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This paper is devoted to the regularity criterion of the three-dimensional micropolar fluid
equations. Some new regularity criteria in terms of the partial derivative of the pressure in the

Lebesgue spaces and the Besov spaces are obtained which improve the previous results on the
micropolar fluid equations.

1. Introduction and Main Result

In this paper, we consider a three-dimensional micropolar fluid equations model described
by the following equations:

V-u=0,
ou—Au-Vxw+Vao+u-Vu=0, (1.1)

ow—-Aw-VV - -w+2w-Vxu+u-Vw =0,
associated with the initial condition
u(x,0) = uy, w(x,0) = wy, (1.2)

where u(x,t) = (u1(x,t), uz(x,t),usz(x,t)) is the unknown velocity vector field, o (x,t) is the
unknown scalar pressure field, and w(x,t) = (wi(x,t), wy(x,t), ws(x,t)) is the unknown
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microrotation vector field with V - uy = 0 in the sense of distribution. 1y and wy represent
the prescribed initial data for the velocity and microrotation fields.
Here,

v:(aX1laXz/aX3)/ AZV'V,

3 3 (1.3)
V.ou= Zaiui, u-Vw = Zuiaiwj, (j=1,23).
i1

i=1

Micropolar fluid equations introduced by Eringen [1] in 1960" are a special model of
the non-Newtonian fluids which is coupled with the viscous incompressible Navier-Stokes
model, microrotational effects and microrotational inertia. Physically, micropolar fluid may
represent fluids that consist of rigid, randomly oriented (or spherical particles), suspended
in a viscous medium, where the deformation of fluid particles is ignored. It can describe
many phenomena appeared in a large number of complex fluids such as the suspensions,
animal blood, and liquid crystals which cannot be characterized appropriately by the Navier-
Stokes system [2]. When the microrotation effects are neglected or w = 0, the micropolar fluid
equations reduces to the classic Navier-Stokes flows (see [3]).

Due to the importance of both physics and mathematics, the questions on the well
posedness and asymptotic behaviors of solutions for micropolar fluid equations have been
attracted more and more attention. Galdi and Rionero [4], Lukaszewicz [5] considered the
existence of weak solutions of the micropolar fluid flows (1.1)-(1.2). the existence of strong
solutions with either local for large data or global for small data is considered by many
authors [6-9]. One may also refer to the interesting results on the large time behaviors of
micropolar fluid equations in [10-13].

However, similar to the classic Navier-Stokes equations, the question of global
regularity of the weak solutions of the 3D micropolar fluid equations still remain a big open
problem. It is of importance on the study of regularity of the weak solutions under additional
critical growth conditions on the velocity or the pressure. Based on some analysis technique,
some regularity criteria via the velocity of weak solutions in the Lebesgue spaces, multiplier
spaces and Besov spaces have been obtained in [14-16]. In particular, as for the pressure
criterion, Dong et al. [17] (see also Yuan [18]) showed that the weak solution becomes regular
if the pressure satisfies

JreL”<O,T;L‘7'°°<R3>>, for %+%§2, §<q§oo, (1.4)
or
rell <O,T; BY .. <R3>>, (1.5)

where L% and BY, , denote the Lorentz space and Besov space. Later on, those results of
pressure regularity criteria were further improved to the largest critical Besov spaces by Jia
etal. [19] as

x(x,t) € LP (o, T;Bl., (R3>>, (1.6)
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where

2 3 3
—+—-=241, ——<g<o, -1<r<L (1.7)
P q 2+7r

One may also refer to some interesting results on the pressure criteria for Navier-
Stokes equations [20-23] and MHD equations [24, 25].

The aim of this paper is to study the logarithmical regularity criterion for the three-
dimensional micropolar fluid equations in terms of the partial derivative of pressure in the
Lebesgue space or pressure in Besov spaces. Before giving the main results, we first recall the
definition of weak solutions for micropolar fluid equations (1.1)-(1.2).

Definition 1.1 (Lukaszewicz [5]). Let (up,wo) € L*(R®) and V - up = 0 in the sense of
distribution. A pair vector field (u(x,t), w(x,t)) is termed as a weak solution of (1.1)-(1.2)
on (0,T), if (4, w) satisfies the following properties:

(i) (u,w) € L*(0, T; L>(R%®)) N L?(0, T; H'(R3));
(ii) V - u = 0 in the sense of distribution;
(iii) (u, w) verifies (1.1) in the sense of distribution.

Now our result reads as follows.

