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By using the upper-lower solutions method and the fixed-point theorem on cone in a special space,
we study the singular boundary value problem for systems of nonlinear second-order differential

equations involving two parameters on the half-line. Some results for the existence, nonexistence
and multiplicity of positive solutions for the problem are obtained.

1. Introduction

In this paper, we are concerned with the following boundary value problem for systems of
nonlinear singular second-order ordinary differential equations on the half-line:

~(p1 (U (1) = A1 () f1(t, u(t), v(t),a,b), 0<t<+oo,
~(p2()V' (1) = Ao (1) fo(t, u(t), 0(t),a,b), 0 <t<+oo,
a1u(0) - ﬁlltlirgg pi(t)u'(t) =0,
iz im u(t) + fro lim pr(t)u'(t) =0,
ax10(0) - ﬂzltli_{gg p2(t)?'(t) =0,
ﬂzztli@wv(t) + ﬁzztlirilw p2()0'(t) =0,

(Pa,b)
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where A > 0is a parameter, a > 0, b > 0 are constants; f1, f> : R> — R, are continuous, 1, ¢
(0,+00) — R, are continuous and may have singularity at t = 0; p; € C(R;) N C'(0, +o0)
with p;(t) > 0 on (0, +o0) and J’gw(l/pi(s))ds < +oo (i = 1,2); a;;, fij 2 0 (i,j = 1,2) with
pi = apfin + anPi + anap Jgoo(l/pi(s))ds >0 (i = 1,2), in which R, = [0, +0) is the set of
nonnegative real numbers.

Boundary value problems (BVP for short) on infinite interval arise in many
applications (see [1, 2] and the references therein). Over the last couple of decades, a great
deal of results have been developed for differential, difference, and integral BVPs on the
infinite interval, including those by Agarwal and O’Regan [1], O’Regan [2], and many
others (see [3-17]). For the study of boundary value problems, Agarwal and O’Regan [1]
adopted mainly the method of the nonlinear alternative theorem together with a wonderful
diagonalization process and the fixed-point theorem in the Frechet space.

Boundary value problems on the half-line arise naturally in the study of radially
symmetric solutions of nonlinear elliptic equations (see, [18-20]). Recently, by using the
Krasnosel’skii fixed-point theorem, Lian and Ge [6] obtained the criteria for the existence
of at least one positive solution, a unique positive solution, and multiple positive solutions of
the following BVP

(p()x' (1) +Ap(t) f(t,x() =0, 0<t<+oo,
a1x(0) = fu lim p(£)x'(t) = 0, (1.1)

a im x(f) + f lim p(£)x'(t) =0,

where A > 0 is a parameter, f : R, x R, — R = (-o0o,+00) and ¢(t) : (0,+0) — (0,+c0)
are continuous. More recently, by employing the method of varying in translation together
with the fixed-point theorem in cone, Zhang et al. [14] established the existence of positive
solution for the following semipositone singular Sturm-Liouville boundary value problem
on the half-line

(p(H)X' (1) + f(t,x) +q(t) =0, 0<t<+oo,
a1x(0) — ﬁltlirg p(Hx'(t) =0, (1.2)

az lim (1) + fo,lim p()x'(1) =,

where f : (0,+00) xR, — R, is continuous and allows the nonlinearity to have singularity at
t=0,g:(0,+00) — Ris a Lebesgue integrable function. As far as we know, there is very few
work concerning the systems of BVPs on the half-line, although the study for the systems of
BVPs (P,) on the half-line is very important.

Using the fixed-point theorem of cone expansion and compression type, the upper-
lower solutions method, and degree arguments, do O et al. [21] studied the existence,
nonexistence, and multiplicity of positive solutions for the following class of systems of
second-order ordinary differential equations on the finite interval [0, 1]:

-u'(t) = f(t,u,v,a,b), 0<t<l,
-0v"(t) = g(t,u,v,a,b), 0<t<l,
u(0) =u(l) =0,

v(0) =ov(1) =0,

(1.3)
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where f,g:[0,1] x R — R, are continuous and nondecreasing with respect to the last four
variables.

Motivated by the above works, in this paper, we extend the results of [6, 14, 21, 22] to
(P,p) and also expand the domain from finite intervals to the infinite interval—the half line.

There are two aims in this paper. The first aim is to obtain the existence of positive
solutions for the system (P,). For this purpose, we solve the fixed point of an operator F
instead of the positive solutions for the system (P,;). The main difficulty for this is to testify
that the operator F is completely continuous, as the Ascoli-Arzela theorem cannot be used
in infinite interval R,. Some modification of the compactness criterion in infinite interval R,
(Lemma 2.4) has thus been made to resolve this problem. The second aim is to show that
there exists a continuous curve I' which splits the positive quadrant of the (a, b)-plane into
two disjoint sets Q; and Q, such that the system (P,};) has at least two positive solutions in
Q1 at least one positive solution on the boundary of Qi, and no positive solutions in Q».

The rest of the paper is organized as follows. In Section 2, we present some necessary
definitions and lemmas that will be used to prove our main results. In Section 3, first, we give
Lemma 3.1, which is a result of completely continuous operator, then we discuss our main
results.

