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This paper is concerned with the problem of the asymptotic stability of the characteristic model-
based golden-section control law for multi-input and multi-output linear systems. First, by
choosing a set of polynomial matrices of the objective function of the generalized least-square
control, we prove that the control law of the generalized least square can become the characteristic
model-based golden-section control law. Then, based on both the stability result of the generalized
least-square control system and the stability theory of matrix polynomial, the asymptotic stability
of the closed loop system for the characteristic model under the control of the golden-section
control law is proved for minimum phase system.

1. Introduction

Since the late 1950s, the first adaptive control system was presented by the Massachusetts
Institute of Technology, the adaptive control has been attracted extensively. Fruitful results
have been achieved in theory and application. However, the adaptive control in practice has
not been widely used. The reason is that there are some problems of the existing adaptive
control theory in practical engineering applications, such as the following: the transient
response is very poor, the number of parameters need to be estimated is too many, the
convergence of parameter estimation is difficult to be guaranteed, and parameters that need
to be adjusted artificially are too many [1].

To solve the above problems, Wu et al. [1, 2] presented an integrated and practical
all-coefficient adaptive control theory and method based on characteristic models, which
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has been gradually improved in the application course of more than 20 years. This
theory and method provide a new approach for the modeling and control of the complex
systems. It should be mentioned that the theory and method have already been applied
successfully to more than 400 systems belonging to nine kinds of engineering plants in the
field of astronautics and industry. In particular, the engineering key points of the method
are creatively applied to the reentry adaptive control of a manned spaceship, which the
accuracy of the parachute-opening point of the spaceship reaches the advanced level of the
world.

The method given by Wu is simple in design, easy to adjust and with strong
robustness, and in some ways solves the above-mentioned problems. This method includes
the following three aspects: (1) all-coefficient adaptive control method; (2) golden-section
adaptive control law; (3) characteristic model [1].

It is worth mentioning that the golden-section control law is a new control law, which
can solve the problem that adaptive control cannot guarantee the stability of a closed-
loop system during the transient process when the parameters have not converged to
their “true value.” The so-called golden-section control law means that the golden section
ratio (0.382/0.618) is used to controller designs, see [1, 2] or Section 3 of this paper in
detail.

For a second-order single-input and single-output (SISO) invariant linear system,
Xie et al. [3, 4] proved that the golden-section control law has strong robust stability. The
sufficient conditions for the stability of the closed-loop system based on golden-section
control law for SISO and 2-input-2-output invariant linear systems have been reported; see,
Qi et al. [5], Sun and Wu [6, 7], and Meng et al. [8]. Recently, Sun [9] gave sufficient
conditions for the stability of the golden-section control system for 3-input-3-output invariant
linear systems, but these conditions are difficult to verify. Among these references, we notice
that the closed-loop control properties based on the golden-section control law are given
by using the stability results of the generalized least-square control system and Jury stability
criteria, aiming at the characteristic model of a second-order continuous SISO invariant linear
system.

In summary, for the MIMO system, the stability of golden-section control systems is
still an open question.

In this paper, for the MIMO linear system, we investigate the stability of the
characteristic model-based golden-section control law by using the stability results of the
multivariable generalized least-square control system.

2. Preliminaries
2.1. Introduction to Generalized Least-Square Controller

Consider the following system described by the linear vector difference equation:
A(z-1>Y(k) = z‘dB<z‘1>LI(k) + c(z-1>g(k), (2.1)

where U (k) and Y (k) are the n x 1 input and output vectors, respectively, and ¢(k) is the nx 1
zero-mean white-noise vector with covariance matrix E(¢(k)¢" (k)) = rz, d denotes the system
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time delay, and A, B, and C are polynomial matrices in backward shift operator z™!

by

A<2_1> I+ A1z + o+ Az
B(z‘1> =By +Biz ' +---+B,z™, By nonsingular,

C(z") =I+Cizt + 4 Cpz™

given

(2.2)

here A;, B;, and C; are matrix coefficients. The cost function to be considered is described by

J = E(”P(z‘1>Y(k +d) - R<z‘1>Yr(k)”2 +[le(=")uw ||2>

(2.3)

where Y, (k) is an n-vector defining the known reference signal. P, R, and Q' are n x n

weighting polynomial matrices. The notation ||X||* = XX has been used.
The optimal control law is [10]

H(z’1>u(k) - —E(z*1>Yr(k) - é(z*)Y(k),

where

Q(=") = B0 [QOI'Q(="), By=B(©), Ry=PO),
C()P(=") =F(=)AR") +=6(="),
C()r(E) = F(=)e(=),
here the order of the polynomial matrix F is equal to d — 1.

