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This paper is concerned with the regular dynamic loop-like subdivision scheme based on the
extension of Box-Spline method. The purpose of the addressed problem is to prove the convergence
of the subdivision scheme and verify the C° and C! continuity by calculating the eigenvalues
of the 2-neighbor subdivision matrix. Compared with the loop subdivision scheme in previous
references, the designed scheme can generate exact revolving surfaces and hold a stronger
modeling capability because the subdivision matrix can update regularly with the iteration
procedure. Finally, some examples are given to illustrate the effectiveness of the proposed method.

1. Introduction

It is well known that the subdivision method is a powerful tool in the fields of free-form
surface modeling and tensor product surfaces for a long time. Starting from an arbitrary
initial control mesh, subdivision schemes can produce a sequence of finer and finer meshes
converging to a originally described surface. If the sequence of control nets converges in a
certain sense, such procedure can be used to generate surfaces. The subdivision operations
are efficient and could be well applied to arbitrary topology polygon meshes. In addition,
there exist adequate theoretical tools for analyzing its convergence and continuity. Therefore,
the subdivision method has become a standard technique in both academic and industrial
communities.

In recent decades, there has been a tremendous progress in scheme construction [1-
3]. Since the introduction of Catmull-Clark subdivision surfaces [4] at the end of the 1970s,
many subdivision schemes have been proposed for various applications [5-8]. A unified
framework with various essential and basic refinement operations has also been constructed
in [9]. Recently, a subdivision method for triangle meshes has become an important research
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issue, because such meshes are well supported by software and hardware graphics systems
and can be easily derived by most other representations. It is well known that the loop
scheme originally proposed by Charles [8, 10] is a simple face-split approximation scheme
for triangle meshes. Based on the triangular splines, the scheme produces surfaces which
are always C? continuous everywhere except at the extraordinary vertices where they are
only C! continuity. Boundary rules produce a cubic spline curve along the boundary, which
only depends on control points on the boundary. An interior vertex with valence 6 and a
boundary vertex with valence 4 are called as a regular vertex, while the others are irregular
or extraordinary ones. The masks for the Loop scheme is shown in Figure 1. The scheme
works as follows.

(i) Vertex updating rule: for every original vertex, a new vertex is calculated by using
the suitable coefficients for 1-neighbor control points as shown in Figures 1(a), 1(c),
and 1(d).

(ii) Edge splitting rule: for every edge in the original mesh, a new vertex is calculated
by using the masks as shown in Figure 1(b).

(iii) Face splitting rule: every triangle in the original mesh produces six new vertices,
three from original vertices and the others from original edges. These six vertices
are constructed into four new triangles.

The common feature of these methods lies in their parameters which are fixed in
each step of subdivision operation, which is called as stationary subdivision. Unfortunately,
since the shape of a stationary subdivision surface is totally determined by control
meshes, it is not convenient to add further control except mesh modification. Hence, some
nonstationary subdivision schemes should be introduced; for example, the authors in [11]
extended the Doo-Sabin scheme to the nonstationary case and [12] proposed a nonstationary
butterfly interpolatory subdivision scheme. However, the previous subdivision scheme
cannot accurately represent some ordinary surfaces in engineering, such as cylinder, cone, or
other revolving surfaces. In order to find a subdivision uniform method to represent quadric
surfaces, revolve surfaces, and traditional subdivision ones, [13] proposed a method called
semistationary subdivision, which can remedy the shortage of the traditional ones well. But,
the above method can only be applied to the quadrilateral mesh and needs the further study
for the triangle mesh. So, it is an urgent issue to find a subdivision method for triangle meshes
to represent quadric surface, revolving surface, and traditional subdivision surface uniformly.

On the other hand, the convergence is an important topic when studying subdivision
surfaces. Doo and Sabin [5] first performed the convergence analysis by investigating the
eigenstructure of subdivision matrices based on a discrete Fourier transformation. Ball and
Storry [14] further exploited an approach based on the matrix eigenstructure for a tangential
continuity analysis. However, their results could not guarantee that subdivision surfaces
were regular at extraordinary vertices because it did not take the properties of basis functions
into account [15]. For this, Reif [9] explored a method to deal with the continuity issue
by establishing a characteristic map, which could be used to ensure the C' continuity
for subdivision schemes. Under the above framework, Peters and Reif [16] established a
strict theoretical analysis about both the Doo-Sabin scheme and the Catmull-Clark one,
while Umlauf [17] thoroughly examined the continuity of the Loop subdivision scheme.
The approach described in [18] is an extension of Reif’s work for subdivision schemes
without a closed parametric form. In [19], Zorin proposed another method based on Z-
polynomials when considering the C! continuity of arbitrary subdivisions and developed a
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(a)

Figure 1: Masks for loop scheme witha =1/8,b=3/8,c =1-nd,d = (1/n)(5/8-(3/8+(1/4) cos(2r/n))?),
and e = 6.

numerical algorithm for the C! continuity verification. However, because the regular dynamic
subdivision matrix is not fixed, it is impossible to use the classic criterion for subdivision
convergence.