2. Preliminaries and Lemmas

In this section, we present some notations and lemmas that will be used in the proof of our
main results.

Throughout this paper, the space X = E x E will be the basic space to study (P,p),
where the Banach space E is denoted by E = {u € C(R,) : lim;_, .o, u(t) exists} with the
supremum norm |[ulle, = sup,p [u(t)|. Clearly, (X, || - [|) is a Banach space with the norm
[[(z2, )| = ||1t]lo + ||7]loo fOr (1, v) € X. For convenience, let

+o0o 1 _ +co 1
a; =P +an J‘ ——ds, bi=pp+ lXi2J‘ ——ds, i=1,2,
o Ppi(s) 0 Ppi(s) @2.1)

+0oo

1 - 1
Ei 1) = i1+ Ay —dS, bl‘ b = i + J‘ —dS, i= 1,2
)=+ [ —sds, Bl =poran|

Then, it is obvious that apa; (t) + ailgi(t) = p; (i=1,2) is a constant for any t € R, and a;(t) is
increasing on t € R, b;(t) is decreasingont € R, fori=1,2.

Lemma 2.1 (see [6]). Under the condition fgw(l/pi(s))ds < +oo and p; > 0 for i = 1,2, the linear
boundary value problem

(pi(H)X' (1)) +ov(t) =0, 0<t<+oo,
aix(0) - ﬂiltlirg pi(H)x'(t) =0, (2.2)
[XiztEIPOOx(f) + ﬁiztlil}:lw pi(t)x'(t) =0, i=1,2

has a unique solution for any v € L'(0, +o0). Moreover, this unique solution can be expressed in the
form

x;(t) = J:oo Gi(t,s)v(s)ds, i=1,2, (2.3)
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where the Green function G;(t, s) is defined by

1 [@®bi(s), 0<t<s<+oo,

Gilt,s) = - B (2.4)
Pilai(s)bi(t), 0<s<t<+om, i=1,2.

Remark 2.2. From (2.4), we can get the properties of G;(t, s) as follows.

(1) Gi(t, s) is continuous and nonnegative on R, x R,.

(2) For each s € Ry, Gj(t, s) is continuously differentiable on R, except for t = s.

(3) 0Gi(t,s)/Ot|t=s+ — 0Gi(t, 5)/ Ot|i=s- = =1/ pi(s).

(4) For each s € R,, G;(t,s) satisfies the corresponding homogeneous BVP (i.e., the

BVP (2.2) with v(t) = 0) on R, except for t = s. In other words, G;(t, s) is the Green
function of BVP (2.2) on the half-line.

(5) Gi(t, s) < Gi(s,s) < (1/pi)ab; < +oo, i=1,2.
(6) Ei(s) = limt_>+OOGi(t, S) = (1/p,~)ﬂizﬁ,~(s) < G,‘(S, S) <+oo,i=1,2.
(7) Forany t € [6,1/6] and s € Ry, Gi(t, s) > w;Gi(s,s), where

bi(1/6) @i(6)

6€(0,1), w;= min{
b; ai

}, i=1,2, 0<w=min{w;,wy} <1. (2.5)

For any (x1,x2,...,x,) € R™, define [(x1,x2,...,%m)| = |x1| + [x2| + -+ - [x}]. In what
follows, we list some conditions for convenience.

(H;) The function f; : R} — R, is continuous and nondecreasing with respect to the
last four variables. In other words,

fi(t, x1,y1,a1,b1) < fi(t, X2, 2, a2, b2),  i=1,2, (2.6)

for any t € Ry, (x1,y1,a1,b1) < (x2,Y2,a2,bs), where the order is understood to
apply to every component. And there exists (ag,bg) such that f;(t,x,y,a,b) is
bounded for any (a,b) satisfying (0,0) < (a,b) < (ag, by), t € R;, x and y in any
bounded set of R,.

(Hz) The function ¢;(t) : (0,+00) — R, is continuous and singular at t = 0, ¢;(t) #0 on
R, satisfying 0 < fgw Gi(s,s)pi(s)ds < +o0, i=1,2.

(H3) For the above ay and by in (Hy),

7

(t,x,y,a0,b
£ = limsup supw <L
x+y— 0+ teR, xX+y

i(t,x,14,0,0
fon = liminf g LXY00)
x+y —+oote[5,1/6] Xty

2.7)
, i=12,



Abstract and Applied Analysis 5

where

-1

L= %(max{J:m Gi(s,s)¢1(s)ds, J:w Ga(s, s)¢2(s)ds}> ,

1 1/6 1/6
l=—<min{ min I Gi(t,s)p1(s)ds, min J Gz(t,s)¢2(s)ds}>
2 1J)s

te[6,1/6] ) 5 te[6,1/6

L8
(Ha)

lim fi(t,x,y,a,b) = +o00, uniformly for t € [6, %] , x>0, y>0,i=1,2. (2.9)

(ab)| =+

From the above assumptions (H;) and (H), it is not difficult to show that the pair
(u,v) € X is a solution of the system (P,p) if and only if (1,v) € X is a solution of the
following system of nonlinear integral equations:

u) =3[ Gt 9191515, u(5), 0060, b1,

oo (Sa,b)
v(t) = J\J Go(t, s)P2(s) fo(s,u(s),v(s),a,b)ds, teR,.
0
Define operators A;: X — Eand F : X — X as follows:
Ai(u,v)(t) = )»Jmm Gi(t,s)¢i(s) fi(s,u(s),v(s),a,b)ds, i=1,2, (2.10)
0
F(u,v) = (A1(1,0), A2 (1, 0)). (2.11)