2.2. Two Important Lemmas

Let an (m x m) nonsingular real matrix polynomial of nth-order P(z) be given by

P(z) = apz" + ap 12" + ap0z" 2 4+ ayz + ap,

where a,,, a,-1, an2,...,a1, and ag are (m x m) real matrices, m > 1.

(2.4)

(2.5)
(2.6)
2.7)
(2.8)

(2.9)

(2.10)
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We can construct an (mn x mn) symmetric matrix C = [¢;;] by the Christoffel-Darboux
formula as follows. ¢;;’s are defined as

i
Cij = D\ pepi@nik-j = A1 ik, <],
k=1 (2.11)
Cji = ciTj, i>]
fori,j=1,2,...,n.
For example, when n = 2 [11],

T T T T
azaz —aoao (12111 —alao

C= . (2.12)

T T T T
[11612 —(10[11 azaz—aoao

Lemma 2.1 (see [11, Theorem 1]). If C = [c;;] defined in (2.11) is positive definite, then all the
roots of the determinant of the matrix polynomial (2.10) lie inside the unit circle.
It is well known that the following lemma holds.

Lemma 2.2. Let A be an (n x n) real symmetric matrix and I be an (n x n) identity matrix. Then
there exists a sufficiently small positive number € such that I + € A becomes a positive definite matrix.

3. Problem Formulation

Suppose that a second-order multi-input and multi-output dynamic process can be expressed
as

YO ) + A YD () + AgY () = BiUD (+) + Bl (1), (3.1)

where U (k) and Y (k) are the n x 1 input and output vectors, respectively, and Ay, A1, By,
and B; are polynomial matrices. By using forward difference method, the corresponding
difference equation can be given as

Y(k+1) =AY (k) + AY(k—1) + BoU(k) + BiU(k - 1) + e(k + 1), (3.2)

where
A =21-A1At, Ay =-I+ A At- Ag(At)?,
(3.3)

By = —BiAt, By =-BjAt+ ByAf?,

and e(k) is the modeling error vector.
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For a linear multi-input and multi-output constant high-order plant, if sampling
period At is sufficiently small, when the control requirement is position keeping or tracking,
we can prove that its characteristic model can be also expressed with (3.2).

It is easily to be seen that (3.2) can be written as (2.1), that is,

A(z‘1>Y(k) = z-lB<z-1) u(k) + C(z‘1>e(k), (3.4)

where
A(Z_1> =] - le‘l - Zzz‘z,
B<z‘1> =By + Biz", (3.5)
C (z*1> =I.
The characteristic model-based golden-section control law is designed as follows:
Uk) = (1+ 178, [Yr(k) Bk -1) LAY (k) - LAY (k - 1)], (3.6)

where A > 0 is a constant; I; = 0.382 and I, = 0.618 are golden-section coefficients.

4. Main Result and Proof

In this section, by selecting a set of polynomial matrices in the objective function (2.3), for
the characteristic model (3.2), we find the generalized least-square control law under the
objective function. By comparison, we can see that this control law is just the same law as the
golden-section control law based on characteristic model. Finally, based on the stability result
of generalized least-square control law, we will give the stability result of the closed-loop of
the golden-section control law.

For the objective function (2.3), we choose that

P(z_1> =I-LA 1z -LAz 2, R(z‘1> =1, Q'<2_1> = \/X By, f(z‘1> =1
(4.1)

Note that d = 1, and hence F(z™') = I. By C(z™") = I, F(z'!) = I, and (2.9), we get
C(z'') =1.Using C(z™!) = I, R(z'!) =1, and (2.6), E(z!) = -I.
From Py = I, B(0) = By, Q'(z™) = v/A By, and (2.7), it follows that

a(=") =[] [ 0)"Q(=") = [Bi] [VAE| VAo = K] BoaBo - A
4.2)
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By using Diophantine equation (2.8), we obtain that
[-hAz" LAz = - Az - Az 2+ 27 G(27). (4.3)
Therefore,
é(z-1> =LA + LAz (4.4)

Using (2.5), we have

H(z") = F(z")B(=") +C(z)Q(")

= EO + §1271 + I)LEO

(4.5)
= Eo + Ez"l + )LEO
=(1+A)By+ Bz
According to (2.4), it follows that
[(1 + )Bo + Bz U (k) = IV, (k) - (llzl + zzzzz-l)Y(k). (4.6)
That is,
Uk) = (1+1)7B, [Yr(k) “BiU(k-1) - LAY (k) - LAY (k - 1)]. (4.7)

The above control law obtained by generalized least-square control law is exactly
the characteristic model-based golden-section control law designed in (3.6). Hence, the
stability of the closed-loop system based on the characteristic model-based golden-section
control law is determined by the distribution of zero points on z-plane of the following
equation:

det H(Z_1> det [A <z‘1> + z‘dB<z‘1>H‘1 <z‘1>é<z‘1>] =0. (4.8)
We note that

B ~F( () +E(o(=") < 8() 1T =B(") 4B a9
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Now, taking A = 0, we have H(z"!) = B(z™), and, furthermore,

A(z")+zB(z")H (z7)6(=7)
A +BEBE]EE P -FE AR
A=)+ [ip(z7) - 14(z7)] (4.10)
=A@+ [P(") - A=)
=p(z7).

