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Some new Gronwall-Bellman type delay integral inequalities in two independent variables on
time scales are established, which can be used as a handy tool in the research of boundedness
of solutions of delay dynamic equations on time scales. Some of the established results are 2D
extensions of several known results in the literature, while some results unify existing continuous
and discrete analysis.

1. Introduction

In the research of solutions of certain differential and difference equations, if the solutions
are unknown, then it is necessary to study their qualitative and quantitative properties such
as boundedness, uniqueness, and continuous dependence on initial data. The Gronwall-
Bellman inequality [1, 2] and its various generalizations, which provide explicit bounds, play
a fundamental role in the research of this domain. During the past decades, much effort has
been done for developing such inequalities (e.g., see [3-15] and the references therein). On
the other hand, Hilger [16] initiated the theory of time scales as a theory capable to contain
both difference and differential calculus in a consistent way. Since then many authors have
expounded on various aspects of the theory of dynamic equations on time scales (e.g., see
[17-19] and the references therein). In these investigations, integral inequalities on time
scales have been paid much attention by many authors, which play a fundamental role in
the research of quantitative as well as qualitative properties of solutions of certain dynamic
equations on time scales. A lot of integral inequalities on time scales have been established
(e.g., see [20-26]), which have been designed to unify continuous and discrete analysis.
But to our best knowledge, the Gronwall-Bellman-type delay integral inequalities on time
scales have been paid little attention in the literature so far. Recent results in this direction
include the work of Li [27] and that of Ma and Pecari¢ [28]. Furthermore, nobody has studied
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the Gronwall-Bellman-type delay integral inequalities in two independent variables on time
scales.

The aim of this paper is to establish some new Gronwall-Bellman-type delay integral
inequalities in two independent variables on time scales, which provide new bounds for
the unknown functions concerned. Some of our results are 2D extensions of many known
inequalities in the literature, while some results unify existing continuous and discrete
analysis. For illustrating the validity of the established results, we will present some
applications of them.

First we will give some preliminaries on time scales and some universal symbols for
further use.

Throughout this paper, R denotes the set of real numbers and R, = [0, o), while Z
denotes the set of integers. For two given sets G, H, we denote the set of maps from G to H
by (G, H).

A time scale is an arbitrary nonempty closed subset of the real numbers. In this paper,
T denotes an arbitrary time scale. On T we define the forward and backward jump operators
o € (T, T) and p € (T, T) such that o(t) =inf{s € T,s > t}, p(t) = sup{s € T,s < t}.

Definition 1.1. The graininess yu € (T,R.) is defined by pu(t) = o(t) - t.
Remark 1.2. Obviously, u(t) = 0if T = R while p(t) = 1if T = Z.

Definition 1.3. A point t € T is said to be left-dense if p(t) = t and t# inf T, right-dense if
o(t) =tand t# sup T, left-scattered if p(t) < t, and right-scattered if o(t) > t.

Definition 1.4. The set T* is defined to be T if T does not have a left-scattered maximum;
otherwise it is T without the left-scattered maximum.

Definition 1.5. A function f € (T, R) is called rd-continuous if it is continuous at right-dense
points and if the left-sided limits exist at left-dense points, while f is called regressive if
1+ pu(t)f(t) #0. Crq denotes the set of rd-continuous functions, while J denotes the set of all
regressive and rd-continuous functions, and R* = {f | f € R, 1+ u(t)f(t) >0, Vt € T}.

Definition 1.6. For some t € T* and a function f € (T,R), the delta derivative of f at t is
denoted by f2(t) (provided it exists) with the property such that for every ¢ > 0 there exists
a neighborhood i of t satisfying

|£(0(t) - £(5) - FAO (o) - )| < elo®) - 5| Vseu. (1.1)

Similarly, for some y € T* and a function f € (T x T, R), the partial delta of f with
respect to y is denoted by (f(x, y))ﬁ or fyA(x, y) and satisfies

(o)) - Fx,9) - f2(x,y) (0(y) = 5)| < elo(y) - s| Ve>0, (1.2)

where s € Yl and il is a neighborhood of y.