Then, the solution of the system (P, },) is equivalent to the fixed point of the operator F. Define
a cone K in the Banach space X as follows:

K= {(u, v) € X :u(t) >0, v(t) > 0,t € Ry, u(t) > wllull,, v(t) > wllv]l,,, te [5, %] }
(2.12)

which induces a partial order “<”: (u1,v1) < (up,v2) if and only if u; () < uy(t), vi(t) < va2(t)
forany t € R,.
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Consider the following system:

~(p1(Ou' (1) = M (D1 (¢, u(t), o(1)),
—(pz(t)v’(t))’ = Ao ()@ (t, u(t),v(t)), 0<t<+oo,
anu(0) - lim pr (H)u' (1) =0,
ap im u(f) + fip lim _pr(8)u'(£) =0,
anv(0) - ﬁﬂtlir& p2(H)Y'(t) =0,

az lim v(t) + f lim p2(t)7'(t) =0,
— +00 — 400

where g; : R? — R, (i = 1,2) are nonnegative continuous functions and are nondecreasing
with respect to the last two variables.

Definition 2.3. The pair (u, v) is said to be a lower solution for the system (S) if the pair (u, v)
satisfies the following inequality system:

—(p (O (1) < A1 () g1 (t,u(t), v(t)),
~(p2()?' (1) < Aot (t, u(t), v(t)), 0<t<+oo,

a1u(0) - ﬁlltlirgg pi(t)u'(t) <0,
(T)

autlim u(t) + ﬂutlim p1(H)u'(t) <0,
— 400 — +00
a21v(0) - ﬂ21tli_>rgl+ Pz(t)’l]l(t) < O,

azztlim U(t) + ﬂzztlim pz(t)v’(t) <0.
— +00 — +00

Similarly, we define the upper solution for the system (S) by replacing the < in (T) by >.

Lemma 2.4 (see [1, 23]). Let E be defined as above and M C E. Then, M is relatively compact in E
if the following conditions hold.

(1) M is uniformly bounded in E.
(2) The functions in M are equicontinuous on any bounded interval of R..
(3) The functions in M are equiconvergent at +oo, that is, for any given € > 0, there exists a

T =T(e) > 0such that |f(t) — f(+o0)| <€, foranyt > T, f € M.

Lemma 2.5 (see [24, 25]). Let P be a positive cone in a real Banach space (E, || - ||), P, = {x € P :
lxl| <7}, Prbr={x€P:r <|x|| <R}(0O<r <R<+o0),and let A : P,g — P bea completely
continuous operator. If the following conditions are satisfied,

(1) [|Ax[l < llxl, for all x € 0Pk,
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(2) there exists a e € OP; such that x # Ax + me for any x € 0P, and m > 0, then A has fixed
points in P, .

Remark 2.6. 1f (1) and (2) are satisfied for x € 0P, and x € 0P, respectively, then Lemma 2.5
still holds.

Lemma 2.7 (see [25]). Let (E, | - ||) be a Banach space, K a cone in E, and let Q be a bounded open
set in E with 6 € Q. Suppose that A : KN Q — K is a completely continuous operator. If Ax # pux
for x € KNoQ and p > 1, then the fixed-point index

i(AKNQ,K)=1. (2.13)

Lemma 2.8 (see [25]). Let (E,|| - ||) be a Banach space, K be a cone in E. For r > 0, define K, =
{x € K:||x|| < r}. Suppose that A : K, — K is a completely continuous operator such that Ax # x
for x € 0K,.

(i) If ||Ax]|| > ||x]|| for x € OK,, then i(A, K, K) = 0.
(ii) If ||Ax|| < ||x]|| for x € 0K, then i(A, K, K) = 1.

3. Main Results
3.1. The Complete Continuity of the Operator F
Before presenting the main results, we give a lemma.

Lemma 3.1. Assume that (Hy) and (Hp) hold. Then, for any (a,b) satisfying (0,0) < (a,b) <
(ao, bo), F : X — X is a completely continuous operator and F(K) C K.

Proof. We divide the proof into four steps.

(i) Firstly, we show that F : X — X is well defined. For any fixed (u,v) € X, there
exists 71 > 0 such that |u(t)| < r; and |v(t)| < r; for any ¢ € R,. It follows from (H;) and the
property (1) of the Green function G;(t, s) that A;(u, v) > 0 and

BZ =sup{fi(t,x,y,a,b) :teR,, x€[0,r], y€[0,n], a€[0,a0],be[0,b]} <+o0. (3.1)

Thus, by (H;) and (H,), for any t € Ry, a € [0, ag] and b € [0, by], we obtain
+oo +oo
0< )LJ‘ Gi(t,s)pi(s) fi(s,u(s),v(s),a, b)ds < /\BE j Gi(s,5)pi(s)ds < +oo. (3.2)
0 0