Then, when B(z™!) is stable, the stability of the closed-loop system formed by the
characteristic model-based golden-section control law is determined by the stability of P(z™!).

Theorem 4.1. Assume that (3.2) is a minimum phase system and \ = 0. Then, the closed-loop system
involving the characteristic model-based golden-section control law (3.6) is asymptotic stable.

Remark 4.2. Since the corresponding relationship between the zero positions of continuous
controlled objects and that of the discrete-time systems is complex, here the minimum phase
system means that the zero points of the characteristic model (3.2) lie inside the unit circle.

Proof. First, we notice that P(z™") = I — A1z — ; Ayz 2, and take
ap = I, ay = —lzzl, ap = —1122. (411)

By (2.12), we have

[ 1-EmA LA -LhA A w
LA, ~hhA A, -PAA,
Now, we show that C is positive definite when At is sufficiently small.
It is easy to see that
_ —T—
B N al -I3A, As O
C=| . + | (4.13)
N al O al - PA, A,
where B = al, N = -, A) - L, A, Ay, 0764 =2l <a <1- 2 =0.8541, and @ = 1 - a.
To show C be positive definite, we will prove that
B N
, (4.14)
NT al

and al - 132222 are all positive definite when At is sufficiently small as follows.
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First, we notice that

I O][B N][1 -(BY)'N
e Jallo )]

B -B(B)'N+N] [B o al O
O al-NTBN O al - NTB-'N O al-NTBIN|

We claim that al — NTB"!N is positive definite when At is sufficiently small. In fact,
since

(4.15)

NTEIN = [-bA; - hb A, Ay B [-b Ay - bl A, A
= |41 + Wb A, A B (LA + 1A, A
- % 24, + LA A [0 Ay + LA, A,
LA, + hbhAy Ay =1 (21 - ATAL) + hb[-1 + AT At - AT(AD?] 21 - A1Af]
= 21 - LATAL = 2L I + Ll A At + hb[AT At - AT(AL?|[21 - AjAf]
=25, (1=1)] = LATAt+ L1, A At + L [A{At - Ag(At)Z] [2 — A1 Af]
=221 - LATAt + 1, Ay At + L], [A}At - Ag(At)z] [2] - A;At]
= 21 - LATAt+ Ll A At + [L AT At = L AT(AD?| (21 - A1 Af]
=21 — L ATAt + L1 A At + 2L L ATAL - 2L L AT (At)?
- LLATA (A)? + L AL A (AL
= 281 + (-l + 2hb) AT At + b A1 At = (2L AT + L AT A1) (A)?

+ L AT A (AL,
(4.16)
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we get

NTBIN = % [4131 + 2 (=1, + 3L 1) (A1 + A{) Ab+---+ (1112)2A§A1A{A0(At)6],

al - NTBIN = al - % [4131 +23(<1 + 3L 1) <A1 + AI)At bt (lllz)ZAgAlAIAo(At)ﬁ]

414
= <0c - 72>1 - % [215(—12 +341) (A1 + A{) At+--+ (1112)2A3A1A{A0(At)6].

(4.17)
Using a > 2l =215 yields a — 415 /a = (a*> — 41;) /a > 0. Thus, we have

al - NTB'N

(¥R, A |25l + 30l) (A1 + AT) =+ = (1h)* A AL AT Ao(A)°]
B a a2 -4t 77 R A 12l S A '

(4.18)

By Lemma 2.2, it is follows that al - NTB~! N is positive definite when At is sufficiently small.
Therefore, there exists nonsingular matrix D such that DT (al - NTB-'N)D = I. Furthermore,

we have
1 1
—1I O |al O —10
Va va
o DTf|O aI-N'B'N|| 0 D
a 1r 1
—I O —I10 I O
= [va va = :
O D'(alI-N'B'N)|| 0 D o1
That is, by the congruent transformation twice,

B N
[NT M] (4.20)

can be transformed into the identity matrix. From this, it is positive definite when Af is
sufficiently small.