Motivated by the above discussion, we will investigate the subdivision method for
triangle mesh which can represent a revolving surface exactly. Firstly, a new subdivision
scheme based on Box-Splines is proposed, and the subdivision matrix is constructed.
Secondly, the characteristic spectrum of global subdivision matrix is analyzed, and the
detailed analysis for C° and C! continuity is given. Finally, several illustrative examples are
provided to demonstrate the effectiveness of the proposed approach.

The main contribution of this paper is summarized as follows. (1) A novel subdivision
scheme with a stronger modeling ability is proposed based on the new extended Box-Splines.
(2) The C° and C! continuity is strictly proved by calculating the characteristic spectrum of
the global subdivision matrix. (3) An anisotropy subdivision scheme and a special control
net pattern are constructed, and then the revolving surface is generated exactly.

2. Regular Dynamic Loop-Like Subdivision Scheme

In this section, we will introduce the regular dynamic loop-like subdivision scheme. Similar
to the loop scheme, after one step of subdivision, the number of irregular vertices is fixed. If
the mesh is further subdivided, irregular vertices will be isolated. In other words, each face
contains at most one irregular vertex. In the following, we will assume that the sufficient
subdivision steps have finished to generate the local subdivision structure just as shown
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in Figure 2. The vertex marked as 0 is an irregular vertex with valence n. Its neighbors are
separated by incident edges into n subregions, which are called as segments and marked in
counterclockwise order. In each segment, from center to outside, the control vertices are also
numbered in counterclockwise order. After k times subdivision, the vertex sequence around
the irregular vertex is denoted as

B afy®.yo., yo]
v 2 v v v 2.1)
where V](.k) £ [v}o,v](’?, . ](l;)l 1] is the vertex subsequence in segment j.

For L-level nelghbors m = (L+1)L/2+1. In order to analyze the first order continuity,

we consider the 2-level vertex neighbors of the irregular vertex, that is, m = 4. Here, we define

(k) & (k) (k) (k)
Vg =T =010 =" =Tup

Similar to the loop subdivision schemes [8], two successive vertex sequences hold the
following relationship:

vk = gkyk-1) (2.2)

where S® is a 4n x 4n matrix related to the subdivision level index k. Obeying the former
segmented control vertices coding rules, the subdivision matrix S* is made up of nxn matrix
blocks S](I;? which size is 4 x 4. Thus, we have

n-1

*) _ N gy (k-1)

v; _%s].,j,vj, ) (2.3)
]:

The subdivision matrix has the following properties.
(1) The sum of elements of each row is equal to 1.

(2) The matrix is cyclic symmetry, that is,
s 280 =8 . jj €Ly (2.4)

JHi

Based on the property (2), (2.2) can be rewritten as

(k) (k) y7(k= 1)
v; ZO SHAS (2.5)
'
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Figure 2: The subdivision stencil for continuity analysis.

where

_ W -
(1_”ﬂ" ) (k)
— JiM 0 0
(k) (k)
S(()k) _ b b 0 0 )
(k) (k) plk) (k)
6 1-6fg" Py Pe
a b® 0 a®)
_ ) -
1-np
< n > ‘Elk) 00
n
(k)
Sik) _ 0 a™ 00 )
0 00
| 0 b® 0 0]
(1 np® '
( n > ’(1k) 00
(k) _ — _
S, = 0 o ool 1=2,...,n-2,
0 0 00
| 0 0 0 0]
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(1-n8") ’
(k)
.. 0 0
p p

0 a® 0 0
Sfl—1=

(2.6)

Based on the C-Box-Splines [20-22], the generation function of a regular dynamic
loop-like subdivision [13] and each parameter of the above formula could be obtained as
follows:

__f _ fH2f? _ 3
“Cifvap Ptapap TP
(2.7)
(10 —(3/2+ Cos(2x/n))2> 4
i n S
where the kernel function is chosen as
f(k) = cos (2-’<a0) (k € Z*). (2.8)

Of course, the kernel function could be some others with the same or faster convergence rate.
It is known that the characteristic spectrum of S%) is needed when studying the
convergence of the subdivision scheme [9]. Next, we will analyze the characteristic spectrum
of $% in detail.
For the block circulant matrix

So S$1 Su-1
Su-1 So -+ Su2
S S Sy

where S; = (5ij)xm (I =0,1,...,n—1), we denote S £ bcirc(So, S1,...,Sn-1), Wy = e2mV-1/n,
Wij =@, Ty (i,j € {0,1,...,n—1}), and W = (W;;)
Let

nxn fOT simplicity.

