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We discuss a new concept of the g-extension of Bernoulli measure. From those measures, we derive
some interesting properties on the generalized g-Bernoulli numbers with weight a attached to .

1. Introduction

Let p be a fixed prime number. Throughout this paper Z,, Q,, and C, will, respectively, denote
the ring of p-adic rational integers, the field of p-adic rational numbers, and the completion
of algebraic closure of Q,. Let N be the set of natural numbers and Z, = NU {0}. Let v, be the
normalized exponential valuation of C, with |p| p =P P) =1/p (see [1-14]).

When we talk of g-extension, g is variously considered as an indeterminate, a complex
number g € C, or a p-adic number g € C,. Throughout this paper we assume that g € C, with
|1 -4gl, <1, and we use the notation of g-number as

X

_1-q
[x]q - 1_q 4 (11)
(see [1-14]). Thus, we note that limg 1 [x], = x.
In [2], Carlitz defined a set of numbers ¢, = éx(q) inductively by
_ kK o, _J1, ifk=1,
=1 (g+1) = {0, if k>1, (12)

with the usual convention of replacing ¢k by &.



2 Abstract and Applied Analysis

These numbers are g-extension of ordinary Bernoulli numbers Bi. But they do not re-
main finite when g = 1. So he modified (1.2) as follows:

1, ifk=1,

Poqg=1,  a(qp+ 1) - Prq = { ) (1.3)
0, ifk>1,

with the usual convention of replacing ¥ by fy ..
The numbers fy 4 are called the k-th Carlitz g-Bernoulli numbers.
In [1], Carlitz also considered the extended Carlitz’s g-Bernoulli numbers as follows:

h K 1, ifk=1,
B, == 44" +1) -, = (1.4)
%47 Th], ( ) P 0, ifk>1,

with the usual convention of replacing (") by ﬁf -
Recently, Kim considered g-Bernoulli numbers, which are different extended Carlitz’s
g-Bernoulli numbers, as follows: for « € Nand n € Z,,

B =1, q(qaB +1)" - i = (15)

with the usual convention of replacing (ﬁ(“))k by ﬁ,((a; (see [3]).

The numbers [Nil({a; are called the k-th g-Bernoulli numbers with weight a.
For fixed d € Z, with (p,d) =1, we set

X=X,;= hm( X1 =Zp,

)
dpNZ

U (a+adpz,), (1.6)

O<a<dp

(mp):l
a+dpNz, = {x eX|x= a(mod de>},
where a € Z satisfies the condition 0 < a < de .

Let UD(Z,) be the space of uniformly differentiable functions on Z,. For f € UD(Zy,),
the p-adic g-integral on Z, is defined by Kim as follows:

Zf(x)q , (1.7)

q x=0

Mﬁffm%w m@ﬂ



Abstract and Applied Analysis 3

(see [3, 4, 15, 16]). By (1.5) and (1.7), the Witt’s formula for the g-Bernoulli numbers with
weight a is given by

J [x]gedpq(x) = ﬁ,(f;, where n € Z.. (1.8)
z

P

The g-Bernoulli polynomials with weight a are also defined by

%%m=z<ghmlmw> (1.9)

1=0

From (1.7), (1.8), and (1.9), we can derive the Witt’s formula for [5(“) (x) as follows:

L [+ y]dpg(v) = By (x),  where n € Z.. (1.10)

P

For n € Z, and d € N, the distribution relation for the g-Bernoulli polynomials with
weight a are known that

nd_

Prig(x q L Gy (111)

an

(see [3]). Recently, several authors have studied the p-adic g-Euler and Bernoulli measures
on Z, (see [8, 9, 11, 13, 14]). The purpose of this paper is to construct p-adic g-Bernoulli
distribution with weight a (= p-adic g-Bernoulli unbounded measure with weight a) on 7Z,
and to study their integral representations. Finally, we construct the generalized g-Bernoulli
numbers with weight a and investigate their properties related to p-adic g-L-functions.

2. p-Adic g-Bernoulli Distribution with Weight «

Let X be any compact-open subset of Q,, such as Z, or Z;. A p-adic distribution y on X is
defined to be an additive map from the collection of compact open set in X to Q,:

/4<Ollk> = i‘u(uk)(addiﬁvity), (2.1)
k=1

k=1

where {U;,U,,...,U,} is any collection of disjoint compact opensets in X.
The set Z, has a topological basis of compact open sets of the form a + p"Z,.
Consequently, if U is any compact open subset of Z,, it can be written as a finite disjoint
union of sets

k
U=\ J(aj+p"2), (2.2)
j=1

wheren € Nand aj, ay,...,ar € Zwith0< a; <p"fori=1,2,...k.
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Indeed, the p-adic ball a + p"Z, can be represented as the union of smaller balls

p-1
a+p"Z, = bLJ (a +bp" + p’”lZp). (2.3)
=0

Lemma 2.1. Every map p from the collection of compact-open sets in X to Q, for which

y(a + pNZp> = pU1<a +bpN + de”Zp) (2.4)
b=0

holds whenever a + pN7Z, C X, extends to a p-adic distribution (= p-adic unbounded measure) on X.

