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It is known that strictly pseudocontractive mappings have more powerful applications than
nonexpansive mappings in solving inverse problems. In this paper, we devote to study computing
the fixed points of strictly pseudocontractive mappings by the iterations. Two iterative methods
(one implicit and another explicit) for finding the fixed point of strictly pseudocontractive
mappings have been constructed in Hilbert spaces. As special cases, we can use these two methods

to find the minimum norm fixed point of strictly pseudocontractive mappings.

1. Introduction

In this paper, we devote to study computing the fixed points of strictly pseudocontractive

mappings by the iterations. Our motivations are mainly in two respects.

Motivation 1

Iterative methods for finding fixed points of nonexpansive mappings have received vast
investigations due to its extensive applications in a variety of applied areas of inverse
problem, partial differential equations, image recovery, and signal processing; see [1-35] and
the references therein. It is known [36] that strictly pseudocontractive mappings have more
powerful applications than nonexpansive mappings in solving inverse problems. Therefore

it is interesting to develop the algorithms for strictly pseudocontractive mappings.
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Motivation 2
In many problems, it is needed to find a solution with minimum norm. In an abstract way,

we may formulate such problems as finding a point x' with the property

xTeC, ”xT” = I}ICIE%IHXH, (1.1)

where C is a nonempty closed convex subset of a real Hilbert space H. A typical example is
the least-squares solution to the constrained linear inverse problem [37]. Some related works
for finding the minimum-norm solution (or fixed point of nonexpansive mappings) have
been considered by some authors. The reader can refer to [38-41].

In the present paper, we present two iterative methods (one implicit and another
explicit) for finding the fixed point of strictly pseudocontractive mappings in Hilbert spaces.
As special cases, we can use these two methods to find the minimum norm fixed point of
strictly pseudocontractive mappings.

2. Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, respectively. Let C be a
nonempty closed convex subset of H.

2.1. Some Concepts
Recall that a mapping T : C — C is called nonexpansive, if

ITx = Tyll < [lx =yl (2.1)

for all x,y € C. And a mapping T : C — C is said to be strictly pseudocontractive if there
exists a constant 0 < A < 1 such that

ITx =Ty |* < [lx =y |I” + M| T = T)x = T -T)y]I", (2.2)

for all x, y € C. For such a case, we also say that T is a A-strictly pseudocontractive mapping.
It is clear that, in a real Hilbert space H, (2.2) is equivalent to

1-1
(Tx=Ty,x-y) < x-y|* - =T -Tx - 1 -Thyl[", (2.3)

forall x, y € C.Itis clear that the class of strictly pseudocontractive mappings strictly includes
the class of nonexpansive mappings.

Recall that the nearest point (or metric) projection from H onto C is defined as follows:
for each point x € H, Pc[x] is the unique point in C with the property:

llx = Pex|| < ||lx -y

, yecC. (2.4)
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Note that P¢ is characterized by the inequality:
PexeC, (x—-Pex,y—-Pcx)<0, yeC. (2.5)

Consequently, Pc is nonexpansive.

2.2. Several Useful Lemmas

Lemma 2.1 (see [42]). Let H be a real Hilbert space. There holds the following identity:

2 (2.6)

llc+ y|I* = lIxl” + 2(x, y) + ||y

orall x,y € H.
f y

Lemma 2.2 (see [43]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T :C — C bea \-strict pseudocontraction. Then,

(i) F(T) is closed convex so that the projection Prr) is well defined;

(ii) xI + (1 = x)T for k € [A, 1), is nonexpansive.

Lemma 2.3 (see [42]). Let C be a nonempty closed convex of a real Hilbert space H. Let T : C — C
be a A-strictly pseudocontractive mapping. Then I — T is demiclosed at O that is if x, — x € C and
x, —Tx, — 0, then x = Tx.

Lemma 2.4 (see [44]). Let {x,} and {y,} be bounded sequences in a Banach space X and let {f,}
be a sequence in [0,1] with 0 < liminf, , B, <limsup, B, < 1. Suppose that

Xn+l = (1 - ,Bn)]/n + ,ann (27)
foralln >0 and

limsup(||yn+1 - yn” =[x = xn”) <0. (2.8)

n—oo

Then limy, —, oo ||Yn — x4l = 0.

Lemma 2.5 (see [45]). Let {ay,},—, be a sequence of nonnegative real numbers satisfying
aps1 < (1 - Yn)an + YnOn, N2 0, (29)

where {yn} ey C (0,1) and {0, },—, satisfy

(i) 2o ¥n = o,
(ii) either limsup, 0, <007 320 [yuOn| < o0.