Hence, the operator F(u,v) = (Ai1(u,v), A2(u,v)) is well defined for any (u,v) € X.
For any ti, t,, s € R,, by the property (5) of the Green function G;(t, s), we have

|Gi(t1,5) — Gi(ta, s)|¢i(s) < 2Gi(s, s)pi(s), i=1,2. (3.3)
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So, by (Hz), the Lebesgue dominated convergence theorem and the continuity of G;(t, s), for
any t1,t, € Ry, a € [0, a0],b € [0, bg], we get

|Ai(u,v)(t) — Ai(u,v)(t2)]

<A ,[0 °°|Gi(t1, s) — Gi(ta, 8)|¢i(s) fi(s, u(s), v(s), a, b)ds
(3.4)

<38) [ 716(t,9) - Gulta 9l (s)ds
"Jo

— 0, tl — tz.

Therefore, A;(u,v) € C(R,), and so F(u,v) € C(R,) x C(R,). By the property (6) of G;(t, s)
and the Lebesgue dominated convergence theorem, we obtain

tlim Ai(u,v)(t) = A fm Gi(s)i(s) fi(s, u(s),v(s), a,b)ds < +oo. (3.5)
— 400 0

Hence, F : X — X is well defined.

(i) Next we show that F : X — X is continuous. Let (u,,v,), (4,v) € X,n € N, and
[(ttn, vn) — (0, v)|| = 0 (n — +o0), we will prove that ||F(u,, v,) — F(u,v)|| = 0 (n — +o0).
By (2.10), (H1), and (Hy), forany t € Ry, a € [0, a0], b € [0, by] and any natural number 1, we
have

|Ai(un, 0) (t) = Ai (1, 0) ()]
< )LJ‘:" Gi(s, s)¢i(S)<|fi(s,un(s),vn(s),a,b)| +|fi(s, u(s),v(s), a, b)|>ds 56

+00
< 2./\,BZ f Gi(s,s)¢i(s)ds < +o0, i=1,2,
0

where B = sup{fi(t,x,y,a,b) : t € Ry, x € [0,72], y € [0,72], a € [0,a0], b € [0,bp]} < +o0
by (Hj), r is a real number such that r, > maxuen{|[(u, 9)||, [|(1tn, v,)||}, in which N is the
natural number set.

For any € > 0, by (H»), there exists a sufficiently large Ty > 0 such that
+o0o £
Z)LBZ’[ Gi(s, s)pi(s)ds < > i=1,2. (3.7)
To

On the other hand, by the continuity of f;(t, x,y, a, b) on [0, Ty] x [0, r2] x[0, 2] x [0, ap] x [0, bo],
for the above € > 0, there exists a 6 > 0 such that for any s € [0,To], a € [0,a0],b € [0, bp] and
x,x,y,y" €[0,r2], when |x — x| <6, |y — y'| <6, we have

1

|fi(s,x,y,a,b) - fi(s,x,y,a,b)| < %()L J:w Gi(s, s)d),-(s)ds)i , i=1,2. (3.8)
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From ||(uy, v,) — (w,v)|| — 0 (n — +o0) and the definition of the norm || - || in the space X,
we can easily conclude that ||u, — u|lcc — O, [[v4s - ?|lc — 0 (n — +00). So, for the above
6 > 0, there exists a sufficiently large natural number Ny such that, when n > Ny, for any
s € [0,Tp], we have

|un(s) —u(s)| < llun —ull, <6, [on(s) —v(s)| < [[on = 2|, < 0. (3.9)

Hence, by (3.8), when n > N, for any s € [0,Ty], a € [0,a0], b € [0,bg], we get

+oo -1
|fi(s,tta(5), 0n(s), a,b) = fils, u(s),0(s),a,b)| < §<Af Gi(s, s)qsi(s)ds) NGAT)
0
Therefore, by (2.10), (3.7), and (3.10), when n > Ny, for any t € R,, a € [0, a0] and b € [0, bo],
we obtain

|Ai(Un, o) (t) — Ai(u,0)(t)]

< AL Gi(s, s)d)i(s)|fi(s,un(s),vn(s),a, b) - fi(s,u(s),v(s),a, b)|ds

. (3.11)
< Afo Gi(s,5)i(5)| fi(s, ttn(s), 0n(s), @, b) — fils, u(s), 0(s), a,b)|ds

+00
+21B f Gis,s)di(s)ds <&, i=1,2.
Ty

This implies that the operator A; : X — E is continuous. Therefore, the operator F : X — X
is continuous.