S=W'sw, (2.10)

which is indeed a similarity transformation of matrix S.
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Denote

g = diag(go, §1,. . .,gn_1>,

where S; = (1/n) 3% lSwW;.
Then, we have the following Lemma.

Lemma 2.1. The matrices S and S have the same eigenvalues.

(2.11)

The above lemma is easy to be verified (see [23] for details) and we omit its proof here.

Theorem 2.2. The eigenvalues of the subdivision matrix
k) _ he (k) g(k) (k)
S®) = beirc (SO ;S ,...,Sn_1>

are 6;, ( ), a®, and b®) + g®) (ri700) 4

the Kronecker delta.

Proof. Let
k) _ w-lg(k Y (k) (k)
S = ws®w = diag(S{”,81",...,8%)).
By (2.11), we have

5 =8 +8% + (n-3)s + 8"

onp g 0 o
b 0 4250 o 0

~

= k k k k
R

a® 2p® 0 a®

L P

$9 =5 + sl - (1+ @)+ w;')S\Y + wiSLY

n=~n-1
[ 0 0 0 0 )
b(k) b(k) + a(k) (W;l + W;) 0 0

i i k k k
W 1-6p)) + (@B Y (L+wi)p

a® b® 4 pRgri 0 a®

@, ) np® 6,0, wherei =1, ...,

L 4

(2.12)

n—1,and 6;; is

(2.13)

(2.14)

Hence, the eigenvalues of the submatrix g(()k) are 1, b®) 240 nﬂﬁlk), ék), and a®. The

eigenvalues of the submatrix gfk) are 0, b + gk (wi + 1), ﬁék), and a®.
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Then, we can obtain the eigenvalues of S® as follows:

80,8y, a®,b® + a® (@, + @, 1) —pl6,. (2.15)

3. Analysis on Convergence of the Subdivision Scheme

In this section, we mainly focus on the convergence of the subdivision case around irregular
vertices. At the regular vertices, the generated surfaces have similar properties as the C-Box-
Splines in [22], which is C? continuity. In the following, the convergence of the subdivision
scheme will be firstly discussed, and then the continuity of the subdivision surfaces.

3.1. Convergence of the Subdivision Scheme

In this subsection, we will analyze the convergence of regular dynamic loop-like subdivision
scheme. The subdivision process can be expressed as

k
v = gRyED - glghkDyEd — ... - TTsOVO, 3.1)
i=1
Let
(k) fl (i)
Mk £ SW, (3.2)
i=1

By induction, we can conclude that the sum of each row of M® is equal to 1.
Define T = 8™ —§, § = lim,;_,,,$™, and sum™ = 3" |(S™ - S), |, by (2.7), we

have
sumfm) € klim {2 m) _ pk) ,2|b(’") - b<k)|,9|ﬁém) —ﬂék)|,2|a(m) - a(k)| + |b("’) - b(k)|,
* (3.3)
|a™ —a®|,|pe" - g, [p - b®|, 2|80 - O |},
where i is the row number of the matrix.
When f = cos(2¥ag), we have
m) ¢l (3.4)
max{sumi } <Co .

where C is a constant number.

Theorem 3.1. If subdivision step k — oo and the kernel function f(k) converges to 1 with a
geometric series rate, then a reqular dynamic loop-like subdivision scheme is convergent.
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Proof. Under an identical transformation to M™, we get

m—1
M = gm 4 Zsm—jT(f)M(j—l) + T N1 (3.5)
=1

For the k dimensional column vector x, the S"x is convergent. Next, we only need to prove
that T™M-Dx and Z;’Sl S ITWMU-Dx are convergent.

