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Let L(P,, P;, ..., P,) be the differential operator generated in the space L}'(-o0, o) of vector-
valued functions by the differential expression

)"y () + ()P )y "2 () + 3 Py (), 1)
v=3

where 7 is an integer greater than 1 and Px(x), for k = 2,3,...,n, is the m x m matrix with
the complex-valued summable entries py;;(x) satisfying px,;(x + 1) = p;;(x) for all i =
1,2,...,mand j = 1,2,...,m. It is well known that (see [1-4]) the spectrum of the operator
L(P,, Ps, ..., P,) is the union of the spectra of the operators L;(P,, P;,...,P,) for t € [0,2r)
generated in L]'(0, 1) by expression (1) and the quasiperiodic conditions

U,(y) =y™ 1) -ty (©0) =0, »=0,1,...,(n—1). (2)
Note that L)'(a, b) is the set of vector-valued functions f = (f1, f2,..., fm) with fx € L2(a,b)
fork=1,2,...,m. The norm [ - || and inner product (-,-) in L}*(a, b) are defined by
2 (* 2 b
1917 = [ Irlax, (59 = [ (F@g0)dx, ®

where | - | and (-, -) are the norm and inner product in C™.



2 Abstract and Applied Analysis

The first works concerned with the differential operator Li(P, Ps, ..., P,) were by
Birkhoff [5], Tamarkin [6] in the beginning of 20th century. There exist enormously many
papers concerning with the operators Li(P, Ps, ..., P,) and L(P,, Ps,...,P,). For the list of
these papers one can look to the monographs [1, 7-10]. Here we only note that in these
classical investigations in order to obtain the asymptotic formulas of high accuracy, by using
the classical asymptotic expansions for solutions of the matrix equation

n
(=i)" Y™ 4+ (=) 2P YD 1+ 3 P Y =), (4)

v=3

it is required that the coefficients must be differentiable. Thus, these classical methods never
permit us to obtain the asymptotic formulas of high accuracy for the operator L;(P) with
nondifferentiable coefficients. However, the method suggested in this paper is independent
of smootness of the coefficients. Using this method we obtain an asymptotic formulas of high
accuracy for eigenvalues and eigenfunctions of the operator L;(P,, P, ..., P,) generated by a
system of ordinary differential equations with only summable coefficients and then by using
these formulas we consider the spectrum of the operator L(P,, P, ..., Py).

Let us introduce some preliminary results and describe the results of this paper.
Clearly,

Pis = (ei@”"”)’f, 0,...,0>,<pk,2,t - (0, ei@rkitx o,...,o),...,q;k,m,t - (0, 0,...,0, el’@”’””x)
)

are the eigenfunctions of the operator L;(0) corresponding to the eigenvalue (27k +1t)",

where k € Z, and the operator L;(P;, ..., P,) is denoted by L;(0) when P>(x) =0,..., P,(x)

0. Furthermore, for brevity of notation, the operators L;(P,...,P,) and L(P,...,P,) are
denoted by L;(P) and L(P), respectively. It easily follows from the classical investigations [7,
Chapter 3, Theorem 2] that the large eigenvalues of the operator L;(P) consist of m sequences

{1 (t) = [k 2 N, {dia(t) = [k 2 N, oo {hiem (8) = [k 2 N, (6)
satisfying the following, uniform with respect to ¢ in [0, 27r), asymptotic formulas:

A j(t) = @k +1)" + O<k"—1—1/2m> )

for j = 1,2,...,m, where N is a sufficiently large positive number, that is, N > 1. We say
that the formula f(k,t) = O(h(k)) is uniform with respect to t in a set S if there exists a
positive constant ¢j, independent of t, such that |f(k,t))| < ci|h(k)| for all t € S and k € Z.
Thus formula (7) means that there exist positive numbers N and c;, independent of ¢, such
that

| Ak (t) — Qrk +1)"| < crlk["71*™, V]k| > N, Vt € [0,27). (8)
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In this paper, by the suggested method, we obtain the uniform asymptotic formulas of high
accuracy for the eigenvalues A ;(t) and for the corresponding normalized eigenfunctions
Wit (x) of Li(P) when the entries ps;i(x),ps,;(X),...,Pnij(x) of Pr(x), P3(x),...,Py(x)
belong to L;[0,1], that is, when there is not any condition about smoothness of the
coefficients. Then using these formulas, we find the conditions on the coefficient P»(x) for
which the number of the gaps in the spectrum of the self-adjoint differential operator L(P) is
finite.

