2dx

+(F—Zoz(9tw))IRnp<|x| >|v| dx + G(uF - 2oz(9tw))f <|x| >|W|2dx

<< z(t)j <K2>|f1(x H? dx+2#Fa (t)f < >|f3(x B [2dx

+ —1 | 2 X dx

We know that

xz x
LP(lK_'z uAude—fnp |1<|2 VuPdx + 2 (Jull® + | VulP), (4.42)
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where ¢ is a positive constant which depends on c. Then from (4.41) and (4.42), we get

%<GIRnP<|I’§_|j>|u|2dx+fRnp<| x| >|v|2dx+,uGI < >|W|2d >

+ G(F — 20z(6,w)) p(lﬁz >|u| dx + (F - 20z(6yw)) p<|x| >|v| dx

+G(uF - ZGZ(Gtw))j <|x| >|W| dx

(4.43)
< 2F z(t)f < >|f1 X, t)| dx + —az(t)J‘ < >|f3(x t)| dx
‘o [ 2®p( 25 )| fatx Pt + 22 < (Gllull* + [[ol* + uGIWIP)
2F ’
2d°cq 2 2 2
+ = (GIVulP + Vol + kG| VW)
Defining
max{1,G,G/u} 0 0
="~ =2d , a’ = dy,dy, ds}, 4.44
min(1,G, G/ 1) cs C6C7 max{dy, dy, d3} (4.44)

and by Gronwall lemma, for any ¢ > T, we obtain

|x|2 2
P\ &= |g(t w, go(w))| dx
]Rn
SeZUJ’%z(er)dT—F(t—T)J‘ p | | |g<T w, go(w))'z .
Rn

+ C7f 20f 2(0;w)dT—F (t-5)-20z(05w) J‘ <|K|2 >f2dx ds (44.5)
T

t
+ % f~ e%° ﬁ 2(Orw)dr-F(t-s) ||g(s, w, 8o (w)) “2dS
T

. CSJ' g2 [:20:0dTF (9 | g (5, 0, go () ) || ds.
K )7
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By replacing w by 0_yw, it then follows from (4.45) that

2
f P<|;—|2>Ig(trG—twrgo(G—taJ))|2dx
RVI

o (% z(0;_sw)dr—F(t-T |x|2 T 2
< 20 J7 2(Or)dr-F(t-T) J‘Rnp<ﬁ )g(T,G,tw,go(Q,tw)N dx

t 2
iy f ) 020 ¢ 2(0r1w)dr—F (t-5)-202(65- 1) J p<ﬁ> F2dx ds
T R

KZ
t t
+ C_Ii J‘N eZo-js z(0r-1w)dT—F (t-s) ||g(S, 0_w, gO(G—tw)) "2dS
T
t
£ f 9O 9 | Y o (5, 00, g0 (0-100)) | 2ds.
T

(4.46)

We now estimate each term in (4.46) on the right-hand side one by one. By substituting t by
T and w by 0_;w in (4.8) and combine with the first term of (4.46), we get

o2 [5 2(Or—gw)dT—F(t-T) fRn p <|Iz—|22> |g (T, 0-1w, o (G—tw)> |2dx

< o2 Iy 0rdr-Fe-T) <ezv il PG

~ T
2 T _FT - - N
+c ”f” 620 Io z(0syw)ds—FT fo e 20z(0s-1w) 20f0 Z(QTtw)dT+Fst>

S PG &

T
+o ”f”Z J'O e—Zoz(QHw)+20 j; z(Gth)dT—F(t—s)ds‘

(4.47)

Obviously, there exists T1 = Ty (e, w, B) > T such that for t > T;,

; - 2 ~ 2
20 |7 (0 w)dr—F(t-T) J‘ p<|;2—|2> |g<T, 0w, go (G_tw)> | dx <e. (4.48)
Rn



Abstract and Applied Analysis 19

For the second term on the right-hand side of (4.46), since f € H, there exist T, = T»(¢, w, B) >
T and K7 = K (e, w) > 0 such that for all t > T, and K > Ky, then

¢ 2
x
o j e [! (0, 1w)dT—F (t-5)-202(65 o) f P<|K|2 > Pdxds
7 Rr

t 2
<o I ) ey [} 2(0:-10)dT—F (t-5)~202(05-1w) f p<|;2—|2> fz dx ds
T |x|>K

<e.

