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We study the multiplicity of periodic solutions of nonautonomous delay differential equations

which are asymptotically linear both at zero and at infinity. By making use of a theorem of Benci,
some sufficient conditions are obtained to guarantee the existence of multiple periodic solutions.

1. Introduction

The existence and multiplicity of periodic solutions of delay differential equations have
received a great deal of attention. In 1962, Jones [1] firstly investigated the existence of
periodic solutions to the following scalar equation:

u'(t) = —au(t - 1)[1+u®)]. (1.1)

By making use of Browder fixed point theorem, the author showed that there exist periodic
solutions of (1.1) for each a > or/2. Since then, various fixed point theorems have been used
to study the existence of periodic solutions of delay differential equations (cf. [2]). As pointed
out in [3], by making change of variable 1 + u = ¢¥, (1.1) turns into

x'(t) = —f(x(t-1)). (1.2)
In 1974, Kaplan and Yorke [4] studied the following more general form of (1.2)

X(t) =—f(x(t-1)) - f(x(t=2)) =+ = f(x(t—n)). (1.3)
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They introduced a technique which translates the problem of the existence of periodic
solutions of a scalar delay differential equation to that of the existence of critical points of
an associated ordinary differential system. Using this method, they proved that (1.3) has
a periodic solution with minimal period 4 (resp., 6) when (1.3) has one delay (resp., two
delays). In this direction, Fei, Li and He did some excellent work and got some signification
results (cf. [5-8]).

Many other approaches, such as coincidence degree theory, the Hopf bifurcation
theorem, and the Poincaré-Bendixson theorem, have also been used to study the existence
of periodic solutions of delay differential equations (cf. [9, 10]). However, most of those
results are concerned with scalar delay equations. In 2005, Guo and Yu [3] studied vector
delay differential system (1.2). They built a variational structure for (1.2) on certain suitable
spaces. Then they reduced the existence of periodic solutions of (1.2) to that of critical
points of an associated variational functional. By making use of pseudoindex theory, they
obtained some sufficient conditions to guarantee the existence of multiple periodic solu-
tions.

In spite of so many papers on periodic solutions of delay differential equations, there
are a quite few researches on nonautonomous case (see for example [11]). The main goal of
this paper is to investigate the following nonautonomous system:

X (b) :—f<t,x<t—§>>. (1.4)

We assume that

(f;) there exists F € C([0,r/2] xR, R) such that f is the gradient of F with respect
to x, and

F(t,x) = F(t,—x), F(t+ §x> - F(t,x), Y(t,x)eRxR", (1.5)

(f2) f(t,x) = Bo(t)x + o(|x]) as |x|] — O uniformly for t € [0,7r/2],
(f3) f(t,x) = B (t)x + o(|x]) as |x| — oo uniformly for ¢ € [0,or/2],

where By, B, are n x n symmetric continuous sr /2-periodic matrix functions.

Hypothesis (f3) is known as asymptotically linear condition at infinity. Hypothesis
(f2) is an asymptotically linear condition at zero, which implies that 0 is a trivial solution
of (1.4). We are interested in nontrivial periodic solutions of (1.4). Similar to [3], we
build a variational structure for (1.4) and convert the existence of periodic solutions to
that of critical points of variational functional. Since the asymptotically linear hypothesis
at infinity is given by a periodic loop of symmetric matrix, it will be more difficult to
deal with more than a constant matrix. However, we can prove the existence of multi-
ple periodic solutions by making use of a multiple critical points theorem of Benci (cf.
[12]).

The rest of this paper is organized as follows: in Section 2, we build the variational
functional and state some useful lemmas; in Section 3, the main results will be proved.
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2. Variational Tools

Denote S! = R/(2x7). The space H = H/2(S',[R") has been introduced in [3]. The space H
can be equipped with inner product as follows:

(x,y) = (a0, c0) + D (1 +7) [(aj, ¢j) + (bj,d))], (2.1)
j=1

where x = ao/v2r +1/y/m 32, (ajcosjt + bjsinjt), y = co/vV2mr + 1/+/7 3.7, (cj cos jt +
d]' Sil’ljt), ap, co € R*, a,-,c,-,b]-,dj € Rn,j eN.
Set

E={xeH|x(t+m)=-x(t), Vt e R}. (2.2)