Remark 1.7. If T = R, then f2(t) becomes the usual derivative f'(t), while f4(t) = f(t+1)-f(t)
if T = Z, which represents the forward difference.
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For more details about the calculus of time scales, see [29]. In the rest of this paper,
for the convenience of notation, we always assume that To = [xo,00) T, To = [yo,0) T,
where xp, yo € T* and furthermore assume Ty C T*, Ty C T*.

2. Main Results
We will give some lemmas for further use.

Lemma 2.1. Suppose X € Ty is a fixed number, and u(X,y), a(X,y), b(X,y) € Crq, m(X,y) €
R, with respect to y, m(X, y) > 0, then

u(X,y) <a(X,y) +b(X,y) ! m(X, Hhu(X, t)At, ye T, (2.1)
Yo

implies

u(X,y) <a(X,y) +b(X,y) ! em(y,ot))a(X, tym(X, t)At, ye T, (2.2)
Yo

where m(X,y) = m(X, y)b(X, y): and ez (y, yo) is the unique solution of the following equation
2y (X y) =m(X,y)z(X y), z2(X,y0) = 1 (23)

The proof of Lemma 2.1 is similar to [26, Theorem 5.6].

Lemma 2.2. Under the conditions of Lemma 2.1, and furthermore assuming a(x, y) is nondecreasing
in y for every fixed x, b(x, y) =1, then one has

u(X,y) < a(X,y)em(y, yo)- (2.4)

Proof. Since a(x,y) is nondecreasing in y for every fixed x, then from Lemma 2.1 we have

u(X,y) <a(X,y)+ ! em(y,0(t))aX, tym(X, ) At < a(X,y) [1 + fy en(y,0(t))m(X, t)At].
Yo Yo
2.5)

On the other hand, from [29, Theorems 2.39 and 2.36 (i)] we have 1+fyy0 em(y,o(t))m(X, t)At =
em (Y, o). Then collecting the above information, we can obtain the desired inequality. O

Lemma 2.3 (see [11]). Assume that a >0, p>q >0, and p#0; then, for any K >0

a’? < Ixapivg P~ dgarr. (2.6)
P P
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Lemma 2.4. Let h: TxR — R be continuous and nondecreasing in the second variable, and assume
X is a fixed number in T. Suppose v(X,y) and w(X, y) satisfy the dynamics inequalities:

vyA <h(y,v), wyA > h(y,w). (2.7)

Then v(X,yo) < w(X, yo) for some yo € T implies v(X,y) < w(X,y) forall y € T.
The proof of Lemma 2.4 is similar to [26, Theorem 5.7].

Theorem 2.5. Suppose u,a,b, f € Ciq(To x TO,RJ,), and a(x,y), b(x,y) are nondecreasing. p
is a constant, and p > 1. 7y € (Ty,T), Ti(x) < x,—00 < a = inf{m(x),x € To} < x0. T» €

(To, T), T2(y) < y,—o0 < p =inf{12(y),y € To} < yo. ¢ € Cra(([a, x0] x [B,y0]) N T2 R,). If for
(x,y) € Ty x Ty, u(x, y) satisfies the following inequality:

uP(x,y) <a(x,y) +b(x,y) fy fx [f (s, Hu(mi(s), T2(t))] As At, (2.8)
Yo ¥ Xo

with the initial condition

u(x,y) =¢(x,y), ifxelaxl(\Toryel[py] T,
P(m1(x), 2 (y)) < al/p(xr y), Y(x,y)€Tyx T, if T1(x) < x0 or 2(y) < yo,

(2.9)

then

1/p

u(x,y) < [Hl (x,v) +b(x,y) ’ e, (y,o(t)) Ha(x, t)Hl(x,t)At] , (x,y) eTyxTy,
Yo

(2.10)

where

y X -1
Hi(x,y) = a(x,y) +b(x,y) f(s,t)pTKl/’”As At, VK >0,

Yo ¥ Xo

Hy(x,y) = f f(S,y)%K(l"W”As, (2.11)

Hy(x,y) = b(x,y)Ha(x, y).