(4.19)
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— T o .. . . .
We also claim that al — [;%A, A, is positive definite when At is sufficiently small. In
fact, it can be seen that

al - PA, A,

= &l - B[-1 + ATAt = AT(AR?| [+ A At - Ag(AD]

(4.21)
= (z - 1%)1 — P [—AlAt + Ao(AR? — ATAE+ ATA (AR? - ATAg(A)
+AT(AD)? - ATA (AR + AgAO(At)ﬂ.
Usinga <1-Fanda =1-a, wehavea -5 > 0. Thus,
al - PA, A,
- <a—12) I- Hat [—A — AT+ AgAt + ATA At — AT Ay (A1)
! a-pL ot 144 1430 (4.22)

+ATAL - ATA (AR + AOTAO(At)3] }

By Lemma 2.2, al - 132222 is also positive definite when At is sufficiently small.

Thus, it follows from (4.13) that C is positive definite when At is sufficiently small.
By Lemma 2.1, P(z7!) is a stable matrix polynomial. Hence, the asymptotic stability of the
closed-loop system follows immediately. This completes the proof. O

Remark 4.3. 1t is well known that an eigenvalue of a matrix is a continuous function with
respect to elements of the matrix. From this, (4.18), and (4.22), we can also see that al —

NTBIN and al - Z%ZEZZ are positive definite when At is sufficiently small.

Remark 4.4. By using a constructive proof of Lemma 2.2, we can determine minimum

sampling period At so that al - NTB~!N and al - Z§Z§Z2 are all positive definite.

Conjecture 4.5. If (3.2) is a nonminimum phase system, we may investigate the stability of the
closed-loop system involving the characteristic model-based golden-section control law (3.6)
by using the approach of the root locus in linear multivariable systems.

Acknowledgment

This work was supported by the National Nature Science Foundation of China under Grant
60874055, the Key Subject Construction Project, and the Funds for Creative Research Groups
of Hebei Normal University of Science and Technology (no. CXTD2010-05).



Journal of Applied Mathematics 11

References

[1] H.-X. Wu, J. Hu, and Y.-C. Xie, “Characteristic model-based all-coefficient adaptive control method
and its applications,” IEEE Transactions on Systems, Man and Cybernetics C, vol. 37, no. 2, pp. 213-221,
2007.

[2] B. Meng, H.-X. Wu, Z.-L. Lin, and G. Li, “Characteristic model based control of the X-34 reusable
launch vehicle in its climbing phase,” Science in China F, vol. 52, no. 11, pp. 2216-2225, 2009.

[3] Y.-C. Xie and H.-X. Wu, “The application of the golden-selection in adaptive robust controller design,”
Acta Automatica Sinica, vol. 18, no. 2, pp. 177-185, 1992.

[4] Y.-C. Xie, H.-X. Wu, and Z.-D. Lv, “The all-coefficient adaptive control method and its application in
spacecraft attitude control,” Space Technology, vol. 16, no. 5-6, pp. 331-336, 1996.

[5] C.-Z.Qi, H.-X. Wu, and Z.-D. Lv, “The study on the stability of all-coefficient golden section feedback
control system,” in Proceedings of the 3rd World Congress on Intelligent Control and Automation, vol. 5,
pp. 3168-3171, July 2000.

[6] D.-Q. Sun and H.-X. Wu, “Study on the stability of golden section adaptive control systems based
on characteristic modelling,” in Proceedings of the 11th International Fuzzy Systems Association World
Congress, pp. 174-178, Tsinghua University Press & Springer, 2005.

[7] D.-Q. Sun and H.-X. Wu, “Stability analysis of multivariable golden section adaptive control
systems,” in Proceedings of 17th Chinese Control and Decision Conference, pp. 85-88, Northeast University
Press, 2005.

[8] B. Meng and H.-X. Wu, “Convergence and stability of the golden-section control,” Journal of
Astronautics, vol. 30, no. 5, pp. 2128-2132, 2009.

[9] D. -Q. Sun, “Stability analysis of the golden section adaptive control systems for attitude keeping
of spacecraft with unknown parameters,” Applied Mechanics and Materials, vol. 80-81, pp. 1096-1102,
2011.

[10] S. J. Lang, X. Y. Gu, and T. Y. Chai, “A multivariable generalized self-tuning controller with
decoupling design,” IEEE Transactions on Automatic Control, vol. 31, no. 5, pp. 474-477, 1986.

[11] S. M. Ahn, “Stability of a matrix polynomial in discrete systems,” IEEE Transactions on Automatic
Control, vol. 27, no. 5, pp. 1122-1124, 1982.