Theorem 1.2. Suppose (ug,wo) € L*(R®) N L?(R®) and (u,w) is a weak solution of the 3D
micropolar fluid equations (1.1)-(1.2). If the partial derivative of the pressure, for example, O3
satisfies the logarithmical Serrin’s type condition

3 7 12
-_L. = < 1.8
+q 7 7 <S4S (1.8)

T bo) p
[ losllfy o2
o 1+In(e+|wll:) p

then the weak solution (u, w) becomes a regular solution on (0,T].

Theorem 1.3. On substitution of logarithmical Serrin’s type condition (1.8) by the following growth
condition

T IIJFIIf;fl
f e s < oo, (1.9)
o 1+In(e+ ||w]|4)

the conclusion of Theorem 1.2 holds true.

Remark 1.4. It is easy to see that (1.8) on the partial derivative of pressure does not seem
comparable with (1.4)—-(1.6) on the total pressure at least there is no inclusion relation
between them. Moreover, (1.9) can be viewed as an extension of (1.4)—(1.6). Since the growth
condition (1.8) is about d3or and (1.9) is on the Besov space B;}m, the methods in previous
results in [17-19] are not available any more. In order to come over the additional difficulty,
the rigorous analysis due to the new structure in nonlinear terms of the system (1.1)-(1.2) is
made and some anisotropic function inequalities are also employed.
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2. Preliminaries

Throughout this paper, we denote by C the constant which may change from line to line. We
also use the following usual function spaces LP(R?), 1 < p < oo, denote the Lebesgue space of
all L? integral functions associated with the norm

(Joo f ) PAx) P, 1<p < oo,
”f”LP = { : (2.1)

esssup|f(x)|, p = oo.
x€R3

H*(R3) denotes the Hilbert space {u € L*(R3); ||VFul|;2 < oo}.
Bf,,q(R3) denotes the homogeneous Besov space which is defined by the full-dyadic
decomposition such as

: S'(R?
BFSWQRS) - {f < DERS)) : ”f”B;;lq < 00}/ (2.2)

where

o 1/‘1
Zzisq||A]~f||‘Zp> , 1<g<o,
[1£1l, = <f——oo (2.3)

sup2’* || A, £l . 9=c,
jez

and §'(R3), P(IR3) are the spaces of all tempered distributions on R? and the set of all scalar
polynomials defined on R?, respectively. It is worthy to note that the homogeneous Besov
space B3 ,(R?) is equivalent to the Hilbert space H*(R?).

In order to prove the main results, we need to recall some anisotropic inequalities. The
following Sobolev inequality is due to Cao and Wu [26].

Lemma 2.1 (Cao and Wu [26]). Let the three constants 1 < u, A,y < oo satisfy

(2.4)

Assume ¢ € H (R?), 019,029 € L*(R®) and 93¢ € LF(IR3), then there exists a constant C = C(u, \)
such that

191, < Cllorll; ozl s 1™ (2.5)

We also recall an interpolation inequality in Besov space due to Meyer [27].

Lemma 2.2 (Meyer [27]). Let a >0, > 0and 1 < p < g < oo, we have for all f € S(R?),

1-6

[1£1la < Cllf Il e,

Il forﬂ=a<g—1>, 9=g. (2.6)
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The following local existence and uniqueness of the strong solution for 3D micropolar
fluid equations obtained by Dong et al. [17].

Lemma 2.3 (Dong et al. [17]). Assume 3 < p < oo and (ug, wp) € LP(R®) with V - ug = 0 in the
sense of distributions. Then there exist a constant T > 0 and a unique strong solution (u, w) of the 3D
micropolar fluid equations (1.1)-(1.2) such that

ue Bc([o, T); LP <R3>>,t1/2Vu € BC<[0, T); L <R3>>. (2.7)

3. Proof of Main Results

According to the local existence result in Lemma 2.3, it allows us to construct a unique
L*-strong solution (u,w) of micropolar fluid equations (1.1)-(1.2) under the initial data
(up,wp) € L*(R®) N L*(R%). Moreover, the strong solution can be proved to exist on a
maximal time interval using the standard local solution extension technique. For the notation
simplicity, we may suppose that the maximal time interval is [0, T). Thus, to prove the main
results, it suffices to show that

tim ([l + [0 (O)]) < oo. (1)

This boundedness will be obtained by the following steps.

3.1. Uniform Estimates of Solutions

In order to prove the main results, we first need some basic estimates of the solutions for the
3D micropolar fluid equations (1.1)-(1.2).