Proof. Fix X € Ty, and x € [x0, X]NT, y € To. Let

Y X
v(x,y)=a(x,y)+b(x,y)f f [f (s, Hu(ri(s), ma2(£))] As At. (2.12)
Yo ¥ Xo
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Then
u(x,y) <o'?(x,y) <v'P(X,y), VYxe[x,X ﬂ’]l‘ y € T.
If 7 (x) > xp and T (y) > yo, then 71 (x) € [x0, X]NT, () € T,, and
u(ti(x), 1a(y)) <0 (1i(x), 72(y)) <017 (x,y).
If 7y (x) < x0 or 72(y) < yo, then from (2.9) we have
u(ti(x),12(y)) = $(ri(x), 2(y)) < a'? (x,y) <oVP(x,y).
From (2.14) and (2.15) we always have
u(t(x), 2 (y)) <0P(x,y), x € [x0,X] ﬂT, yeTo.

Moreover
0(X,y) = a(X,y) +b(X,1) f [ s pum mn)asa

<a(X,y)+b(X, y) f(s, Ho'/P(s,t)As At.

Yo ¥ Xo

From Lemma 2.3, we have

1 -1
VP (s, 1) < pK(1 PPy, t)+ " T__—KYP, VK >0.

So

v y) <aXy) +b(xy) [ [ fes t>[ KOP/Po (s, 1) + lew As Al

Yo ¥ Xo

<a(X,y) +b(X, y) f(s,t) L SVININ

Yo 7 Xo

+b(X,y) y“ f(s,t)— I<<1P/PAS]U(X t)At
Yo X0

Yy
=Hi(X,y) +b(X,y) | Ho(X tHv(X, t)At.
Yo

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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Then applying Lemma 2.1 to (2.19), we obtain

o(X,) < Hi(X9) +b(Xy) [ em (o@D DAL (220)
Yo

So

1/p
u(x,y) <o?(X,y) < [Hl(X y) +b(X)y) eHZ(y,o(t VH> (X, t)Hi (X, t)At] ,
(2.21)
(S [JCO, X] ﬂT, y (S ’ﬁo.

Setting x = X in (2.21), it follows that

y 1/p
e, (v, o)) Ha(X, t) Hi (X, t)At] ) (2.22)

w(X,y) < [H (59 +b%) [

Replacing X with x in (2.22), we obtain the desired inequality. O

Remark 2.6. Theorem 2.5 is the 2D extension of [27, Theorem 1]. For its special case T = R,
the established bound for u(x, y) in (2.10) is a new bound compared with the result in [12,
Theorem 2.2].

Remark 2.7. Assume b(x,y) = 1in Theorem 2.5. If we apply Lemma 2.2 instead of Lemma 2.1
to (2.19) in the proof of Theorem 2.5, then we obtain another bound for u(x, y) as follows:

u(x,y) < [Hi(x, v)em (v, y0)]",  (x,y) € To x To. (2.23)

Now we will establish a more general inequality than that in Theorem 2.5.

Theorem 2.8. Suppose u,a,b, f,$, 71,72, &, are the same as in Theorem 2.5, and g € Cya(To x
To,R). p, q, 7 are constants,and p > g > 0, p > >0,p#0. If for (x,y) € To x Ty, u(x, y) satisfies
the following inequality:

Yy X
w(x,y) <a(x,y) +b(x,y) f f [f (s, Hul(T1(s), Ta(t)) + (s, H)u" (71(s), T2 (t))] As At,
Yo ¥ Xo
(2.24)

with the initial condition (2.9), then

1/p
u(x,y) < [ﬁl(xfy)w(x/y) eﬁz(y,o(t))ﬁz(x,t)ﬁl(x,t)At] . (ny) €Tox Ty,
Yo

(2.25)
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where
H, (x,y) =a(x,y) +b(x,y) Jj J:C [f(s, t)r%Kq/” + g(s,t);%Kr/P As At,
() = [ [fs ) LK s g(s,y) LK 7] a5 (226
H(x,y) = b(x,y) Fa(x,y).