(iii) We need to prove that the operator F : X — X is compact. Let D be any bounded
subset of X. Then, there exists a constant 73 > 0 such that ||(u, v)|| < 13 for any (u,v) € D. So
lullww < 73, ||Vlloo £ 13 for any (u,v) € D. By (2.10), (H;), and (Hy), for any (u,v) € D and
t € R, we have

|F(u,0)(5)] = |A1(u, 0) (£)] + [A2(u, 0) (D)]

= ‘)u f+w Gi(t, s)pi1(s) fi(s,u(s),v(s), a, b)ds
0

+ (3.12)

A fom Galt, 5)(s) fals, u(s), 0(5), a, b)ds

+00 +oo
< )LBJTE1 f Gi(s,s)p1(s)ds + )LB;-Z f Ga(s,s)¢a(s)ds
0 0

< + oo,

where B}f =sup{fi(t,x,y,a,b):teR,, x€[0,13], y € [0,r3], a€ [0,a0], b €[0,by]} <+c0
by (H;). Hence, F(D) is uniformly bounded. By the similar proof as for (3.4), we can conclude
that A;(D) is equicontinuous, and so F(D) is also equicontinuous.
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From (H;) and the property (6) of the Green function G;(t, s), for any t € R, we have

+00
J’O

By (2.10), (3.5), and the Lebesgue dominated convergence theorem, for any (1, v) € D, t € R,
a € [0,ap],and b € [0,by], we obtain

Gi(t,s) — Gi(s) ¢i(s)ds < ZIM Gi(s,s)¢pi(s)ds < +oo0, i=1,2. (3.13)
0

| As(t,0)(8) — Ai(it,0) (+00)] = ]x fo Gilt, $)pi(s) fils, u(s), o(s), a, b)ds

-1 Jmo Ei(s)d)i(s)fi(s, u(s),v(s),a,b)ds

0

SAI
0

+00
< AB? f
fi 0

— 0, t—+o00,i=1,2.

Gilt,$) = Gi(3)|¢u(5) fi(s, u(s), v(s), . b)ds 1Y)

Gi(t, s) — Gi(s) |(;bi(s)ds

This implies that A;(D) is equiconvergent at +co. Hence, F(D) is equiconvergent at +co.
Therefore, the above discussion and Lemma 2.4 imply that F : X — X is completely
continuous.

(iv) Finally, we prove F(K) C K. By the property (1) of G;(t,s), (Hi), and (Hy), it is
easy to see that, for any (1,v) € K and t € R,, A;(u,v)(t) > 0 and

Ai(u,v)(t) = A J‘+oo Gi(t,s)¢i(s) fi(s,u(s),v(s), a, b)ds
Om (3.15)
< AI Gi(s,s)pi(s) fi(s,u(s),v(s),a,b)ds.
0
So
| Ai(u,v)]|, < )LJ‘+Qo Gi(s,s)pi(s) fi(s,u(s),v(s),a,b)ds, i=1,2. (3.16)
0

On the other hand, by the property (7) of G;(t, s), we have
Ai(u,v)(t) > wl I:o Gi(s,s)¢i(s) fi(s,u(s),v(s),a,b)ds, te [6, %] ,i=1,2. (3.17)
It follows from (3.16) and (3.17) that
Ai(u,v)(t) > w||Ai(u,v)|,, tE€ [6, 1], i=1,2. (3.18)

Therefore F(K) C K. The proof of Lemma 3.1 is completed. O
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3.2. The Positive Solution for System (P, ,)

Theorem 3.2. Assume that (Hy)—(H3) hold, then the system (Py, p,) has at least one positive solution
for any

l L
Le - , . (3.19)
<mm(f1wfzoo) maX(ff/f§)>
Proof. From (3.19), there exists €y > 0 such that

1 L

. <A< . 3.20
min(fic, f200) = €0 max (f7, f7) + & (320

By the first inequality of (Hs), there exists r > 0 such that
fi(t,x,y,a0,by) < <f10 + so>r, 0<x+y<r teR,, i=12. (3.21)

Setting K, = {(1,v) € K : ||(u,0)|| < r1} (r1 <), by the definition of | - ||, we know that

u(t) +o(t) < flull, + 1ol = I(w,0)| =71 <7, ¥(u,0) € 0K, t €R.. (3.22)

Then, for any (u,v) € 0K,,,

[ Ai(u, )| = Asup
teR,

jow Gilt, $)u(5) fis,u(s), 0(s), ao, bo)ds

+co

<Asup [ Gilt,$)¢i(s) (f7 +e0)rads

teR, /O

V(0 e Gils, )dbi(s)d (3.23)
< (fl +eo>r1 fo (s,8)¢i(s)ds
<L {7 Gl po)ds

0

1 .
<-rnp = E”(urv)”; i=1,2.

N —

Thus,

IF(w,0)|| = [[A1(1, 0) | + 1 A2(t, 0) [l < 1w, D), (w,0) € OK,,. (3.24)

On the other hand, by the second inequality of (H3), there exists ry > wry > 0 such that

6, %] ,1=1,2.
(3.25)

fi(t/x/y/a()rbo) Zfi(trxryrolo) > (fioo —50)(x+y)1 xX+y 21y, tE
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Take r» = rp/w > 1y, and let K,, = {(u,v) € K : ||(u,0)| < r2}, (uo,v0) = (1/2,1/2) € 0K;.
Then,

(u,v) #F(u,v) + p(uog,v0), V(u,v)€ok,,, Yu>0. (3.26)

Suppose that (3.26) is false, then there exist (12, v;) € 0K, and p, > 0 such that (up,v2) =
F(uz,v2) + pa (19, v9). From (3.25) and the fact that

ux(t) + va(t) > wluzll, + wlvzll, = Wl (U2, V)| =wra =1y, te [6, %], (3.27)
we have
filt, ua(t), v2(t), a0, bo) > (fico — €0) (Ua(t) + 0a(t)), te€ [6, %] i=1,2. (3.28)
Set
¢ = min{u2(t) +vo(t) : t € [6, %] } (3.29)