Then E is a closed subspace of H. If x € E, it has Fourier expansion
x(t) = Li[ai cos(2j — 1)t +b;sin(2j - 1)¢]. (2.3)
VT
Let x € L2(S!, R"). If for every z € C*(S!, R")

27 27
f (x(),z'@)dt=—| (y(t),z(t))dt, (2.4)
0 0

then vy is called a weak derivative of x, denoted by x.
The variational functional defined on H, corresponding to (1.4), is

J(x) = f 2”[ x(t)) F(t, x(t))] dt. (2.5)

Define a linear bounded operator A : H — H by setting

(Ax,y) = rﬁ y(t)> (2.6)

It is easy to prove that E is an invariant subspace of H with respect to A and A is self-adjoint
if it is restricted to E.

Lemma 2.1 (see [3]). The essential spectrum of the operator A restricted to E is just {2,-2}.

Define

p(x) =- Jj” F(t,x(t))dt, VYxeH. (2.7)
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Then ] can be rewritten as
1
J(x) = E(Ax,x) +p(x), VYxeH. (2.8)

Similar to the argument as in [3], we can prove the following two basic lemmas.

Lemma 2.2. Assume that f satisfies (f1)—(f3). Then ] is continuous differentiable on H and
, 271, a ) a
(J'(x),h) = L [E (x<t - 5) - x<t + 5),h(f)) — (f(t,x(t),h(t))|dt, VYheH. (29)
Moreover, ¢' : H — H* is a compact mapping defined as follows:
2o
(¢'(x),h)y == (f(t,x(t),h(t))dt, Vx,heH. (2.10)
0

Lemma 2.3. The existence of 2mr-periodic solutions of (1.4) belonging to E is equivalent to the
existence of critical points of functional | restricted to E.

Lemma 2.3 implies that we can restrict our discussion on space E. At the end of this
section, we recall a useful embedding theorem.

Lemma 2.4 (see [13]). For every p € [1,+0), H is compactly embedded into the Banach space
LP(SY,R™). In particular, there is an ay, such that

Il < apllxll, Vx € H. (2.11)

Remark 2.5. Here and hereafter, &, (p € [1, 00)) denotes the real number satisfying (2.11).

3. Main Results

Let B(t) be an nxn symmetric continuous s /2-periodic matrix function. We define a bounded
self-adjoint linear operator B € L(E) by extending the bilinear forms

27
(Bx,y) = fo (B(t)x(t),y(t))dt, Vx,y€E. (3.1)

It is well known that B is compact (cf. [14]).
Denote by By, B, the operators defined by (3.1), corresponding to By(t), B, (t), respec-
tively. Set

np = dim Ker(A - Bp), N, = dim Ker (A - By,),

1 27 (32)
Gi(t,x) = F(t,x) — E(B,-(t)x, x), i(x)= J. Gi(t,x)dt, i=0,00.
0



Journal of Applied Mathematics 5

Then the functional | defined by (2.5) can be rewritten as
J(x) = %((A - Bi)x,x) —¢i(x), Vx€E, i=0,00. (3.3)
Lemma 3.1. Suppose that f satisfies (£f1)—(f3). Then

o Mol _ GOl IS (3.4)

IKi=o [lxll 7 xli—+e x|

The proof uses the same arguments of [5].
In order to prove our results, we need an abstract theorem by Benci [12].

Proposition 3.2. Let y € C'(E, R) satisfy the following:

(J1) x(x) = 1/2(Lx,x) + w(x), where L is a bounded linear self-adjoint operator and w' is
compact, where «w' denotes the Frechét derivative of w;

(J2) every sequence {x;} such that x(x;j) — ¢ < ¢(0) and || x'(xj)|| — Oasj — +oo hasa
convergent subsequence;

(J3) w(x) =w(-x), x € E;

(J4) there are two closed subspaces of E, E*, and E~, and some constant ¢y, €, p With cg < € <
w(0) and p > 0 such that

(a) x(x) > co for x € E*,
(b) x(x) <ce <w(0) forue E-NS,(S, = {u € El[x|| = p}).