Then {ay} =, converges to 0.
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We use the following notation:

(i) Fix(T) stands for the set of fixed points of T;
(ii) x, — x stands for the weak convergence of (x,) to x;

(iii) x,, — x stands for the strong convergence of (x,) to x.

3. Iterations and Convergence Analysis

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C — C
a A-strictly pseudocontractive mapping with Fix(T) #@. Let « € (0,1) be a constant. For u € H and
any xo € C, let {x,} be the sequence defined by the following implicit manner:

xp =kTx, + (1 —x)Pclayu+ (1 -—a,)x,], n>0. (3.1)

Then the sequence {x,} converges strongly to Prixr) (1).

Proof. Step 1. The sequence {x,} is well defined.
Set p =1x/(1-(1-x)A). Itis easily to check that € (0,1). Then, we can rewrite (3.1)

as
pa-u 1-p
= - >
Xn = ) Tx, + 1 —ﬂ)LPC[a"u +(1-ay)x,], n20, (3.2)
which is equivalent to the following:
Xp = Ay + (1= V)Txy) + (1= ) Pefanu+ (1 - ay)x,], n>0. (3.3)

Note that AI + (1 — A)T is nonexpansive (see Lemma 2.2). For fix n, we define a mapping
S$,:C — Cby

Spx =pAx+ (1 -1)Tx) + (1-p)Pclayu+ (1-a,)x], xeC. (3.4)

For x,y € C, we have

||Snx - Sny|| = ||ﬁ(/\I +(1-M)T)x+ (1 —ﬂ)Pc[anu + (1 -a,)x]
—PAI + (1 =)T)y — (1 - p)Pefanu + (1 - an)y]||
<Bllx-yll+1-pA-an)lx-yl
= [1-(1-pad]|lx-yl.

(3.5)

which implies that S, is a self-contraction of C for every n. Hence S, has a unique fixed point
x, € C which is the unique solution of the fixed point equation (3.3).
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Step 2. The sequence {x,} is bounded.
Pick up any x* € Fix(T). From (3.3), we have

¢y — x*|| = || B(Axy + (1 = M) Txy,) + (1= B) Pe[anu + (1 - ay)x,] — x*
< p”)txn +(1-V)Tx, —x*|| + (1 _ﬁ)”PC[anu + (1= an)xu] —x7||

(3.6)
< Blln = x|+ (1= ) llan (1 = x) + (1 = ) (6 = %)
< Pllxen = x7[ + (1= B)[(1 = an)lloxn = x7| + atu | = x7|].
It follows that
llxn = 2| < [lu = 7. (3.7)
Hence, {x,} is bounded and so is {Tx,}.
Step 3. limy, _, o || xn — Txy|| = 0.
From (3.3), we have
[l = Tocn|l < A3y — Tyl + (1 = B) || Pelante + (1 = an)xn] — Pe[Tx,]||
< ﬁA”xn = Txy|| + (1 - ﬂ) (anllu = Txyll + (1 = an)llxn — Txull) (3.8)
= [1 -(l-ay- )‘)ﬁ] ll2¢n = Tl + (1 - ﬁ)an“u e
It follows that
n = Tyl € ——P = Ty | — 0. (3.9)
T (l-a,- -)‘).B

Step 4. x, — X € PFiX(T)(u).

Since {x,} is bounded, there exists a subsequence {x,,} of {x,}, which converges
weakly to a point x € C. Noticing (3.9) we can use Lemma 2.3 to get x € Fix(T).

By using the convexity of the norm and Lemma 2.1, for any X € Fix(T), we have

s = E[* = [|ACxn + (1= VT x0 = %) + (1= ) (Pelanu + (1 - an)xa] - B)|
< PlAxn + (1= N)Toxy = & + (1 = B) I Pelanue + (1 = an)xu] = X[1*
< Blln = FI7 + (1= ) lan (= %) + (1 - ) (x = D)
= Bl = FI* + (1= B) [ = @)l = B + 20 (1 = ) (u — %, 3, = ) + | - 7P|
= Bllxn = FI*+ (1= B)[llxn = B = 2004l = | + 200, (u = %, 3, - )

=112 =12 ~ ~
v (Il = FP + lxn - FI? - 2(u - %, x, - %))

(3.10)
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It turns out that

~2 ~ ~ a ~2 ~2 ~ ~
o = FIP < (0= %20 = %) + S (e = FIP + v = 77 + 2 = X - %))

(3.11)
<{u-X,x,—-X) +a,M,
where M > 0 is some constant such that
sup 2 {1~ 7P + Il ~ 7P + 20~ Ella — 5} < M. (312)
Therefore we can substitute X for x in (3.11) to get
1%n = X|* < (1 =X, xn — X) + oty M. (3.13)