Proof. Fix X € Ty, and x € [x9, X]NT, y € To. Let

v(x,y) = a(x,y) +b(x,y) yy [F (s, (71 (), 7a(1)) + g5, )’ (71(5), Ta(£))] As AL,
(2.27)
Then
u(x,y) <v'?(x,y) <o?(X,y), Vxe[x,XIT, y€To. (2.28)
Similar to (2.14)-(2.16), we obtain
u(ti(x),2(y)) <v"?(x,y), x€[x0,X](\T, yeTo (2.29)
So
o(X,y) = a(X,y) +b(X,y) : z[ F(s,ul(11(s), Ta(t)) + g (5, ) (11(s), Ta(t))] As At
<a(X,y) +b(X,y) Lyo f:] [ F(s,Hv1P(s,t) + g (s, )v"/P (s, t)]As At.
(2.30)
From Lemma 2.3, we have
0P (s, 1) < gK(q‘p)/"’v(S, £ + ;%Kq/’”, VK >0,
(2.31)

0P (s, 1) < %K(T‘P)/P o(s,t) + F%K”P, VK > 0.
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Combining (2.30) and (2.31) we get that

v(X,y) <a(Xy) +b(X,y) Lyo fz

f(s,b) <ﬂK(q—p)/pv(S, £) + qu/P>
p p
+g(s,t) <£K<T—p)/’ﬂv(s,t) + EK””)] As At
p p
v P-4 p-r
<a(X,y)+b(X,y) J‘ f [f(s, t)TK‘?/P +g(s, t)TK”P] As At (2.32)
Yo ¥ Xo

v X
+b(X,y) {f [f(s, t)gK(q‘W” + g(s,t);gK(’_p)/p] As}v(X, £ At
Yo X0
— y
=Hi1(X,y)+b(X,y) | Ho(X Ho(X,t)AtL
Yo

Applying Lemma 2.1 to (2.32) yields

v(Xy) <FL(Xy) +b(Xy) [ exz (v,0() Ha (X, Hi (X, 1) At. (2.33)
Yo

Then

1/p
u(x,y) <0 (Xy) < [H’l (X y) +b(Xy) fy ez, (v,0() Ha(X,HHi (X, t)At] s
Yo .
x € [x9, X] ﬂ’JI‘, yE To.

Setting x = X in (2.34) yields

1/p
u(X,y) < [ﬁl (X, y) +b(X,y) ’ ez (v,0())Ha(X, HHI(X, t)At] : (2.35)
Yo

Considering X € T is arbitrary and replacing X with x in (2.35), we obtain the desired
inequality. O

Remark 2.9. Assume b(x,y) = 1in Theorem 2.8. If we apply Lemma 2.2 instead of Lemma 2.1
to (2.32) in the proof of Theorem 2.8, then we obtain another bound for u(x, y) as follows:

u(x,y) < [ﬁl (x,y)eq, (v, yo)]l/p, (x,y) € To x T. (2.36)

Remark 2.10. Theorem 2.8 is the 2D extension of [27, Theorem 3].
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Theorem 2.11. Sup;zose u, f,a, B, ¢, 1, are the same as in Theorem 2.5, and C > 0 is a constant.
Iffor (x,y) € (To x Ty), u(x,y) satisfies the following inequality:

w(x,y) <C+ Iy ' f(s,)[u(ri(s), 72(8)) + u(71(s), 0(72(t)))] As At (2.37)

Yo ¥ Xo

with the initial condition

u(x,y) =¢(x,y), if x €[a,xo] ﬂ’]I‘ or y € [B,yo] ﬂ’]l‘,

~ (2.38)
P(r1(x), m2(y)) <CY%, VY(x,y) € To x Ty, if 71(x) < x0 or 2(y) < yo,
then
Y o[x B
u(x,y) < \/6+I f(s,H)AsAt, (x,y) € <’]1‘0 X ’]I‘0>. (2.39)
Yo ¥ Xo
Proof. Let the right side of (2.37) be v?(x, y). Then
u(x,y) <o(xy), V(xy) e (ToxTo). (2.40)