Then the number of pairs of nontrivial critical points of y is greater than or equal to dim(E* NE™) -
codim(E™ + E*). Moreover, the corresponding critical values belong to [co, €]

Definition 3.3. Let By (t) and B, (t) be symmetric matrices function in R", continuous and sr/2-
periodic in t. A index I of Bi(t) and B,(t) is defined as follows:

I(Bi(#), Ba()) = dim(M*(A = B)) (\M™(A-By))

- dim[(M’(A ~Bi)® M°(A - Bl)> N <M+(A ~By))® M°(A - B2)>],
(3.5)

where B; (i = 1,2) are the operators, defined by (3.1), corresponding to B;(t) (i = 1,2) and
M*(A - B;) (resp., M~ (A - Bi(t)), M°(A - B;)) denotes the subspace of E on which A - B; is
positive definite (resp., negative definite, null).

Lemma 3.4. If f satisfies (£1)—(£f3), then ], defined by (2.8), satisfies (J1), (J3) and (J4).

Proof. Hypothesis (f;), (2.8), and Lemma 2.2 imply both (J1) and (J3). By definition of ¢y and
Lemma 3.1, we have

go(x) = ~9(0) +o(|lx|*), for ] — 0. (3.6)
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Since By and B, are compact operators from E to E, it follows from Lemma 2.1 and a well-
known theorem (cf. [15]) that the essential spectrum of A — By and A - By, is {2,-2}. Thus 0
is either an isolated eigenvalue of finite multiplicity or it belongs to the resolvent. Hence, we
decompose E as follows:

E=M"(A-By)eM°(A-By)eM (A-By) =M (A-By)®M°(A-By,)®M (A-By).
(3.7)

Setting E* = M*(A - B,), E- = M~ (A — By), there exists positive constant a, § such that
((A-Bo)x,x) < —allx|>, VYx€E,  ((A-By)xx)>plx|>, VYxecE". (3.8)
It follows that, for any x € E7, itis

J(x) < =Z I+ 9(0) = o(IxI?), as llx| — 0. (3.9)

Then there exist constants p > 0 and y > 0 such that
J(x) <-y+¢(0), Vxe€E NS, (3.10)

Setting c, = —y/2 + ¢(0), (J4)(b) is satisfied.
By (f3), there exists Ry > 0 such that

p

Goo(t,x) < —|x*,  V|x| > R. (3.11)
das

Since G, (t, x) is continuous with respect to (t, x), denote by M = maxo<i<r/2x|=R, | Goo (£, X) }.
Then M is finite. Thus

27T 27T ﬂ ﬁ
| ()| < f |Goo (£, x)|dt < f x> + M| dt < = lx||* + 2 M. (3.12)
0 0 |4x; 4
Then, for every x € E,
_ 1 _ _ ﬂ 2 ﬂ 2 (3 13)
J(0) = 5 (A= Be)x, ) = s (%) 2 Zxl* = 9o ()| 2 G 1 — 27 M. :

Thus ] is bounded from below on E*. Setting
co = xi&fj(x) -—w (3.14)

with w > 0 such that ¢y < ¢, then (J4)(a) is satisfied. O
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Remark 3.5. Supposing that 0 ¢ o.(A — B,), any bounded sequence has a convergent subse-
quence (cf. [12]).

Theorem 3.6. Suppose that f satisfies (f1)—(f3), and ny = ne, = 0, then (1.4) has at least |1 (B, Bo)|
pairs of nonconstant 2sr—periodic solutions if |1(Bs,, Bo)| > 0.

Proof. Since n,, = 0, dim MY(A — B,,) = 0. By Proposition 3.2 and Lemma 3.4, we only need
to check (J2). Let {x;} be a sequence such that

J'(xj) =0,  J(x) —¢ (3.15)

where ¢ € R, ¢ < ¢(0). Suppose to the contrary that we can choose ||xj|| — +c0 asj — +oo.

Clearly, x; can be written as x; = x]’.’ +X; € M*(A - By)® M (A - By). On one hand,

D =) el @.16)

LE7E ) N | P

then we have

]’(x-),xf—xf i . .
o tmaup 0T =50 Il 6.17)
- | {xj, %)) R B
Thus
J'(xj), x7 —x7
limsup|< S ! ]>| =0. (3.18)
joo |{xj, )|
On the other hand,
<]'(x]-),x]-+ - x;> = <(A - Bw)x]-,x;r - x;> - <(,u;°(t, x]-),x; - x;> (3.19)
Since
S = )] g Conlllll _ Nl G 6520
| (s, x7) | I B [ES
it follows by Lemma 3.1 that
lim |<"’°°(xf)'xf —% >| 0o (3.21)