Then, u,(t) + vo(t) > ¢ > 0 for any t € [6,1/6]. Hence, for any t € [5,1/6], by (3.28), we have

up(t) +va(t) = A1(ua(t), v2(t)) + Az (ua(t), v2(t)) + pa(uo + vo)

=1 fo b Gi(t, s)Pi1(s) f1(s, ua(s), v2(s), ao, bo)ds
+A L * Ga(t, )pa(s) fa(s, uz(s), v2(s), a0, bo)ds + pa (o + o)

1/6
> 1 L Gr(t, 8)¢1(5) (froo — £0) (12(5) + 02 (s))ds
(3.30)

1/6
+1 L Ga(t, 8)P2(8) (fo — €0) (Ua(S) + v2(S))ds + po

1/6

> seI[I§11n (12(8) + 02(5)) A (fio — €0) n;%r}ﬂ Gi(t, s)¢1(s)ds

1/6

+ r[x(;uln ](uz(s) +02(8))A(f2oo — €0) 1“r51%r/16] Ga(t, s)pa(s)ds + po

2§+ po.
Then, we can obtain that

ux(t) + v (t) > é +U, tE€ [6, %] . (331)

It is clearly that (3.31) contradicts (3.29), which implies that (3.26) holds.
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It follows from (3.24), (3.26), Lemmas 2.5 and 3.1 that the operator F has fixed-point
(u,v) € Ky, \ Ky, such that 0 < r; < ||(u,v)|| < 2. It is easy to see that (u,v) is a positive
solution of the system (P, 1,). The proof of Theorem 3.2 is completed. O

Remark 3.3. Noticing that I/ fi, < 1,1/fr < 1and L/fY > 1, L/ fJ > 1, we conclude that
Theorem 3.2 also holds for A = 1.

Remark 3.4. From Theorem 3.2, we can see that fi(t,x,y,a9,bg) (i = 1,2) do not need to be
superlinear or sublinear. In fact, Theorem 3.2 still holds, if (H;)-(H,) are satisfied and one of
the following conditions is satisfied:

(1) fioo = faeo = +00, L> f2>0, L> f) >0, for each \ € (0, L/ max{f}, f7}),
(2) fioo = fro = +00, f = f3 =0, foreach A € (0, +o0),
(3) fio > 1, fow >, f) = £ =0, for each A € (I/ min{ fies, f20}, +0).

3.3. Lower and Upper Solutions

Theorem 3.5. Assume that (H;)-(Hy) hold. Let (u, v) and (u,v) be a lower solution and an upper
solution, respectively, of the system (S) such that (0,0) < (u,v) < (4, 0). Then, the system (S) has a
nonnegative solution (u, v) satisfying (u,v) < (u,v) < (4, 0).

Proof. Let

+oo

M;(u,v)(t) = )LI Gi(t,s)pi(s)gi(s, u(s), v(s))ds, i=12,
. (3.32)
H(u,v) = (M1(u,v), Ma(u,v)).

Then, the solutions of the system (S) are equivalent to the fixed points of the operator H in
K.
Now, we introduce the following auxiliary operator # defined by

H(u,0) = (M (1, 0), Mo (1, 0)), (3.33)
where
M, 0) (1) = A fow Gilt, )di(s)gi(s, &1 (s, ), &a(s,0))ds, i=1,2, (3.34)
in which
¢1(t,u) = max{u(t), minfu(t), u(t)}},  &(tv) = max{o(), minfo(t),v(t)}}.  (3.35)

It is easy to prove that the operator <# has the following properties.

(1) H is a completely continuous operator.
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(2) If the pair (u,v) € K is a fixed point of H#, then (u,v) is a fixed point of H with
(w,v) < (w,0) < (w,0).

(3) If (u,v) = pH(u,v) with 0 < p <1, then [|(u,v)|| £ Cx, where C,. does not depend
on p and (u,v) € K.

Therefore, by using the topological degree of Leray-Schauder (see [26, Corollary 8.1, page.
61]), we obtain a fixed point of the operator H. The proof of Theorem 3.5 is completed. [

Theorem 3.6. Assume that (Hy)—(Hsz) and (3.19) hold. Then for (0,0) < (a,b) < (ao, bo), the
system (P, ) has at least one positive solution.

Proof. From Theorem 3.2, we can see that the system (P, 5,) has at least one positive solution
(ug, vp). Since the functions f; (i = 1,2) are increasing functions with respect to the last four
variables, we conclude that (19, vp) is an upper solution and (0, 0) is a lower solution for the
system (P,) . Hence, by Theorem 3.5, we have that the system (P, ;) has at least one positive
solution. This completes the proof of Theorem 3.6. O

3.4. A Priori Estimate

Theorem 3.7. Assume that (Hy)—(Hsz) and (3.19) hold. Then for any (a,b) satisfying (0,0) <
(a,b) < (ag,by), there exists a constant Cy > 0 independent of (a,b), such that ||(u,v)| < Co
for all positive solutions (u,v) of the system (P,p).