First of all, let ||x|| £ maxj<i<k|lxi||, where x; is the ith component of x. Since all
elements of the matrix S) are nonnegative and the sum of the row element is always equal

to 1, we have

|<S(f)x>i| <kl i=1,...k

(3.6)
[s9x(| < Il
Thus, we have
m-1
”M(”H)x” = [TTsx]| < Ixl. (3.7)
j=1
By (3.4), we get
_ 1 _ 1
freome ] c e . =
where C; is a constant.
Secondly, let
Ym = D, S"ITOMIDx, (3.9)
j=1
We claim that {|y|], ly2ll, ...} is Cauchy sequence and prove it as follows.
For m,l > 1, one has
m_l . . . . o .
1yt =yl < ”Sm+l—JT(1)M(7—1)X _ sm—JT(J)M(J—1>x||
i=1
(3.10)

m+l-1

>y ||Sm+l—jT(j)M(j—l)x||'
j=m
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Denote v{) = TOMU-Dx, we have vi) = V1f1+Vofr+- - -+ VapPuy, for some f; € R, where
Vi,..., V4, are the eigenvectors of S. Then,

”sm”-fv(f) — gmiyl) || = ||A2’"’f ()L; - 1>vzp2 S Y GV 1)v4np4n ||

- (3.11)
Sy (4n—1) max [lvi.
Using the standard results in a numerical analysis, we get
max ||vifi]| < ||T||||T’1||||V(7)”, (3.12)

2<1<4n

where ||T|| and ||T~!|| are row sum norms of T and T}, respectively. T is the transformation,
which transforms the basis {ey, ..., es,} of R* to the basis {v},..., v} } of R*".
Then, by (3.4), (3.8), and (3.11), we have

|5 - 5y || = (k- 1)CaA7 (i)’ﬁu sl (3.13)

where C, is a constant.
Similarly, we have

||sm+l-fT<f>M<f-1>x|| < G361 x|, (3.14)

where C; also is a constant.
By Theorem 2.2 and (2.7), one obtains

3 5
- <) <= 3.15
8\)¥2\8 ( )

Substituting (2.4), (3.8), and (3.14) into (3.10), we obtain

, m-1 m—j 1 Im+l—1 1
Iyt =yl < IS Cotk =D S {237 b+ . (3.16)
j=1

jom ¥

From 4\, > 1, then both Z}‘Zl (1/(4)2)7) and Zﬁl (1/47) are convergent.
Then we get

Jim [|yynes = ymll =0, (3.17)

that is to say, {|lyill,|lyzll,--.} is a Cauchy sequence, that is, Z}’;l S ITOMUDx is
convergent. Hence, the subdivision scheme is convergent. O
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3.2. Continuity of the Subdivision Surface
3.2.1. Subdivision Matrix Analysis
Firstly, we need to prove the following lemma.

Lemma 3.2. Let

= (k) 1-a® a®
= = H [ b  1-p®|
m

k=nny_1,...,

Their eigenvalues are

T (1-a®-b®).

k=n¢,n-1,....,m

Proof. Since

1—a® g _c® o
_14p®
[ bk 1—b<k>]‘1+b [ 1 —1]'

where ¢® = g® /p®) and

_olk) (k)
(k) _pk)|7C¢" €
A® Zp [1 _1],

then
é(k) =T+ AM £ A1) oo Alm) o A1) A (10)
+...+A("2)A("1)+...+ H A(k)
k=ny,ni_1,...,m
From

el (k) 41 —clko) (ctk) 41)
—(c® +1) k) 41

— _ptkn) <C<kl> + 1) Ak

AR A (k1) = pRapk

11

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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we have

o

® 14 S A ST AP+es S T AD

1<k <t 1< ko <t j=1ky Mgy 1<k <t j=gg ooty
ki<
e 1<k <t
152 ky <<k

1<k <E j=nky oo kg

1<k <t
ky<-<ky
t - .
-1+ Y At T b9 (_Co) _ 1)
i=1 1<k <t JENk_y ey
1<k <t
k<o <kiq <k;
[ . . t . . ]
1+ X (_amm) I (-a® —pi) D> (_amm) T (-a® -b0)
i=1 1<k<t j:nkiil,.,,,n;q i=1 1<ki<t j:nkﬂ,.,.,nkl
1<k <t 1<k <t
k<o <kiq<k; ky <<k <k;
¢ . . t . .
S 3 (_b(nk,-)) 1 (-a®-b0) 1+3 3 <_b<na,)> I (-a¥-b")
i=1 1<kt JER_y ey i=1 1<kt JER_y oMy
1<k <t 1<k <t
| ki <--<ki_1<ki ky<--<ki_1<k; ;
(3.24)
Furthermore, their eigenvalues could be obtained as follows:
Ao=1,
t . .
L=1+Y 3 <_a<nki> 1 <_a<]> - b(;))
=1 1<kt J=NU_y e TRy
1<k <t
ki<-<ki_1<k;
t . .
DY (_b(nk,->> I <_a<]> _ bU))
i=1 1<k1<t j:nki,lrwrnkl (325)
1<k <t
k1 <-<kj_q<k;
t . .
=1+> > IT <—a(7) _b(1)>
i=1 1<kt j:nki,...,nkl
1<k <t
ky<--<kj1<k;
= JI <1 _a®_ b(k>>.
k=nyneq,...,m
O