8 Journal of Applied Mathematics

Using a similar discussion as (3.8), there exists ffy > 0 such that ((A — By)x, x) < —ﬁollx||2 for
all x € M~ (A - By,). Choosing ' = min(§, o) > 0, we have

((A=Bo)xj, x7 =7 ) = (A= Bo)x;, 27 ) = (A= Ba)xy, x5 ) 2 fllxI. (3.22)
Thus,
lim inf|<],(Xj)/xj+ _xj_>| = lim inf|<(A_ Bee)xj, xj —x].‘> - <ggo(x]-),x]-+ —x].‘>|
joteo |{xj, x7) j= oo [, %))
o @a-Baxxr-x)|
“hma |<xi/xi>]| e

(3.23)

which contradicts (3.18). This proves (J2). By Lemma 3.1, (1.4) has at least dim (E* N E™) —
codim(E™ + E*) = I(By, By) pairs of nontrivial solutions if I(B,, By) > 0. Since the Sobolev
space E does not contain R” as its subspace, all nontrivial periodic solutions are nonconstant
periodic solutions.

If I(Bs, By) < 0, then I(By, B,,) = —1(Bs, By) > 0. In this case, we replace J by —J
and let E* = M~ (A - By) and E~ = M*(A - B,). It is easy to see that (J1)—(J4) are satisfied.
Similarly, we can show that (1.4) has at least I(By, B.,) pairs of nonconstant solutions. O

Remark 3.7. When Theorem 3.6 is applied to autonomous delay differential equations, we
obtain the same number of periodic solutions as that in [3].

Theorem 3.8. Suppose f satisfies (f1)—(f3) and

(f4) GL,(t, x) is bounded, where G, denotes the derivative of G, with respect to x,

(f5) Goo(t, x) — +oo as |x| — +oo, uniformly for t € [0,or/2].
Then (1.4) has at least 1(Bg,, By) pairs of nonconstant 2sr-periodic solutions provided 1(By,, By) > 0.

Proof. By Proposition 3.2 and Lemma 3.4, it suffices to check condition (J2). Let {x;} be a
sequence satisfying (3.15). Suppose to the contrary that {x;} is unbounded. Clearly, x; can be
written as x; = x; + x? +x; € M'(A-By) o M(A - B,,) ® M~ (A - Bg,). Since J'(xj) — 0,
for j large enough, we get

<[] (3.24)

.
Xj

‘<(A—Bw)x]-,x;> _,[02”<G;°(t'xj>'x;>dt

By (f4), there exists ¢1 > 0 such that |G (t, x)| < c1. Then the above inequality and (3.8) imply

xt

: . (3.25)

"< |{(A=Bu)xj, ) )| <

+c1a2\/2n'|

+ +
ﬂ| Xj Xj
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This gives a uniform bound for {x]’.’ }. In the same manner, one gets a uniform bound for {x]T }.
Since {](x;)} is convergent, it is bounded and there exist positive constants c,, c3, ¢4 such that

&2 < J(x7) < 4 () + 5] (A = By )|

() (1) ~pe) v

. (3.26)
g—qfoo<x?>+clj‘ |x?—x]-|dt+C3
0

< ¢ <x;-)> +cy.

Therefore, o, (x?) is bounded from above. (f5)" implies that ||x?|| is bounded. Otherwise,

since the kernel of A — B, is a finite dimensional space, thus ¢, (x?) = jgﬂ Go(t, x?)dt — o0
as j — oo, which contradicts to (3.26).
If (f5)” holds, we replace (3.26) by

€2 2 J (%)) 2 ~¢ren (%) = [((A = Beo)x;, ;) |. (3.27)

Arguing as above, we can get a contradiction and complete our proof. O
Theorem 3.9. Suppose that f satisfies (f1)—(f3) and

(f6) there exist constants v >0, p € (1,2), a1 > 0, and ap > 0 such that

pGes(t, x) > (x,G,(t,x)) >0 for |x|>71, te [O,%];
. (3.28)
Go(t,x) > a1|xfF —ay, VYxeR", te [0, E]

Then (1.4) has at least 1(Bg,, By) pairs of nonconstant 2sr-periodic solutions provided 1(By,, By) > 0.

Proof. Let {x;} be a sequence satisfying (3.15). We want to show that {x;} is a bounded

sequence in E. Decompose x; as xj = x;r +x? +x; € M*(A-By)®M°(A-By)e M (A-By).