Now we define a map y(“) on the balls in Z,, as follows:

pir(a+p'Zy) = —- [p] (@ ( “}">, (2.5)

1, e U

where {a}, is the unique number in the set {0,1,2,...,p" — 1} such that {a}, = a(mod p").
Ifae{0,1,2,...,p" — 1}, then

p-1 n+1 k b
Zykq<a +bp" + p"Z ) = ; qer f,i q),,m (apwf >
k (2.6)
. [P"] [ (") b (a/p™) +b
", Tl Z"pfkw)*’< b >

From (2.6), we note that ‘u(“)

[P]IEqP") bp" £ (@) (a/p") +b @ (4
B e e () () 7

is p-adic distribution on Z,, if and only if

Theorem 2.2. Let a € Nand k € Z,. Then we see that y,(f,‘;(a +p"Zy) is p-adic distribution on Z, if
and only if

[p]?q”") — (a/p") +b @ (@
@ (a/p7)+% m (4 28
B S e () 1 () e

One sets

Fa () = B (3)- (2.9)
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From (2.5) and (2.9), one gets

wiy(a+p'zy) = 7, oy <a>
k, P k o )
! 1, e \p

By (1.11), (2.10), and Theorem 2.2, we obtain the following theorem.

Theorem 2.3. Let ;4,(:2 be given by

N1k
[dp ]q”qaﬁ(u) (i)
[dpN], " e NdpN /2

Then ‘u(”) extends to a Q(q)-valued distribution on the compact open sets U C X.
From (2.11), one notes that

#z(f) (‘1 + dPNZP> =

dpN-1

f du () = lim 3 u® (x+dpNz,)
x=0

[dp k de v
= llm Z ﬁ](c ;dp ( >

quo

By (1.11) and (2.12), one gets
f du () = By,
X

Therefore, we obtain the following theorem.

Theorem 2.4. For a« € Nand k € Z,, one has

I 4 #(a) (x) = (a)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

Let y be Dirichlet character with conductor d € N. Then one defines the generalized q-Bernoulli

numbers attached to y as follows:

A, = fX KOO ] dpg (x)

"dl

qux( w(5)-

l7u0

(2.15)
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From (2.11) and (2.15), one can derive the following equation;

dpN-1
[ o) = im 3 x(n) (x+ "7,

[dPN] dp 1 x
: x pla)
Nhgnoo [~ D x(x)q ﬂkqd,, (d_N>

qg x=0 p

d]se &1 [P (a/d) +x
‘1 a :

kd—

q > a @B (5) = Bry

an

[d N+1] dp -1

(@) _ x 7 (a px
’[ x(x)d‘uk (x) = hm de+1]q xZO x(px)q” ﬁkqde+1<de+1>

[p]" [pN]"paPN-l i d
- P S e S B ()

q" a=0 [ ]qdn x=0 pdp
r ] [d] S 42 [Py .
el oo (3) -0 D
(2.16)
For p(#1) € X*, one has
f x()du?,, (px) =x<E) Pl B
k' B Tol e o

I Xx)d.“k up(ﬂx) X(%) k,x.q"¢"

Therefore, we obtain the following theorem.

Theorem 2.5. For f(#1) € X*, one has

jx(x dﬂ(a)(x) B;(j))(,q/

; [Pl
f X)dw) (x) = X(P)[] B
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f Xdu,, (px) = x(%)

f XCdu,, (px) = x(

Define

(a) (a) 1['6 _1]k (a)
Hicp,q(U) = py o (U) =~ 7, Hieq

By a simple calculation, one gets

[ xansy, 0 =[x - ﬁ‘l i

(vl)

kxq_ ()[]

61, /A,

AN

[ﬂ_l]s“j XA, (px) = /7], «(5)F

)7

(a)

/p.
-x(5) /A, "

By (2.19) and (2.20), one gets

[ e (%) = | xtoaus - ﬂ’

(a) [ ]

[l w0

[P]

ala)
kxq“”'

[P] : (a)

k,x.q"”

errql/ﬂ

9" (@)
k,x,qp/ﬂ °

1[ /Bl

O G B

p\ [P/ Pl (@)
+X<B> [p/ﬂ]q ﬁk/X/qp/p‘

Now one defines the operator y¥ = y¥*%4 on f(q) by

YF@) = X7 a) =

[v],

k

up (PU)-

’[ X(x).“(a)uﬁ (%)

(1>ﬂ

1//5 (Px)

a(a)
k.x.q'?