For (x,y) € (Ty x ’f‘o), if 71 (x) > xg and T (y) > yo, then 71 (x) € Ty and ™ (y) € Ty, and from
(2.40) we have

u(m(x), m(y)) <v(ri(x),(y)) <v(x,y). (2.41)
If 71 (x) < xg or 72 (y) < yo, from (2.38) we have
u(ni(x),m2(y)) = p(n(x), n2(y)) < a*(nx), n(y) <a'?(xy) <olxy). (242

So from (2.41) and (2.42), we always have

u(m(x),n(y)) <v(x,y), Y(xy)e (’]TO x T0>. (2.43)

Similarly, when 71(x) > xp and o(12(y)) > yo, then 71(x) € Ty and o(72(y)) € Ty, and from
(2.40) we have

u((x),0(n(¥))) <o(r(x),0(m(1))) < v(x,0(1)). (244

When 71 (x) < x or 0(72(y)) < yo, considering o(12(y)) > 72(y) > B, from (2.38) it follows
that

u(ri(x),0(ra(v))) = $(ri(x),0(r(y))) < C2 <v(x,y) <v(x,0(y).  (249)
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Combining (2.44) and (2.45), we always have

u(n(x),0(n(y))) <v(x,o(y)), Y(xy)e (']I‘O x T0>. (2.46)

By (2.43) and (2.46), we obtain

vz(x,y) <C+ Iy ' f(s,t)[v(s,t) +v(s,0(t))]AsAt, xe€Ty, ye 'ﬁ‘o. (2.47)

Yo ¥ Xo

Let the right side of (2.47) be z2(x, y). Then
v(x,y) <2(xy), Y(xy) e (ToxT), (2.48)

(2@0), = [ fenlE ) rolsow)as
< <J‘: f(s,y) As> [v(x,y) +v(x,0(v))] (2.49)

<(J] ronas) ) s =mato]

Considering z(x,y) + z(x,0(y)) > z(x0,y0) = C > 0, and (zz(x,y))ﬁ = [z(x,y) +

z(x,0(y))1(z(x, y))y, from (2.49) it follows that

(z(x, y))ﬁ < J:C f(s,y)As. (2.50)

An integration of (2.50) with respect to y from y, to y yields z(x,y) — z(x,y9) <
;} [5, f(s/t)As At.
Considering z(x, y9) = v/C, it follows that

z(x,y) <VC+ Iy ) f(s,t)As At. (2.51)

Yo ¥ Xo

Then combining (2.40), (2.48), and (2.51), we obtain

u(x,y) <v(x,y) <z(x,y) <VC+ jy ' f(s,t)As At, (2.52)

Yo ¥ Xo

and the proof is complete. O

Remark 2.12. If we take T = R, then Theorem 2.11 becomes the extension of the known Ou-
lIang’s inequality [13] to the 2D case.

The following theorem provides a more general result than Theorem 2.11.
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Theorem 2.13. Suppose p is a positive integer, and p > 2. Under the conditions of Theorem 2.11, if
u(x,y) satisfies

x p-1
ey <Cr[ [ fn 3l ne)eme), omm)] ) as At
Yo 7 xo I= (2.53)

(.X',y) € <T0 X ﬁfo),
with the initial condition

u(x,y) =¢(xy), ifx€lax](\Toryel[py] T,

L (2.54)
P(7i(x), 2(y)) <CYP, V(x,y) € ToxTy, if 71(x) < x0 or 72(y) < w0,
then
y x -
u(x,y) <CV7 + f(s,H)As At, x €Ty, y € T. (2.55)
Yo ¥ Xo

The proof of Theorem 2.13 is similar to Theorem 2.11. As long as we notice a delta d
ifferentiable function z(x, y), the following formula [26, Equation (6.2)] holds:

@)} - Eow); 3 [ @2 waw)] (256)

Then following a similar manner as in Theorem 2.11, we can deduce the desired result.