Proof. Assume by contradiction that there exists a sequence of positive solution (u,,v,) € X
of system (P,p) such that ||(u,,v,)| — oo. From (3.19), there exists & > 0 such that A >
1/ (min(fico, f2e0) — €0) - From assumption (Hj), there exists H > 0 such that, for (0,0) <
(a,b) < (ao, bo),

fi(t,x,y,a,b) > fi(t,x,4,0,0) > (fiw —€0)(x+y), x+y>H, te [6,%], i=1,2. (3.36)

Since u, (t) + v, (t) > wln|lo + W|| V0o = W (1n, vn)||, t € [6,1/6], there exists natural number
Ny such that, for n > Ny, we have u, (t) +v,(t) > H fort € [6,1/6]. It follows from (3.36) that
when n > Ny, fi(t, un(t), vn(t), a,b) > (fiw — €0) (Un(t) + vu(t)),t € [6,1/6],i=1,2. Thus,

n(t) + On(t) = Afow Gt )1 (5) f1(5, tn(5), 0n(s), @, b)ds

+A L ” Ga(t, s)Pa(s) f2(s, un(s), vn(s), a,b)ds

1/6
>\ ] Gi(t, S)(,bl(s) (floo - 50) (un(s) +vn(s))ds

1/6
+A S Ga(t, 8)$2(5) (f2oo — €0) (Un(5) + vn(s))ds
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> 56[511“ (1n(8) + 0n(8))A(f1eo — €0) mﬁ%

1/6
| f Gu(t, $)d(s)ds

1/6
b _min ((s) + 0n(5)A(fon ~ 0) r%]j Galt,5)a(s)ds

> min_ (uy(s) +ov,(s)), t€ [6'%]

s€[6,1/6]
(3.37)
which yields
min un() +on(t) > min (a(t) + oa(t)), (3.38)
which is a contradiction. This completes the proof of Theorem 3.7. O

Remark 3.8. By the discussions in Sections 3.1, 3.2, 3.3 and 3.4, we can conclude that, for any
(a, b) satisfying [(0,0)| < [(a, b)| < |(ao, bo)|, the system (P,;) has at least one positive solution
(u,v) with ||(u,v)|| £ Co. In the following section, we will establish the nonexistence result
for the system (Ppp).

3.5. Non-Existence

Theorem 3.9. Assume that (H1)—(Ha) and (3.19) hold. Then, there exist a > 0, b > 0 such that, for
all (a,b) with |(a,b)| > |(a, b)|, the system (P,}) has no solution.

Proof. Suppose by contradiction that there exists a sequence (an,b,) with |(a, b,)| —
+o0 (n — +oo) such that, for each nature number 7, the system (P, ;) has a positive solution
(uy, vp) in K. From assumption (Hy), for any M > 0, there exists a constant C > 0 such that,
for any |(a,b)| > C,

filt,x,y,a,b) >M, x,y>0,te 16,%], i=1,2. (3.39)

By |(an, bu)| = +o0 (n — +00), for the above C > 0, there exists a natural number ng such
that, for n > ng, |(a,,b,)| > C, then, for n > ngand t € [6,1/6],

()= 4| Grlt )1 (5) i (5 00(5), 1 (5), a0 )
0
1/6
>3 Gat 955 0n(5), 0 (5), ) (3.40)
5
1/6
> M)twf Gi(s,s)¢1(s)ds.
6
By the same way, we can obtain

/6
v, (1) > MAw Jd Ga(s, s)¢a(s)ds. (3.41)
6
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Since we can choose M arbitrarily large, we conclude that u, and v, are unbounded
sequences in K, then lim;_, 4,1, (t) and lim;_, .o, v, (t) do not exist, which contradicts the fact
that u,, v, € K. So Theorem 3.9 holds. O

We next define the set

A={a>0: the system (P,;) has a positive solution for some b > 0}. (3.42)

From Theorems 3.2 and 3.9, we conclude that A is nonempty and bounded. Thus, 0 < @ =
sup A < +oo. Using the upper-lower solutions method, we see that, for all a € (0, a), there
exists b > 0 such that the system (P,}) has a positive solution. We now define the function
I':[0,a] — Ry by

I'(a) =sup{b>0: system (P,;) has a positive solution }. (3.43)

By Theorem 3.6, the function I' is continuous and nonincreasing. We thus claim that I'(a) is
attained. In fact, it suffices to use Theorem 3.7 and the compactness of the operator F. Finally,
it follows from the definition of the function I' that the system (P,) has at least one positive
solution for 0 < b < I'(a) and has no positive solutions for b > I'(a).

3.6. Existence of Two Positive Solutions

In this section,we will assume that the nonlinearities f; and f, are strict-increasing with
respect to the fifth variable. Fix a € [0, 4], and let @, ) be the solution of the problem (Pyr(a))
which is obtained using Theorem 3.6. Our next result allows us to establish another solution
of the system (P,) for 0 < b <T'(a).

Lemma 3.10. For each 0 < b < TI'(a), there exists €y > 0 so that, for all 0 < € < ey and all t € R, one
has

b.(t) >\ fo TGt i () (5,8.(5),§.(5),a,b)ds,
(3.44)

F(t) > A IO Ga(t,$)$2(5) f2(5,.(5), (), a,b)ds,

where ¢ (t) = ¢(t) +¢, () = () +e.