Now let us describe the scheme of the paper. Inequality (8) shows that the eigenvalue
Ar,j(t) of Li(P) is close to the eigenvalue (2kor +1)" of L;(0). To analyze the distance of the
eigenvalue Ay j(t) of L;(P) from the other eigenvalues (2por + t)" of L;(0), which is important
in perturbation theory, we take into account the following situations. If the order n of the
differential expression (1) is odd number, n = 2r — 1, and |k| > 1, then the eigenvalue
2k +t)" of L;(0) lies far from the other eigenvalues (2pxr +t)" of L;(0) for all values of
t € [0,27r). We have the same situation if n = 2r and t does not lie in the small neighborhoods
of 0 and or. However, if n is even number and ¢ lies in the neighborhoods of 0 and i, then
the eigenvalue (2xrk +1)" is close to the eigenvalues (2or(-k) + )" and (2r(-k —1) +1t)",
respectively. For this reason instead of [0,2s) we consider t € [-ar/2,37/2) and use the
following notation.

Notation 1.

Casel. (a)n=2r—-1landt e [-or/2,37x/2), (b) n=2r and t € T(k), where

0= |35 (Crmm) (o mm))

Case 2. n=2rand t € (=(In|k)) 7}, (In|kD7H).
Case 3. n=2rand t € (o — (In|k])™", o + (In|k])).

Denote by A(k,n,t) the sets {k}, {k, -k}, {k,—k —1} for Cases 1, 2, and 3, respectively.
By (8) there exists a positive constant ¢;, independent of ¢, such that the inequalities

|2k + )" = (2rp +£)"| > ca(Infk]) ([ Ik] - |p]| + 1) (k| + [p])",
(10)
[Aki(t) = 2orp +1)"| > ca(tnll) ™ (1| - ]| + 1) (k| + [p])" "

where |k| > N, hold in Cases 1, 2, and 3 for p#k, for p#k,-k, and for p#k,—(k + 1),
respectively. To avoid the listing of these cases, using Notation 1, we see that the inequalities
in (10) hold for p¢ A(k,n,t). To obtain the asymptotic formulas we essentially use the
following lemma that easily follows from (8) and (10).
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Lemma 1. The equalities

n—-2
. (3)
n = O 5 ) ].].
p;%;d | Ak (t) = (27p +1)"| d (
P - O<M> (12)
p:p & A(kn,t) |/\k,j (t) - (2.71'p + t)n| k '
k24 (In|k|)?
n2 = O( k2 ’ (13)
ppg Alknt) | Ak (F) — (2p +1)"|
5 P o < <1n|k|>2> 14)
() — n|2 k2
ppg Alknt) [Api(t) = 2ok + )"

hold uniformly with respect to t in [-or /2,37 /2), where d > 2|k|, |k| > N > 1.

Proof. The proof of (11). It follows from (8) that if |p| > d > 2|k|, then

s ) - @rp+ )| > Jpl", vee -3, 5). (15)
Therefore the left-hand side of (11) is less than
1 a 3
D> o Ve [—5, 7) (16)

p:|p|>dp

which is O(1/d). Thus (11) holds uniformly with respect to t € [-ar /2,3 /2).
The proof of (12). The summation in the left-hand side of (12) is taking over all p €
7\ A(k,n,t). Since