However, x, — x. This together with (3.13) guarantees that x, — Xx. It is clear that x =
Prix(ry(1). As a matter of fact, in (3.11), if we let n — oo, then we get

(u-x,x-x)>0, VxeFix(T). (3.14)
This is equivalent to

(u-x,x-x)>0, VxeFix(T). (3.15)
Hence, X = Prix(r) (). Therefore, x, — X = Prixr)(1). This completes the proof. O

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C — Ca
nonexpansive mapping with Fix(T) # 0. Let « € (0,1) be a constant. For u € H and any xy € C, let
{xn} be the sequence defined by the following implicit manner:

Xy =kTx,+ (1 -x)Pelau+ (1 —ay)x,], n>0. (3.16)

Then the sequence {x,} converges strongly to Prix) (1).

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C — C
a A-strictly pseudocontractive mapping with Fix(T) #@. Let x € (0, 1) be a constant. For any xo € C,
let {x,} be the sequence defined by the following implicit manner:

Xy =KTxy+ (1 -x)Pc[(1-ay)x,], n>0. (3.17)

Then the sequence {x,} converges strongly to Prixr)(0) which is the minimum norm fixed point of T.
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Corollary 3.4. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C — Ca
nonexpansive mapping with Fix(T) #@. Let « € (0, 1) be a constant. For any xo € C, let {x,} be the
sequence defined by the following implicit manner:

Xy =kTxy,+ (1 -x)Pc[(1-a,)x,], n>0. (3.18)

Then the sequence {x,} converges strongly to Prixr)(0) which is the minimum norm fixed point of T.
Next, we introduce an explicit algorithm for finding the fixed point of T.

Theorem 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H. LetT : C — Ca
A-strictly pseudocontractive mapping with Fix(T') # (. Let p and & be two constants in (0, 1) satisfying
p+6 < 1. Foru € H and any xy € C, let {x,} be the sequence defined by the following explicit manner:

Xpe1 = (PL+0)xy + (1 - N)Tx,+ (1-p-6)Pclayu+ (1 -ay)x,], n>0, (3.19)

where a, € (0,1) satisfies the following conditions:

(C1) limy, _, oax,, = 0,
(C2) >y an = co.

Then the sequence {x,} converges strongly to Prix(r)(1).

Proof. Step 1. The sequence {x,} is bounded.
First, we can rewrite (3.19) as

X1 = PAxy + (1= V)Txy) +6x, + (1= p-6)Pefayu+ (1 - ay)x,], n>0. (3.20)

Take x* € Fix(T). From (3.20), we have

21 =[] = [|BAotn+(1=0) Tty =x) +6 (xtn=x) + (1-p=6) (Pe[anti+ (1 = an) xn] = x7) |
< Bllacy + (1= )Tx, = x"|| + 8locn — x|
+ (1= p=6)[IPclanu+ (1 - an)x,] - x°]|
< Bllxn =l +6llocn = [ + (1= B = 6) (@nllue = x*|| + (1 = @) |0 = 7))
[1-(1-p-06)an]llxn - x| + (1= p— 6)aullu — x|

max{|x, — x|, [l - x|}

IN

(3.21)

By induction,

[l = x| < max{fla, = x|, [ = 27|} (3.22)

Hence, the sequence {x,} is bounded and {Tx,} is also bounded.
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Step 2. limy, _, || xn — Txp|| = 0.
We can rewrite (3.20) as

Xn+1 = 0xp + (1 = 0)Yn,

(3.23)
where
1-p-6
Yn = 1 556()an +(1-M)Txn) + 1 ’f 5 Pclayu+ (1 -an)x,], n>0. (3.24)
It follows that
”yn+1 - yn” < %”(Axnﬂ + (1= M)Txpe1) = (Axy + (1= A)Txy) ||
1-p-6
+ ﬁ”PC[“rHJu + (1= aps1)xXn1] — Pelagu + (1 — ay)x,]||
1-p-6
< P =l + = ] + ) (325)
1-6 1-
1-p-6
+ (15;—6)(1 = 1) [ Xne1 — Xn|
1-p-6
< It = 2l + L= s = gl + ).
1-6
Thus,
. . 1-p-6
lim sup (||yne = Yal| = 1% — xall) < lim sup ————lan1 — an|([Jull +[lxa[l) = 0. (3.26)
This together with Lemma 2.4 implies that
Tim [|y, = xu]| = 0. (3.27)