Taking the inner product of the second equation of (1.1) with u|u|* and integrating by
parts, it follows that

d 4 2 1 2
Sl + e Va7 + E||V|u|

2
! = J (V x w) - ululdx —J u - Vor|lul*dx, (3.2)
4 L2 R3 R3

where we have used the following facts:

f (u- Vu) - ululfdx =0,
- (3.3)
(Vi) - (V (uful?)) = |VulPluf + %|V|u|2|2.

Similarly, taking the inner product of the second equation of (1.1) with |w|*w and
integrating by parts yield

|

1
4 2 2 2
el + ol VeolF: + Sl o]V - 2wl + || V1eol

2 2 4
o= ]R3(V xu) - w|w| dx - 2||wl|}.,

(3.4)

NN
Y

t
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where we have used

f (u - Vw) - ww|*dx = 0,
]RB

(V) - (v (whol)) = [VeoPlof + 3 |Vio|,

(3.5)
f (V-w)V - <w|w|2>dx = J IV - w]|w]dx +f (V- w)w - V|w|?dx
R3 R3 R3
1 1 2
> —f IV - wlfwldx - -f |VIeoP|*dx.
2 R3 2 R3
Combination of (3.2) and (3.4) derives
1d 1 2
T (Ml + leollge ) + Ml Vall7. + 5 || VIul| |+ llw| Vel +2]|wll;
4 dt 2 L
(3.6)

< f (V x w) - ululfdx +f (V x u) - wlw|*dx - f u- Vor|lul*dx.
R3 R3 R3

With the use of Holder’s inequality, Young’s inequality, and integration by parts, the
first two terms on the right-hand side of (3.6) is bounded by

f (V x w) - ulul? dx +J (V x u) - wlw|*dx
R3 R3
< lwll o [Tl Vel 2 ||l L+ [Jull o]l Veol| 2 |z s (3.7)

1

4 4 2 2

< C(lullfy + 2ewllfe) + 5 (Mool Vel + |l Vulf.).
Inserting (3.7) into (3.6), we obtain

a 2
2 (lllfs + 1ol ) + 20l vall, + 2| V1l

< C(lullgs + Iewlly, ) + CU u-Vor|ul* dx (3.8)
R3

= C(Jlullfy + leoll}) + .
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In order to estimate I, we first establish some estimates between the pressure and the
velocity. Taking the operator div on both sides of the second equation of (1.1) gives

g &
Jr = (—A) ijzﬂm(uiuj),

(3.9)
e 0
Vo = (-4) i% yrs (V (uinj)).
Applying L? (1 < p < o) boundedness of the singular integral operators yields
Il < Clluelizy, 1Vl < Clle Vel (3.10)

Then employing the integration by parts and Holder’s inequality, we estimate I as

I=C

f u - Vor|lul*dx
R3

=CI a(u-Vul*)dx
(i)
3.11
scf |J2'u||V|u|2| dx (3.11)
R3
< Cllrull =11V [ulllrz
< Cllrllpallullp || VIul|| .-
Now we begin to prove Theorems 1.2 and 1.3, respectively.
3.2, Proof of Theorem 1.2
Applying Lemma 2.1 to ||or||;« by choosing y = 4, u = g such that
1 2 7
PRy (3.12)
Thus, we have
o lls < Cllowr | 10221052717 < ClIVar|FPlI0sr 7 (313)
Thanks to 12/7 < g < oo, then
8 7
=< - 3.14
<A<z (3.14)
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Using (3.10) together with Holder’s inequality and Gagliardo-Nirenberg inequality derives
that

Vol < Cllu- Vullpa < Cllulljzvey | Vil

- C“|u|

e l)II ullp2

(9/4)-(3/X) (315)

V]| 2

(3/1)-(7/4)
= U

2
viuf|,,

2 (9/4)-(3/1)

6/0)—(7/2)
< Cllu) "

V]| 2

Plugging (3.13) and (3.15) into (3.11) and employing Young’s inequality yield that

(5/2)-(2/1)
1/3 2/3
1< Clldsa 1 Vaull 32 a5y

1 2||? A1/3(4-A 81/ (12-7A 16(3-1)/3(4-\
< S|, + Closriy > v ||Lz< ) 160/

(3.16)
< S| THR], + (sl >+ Tl Y a0
< s|| vl |, + (it + 1vui) (lults +1)
=9 2 L4 L Lt ’
where we have used the following facts in the last line:
16(3 - 1) 2 3 7 . 41
2 ey, Z4Z=1 th = . ,
3(4—)L)< ’ p+q 1 that is p 71 (3.17)
Then inserting (3.16) into (3.8) obtains
d 4 4
= (lullfs + ol ) +
s et ) | .
< C(1+ 10srlly, + Va2 ) (lullfs + 1) + C(llullfs + o).
or
d
(el + lollfs) + |
< C(1+ ldslly, + 1V ull?2) (e + lullys + lleoll}. ) (3.19)