Theorem 2.14. Suppose u, f, 71,7, ¢, a, B are the same as in Theorem 2.5, w € C(R,,R,) is
nondecreasing, and p,C are constants with p > 1,C > 0. Furthermore, define a bijective function
G such that [G(z(x,y))], = (z(x, y))j Jw(zP(x,y)). If for (x,y) € To x To, u(x, y) satisfies the
following inequality:

uP(x,y) <C+ Iy fx [f (s, hw(u(Ti(s), 2(t)))] As At, (2.57)
Yo ¥ Xo

with the initial condition

u(x,y) =¢(x,y), ifxelax](\Torye[py]( T,

_ (2.58)
P(r1(x), m2(y)) <CYP, V(x,y) € Tox Ty, if 71 (x) < x00r 72(v) < W0,
then
y 1/p B
u(x,y) < {G‘l [G(C) + ﬂ1(X,f)At]} , (xy)e <’]I‘0 X ’11‘0>, (2.59)
Yo

where 11 (x,y) = f:o f(s,y)As.
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Proof. Fix X € Ty, and x € [xo, X]NT, y € To. Let

v(x,y)=C+fy x[f(s,t)]AsAt, xe[xo,X]ﬂT, y € T.

Yo ¥ Xo

Then

u(x,y) <oV?(x,y) <P (X,y), Vxe€ [x0,X] ﬂ']l‘, y e To.

Similar to (2.14)—(2.16), we obtain
u(m1(x), m(y)) < vl/”(x,y), x € [x0,X] ﬂT, ye To.
Moreover,

vy (X,y) = Jj [f (s, y)w(u(ri(s), 2 (y)))] As

< J‘j [f(s,y)w<vl/p(s,y)>]As

< (f:f(s,y)As>w<Ul/p(Xry)> = m (X y)w (0 (X,y)).

Let (X, y) be the solution of the following problem:

7, (X y) = mXy)w(@?(Xy), (X ) =C

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

Considering v(X, yo) = C and w is nondecreasing and continuous, then from (2.63), (2.64),

and Lemma 2.4, we have

(X y)<o(Xy), yeTo

(2.65)

On the other hand, from the definition of G we have (G(v(X, y)))ﬁ = 55 X y)/wwX,y)) =

11(X, y). Then an integration with respect to y from y, to y yields

G(E(X,¥)) - GE(X,y0)) = [ mxnat,
Yo

that is,

Yy ~
(X, y) <G [G(C) +| mx t)At], yeT,.
Yo

(2.66)

(2.67)
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Combining (2.61), (2.65), and (2.67), we have

1/p
y ~
u(x,y) < {G1 [G(C) + f m (X,t)At] } , X € [x0,X] ﬂ T, y € To. (2.68)
Yo
Setting x = X in (2.68), we get the desired result. O

Remark 2.15. If we take T = R, then Theorem 2.14 reduces to [14, Theorem 2.1], while
Theorem 2.14 reduces to [15, Theorem 2.1] if we take T = Z.

Theorem 2.16. Suppose u, f,T1, T2, ¢, a, p are the > same as in Theorem 2.5, and furthermore, u is delta
differential on T with respect to y, § € Cry(To x T, Ry). w € C(Ry, R,) is nondecreasing, and w is
submultiplicative, that is, w(ap) < w(a)w(P), forall a,p € R,. C > 0is a constant. G is a bijective

function such that [Chj(z(x,y))]yA = (z(x,y))ﬁ /w(z(x,y)). If for (x,y) € Ty x To, u(x,y) satisfies
the following inequality:

u(x,y) <C+ jy jx [f (s, hw(u(ri(s), 72(1)) + g(s, Hu(ri(s), m2(1))] As At, (2.69)
Yo ¥ Xo