Note that

e = Toxull < [|%n =yl + [ yn = Toca|

= lloen = yall +

p _ 1-p-6 _ _
m(lxn +(1-M)Tx,) + ﬁpc[unu + (1 -ay)x,] -Tx,

p 1-p-06
< lotn = ynll + g Mt = Toull + — = 1Pclanu + (1 = an)xn] = Tty
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< Nl + oM~ T+ 22T
AP0l Tl
(3.28)
It follows that
=Tl € 5= = vl + b= Tl (329)
Thus,
;}i—lgo”x” —Tx,l = 0. (3.30)
Step 3. limsup,, _, (u—X,x, —X) <0, where X = Pri1) ().
To see this, we can take a subsequence {x,, } of {x,} satisfying the properties
lirzlszp(u—k“,xn -X) = I}ijr;g(u—i,xnk - X), (3.31)
Xp, — x* as k — oo. (3.32)
By the demiclosed principle (see Lemma 2.3) and (3.30), we have that x* € Fix(T). So,
limsup(u—-X,x, —X) =(u—-x,x*—x) <0. (3.33)

n— oo

Step 4. x, — X.
From (3.20), we get

2ns1 = X|% < BllAxy + (1 = )Tx, — X)) + 61, — X1
+ (1= —8)lI1Pclayu+ (1 - ay)x,] - %
< (B+6)lxn = Z[* + (1= B~ 6)llan( — X) + (1 = ) (20 = D)
= (B+6)llxn—FI + (1= - 6) [(1 = 2an)l[xs = FIP + 20 (1t~ %, 2, - &)
402 (Il = FIP + g - I - 2(u - %2, - ) )|
= [1-2(1-p-8)an]llxs - 7|
+2(1-p-6)an ((u=3, %=+ 2 (= + oty 7 -2(u—5, x,-5)))

= (1= 6,) %0 = X|* + 6,6, (3.34)
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where 6, =2(1 - - 6)a, and

0, = (U—%, 2, — %) + %(Hu —F| + [loen = | - 2(u - &, xn — §>). (3.35)

It is easy to see that lim,, _, .6, = 0 and limsup,, _, 6, < 0. We can therefore apply Lemma 2.5
to (3.34) and conclude that x,,; — X as n — oo. This completes the proof. O

Corollary 3.6. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C — C
a nonexpansive mapping with Fix(T) # 0. Let f and 6 be two constants in (0, 1) satisfying p+ 6 < 1.
Foru € H and any xo € C, let {x,,} be the sequence defined by the following explicit manner:

Xne1 = (PA+8)xp + p(1 = V)Txy + (1= - 6)Pelagu+ (1 - ay)x,], n>0, (3.36)

where a,, € (0, 1) satisfies the following conditions:

(C1) limy, L ax,, =0,
(C2) > pan = o0.

Then the sequence {x,} converges strongly to Prix)(1).

Corollary 3.7. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C — Ca
A-strictly pseudocontractive mapping with Fix(T) # (. Let p and & be two constants in (0, 1) satisfying
p+6 <1 Forany xq € C, let {x,,} be the sequence defined by the following explicit manner:

Xpe1 = (PA+6)xn + (1 - N)Txy + (1= p—-6)Pc[(1 - ay)x,], n>0, (3.37)

where a, € (0, 1) satisfies the following conditions:

(C1) limy, - oax,, = 0,
(C2) > 7o an = o0.

Then the sequence {x,} converges strongly to Prixr)(0) which is the minimum norm fixed point of T.

Corollary 3.8. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C — C
a nonexpansive mapping with Fix(T) # 0. Let f and 6 be two constants in (0, 1) satisfying p+ 6 < 1.
For any xo € C, let {x,,} be the sequence defined by the following explicit manner:

X1 = (BA+6)x, + p(1 = N T, + (1= p—6)Pe[(1 - an)x], n>0, (3.38)

where a,, € (0, 1) satisfies the following conditions:

(C1) lim, oy, = 0;
(C2) > pan = o0.

Then the sequence {x,} converges strongly to Prixr) (0) which is the minimum norm fixed point of T.
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4, Conclusion

Finding fixed points of nonlinear mappings (especially, nonexpansive mappings) has
received vast investigations due to its extensive applications in a variety of applied areas
of inverse problem, partial differential equations, image recovery and signal processing. It is
wellknown that strictly pseudocontractive mappings have more powerful applications than
nonexpansive mappings in solving inverse problems. In this paper, we devote to construct the
methods for computing the fixed points of strictly pseudocontractive mappings. Two iterative
methods have been presented. Especially, we can use these two methods to find the minimum
norm fixed point of strictly pseudocontractive mappings. The ideas contained in the present
paper can help us to solve the minimum norm problems in the applied science.
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