7\ A(k,n,t) = S(1) US(2) US(3), (17)

where S(1) = (p : [pl > 2[kl}, S@) = {p : Ip| < 2Ik|, p£AK)}, SB) = {p : p € Ak) \
A(k,n,t)}, and A(k) = {£k,£(k + 1), £(k + 2)}, the left-hand side of (12) can be written as
5(09,1) +5(9,2) + S(9,3), where

n-2

P
50,1) = —,
p:p%(l) |)tk/]' (t) - (2‘7179 + t) |

n-2

p
509,2) = Y 18
p:p§(2) |')Lk/j(t) - (2.71']9 + t) | ( )

n-2

p
5(9,3) = |
p:p§(3) | Ak () = (2p +1)"|



Abstract and Applied Analysis 5

Taking d = 2|k|, from (11) we obtain that S(9,1) = O(k™!). If p ¢ A(k), then using (8) one can
readily see that

Akt = 2p +6)"| > (I = |p|]) (1kI + [p])" ",
lp"2| 1 (19)
<
|k j(t) = rp + )" ([Ikl = [p||) Ikl

forallt € [-m/2,37/2). Let s = ||k| — |p||. Clearly, if |p| < 2|k|, p ¢ A(k), then 2 < s < |k| and
the number s attains the same value at most 4 times. Therefore

1 /&1, /Ink]
15(9,2)] S4W <Zg> = O<T>. (20)

5=3

Since the set S(3) has at most 6 elements, and for p ¢ A(k,n, t) the inequalities in (10) hold,
we have

S(9,3) = o<ln—1|(k|>. (21)

Now, estimations for S(9,1), 5(9,2), S(9,3) imply (12).

The proofs of (13) and (14). The proofs of (13) and (14) are similar to the proof of (12).
Namely, again we consider the left-hand sides of (13) and (14) as 5(10,1) + 5(10,2) + 5(10, 3)
and S(11,1) + S(11,2) + S(11, 3), respectively, where the summations in S(10, i) and in S(11, i)

are taking over p € S(i) (i = 1,2,3). Then, repeating the arguments by which we estimated
5(9,1),5(9,2),and 5(9,3), we get

5(10,1) = O(k*S), S(11,1) = O<k*3>,

5(10,2) = O(k‘z), S(11,1) = O<k‘2>,

(22)
In|k[)* In|kl)*
5(10,3)=O<( I|c2|) >, S(11,3):O<( I|<2|) >
These equalities imply the proof of (13) and (14). O

To obtain the asymptotic formulas we use (11)—(14) and consider the operator L;(P) as
perturbation of L;(C) by L;(P) — L;(C), where C = f(l)Pz(x)dx, L(C) is the operator generated
by (2) and by the expression

(=i)"y™ (x) + (-i)"*Cy" 2D (x). (23)

Therefore, first of all, we analyze the eigenvalues and eigenfunction of the operator L;(C).
We assume that C is the Hermitian matrix. Then the expression in (23) is the self-adjoint
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expression. Since the boundary conditions (2) are self-adjoint, the operator L;(C) is also self-
adjoint. The eigenvalues of C, counted with multiplicity, and the corresponding orthonormal
eigenvectors are denoted by p1 < pp < -+ < pyy and vy, vs, ..., Uy Thus

CU]' = [4]'7]]', <'(Jl', ’07'> = 61',]‘. (24)

One can easily verify that the eigenvalues and eigenfunctions of L;(C) are py;(t) =
@k + )"+ pj 2k + 1)"%, @y 4 (x) = 0! @TEDT that s,

(L(C) = pas,j(£) ) D (x) = 0. (25)

To prove the asymptotic formulas for the eigenvalues Ay ;(t) and for the corresponding
normalized eigenfunctions ¥y ;; of L;(P) we use the formula