with the initial condition

u(x,y) = (x,y), ifxelax](\Toryel[By](T,

B (2.70)
P(ni(x), 2(y)) <C, V(x,y) € (To x T0>, if 71 (x) < x0 or 72(y) < yo,

then

u(x,y) <G [G(C) [ (x, t)At] es, (v, ), (x,y)€ (TO x ifo), (2.71)
Yo

where By(x,y) = f;co g(s,y)As, ma(x,y) = wles, (y,yo0)) f;co f(s,y)As and ep, (y, yo) is the unique
solution of the following equation:

zﬁ (x,y) =Bi(x,y)z(x,y), z(x,y0) =1 (2.72)
Proof. Fix X € Ty, and x € [x9, X]NT, y € To. Let

v(x,y) =C+ fy f £ (5, Bo(u(m(s), ma(1)) + gls, Hu(n(s), )] As AL (273)
Yo ¥ Xo

Then

u(x,y) <v(x,y) <v(X,y), VYxe[xo,X] ﬂ T, ye To. (2.74)
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Similar to (2.14)—(2.16), we can obtain
u(m(x), (y)) <v(x,y), x¢€[xpX] ﬂT, y €T, (2.75)

Furthermore we have

X
v(X,y)=C+ J‘y [f (s, Hw(u(ti(s), 72(t))) + g(s, Hu(ti(s), T2(t))] As At
v

0 ¥ Xo

X
<C+ j " 15 Dotols, 1) + (s Dol b] As At (2.76)
Yo ¥ xo

y X y X ~
<C+ f f(s, tyw(v(s,t))As At + J <’[ g(s, t)As>v(X, tHAt, yeT,.
Yo ¥ Xo Yo

X0

Let Bo(X,y) =C + yyo f; f(s,t)w(v(s,t))As At. Then from (2.76) it follows that

y ~
v(Xy) <B(X,y) + f Bi(X, tyo(X, t)At, y €T, (2.77)
Yo

Considering B (X, y) is nondecreasing in y, by applying Lemma 2.2 to (2.77), we obtain
v(X,y) <Ba(X,y)es (v, %), v €T (2.78)

On the other hand,

x93 = [ D mutomlass || e nas]oos)

X0

< I:J‘:( f(S, y) AS]W[BZ(X/ y)eBl (y’ yO)]

(2.79)
X
<[ [ rte e ten )
= w(Ba(X, y))m(X,y).
Let 9(X, y) be the solution of the following equation:
7y (X,y) = (X, y)w(@(X,y)), 7(X,y)=C. (2.80)

Considering B, (X, y9) = C and w is nondecreasing and continuous, then from (2.79), (2.80),
and Lemma 2.4, we have

B,(X,y) <v(X,y), ye€To. (2.81)
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From the definition of G and (2.80), we have (G(T(X, )}, =T, (X,y)/w(@(X,)) = 12(X, ).
Then similar to (2.66) and (2.67), we obtain

B:(X,y) <o(X,y) <G! [é((:) o (X, t)At], y € T. (2.82)
Yo

Combining (2.74), (2.78), and (2.82), we have

u(x,y) < Gt I:(N}(C) + ! qz(X,t)At:I es, (¥, %), x € [x0,X] ﬂT, yE€ To. (2.83)
Yo

Setting x = X in (2.83), we obtain

~ ~ y ~
u(X,y) <G [G(C) +| m(X, t)At] es, (v, y0), y€To. (2.84)
Yo
Replacing X with x in (2.84) yields the desired inequality (2.71). O

Theorem 2.17. Under the conditions of Theorem 2.16, if p, C are constants with p > 0,C > 0, and
for (x,y) € Ty x To, u(x,y) satisfies the following inequality:

W(xy) <C+ fy f £ (s, Deotu(ry(s), (1)) + g5, b (1(s), ()] As AL, (2.85)
Yo ¥ Xo

with the initial condition (2.58), then

1/p
y ~
u(x’ y) < {Gl [G(C) + M3 (X, t)At] ern (y, yO) } ’ (x, y) € TO X To, (286)
Yo
where G is defined as in Theorem 2.14, Ji(x,y) = j;o g(s,y)As, n3(x,y) =

w((ey, (v, yo))"'P) fjo f(s,y)As, and ey, (y, yo) is the unique solution of the following equation:
zﬁ (x,y) = I(x,y)z(x,y), z(x,y9) =1 (2.87)

The proof of Theorem 2.17 is similar to that of Theorem 2.16, and we omit it here.