Theorem 3.3. The eigenvalues of M® are 1,0, T, (00 + a¥ (!, + w;1)), TT), (1 - npd — ),

H;‘:l ﬂéj ) and ]‘[;‘:la(f), and the last two eigenvalues are the repeated ones.
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Proof. Since S®) is a block circulant matrix, so is M®). Let

M = WIMW, (3.26)

we know M is a block circulant matrix, and

k ok
M = birc <Hs<”,1‘[s§” Hsm > (3.27)
j=1 j=1

Denote
M® £ diag(M{?, M{",... M{¥)), (3.28)
we have
k) & PTE0) M%) 0
MY A2TTS) = ' , 3.29
! Hl VOV (3:29)
j=1 M) M;;

and the eigenvectors of Mgk) only relate to Sl0 ,S(k) The following two cases need to be

discussed separately.
(1) If i = 0, then

1 — nﬂ(’) n 1(17')]

j=1 b 1-bW

k. (3.30)
VGl Eﬁéj) *
M, = ” ko
0 Jla¥
s =1

By Lemma 3.2, we can get the eigenvalues of Mé’fg

k .
lo=1, M=[](1-np? - b<f>). (3.31)

j=1

The eigenvalues of M( 01 are

k
L —| |ﬁ(’) As=] 1|a<f>. (3.32)
j=
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(2) If i #0, then

-

0 0
NM® — koo .
i0 x TI(D +a") (@l + @) |’
L j:1
Tk (3.33)
— 0 11:36 Y
Mi,l = I K
0 JJa®
L =1
where x, y are real numbers. Their eigenvalues are
W=TT00 +a (et re)), 10, %=TA w=IT% o3
j=1 j=1 j=1
respectively. O

Theorem 3.4. If the eigenvalues of matrix M® are ordered from the greatest to the least, then one has

M=1>M=M>A3 > > 421 =0, (3.35)

lim =0, iz0. (3.36)

Proof. Since each row sum of M® ig equal to 1, then (1,1,..., 1)T must be one of eigenvectors
corresponding to the eigenvalue 1.

(1) We prove the (3.35) firstly.

Let

k k
; ; 20T ; ; 2(n-1)o
A :I | b + 240 _> A :| |<b(1) 24" —) .
1 ]':1< +2a"’ cos - ) g +2a"’ cos " (3.37)
It is easy to derive that

k
A=A = H<b(f) +2a" cos 2%) (3.38)

j=1
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15

In order to prove that the absolute value of \; is the maximum value among all

eigenvalues except for 19, we need to prove

B .
IAg] > H(b(]) +2a cos<%>>, i=1,...,n-1,
j=1
k
|A1] >
-1

7

(1-np —b0)

]

and then

(3.39)

(3.40)

(3.41)

(a) For the inequality (3.39), if n = 3, the group has eigenvalues \; and \,, then the

inequality is obvious to be obtained. If n # 3, since

COS(_Z]Z‘(Z— i)> = COS<%>,

and according to the monotonicity of the function cos(2sri/n), we have that

k
M =L = H(b(j) +2a" Cos<27ﬂ->>

1

is the maximum value in the group.
(b) For the inequality (3.40), we only need to prove

b 4240 cos(z—ﬂ>
n

> |1 —np) - b(f)i,

where

i) nd 10-(3/2+ cos(27r/n))2

n

When n = 3, we have
lof; +24f —14f7 - 3f;
af;(11+8£2)(1+ f;)

2
i

1-npd — bV =

b) 420 COS<2_”> — ) _ gl =
n

T2+8f04nd 2+8f7 +(10- (3/2+cos(27r/n))2)'

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)
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Then,

3f;(1+12f; - 8f?)

. (347)
afy(11+ £2) (1 + ;)

(bU) _ a(j)) _ <1 —npY - b(j)) -
Since 1/2 < f; < 1, the above formula is positive; that is, when n = 3, inequality (3.40) holds.