(A (8) = (D) (P, Dpsr) = (i) (P = OOWL D, Do) + 3 (RWE Dpr) (26
v=3

which can be obtained from

L(P)¥,ji(x) = Ak,j () ¥kt (x) (27)

by multiplying both sides by @, ; ;(x) and using (25). Then we estimate the right-hand side
of (26) (see Lemma 3) by using Lemma 2. At last, estimating (W, ®,s:) (see Lemma 4)
and using these estimations in (26), we find the asymptotic formulas for the eigenvalues
and eigenfunctions of L;(P) (see Theorems 5 and 6). Then using these formulas, we find
the conditions on the eigenvalues of the matrix C for which the number of the gaps in
the spectrum of the operator L(P) is finite (see Theorem 7). Some of these results for
differentiable P»(x) are obtained in [3, 11] by using the classical asymptotic expansions
for the solutions of (4). The case n = 2 is investigated in [12]. In this case, an interesting
spectral estimates were done in the paper [13], whose main goal was to reformulate some
spectral problems for the differential operator with periodic matrix coefficients as problems
of conformal mapping theory. In this paper we consider the more complicated case n > 2.

To estimate the right-hand side of (26) we use (11), (12), the following lemma, and the
formula

(ki () = (@7 +)") (Frjns 9pss) = "2 (B¥E S 9pr) + 3 (B 0psr)  (28)

v=3

which can be obtained from (27) by multiplying both sides by ¢, and using L;(0)¢p s =
rp + )" pps -
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Lemma 2. Let Wy ;(x) be normalized eigenfunction of Li(P). Then

sup [%,7,(<)| = O(k) 9)
x€0,1]

forv=0,1,...,n-2. Equality (29) is uniform with respect to t in [-ar /2,3 /2).

Proof. To prove (29) we use the arguments of the proof of the asymptotic formulas (6)

and take into consideration the uniformity with respect to t. The eigenfunction ¥y ;;
corresponding to the eigenvalue Ay j(t) has the form

Wit (x) =Y1(x, prj)ar + Yo (X, prj)az + - - + Y (X, pij) an, (30)

where a, € C™, py i (t) = i(/\k,j(t))l/", Ys(x,pkj(t)) for s = 1,2,...,n are linearly independent
m x m matrix solutions of (4) for A = A ;(t) satisfying

w = (prj(£)) ePi s [w;’I + O<%>] (31)

forv=0,1,...,(n—1). Here I is unit matrix, w1, w, ..., w, are the nth root of 1, and O(1/k)
is an m x m matrix satisfying the following conditions:

1\  A(x,t k) c3 T 3_JZ'>
O<k>_ =, |A(x,t,k)|<|k|, Vx € [0,1], Vte[ 5 ) (32)

where k > N and c; is a positive constant, independent of t. To consider the uniformity, with
respect to t, of (29) we use (32).

The proof of (29) in the case n = 2r — 1, r > 1. Denote by ()lk,j(t))l/" the root of A ;(t)
lying in O(k~1/2m) neighborhood of (2kor +t) and put py ;(t) = (A, (t))l/”. Then we have

pr(t) = ko + t)i + O(k*m’"). (33)

Suppose w1, ws, ..., wy are ordered in such a way that

wy=1, R(prj(hhws) <0, Vs<r, R(prj(t)ws) >0, Vs>r, (34)
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where R(z) is the real part of z. Using (31), (34), (2), and (33), we get

(L pis ) = (piy 0) e O w2 ], Y (0,p150) = (i 0)" [ M],

(35)

U (Y (x, o1 (1)) = =(pry ()" [wl 1], Ws <,
Uy (Y (3, pij(8))) = (pr ()" PO [w;"ll], Vs>, o
U (Y (%01 (1)) = (pij (1) O(K"), (37)

where [w?™ ] = w?™'I + O(1/k) and O(1/k) satisfies the relation (32). Now using these
relations and the notations of (30), we prove that

Yo (%, prj(t) as = O((la )k, Vsi#r. (38)
Since Wy (x) satisfies (2) and (30), we have the system of equations