3. Some Simple Applications

In this section, we will present some examples to illustrate the validity of our results in
deriving explicit bounds of solutions of certain delay dynamic equations on time scales.
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Example 3.1. Consider the following delay dynamic integral equation:

X

u(x,y) =C+ fy M(s, t,u(ti(s), 72 (t))]As At,  (x,y) € Ty x To, (3.1)

Yo ¥ Xo

with the initial condition

u(x,y) =¢(x,y), if x € [a,x] ﬂ']l‘ or y € [B,yo] ﬂ']l‘,

y L (3.2)
d(ri(x), 72 (y)) <|C|P, V(x,y) € <’H‘0,To>, if 71 (x) < xp or 2(y) < yo,

where u € C,q(Ty x To, R), ¢, a, B, T1, T are the same as in Theorem 2.8, and M € Cq(Ty x Ty x
R, R). Furthermore, assume |M(s, t, u)| < f(s,t)|u|7+ g(s, t)|u|", where f, g € Crq(Tp x To, R,),
and p, g, r are the same as in Theorem 2.8.

From (3.1) we have

|u? (x,y)| <|C| + fy ) [M[s, t,u(ti(s), T2(t))]|As At
Yo ¥ Xo

(3.3)
Yy X
<[C] +f f [f(S,i’)lu(Tl(S),Tz(t))|q +g(s, t)|u(T1(s),Tz(t))|’] As At.
Yo ¥ Xo

Then according to Theorem 2.8, we can obtain the following estimate:
— v o r .
|u(x,y)| < [H1 (x y) + f er, (v, 0 () Ha(x, t)H1<x,t)At] , (oy)eToxTo, (34
Yo

where

— Yy rx — _
Hl(x,y):|C|+J J [f(s,t)P—qKq/P+g(s,t)p—rKr/P]AsAt, VK >0,
Yo P P (3.5)

ﬁz(x,y) = j f(s, y)gK(‘H’)/P + g(s,y)%K“”’)/p] As, VYK >0.

Example 3.2. Considering the following delay dynamic integral equation:

w(x,y) =C+ Jy ) N{s, t,u(ti(s), 2 (t)), u(ti(s), o(2(t)))]As A, (x,y) € Tp x To,

Yo ¥ Xo
(3.6)

with the initial condition
u(x,y)=¢(x,y), ifxe [a,xo]ﬂT orye Ui,yo]ﬂT; (37)

¢ (11(x), 2 () <|CI"3, VxeTy, yeT, if m(x) <xor (y) < vo,

where u € C,q(Ty x TO,R), and N € C,4q(Ty x To x RZ,R).
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Assume [N (x,y,u,v)| < f(x,y)(|lul*+|v[?), where f € Cq(Tox Ty, R,), then from (3.6)
we have

| <ict [ [ Nt bume), ne,ume,omeas ot

Yo 7 X0

<ici+ [ [ 0 ]utm(s) mF +lume),omwnF] as ot
Yo ¥ Xo

(3.8)
Yy X
<[Cl+ f f £(sH |11 (), ()P + [u(ri (), o (ma(8) P
Yo ¥ Xo
+u(71(s), 72(1)) |lu(71(s), o (12(t)))[] As At.
According to Theorem 2.13 (p = 3), we can reach the following estimate:
lu(x,y)| <|CI"* + Iy Ix f(s,HAsAt, (x,y) € Ty x To. (3.9)
Yo ¥ Xo

4. Conclusions

In this paper, we established some new Gronwall-Bellman-type delay integral inequalities
in two independent variables on time scales. As one can see, the presented results provide
a handy tool for deriving bounds for solutions of certain delay dynamic equations on time
scales. Furthermore, the process of constructing Theorems 2.5, 2.8, 2.14, 2.16 and 2.17 can be
applied to the situation with n independent variables.
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