(4.49)

For the third term, by replacing t by s and w by 0_yw in (4.8)

t
% f O F 1) | 05,0 0, 80 (0-4)) || ds
T

t
< % 820 jﬁ z(0r_1w)dT—F (t-s) (eZU Jo 2(0s-1w)ds—F's ” 20 (G,tw) ”2
T

’ s
ter|| f||P €20 Jo 2Ords-Fs J‘

e—ZUZ(Gv,tw)—ZU N Z(QT,ttu)dT+dev) ds
0

C8 = t - 2
< E (t _ T>620f0 z(0s_yw)ds Ft”go(e_tw) ”

2
. csc1||f ” J ! f ° o 202(6r-1)+20 [t 2(8r—yw)dT—F (t-v) dv ds.
K TJo

(4.50)

Since f € H, there exist T3 = T3(e, w, B) > T and K> = Ky (€, w) > 0 such that for all t > T3 and
K > K,, we have

t t
CEs J‘~ 20 [, 2(Br_sto)dT—F (t-5) lg(s, 010, g0(0-1w)) ||2d5 <e. (4.51)
T

Finally, we estimate the last term on the right-hand side of (4.46). Since f € H, by using (4.18),
there exist Ty = Ty(e,w, B) > T and K3 = K3(¢,w) > 0 such that for all t > Ty and K > K3, we
obtain

t t
% J‘~ £20 [, 2(Br-1w0)dr—F (t-5) Vg (s, 010, g0 (0-1w)) ||2ds <e. (4.52)
T

Now, denoting

T* :max{Tl,Tz,T3,T4}, K* ZmaX{Kl,Kz,Kg,}, (453)
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and combining with (4.48), (4.49), (4.51), and (4.52), we get

2
j | p(l;z—lz> |g(t,0-4w, go(6-1w)) |2dx < 4e, (4.54)
x|>K*

which completes the proof. O

5. Random Attractor

In this section, we will prove the existence of a ®-random attractor for the RDS ¢ associated
with the stochastic Gray-Scott system (3.8) on H. According to Lemma 4.1 that ¢ has a closed
random absorbing set in ®, which along with the ®-pullback asymptotic compactness will
obtain the existence of a unique ®-random attractor. Next, we will establish the ®-pullback
asymptotic compactness of ¢ by using the uniform estimate on the tails of solutions.

Lemma 5.1. Assume that f € HNU. The RDS ¢ is D-pullback asymptotically compact in H, that
is, for P-a.e. w € Q, the sequence {((t,, 0_s,w, g0.n(0-1,w))} has a convergent subsequence in H if
t, — oo, where {B(w)} € D and go,(0-¢,w) € B(0_,w).

Proof. Combining with Lemmas 4.1 and 4.4, one can find that the proof is slightly a
modification of the proof of Lemma 5.2 in [22] (or see Lemma 5.1 in [20]). Thus, we omitted
it here. O

We are now in the position to state the main result

Theorem 5.2. Assume that f € H N U. The random dynamical system ¢ has a unique D-random
attractor in H.

Proof. Notice that ¢ has a closed random absorbing set in ® by Lemma 4.1 and the is ®-
pullback asymptotically compact in H by Lemma 5.1. Hence, the existence of a unique ®-
random attractor in H follows from Proposition 2.6 consequently. O

Remark 5.3. In the original three-component reversible Gray-Scott system (see [8]), the first
constant F appearing in the second variable v-section does not depend on the space variable
x. Here we have to affiliate the constant F to f,(x), or else, it will give a obstacle to establish
the uniform estimates of solutions when t — oo. For example, when estimating the term
2 [ a(t)vfrdx, we have 2 [, a(t)v fodx < Fl[v||*> + (f;a*(t)/F)| Dom |, where | Dom | denotes
the volume of the domain. Actually, we know that it is maybe of infinite dimension on
unbounded domain, which is different from the bounded case discussed in [9].
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