ZU,, (Ys(x, prj(t))as = U, (Y, (x,px,j(t))ar, v=0,1,...,(n-2) (39)
S#T

with respect to a4 for s#r and g = 1,2,...,m, where a, 4 are coordinates of the vector as.
Using (36) and (37) in (39) and then dividing both parts of (v + 1)th equation of (39), for
v=0,1,...,(n-2),by (px,; (t))", we get the system of equations whose coefficient matrix A is

_eit [I] oo _eit [I] ePkjWr+l [I] . ePkj@n [I]
_eit [(/(]11] N _eit [wr_lI] ePkjWrl [wr+11] ce. @Pkj®n [wnI]
, (40)
e I s ] e e )

and the right-hand side is O((|a, |)k~1/2m)_ To estimate det A let us denote by A(m) the matrix
obtained from A by replacing [w]I] with w.I and by dividing the sth column (note that the
entries of the sth column are the m x m matrices) for s < r and for s > r by —e and by e+,
respectively. Clearly,

1 1 1 1

—~ w DY w _ w e w

A(]) _ 1 r-1 r+1 n (41)
n-2 .. n-2 n-2 . n-2

n
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and det A(1) #0. Besides, interchanging the rows and then interchanging the columns of
A(m), we obtain det A(m) = (A(1))". Using this and solving (39) by Cramer’s rule, we get

det Ay 4
@4~ "qetA

O<(|ar|)e""kff“’5k‘l/2m>, Vs>, (42)

since A; 4 is obtained from A by replacing the ((s — 1)m + g)th column of A, which is the gth
column of

ePkiws [1] O(|¢1r|k_1/2m)
ePri%s [yl O(|a,[k1/2m)
,  with ) . (43)
efrivs [wi?] O(|as|k~1/2m)
In the same way, we obtain
Agq = o<(|a,|)k*1/2m), Vs <. (44)

Now (38) follows from (44), (42), and (34). Therefore, the normalization condition || W || =
1, and (38), (30), (31), (33), and (34) imply that

qu,]-,t(x) = (Yr (x, pk,] (t)))ar + O<k_l/2m> = ei<2k7r+t)xar + O<k_l/2m>/ (45)

where |a,|?> = 1+ O(k™'/?™), from which we get the proof of (29) for v = 0. Differentiating
both sides of (30) and using (42) and (44), we get the proof of (29) for arbitrary v in the case
n=2r-1.

The proof of (29) in the case n = 2r. In this case the nth roots wy,wy,...,w, of 1 are
ordered in such a way that

wy=1, wp1=-1, R(prjws) <0, Vs<r; R(prjws)>0, Vs>r+1. (46)

Hence we have

U (Y (%, pij (D)) = =(prs(0) e [l ], ¥s <7,
(47)
U, (Y (%, pe (D)) = (prj (1) PO [wi M|, W > 741,

Now using these equalities, we prove that

Y, (x, prj (1) as = o<(|a,| + |a,+1|)k’1/2m>, Vs#7,7+1. (48)
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Using (47) and arguing as in the case n = 2r — 1, we get the system of equations

Z uv(ys(xrpk,j(t)))as == Z uv(Ys(x/pk,j(t)))as (49)

s#rr+l s=r,r+1
forv=0,1,2,...,(n - 3). Arguing as in the proof of (42)—-(45) and using (46), we get
Asq = O<(|a7| + |ar+1|)efpk’jwskil/2m>r Vs>r+1,

As,q = O<(|ar| + |ar+1|)k_1/2m>, Vs<r, (50)

q‘k,j,t(x) — ei(2k7r+t)xar + e—i(2k7r+t)xar+1 + O(k_1/2m>,

where |a,|* + |a,41]*> = 1+ O(k™1/?™), which implies the proof of (29) in the case n = 2r. O

It follows from this lemma that the equalities
(P ppsr) =O(K™™), (R Dpey) = O(K™™) (51)

forv =2,3,...,nand for j = 1,2,...,m hold uniformly with respect to t in [-s /2,37 /2).
Now (51) together with (28) implies that

calk|"?
Wit Ppst)| < 7
|( ] P5)| |)Lk,]~(t)—(27rp+t) I

(52)

forp¢g A(k,n,t), |k| > N,and s,j = 1,2,...,m, where ¢4 is a positive constant, independent
of t. Using this we prove the following lemma.