When n > 3, since

10 - (3/2+1) < g < 10-(3/2+0)°
(oo “ e (n-ome)

(3.48)

that is

15

() 31
—— <npl’ <
23 +32f7

W < ————s, (3.49)
39 + 32f;

then we have

15 AR 9f ~14f7 + 961} + 64f
23+32f]  8f;+8f; 4f,»<23+32f]-3>(1+ff),
2f]-+4f].2
8fj+8f].2’
£(7 +30f; - 32f7)
2f; (23 + 32f].3> (1+f)

1-npd b9 <1-
(3.50)

bi) 4 20 COS<2_”> > b0 4200 0 =
n

b0 — (1 —np - b(i)> =

By 1/2 < f; < 1 again, the conclusion could be obtained naturally.
To Sum up, we have

1] >

k
. (3.51)
=1

(1-npl -b0)

]

(c) For the inequality (3.41), we have

k i k
A = H(b(j) +2a) cos(%)) > H(b(j) - a(f)>. (3.52)

[ i1



Abstract and Applied Analysis 17

Since

2fj +4Af? 2f; > 1 afi+3f -1
b; —a;) - s = - - = ) ,
(=) =he <8ff+8f,~2 8fi+8f7/ 8+8f) 8(1+f)(1+f?) (559
and 1/2 < f < 1, we have
k .
> TTY (3.54)

j=1

From
2
b _4fj_2fj _2f]'—1 355
(bj—aj) —a;= _ 2 " 4+4f, (3.55)
8fj+8f; fi
we have
k .
A>T a% >o. (3.56)
j=1

Then, the eigenvalues of M® hold the properties (2). Thatis tosay, \o =1, Ay = A, =
[T (0% +2a% cos(2ri/m)), and 1= [Ao| > [ = [Aa] > || > -+ > [apa| = 0
(2) We verify (3.36).

Since
A . 2 ) .
b9 4240 cos(%)' < |b(1) + 2a(7)' =¢<1, (3.57)
we have
lim ﬁ(b(f) +2a" cos(zyr )> lim H lim (3.58)
k— oo i=1 n k—><>c g—k—>o<>g - '
and 1 = [Ag| > |M| = 2] > [As] = -+ = |Aap-1| = 0; thus we have limy _ ,A; = 0,i#0.
Now, the proof of Theorem 3.4 is completed. O

3.2.2. G° Continuity

Theorem 3.5. If the kernel function f; has the convergence rate as Theorem 3.3, then the subdivision
surface is continuous.
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Proof. Let

4n-1
M®d; = Ld;, VO = Yaed, (3.59)
i=0

where i = 1,2,...,4n — 1, ® denotes direct a product, and a; is an undetermined triple
coefficient.
Since

i=1

4n-1 (k)
Ve = MOV =\ <a0 odo+ >, <ﬁ>ai ® di>, (3.60)
AO

where A(()k) =1, dék) =[1,1,..., 1]T, and limg_,,A; — 0 (i #0). By Theorems 3.3 and 3.4, we
have, when k — oo, MOV© jg convergent and a; is unique.
Let

( )

0 - 010---0
vi=| 0 - 010 -0 [,
0 - 010 0
\ 5 /
(3.61)
/0 ... 010 --- 0\
vi=| 0 - 010 -0

0 --- 010 ---0
\ o /

Given any two points whose coordinates are Ith, tth, component of V& denoted as
Vl(k), VEk), we have

i[9 = o 129) s ()|

i
= (vi-v) 4_2115‘% ®d; ‘ (3.62)
= - v) [ 4§70 © o
By (3.60), we have
lim [V - v = 669

k— oo

That is to say that the subdivision surface is G° continuity. O
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3.2.3. Gt Continuity
Based on the above result, we analyze the continuity of loop-like subdivision surface.

Theorem 3.6. If the kernel function f(k) has the convergence rate as Theorem 3.1, then the
subdivision surface is tangent plane continuity, that is, G' continuity.

Proof. We will verify that there exists a common tangent plane around vertex V(()k) so as to
ensure that the subdivision surface is G! continuity.
Given any three points whose coordinates are Ith, sth, and tth component of vk,

denoted as Vl(k), ng), and VEk), by Theorem 3.4, we have

lim (V¥ - v{*)

k— oo
4n-1 1)
= (Vl - Vt) <.)Loa0 ® do + )ng) <a1 d;+aed; + Z <ai ® dll—> >> (364)
)L(OO)

i=3 1

= (vi—-v)A? (@ @ d) + 2 @ dy).