Proof. Fix 6 € (0,1). Since f; is strict-increasing with respect to the fifth variable, we have
that for each 0 < b < I'(a) we may find a positive constant I = I(b) so that, for all s € [5,1/6],
we have

fi (5,5(5)@(5), a,r(a)) - fi (s,a(s),a(s), a, b) >1>0. (3.45)
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By the uniform continuity of fj, there exists ¢y > 0 so that, forall s € [§,1/6] and all 0 < € < ey,
we have

|f1 <S,$(s) +e,¢(s) +ea, b) - fi (s,$(s),¢(s),a, b>| < % (3.46)
Next, we define

@.(t,s) = Gi(t, s)(])l(s)[fl (s,ae(s),ae(s),a, b) - fi <s,$(s),¢(s),a, b)],

W(t,5) = Gi(t, )p1 ()| f1 (5, 8(5), §(5), a,T(@)) = f1(5,(5),F(s), a,b) |. o
Assume 0 < € < ¢p. Then,
$e() > p(t) = A f :o Gi(t,5)$1(9)f1(5,$(5), §(5), 4, T(a) ) ds
=1 f:o Gi(t,5)¢1(s) f1 (s@e(s),ag(s), a, b) ds (3.48)

+o0 +00
—)Lj D, (t, S)dS"l‘)LJ‘ W(t,s)ds.
0 0
Since W(t, s) is positive and W(t, s) — D¢ (t, s) > (I/2)Gi(t, s)p1(s) for t € [6,1/6], we have

b.(t) > A fo TG 9pi () (5,4.(5),§.(5),a,b)ds

e (3.49)
@D, (t,8)ds + —)LI Gi(t,s)pi1(s)ds.

2 6

19) +00
- AI D (t,s)ds - A
0 1/6

It is not difficult to show that the Lebesgue dominated convergence theorem implies

that A fg D (t,s)ds+A H;; @, (t, s)ds converges to zero, uniformly in ¢, as € tends to zero. Thus,
for e sufficiently small, we have

b.(H) > fo e $)P1(s) fi (s, $.(5),7.(5),a, b>ds (3.50)

uniformly in t € R,.
A similar computation holds for ¢. O

We are now in a position to show existence of two positive solutions of the system
(P,p) for 0 < b < T'(a), where a € [0, a] is fixed.

Theorem 3.11. Assume that (H;)—(Hy4) and (3.19) hold. Then, for all a € [0, a], the system (Pgp)
has at least two positive solutions for 0 < b < I'(a).
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Proof. Consider the set

Q={(p¢) €X:-e<p(t) <.(t), —e <g(H) <F, (1), for t R}, (3.51)

where 56 and g, are the functions of Lemma 3.10. It is not hard to see that Q is bounded and
open in X and that (0,0) € Q. Note that one of the solutions of the system (P,;) belongs to
K NQ, we also know that F : KNQ — K is a completely continuous operator.

Let (¢, ¢p) € KNoQ. It follows that there exists fy € (0, +c0) so that one of the following

two cases holds: ¢(tg) = ¢_(to) or ¢(to) = ¢ (to). In the case ¢p(tg) = ¢_(to), it follows from
Lemma 3.10 that, for all 4 > 1, we have

A1(§9) (o) = Afow Gr(to, $)1(5) 1 (5, §(5), 5 (5), a, b)ds

<A ’[0 * Gi(to, s)¢1(s) f1 <S, ae(s),¢s(s), a, b) ds (3.52)

< ¢.(to) = P(to) < p(to).

Similarly, A>(¢, ¢)(to) < py(to) in the case g (ty) = ¢ (ty). Hence, F(¢,¢) # u(¢p, ¢), for all
(¢, ) € KNoQ and all 4 > 1. Now, according to Lemma 2.7, we have

i(FKNQK) =1. (3.53)

On the other hand, a slight change in the proof of Theorem 3.7 shows the existence of
an r3 > 0 sufficiently large, say r3 > r», where r, is as in Theorem 3.2, so that

IE(p e) |l > [[(p. )l (3.54)

for every ||(¢, ¢)|| = r3 and every (¢, ¢r) € K.
Let ry = max{Co + 1,73, [|(¢., )|l }, where Cy is as that in Theorem 3.7. Set

Ki={(¢9) €K [[(d9)[] <7a). (3.55)

Then Theorem 3.7 implies that F(¢, ¢) # (¢, ¢), for (¢, ¢) € 0K,,. Consequently, Lemma 2.8
implies i(F, K,,,K) = 0.
Now, by the additivity property of the fixed-point index, we obtain

i(F, K, \KNQ, K) - 1. (3.56)

Therefore, F has another fixed point in K, \ KN Q. O

Then, from the above discussion, it is easy to obtain the following conclusion.
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4, Conclusion

Assume that (H;)-(Hy) and (3.19) hold. Then, there exist a constant a > 0 and a non-
increasing continuous function I' : [0,a] — R so that, for all a € [0, d], the system (P5)
has at least one positive solution for 0 < b < I'(a), has no positive solutions for b > I'(a), and
has at least two positive solutions for 0 < b < I'(a) when f; and f; are strict-increasing with
respect to the fifth variable.
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