Lemma 3. Let bs 4(x) be the entries of P(x) and by g, = f(l)bs,q (x)e~2"P*dx. Then

<qu(cr,l]_,t2 )/ P 2 (PP:SJ ) = Z bs/‘irl’_l <Ipl(cr,l]:t2)’ (Pl’q’t> ¢ (53)
q=12,..m;leZ
(P00, = 011k + O, o

forpe A(k,n,t)and s =1,2,...,m, where

b = max{|bj,| :i,j=1,2,...,m; p=2k,-2k,2k +1,-2k -1}, (55)

and C is the Hermitian matrix defined in (23). Formula (54) is uniform with respect to t in
[-or /2,30 /2). Moreover, in Case 1 of Notation 1 the formula

(w2, (P = )iy ) = O(K** Infk]) (56)

kijt *

holds. If n = 2r — 1, then (56) is uniform with respect to t in [-ar /2,3 /2).
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Proof. Note that if the entries bs 4 of P, belong to L,[0,1], then (53) is obvious, since {¢; :
le€Z, q=1,2,...,m} is an orthonormal basis in L]'[0,1]. Now we prove (53) in case b, €
L1[0,1]. Using (2), (52), and the integration by parts, we see that there exists a constant cs,
independent of ¢, such that

cs|k|" 2"

| (045 0rae) | = [ @472 (s gae)]| < X () = @+ )]

(57)

for ¢ A(k,n,t), |k| > N. This and (11) imply that there exists a constant ¢, independent of ¢,
such that

n K|"?
PRICRTEDIN <= (58)

where d > 2|k|, t € [-or /2,37 /2). Hence the decomposition of ‘P(" 2) by the basis {¢4; :
Z, q=1,2,...,m} has the form

v = S (WD gua) pras) + ga(x),
[l1<d;q=1,2,...,m
59
col k" >
where sup |g4(x)| < ———.
x€0,1] d
Using (59) in (‘P;("] .+ Pagpy s,4) and letting d tend to oo, we obtain (53).
Since @y 5 +(x) = v, (7PH)T o prove (54), it is enough to show that
(WD, (P2 = O)gpsr) = O(K™ Infk]) + O (k" 2by ) (60)
fors=1,2,...,mand p € A(k,n,t). Using the obvious relation
(n-2) _ (n-2)
<1Pkn]t 'C‘PP,S#> = 1; bs.40 <1P kit "quf> (61)
q=12,..,m
and (53), we see that
(n-2) (n-2)
< kji (P2 = C)(Pp/s,t> = > bsqp-1 (qjk,j,t r‘Pl,q/t>
LleA(k,n,t)\p;q=1,2,...m (62)
(n-2)
+ > bsqp-1 <1Pk,j,t / ‘Pl,qrt>‘

LI ¢ A(knt);q=1.2,..,m
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Since

1
|bjis| < , max f0|bp,q(x)|dx =0(1) (63)

,q=1,2,...m

for all j, i, s, using (57) and (12), we see that the second summation of the right-hand side
of (62) is O((k"3In |k|). Besides, it follows from (29) and (55) that the first summation of
the right-hand side of (62) is O(k"?by), since for p € A(k,n,t) and | € A(k,n,t) \ p, we
have p —1 € {2k, -2k, 2k + 1,2k — 1}. Hence (54) is proved. In Case 1 of Notation 1 the first
summation of the right-hand side of (62) is absent, since in this case A(k,n,t) = {k} and
A(k,n,t)\p =0forp € A(k,n,t). Thus (56) is proved. The uniformity of formulas (54) and
(56) follows from the uniformity of (29), (11), and (12). O

Lemma 4. There exists a positive number Ny, independent of t, such that for |k| > No and for
p € A(k,n,t) the following assertions hold.