Let

vo _y®
I; = lim —! d

kﬁmW' (3.65)

we have

(Vl — Vt)(a1 ® d1 +a; ® dz) cia] + cap

I, = - . 3.66
v ed raed)  laa ol (360)
Similarly, we have
T, = (Vs - vt)(a1 ®d; +a® dz) _ Czal + Cqap ' (3.67)
[(vi —vi)(medi +a@d)|  [lcza1 + caar|
Then,
(k)
im N DexTy - (it om) x (Gar +aa) - axa (3.68)
k= ||Nl(tk) t|| [T x Tstll  [[(c1a1 + c2a2) % (c3a1 + caar)||  [laz x ay| '
XS

Hence, when k — oo, the vertex around the V; has a common normal vector. That is to say
that the subdivision surface is G!' continuity. O
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@

Figure 3: Visualization of characteristic maps: (a)-(d) control nets from the eigenvectors of M® with
valences n = 3,5,8,19, and f(k) = 1 -1/ 22k=1. (e)-(h) control nets with valences n = 3,5,8,19, and
f(k) = cos(r/(2%n)); (i)—(p) local regions around the irregular vertex of the characteristic maps after
four subdivision steps.

3.2.4. C! Continuity

According to [18], besides the eigenvalues of M) satisfy (3.35), the characteristic maps
associated with M® should be regular and injective for obtaining global C! continuity.
The characteristic map is defined as the subdivision surface generated by refining an initial
mesh whose topological structure is identical with the subdivision stencil [24], just as shown
in Figure 2. If both 1y and \, are real, the horizontal and longitudinal coordinates of the
ith control point of the initial control mesh come from the corresponding elements of the
eigenvectors of A; and A, and the vertical coordinate is assumed to be zero, respectively.

The regularity and injectivity of this map can be judged from the triangulation
obtained from the control points by some steps subdivision [25]. Similar to many other
studies, this paper only gives numerical evidence to verify the regularity and injectivity of the
characteristic map of the loop-like subdivision scheme. The characteristic maps with valences
n = 3-50 are verified and they all hold a good shape. The obtained results are presented in
Figure 3.

4. Experiments

In this section, we show several examples of subdivision surface generated by our schemes.
Figure 4 depicts three examples. Figures 4(a), 4(c), and 4(e) are control meshes, and Figures
4(b), 4(d), and 4(f) are subdivision surfaces. It is well known that the revolving surface is very
important in industrial application. In our schemes, it is easy to create the local revolving part.
As shown in Figure 5, a regular control mesh can be constructed for the revolving part. Set
ay=2m/n,a=2,b=2+4f,and c = 8 + 8f, an exact revolving surface can be obtained by
the subdivision mask as Figure 1 and the compensation mask as Figure 5(b). Certainly, the
sweep line direction of the revolving surface should be set interactively. Figure 6 depicts two
other examples with the revolving part. Figures 6(a) and 6(e) are control meshes, and Figures
6(b), 6(c), 6(d), and 6(f) are subdivision surfaces. Figures 6(b) and 6(c) show the result
surfaces after one and two subdivision step(s), respectively. The subdivision surface with
texture is shown in Figure 6(d). Both the vase in Figure 6(d) and the bolt hole in Figure 6(e)
are revolving parts. Using our scheme, the exact revolving parts can be generated easily.
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Figure 4: Loop-like subdivision examples.

Sweep line direction

(@) (b)

Figure 5: Control net pattern and compensation mask for the revolving surface.

The results demonstrate that our technique can be an alternative solution for representing
the revolving shape exactly.

5. Conclusions

This paper has presented a regular dynamic loop-like subdivision scheme that can be
regarded as an extension of the C-Box-Splines. The scheme adopts a regular dynamic
subdivision operator, which is convergent and versatile. The obtained surface is C! continuity
and could meet the requirement of industrial application. In contrast to the traditional Loop
subdivision method, the subdivision scheme is more flexible and has a stronger modeling
ability. Under reasonable and appropriate adjustments, the method proposed in this paper
could generate a revolving surface exactly.

In the present paper, we only consider the continuity of the isotropic schemes,
and some more general cases should be further investigated. Moreover, only numerical
discussions are presented to demonstrate the C! continuity in this paper, and some more
sophisticated analyses are necessary for further considering.
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(d)

Figure 6: Modeling examples of the revolving part.

Acknowledgments

The research is partially supported by the National Natural Science Foundation of China
under Grant nos. 61272297, 11226146, the Doctoral Fund of Ministry of Education of China
under Grant no. 20090450613, and the Natural Science Foundation of the Jiangsu Higher
Education Institutions under Grant no. 12KJB120002.

References

[1] H. Prautzsch and Q. Chen, “Analyzing midpoint subdivision,” Computer Aided Geometric Design, vol.
28, no. 7, pp. 407-419, 2011.

[2] D. Zorin, P. Schroder, and W. Sweldens, “Interpolating subdivision for meshes with arbitrary
topology,” in Proceedings of the Computer Graphics Conference (ACM SIGGRAPH '96), pp. 189-192,
August 1996.