Then
(1) ) = (=B )= (0 () ) 2 Bl | = ool - |- @299
Combining the above inequality with (3.15) and Lemma 3.1, we have
| xt
0, asj— oo (3.30)

[l
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Similarly, we have

1
1

—0, asj— oo. (3.31)

Then by (3.30) and (3.31), there exists a positive integer jy such that for j > jy

|9 = [l + 7| (3.32)
It follows that
S R ooy 8 v e N

By (fs), there exist positive constants M1, M>, M3, My such that for j large

Mys 32 30 o)) =160 = [ [Gn) - 3G, )]

B e

> Ml |, - M.

Let g be such that p™' + g7! = 1. Since E ¢ L9(S!,R"), the embedding being continuous, the
dual space E* of E, contains LP(S!, R") with continuous embedding. Therefore, by (3.34)

Ms (1 [l = fl . (3.35)

. o , _ 0 .0 - + i =
Since ||xj|| .. = sup”w”ESl(x],w)L2 = sup”w”‘ggl[(x].,w )L2 + (x]. ,w )L2 + (x]. ,w*)LZ], taking w =
x(].)/ ||x]0.||E, it follows that

1
i1l 2 7|
X
” J”E

Owing to the fact that M°(A — B,,) is a finite dimensional subspace of E, there exist two
positive constants ¢; and ¢; such that

2
e (3.36)

cillxflle < [l < eallxf e (3.37)
Therefore by (3.35), (3.36), and (3.37),

Mi(1+ [z = ||| (3.38)
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Both (3.33) and (3.38) imply that there exists Mg > 0 such that
Ma(1+ [5]) = [l (3:39)

which yields a bound for ||x?|| and hence x; via (3.33). Thus (J2) holds. O

Theorem 3.10. Suppose that f satisfies (f1)—(f3) and
(f7)* there exist positive constants c1,cp > 0 such that

+[2Goo (t, %) - (G (t,x),x)] > cilx| -2 VxR, te [o, %] (3.40)

Then (1.4) has at least 1(Bg,, By) pairs of nonconstant 2sr-periodic solutions provided 1(By,, By) > 0.

Proof. Let {x;} be a sequence satisfying (3.15). We want to prove that {x;} is bounded in
E. Suppose, to the contrary, {x;} is unbounded in E. Decompose x; as x; = x; + x? +x; €
M*(A-By)® M°(A-B,)® M (A - B,). Clearly, (3.30)-(3.33) still hold.

Assume that (f;)" holds. Since M°(A - B,,) is a finite dimensional subspace of E, we
have

o)) =20 ) = [ Ginlt) - (Gt ) )t

20T
>0 f |xj|dt -2,
0

(3.41)
s [ dlat—er (x| + g [t -2
0 0
2 s[5 e[l |+ il + )
Combining the above inequality with (3.30), (3.31), we have
H — 0 asj— oo. (3.42)
i
But this implies the following contradiction:
O s (6.43)
[l I

therefore, {x;} must be a bounded sequence.
If (f7)” holds, using a similar argument, we can get a contradiction which completes
our proof. O
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Theorem 3.11. Suppose that f satisfies (f1)—(f3) and
(fg)™ there exist constants 1 < Y <2,0<6<y/2, and by, by, L > 0 such that

|GLa(t, )| S bulxl?,  +Gas(t,x) 2 bolxl’, Vx| 2 Lt e o, %] (3.44)

Then (1.4) has at least 1(Bs,, By) pairs of nonconstant 2ar-periodic solutions provided 1(By,, By) > 0.

Proof. Let {x;} be a sequence satisfying (3.15). Suppose, to the contrary, ||xj]| — +occasj —
+oo. Decompose x; as x; = x]f’ + x;) +x; € M*(A-By)®M°(A-By,)®M (A-By). First, we
show that for j large enough

x; +xj]| <bs ||x?||(5 +1, (3.45)

where b3 > 0 and 7 > 0 are constants independent of j. Since |x;| > L for sufficiently large j,

therefore, |G, (t, x;)| < b1|x]-|6, and we have

|GLa (8 x) | < B [ + b

27 27 1/2
el < [ leneolidas ([Te.enla) . e

0
2 1-6 26 26 12
<ap [b1 ) 0 a® || x| + 27rb4] |ly|l, foranyyeE.
This implies that for j large enough

o (X
M < bs. (3.47)
[l

By (3.15), (3.22), (3.33) and (3.47), for j large enough, we have
| <]'(x]-),x]-+ - x;>| = |<(A - Boo)x,-,x]-+ - x;> - <qffw(xj),x; - x;>|