< Cllds !, (Iullfs + eolifs ) + C (1 + 1Vl ) (e + lullfs + ol )
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Denote
T = sl (e + s + llzollys ) (3.20)
and thanks to

1 4
1+In(e+ ||w|) <1+ 1r1(e + Z||w||‘i4 + 5)

1 4 1 4 21
<1+ing(e+ o) <1+ (e fwll) G20

<1+ ln<e + ||w||§4>,

we have for |

10377,

" T+In(e + [wl)

J

(e+ llullts + Xullt ) [1 +In(e + ] )]

103717,

~ 1+In(e+||lwlls)

(e + lulifs + llolifs) [1+1n (e + Il (3.22)

103717,

~ 1+In(e+||wl4)

4 4 4 4
(e + lultfs + leoltfs ) [1 + In(e + lullfs + ol )|

Thus, plugging (3.22) into (3.19) and denoting

K =e+|lullj, + |lwlfs, (3.23)
we have
d sl i
Lx< 1+In 1 )X 3.24
X< T o KYK o+ C(1+ [ Vull} ) £ (3.24)

Taking Gronwall’s inequality into consideration derives

& < (e + fluollys + llzeollfs)

I C llosl,

T+ wi) ”“‘K}ds}

xexp{C

t
x exp{’[ C(l + ||Vu||iz)ds}.
0

(3.25)
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Thanks to (1, w) is a weak solution of the 3D micropolar equations (1.1)-(1.2), then

T
j c(1 + ||Vu||i2)ds <CT, (3.26)
0

we rewrite (3.25) as

1+InX<CT+ 1n<e + ||u0||%4 + ||w0||i4>

3.27
sl &2
+C {1+InK}ds.
o 1+1In(e + ||wl|;s)
Applying Gronwall’s inequality again yields
In X < C(uo, wo, T) expy C JJ ”63””?[’ dsy, (3.28)
- o 1+In(e+ [|w||;4)
which implies that
Lim ()15 + lw ()l s) < co. (3.29)
Hence, we complete the proof of Theorem 1.2.
3.3. Proof of Theorem 1.3
Applying Lemma 2.2 to ||or||;+ by choosing
1
qg=2, p=4, a=1, p=1, 6=§, (3.30)
we have
lorle, < Cllrllyf2 flrlly?
' (3.31)

1/2 1/2 1/2 1/2
< Cllrlly2 llrlly? = Cllorlly2 vl

Plugging the above inequality into (3.11) together with Young’s inequality implies

2
I< Cllor|[pallull s || Vul

12

2
12

1
2 2 2
< Cllrlullulfy + 5 || viul

2 1 2||?
< Cllrlls, IVarlgallulfs + 5| V1el||
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2 1 2||?
< Clrlls, Modl Vel el + 5 || V1P|

1 1 2
2 4 2 2
< Cllrlih lullfe + 5 MVl + 5 || V1|

Then inserting (3.32) into (3.8) derives

d 4 4 4 4 2 4
2 (el + ol ) < Clhullfs + leollfs ) + Cllrlf, el

Thanks to

2
Cllrl,,

1+In(e + ||w]|4)

2 4 4
ol Mloellps [[llzs [1 + In(e + [[el|14)]

2
Cllrl,,

T 1+1In(e+||lwll;2)

il |1+ In (e + ool )]

2
Cllrli3

<
~ 1+In(e+||wl2)

inserting the above inequality into (3.33) and, similarly, denoting
4 4
K =e+|lulls + [l
then we have

[EalPS8
dx<c Pee
dt 1+1In(e + [|wl|s)

(1+InX)X.

Taking Gronwall, inequality into consideration derives

o 1+In(e + ||w]|4)

4 4 ' ”ﬂ-”i?;}m
X§1n<e+||u0||L4+||w0||L4>exp CJ : (1+InK)ds b,

or

2
S

l+Ink <1 16 14
+In K <In(e+ Juollfs + llwoll},) +ch Tt ST

4 4 4 4
(e + lultfs + leoltfs ) [1 +1n(e + lullfs + llollfs )],

{1+InK}ds.

11

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
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Likewise, applying Gronwall’s inequality again implies

InX<C cf Il d 3.39
< Cluan) P C [ iy 1 (339

Hence, we derive that

lim ([l (®) llps + e (B)l1s) < oo, (3.40)
which completes the proof of Theorem 1.3.
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