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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Thus, by (2.22), one gets

4 | [yl
XTRET o ¥ f(g) = x’(""“"’ﬁx(y)f (4")
Ylq
[y} ]}
= —Ly()x(x)—=—x¥)f (@)
[v], (],
(2.23)
[xy].
= x(xy) f(q*)
[xy],
_ Xy kaq
= XV f (q)
=x"f(9).
Let us define y*y¥ = y**%4 o y¥*®4,_Then one has
xx=x". (2.24)
From the definition of y*, one can easily derive the following equation;
X Y g eq
(1-yx") (1 - lxl/ﬂ> =1- lxl/ﬁ -y’ + 1x"’/ﬁ. (2.25)
p p p
Let f(q) = ~1(<‘7))(,q' Then one gets
k k
1 w0 w1Vl 1N Pl (@)
(1—x”)<1——x1/ﬂ> booa = Prva = 3 X5 )Be T3 XPBS .
B XA SO’ [1/p]q B x4 [P]q XA
(2.26)
k
+ 1 [p/ﬂ]qﬂ <E>~(a)
ﬁ [P/ﬂ]q X ﬂ k,x,q"’/ﬂ'
By (2.21) and (2.26), one obtains the following equation:
(a) _ . L VAYC)
o X () = (1= x") (1= 55 ) By (227)

where p(#£1) € X*.

References

[1] L. Carlitz, “Expansions of g-Bernoulli numbers,” Duke Mathematical Journal, vol. 25, pp. 355-364, 1958.



Abstract and Applied Analysis 9

[2] L. Carlitz, “g-Bernoulli numbers and polynomials,” Duke Mathematical Journal, vol. 15, pp. 987-1000,
1948.

[3] T. Kim, “On the weighted g-Bernoulli numbers and polynomials,” Advanced Studies in Contemporary
Mathematics, vol. 21, pp. 207-215, 2011.

[4] T.Kim, “On a g-analogue of the p-adic log gamma functions and related integrals,” Journal of Number
Theory, vol. 76, no. 2, pp. 320-329, 1999.

[5] Y.-H. Kim, “On the p-adic interpolation functions of the generalized twisted (h, g)-Euler numbers,”
International Journal of Mathematical Analysis, vol. 3, no. 1720, pp. 897-904, 2009.

[6] A. Bayad, “Modular properties of elliptic Bernoulli and Euler functions,” Advanced Studies in
Contemporary Mathematics, vol. 20, no. 3, pp. 389-401, 2010.

[7] A. Bayad, “Arithmetical properties of elliptic Bernoulli and Euler numbers,” International Journal of
Algebra, vol. 4, no. 5-8, pp. 353-372, 2010.

[8] H. Ozden, Y. Simsek, S.-H. Rim, and I. N. Cangul, “A note on p-adic g-Euler measure,” Advanced
Studies in Contemporary Mathematics, vol. 14, no. 2, pp. 233-239, 2007.

[9] H. Ozden, Y. Simsek, and I. N. Cangul, “Euler polynomials associated with p-adic g-Euler measure,”
General Mathematics, vol. 15, no. 2, pp. 24-37, 2007.

[10] Y. Simsek, “Special functions related to Dedekind-type DC-sums and their applications,” Russian
Journal of Mathematical Physics, vol. 17, no. 4, pp. 495-508, 2010.

[11] S.-H.Rim and T. Kim, “A note on p-adic Euler measure on Z,,” Russian Journal of Mathematical Physics,
vol. 13, no. 3, pp. 358-361, 2006.

[12] S.-H. Rim, J.-H. Jin, E.-J. Moon, and S.-J. Lee, “Some identities on the g-Genocchi polynomials of
higher-order and g-Stirling numbers by the fermionic p-adic integral on Z,,” International Journal of
Mathematics and Mathematical Sciences, vol. 2010, Article ID 860280, 14 pages, 2010.

[13] N. Koblitz, “On Carlitz’s g-Bernoulli numbers,” Journal of Number Theory, vol. 14, no. 3, pp. 332-339,
1982.

[14] T. Kim, “On explicit formulas of p-adic g-L-functions,” Kyushu Journal of Mathematics, vol. 48, no. 1,
pp. 73-86, 1994.

[15] T. Kim, “g-Bernoulli numbers and polynomials associated with Gaussian binomial coefficients,”
Russian Journal of Mathematical Physics, vol. 15, no. 1, pp. 51-57, 2008.

[16] T.Kim, “g-Volkenborn integration,” Russian Journal of Mathematical Physics, vol. 9, no. 3, pp. 288-299,
2002.