> |

_112 5
x; 42 || = sl |

X - x; || (3.48)

2 6
+ -” _ 6|[,0
5+ -2

.
ot x|

> |
Therefore, for sufficiently large j,

17 Gl 2 B + x5 || - 527 || (3.49)

This implies that (3.45) holds, where b; = b526/ p.
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By (3.15) and (3.45), for j large enough, there exist positive constants bs, by, b7, bg such
that

¥oo () = %<(A—Boo)<x; +x77>,x]-+ +x]T> - J(xj)

(3.50)
2 NS
< bg x;' + ” +b, < bg”x]- ” + by.
Now, we claim that there exists by > 0 such that, for j large enough,
201 Y
f i "t > bo | <¢], (3.51)
0
In fact, for y > 1, by (3.45) and the fact that 6 < 1, we have
27 2r Vy s on e\ VY
xi,x0)dt < |x-|Ydt 77 a
Jrti ] j
0 0 0
20 1y
ool [ lrar) )
0
20 2 201 (352)
C 20\ g = 0,0 + = 20
fo (x,,x]->dt = fo (x]-,x]-)dt + fo <x]- + x]-,x]->dt
201 2
zf |xQ| dt —||xT +x; x?
0 ] ] T N2 77 2
1+6

2 2
0 2||,0
2 bu| ~bscd :

2 0 0
~ain|x| 2 bl

for j large enough. This implies (3.51) for y > 1.
For y = 1, since M°(A - By, is a finite dimensional subspace of E, we know that for

any j,

bia || < [[]| < a0 (3.53)

where by3, bi4 > 0 are constants independent of j. Now we have

27 27 27 271
L I I T I T [ T e

Combining (3.52) with (3.54), we get (3.51) for y = 1.
On the other hand, by (fs)"

20T 2
$oo (x)) = J. Goo (t, x;)dt > f ba|xj|"dt — 27rbys > b17||x?||y — 27bs. (3.55)
0 0
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Since that y > 26, we get a contradiction from (3.50) and (3.55). Therefore, {x;} is bound-
ed.

If (f3)” holds, using a similar argument as above, we get a contradiction and completes
our proof. O
Theorem 3.12. Suppose f satisfies (f1)—(f3) and

(fo)™* there exist positive constants 1 <y < 2,0 < 6 <y/2,and by, by, L such that

|GL, (£, x)| < bu|x|®, (G (t,x),x) > balx|", V|x|>L, te [o, %] (3.56)

Then (1.4) has at least 1(By,, By) pairs of nonconstant 2ar-periodic solutions provided 1(Bs,, By) > 0.

Proof. If (f9)" holds, for j large enough, by (3.45) and (3.51), we have

27

(Gl x)de < | () ) + (A= B (37 +35). (x5 + ) )|

T 0 oll8 ol[25
x]-+x-|| §||x].||+M2||x].|| +M3||x].|| + M.,

<yl + M +

27

27
, Y
. (Goo(t, x]-),x]-)dt > bz fo |x]-|Ydt - M5 > M6||x?|| - M5.
(3.57)
Since y > 26, {x?} is bounded, so is {x;}. Therefore, | satisfies (J2).

In the case that (fo)” holds, using a similar argument, we can verify (J2). This com-
pletes the proof. O

Example 3.13. Consider the following nonautonomous delay differential equation

‘e z> a+b(t)|x(t - (/2)"? + clx(t ~ (x/2))[*

x(t):—MX( 2 1+ |x(t - (x/2)[*

(3.58)

where M is a 4 x 4 matrix, a, ¢ are constants, b € C([0,sr/2] ,R").

Case 1. Let A = diag(0.3, 2.7, 7.3, 9.3), a = 1, ¢ = 2, and b arbitrary. Computing directly,
we have I(By(t), B, (t)) = 10. Applying Theorem 3.6, equation (3.58) has at least 10 pairs of
2sr-periodic solutions.

Case 2. Let A = diag(0.3, 2.7, 5, 10.5), a = 2, ¢ = 1, and b arbitrary. Then by Theorem 3.8,
(3.58) has at least 8 pairs of nonconstant 2;r-periodic solutions.
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