[3] X. Li and J. Zheng, “An alternative method for constructing interpolatory subdivision from
approximating subdivision,” Computer Aided Geometric Design, vol. 29, no. 7, pp. 474-484, 2012.

[4] E. Catmull and J. Clark, “Recursively generated B-spline surfaces on arbitrary topological meshes,”
Computer-Aided Design, vol. 10, no. 6, pp. 350-355, 1978.

[5] D.Doo and M. Sabin, “Behaviour of recursive division surfaces near extraordinary points,” Computer-
Aided Design, vol. 10, no. 6, pp. 356-360, 1978.

[6] D. Levin, N. Dyn, and J. Gregory, “A butterfly subdivision scheme for surface interpolation with
tension control,” ACM Transactions on Graphics, vol. 9, pp. 160-169, 1990.

[7] L. Kobbelt, “+/3-subdivision,” in Proceedings of the Computer Graphics Conference (ACM SIGGRAPH
'00), pp. 103-112, July 2000.

[8] C. Loop, Smooth subdivision surfaces based on triangles [M.S. thesis], Department of Mathematics,
University of Utah, 1987.

[9] U. Reif, “A unified approach to subdivision algorithms near extraordinary vertices,” Computer Aided
Geometric Design, vol. 12, no. 2, pp. 153-174, 1995.

[10] J. Sadeghi and F. F. Samavati, “Smooth reverse Loop and Catmull-Clark subdivision,” Graphical
Models, vol. 73, no. 5, pp. 202-217, 2011.

[11] M. K. Jena, P. Shunmugaraj, and P. C. Das, “A non-stationary subdivision scheme for generalizing
trigonometric spline surfaces to arbitrary meshes,” Computer Aided Geometric Design, vol. 20, no. 2,
pp. 6177, 2003.

[12] Y. J. Lee and J. Yoon, “Non-stationary subdivision schemes for surface interpolation based on
exponential polynomials,” Applied Numerical Mathematics, vol. 60, no. 1-2, pp. 130-141, 2010.

[13] H. Zhang and J. G. Sun, “Weight-based direct manipulation of FFD,” Chinese Journal of Computers, vol.
25,n0. 9, pp. 910-915, 2002 (Chinese).

[14] A. A. Ball and D. J. T. Storry, “Conditions for tangent plane continuity over recursively generated
b-spline surfaces,” ACM Transactions on Graphics, vol. 7, no. 2, pp. 83-102, 1988.

[15] D. Zorin and P. Schroder, “A unified framework for primal/dual quadrilateral subdivision schemes,”
Computer Aided Geometric Design, vol. 18, no. 5, pp. 429454, 2001.



Abstract and Applied Analysis 23

[16] J. Peters and U. Reif, “Analysis of algorithms generalizing b-spline subdivision,” SIAM Journal on
Numerical Analysis, vol. 35, no. 2, pp. 728-748, 1998.

[17] G. Umlauf, “Analyzing the characteristic map of triangular subdivision schemes,” Constructive
Approximation, vol. 16, no. 1, pp. 145-155, 2000.

[18] D. Zorin, “A method for analysis of C!-continuity of subdivision surfaces,” SIAM Journal on Numerical
Analysis, vol. 37, no. 5, pp. 1677-1708, 2000.

[19] D. Zorin, “Subdivision for modeling and animation,” in Proceedings of the Computer Graphics Conference
(ACM SIGGRAPH "96), ACM Press, New Orleans, La, USA, 2000.

[20] J. Zhang, “C-curves: an extension of cubic curves,” Computer Aided Geometric Design, vol. 13, no. 3, pp.
199-217, 1996.

[21] Y. Li, G. Wang, and X. Yang, “Uniform trigonometric polynomial B-spline curves,” Science in China.
Series F, vol. 45, no. 5, pp. 335-343, 2002.

[22] X.]. Zhao, Research on mesh surface modeling [Doctor’s thesis], Zhejiang University, 2006.

[23] C. de Boor, K. Hollig, and S. Riemenschneider, Box Splines, vol. 98 of Applied Mathematical Sciences,
Springer, New York, NY, USA, 1993.

[24] G. Liand W. Ma, “Composite /2 subdivision surfaces,” Computer Aided Geometric Design, vol. 24, no.
6, pp- 339-360, 2007.

[25] P. Oswald and P. Schroder, “Composite primal/dual +/3-subdivision schemes,” Computer Aided
Geometric Design, vol. 20, no. 3, pp. 135-164, 2003.