(@) If C is Hermitian matrix, then for each eigenfunction Wy ;; of Li(P) there exists an
eigenfunction @, s, of Li(C) satisfying

1
| (IPk,j,t/ ch,s,t) | > % (64)

(b) If L¢(P) is self-adjoint operator, then for each eigenfunction @y j; of L;(C) there exists an
eigenfunction Wy s of Li(P) satisfying

1
| (ch,j,t/ Ipp,s,t) | > % (65)

Proof. It follows from (52) and (13) that

2
s < ) |<w,f,t,sop,s,t>|2>=O<%>- (66

s=1,2,..m \ p;p ¢ A(k,nt)

Hence using the equality @, (x) = v,e!(27PH)* where v is the normalized eigenvectors of

C, and the Parseval equality, we get

2
> < >, I(‘Pk,f,t,<1>p,s,t>|2> =O<(ln,'<'§') > (67)

s=1,2,..,m \ p:p & A(kn,t)

2
> |(Pijt Dpsp)|* =1+ O< (ln,y;l) > (68)

5=1,2,...,m;peA(k,n,t)

Since the number of the eigenfunctions @, ;(x) for p € A(k,n,t),s =1,2,...,m is less than
2m (see Notation 1), (64) follows from (68).
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Using (52) and (14), we get

2
5 (5 memor)-o(®)

5=1,2,..m \ pp ¢ Aknt)

Therefore, arguing as in the proof of (64) and taking into account that the eigenfunctions
of the self-adjoint operator L;(P) form an orthonormal basis in L*(0,1), we get the proof of
(65). O

Theorem 5. Let L;(P) be a self-adjoint operator, and let C be a Hermitian matrix. If n = 2r — 1, then
for arbitrary t, if n = 2r, then for t #0, o the large eigenvalues of Li(P) consist of m sequences (6)

satisfying

M) = @k + 1) + i 2k + "2 + O(k”“” 1n|k|>, (70)

and the normalized eigenfunction Wy ; corresponding to A j(t) satisfies

Injk
[ Wi — EW | = o<( “){ D) (71)

forj =1,2,...,m, where pyy < pp < -+ < W,y are the eigenvalues of C and E is the orthogonal
projection onto the eigenspace of Li(C) corresponding to py ;(t). If p; is a simple eigenvalue of C,
then the eigenvalue Ay j(t) satisfying (70) is a simple eigenvalue, and the corresponding eigenfunction
satisfies

Wi ii(x) = vje!FTROx 4 O(—(ln)ckl) >, (72)

where v; is the eigenvector of C corresponding to the eigenvalue p;. In the case n = 2r -1 the formulas
(70)—(72) are uniform with respect to t in [-ar /2,30 /2).

Proof. By (51) and (56) the right-hand side of (26) is O(k"3In|k[). On the other hand by
Notation 1 if t#0, 1, then there exists N such that t € T(k), and hence A(k,n,t) = {k}, for
|k| > N. Thus dividing (26) by (¥, @p,s+), where p € A(k,n,t), and hence p = k, and using
(64), we get

{Ae1 (), A2 (t), ..., em(E) ) C O(U(ﬂk,i(t)r 6k)), (73)
=1

where U(p,6) = {z € R : |u - z| < 6}, [k| > max{N, Ny}, 6x = O(|k|["®In|k|). Instead of (64)
using (65), in the same way, we obtain

U (s (1), 66) 0 (A (8), M2 (8), -, M (£)) #0 (74)
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for |k| > max{N, Ny} and s = 1,2,...,m. Hence to prove (70) we need to show that if the
multiplicity of the eigenvalue y; is g then there exist precisely q eigenvalues of L;(P) lying in
U (pxj(t), 6k) for |k| > max{N, No}. The eigenvalues of L;(P) and L;(C) can be numbered in
the following way: Ai1(f) < Ago(t) <+ < i (t) and pra (t) < pro(t) < -+ < piem(t). If C has
v different eigenvalues y;,, ), . .., pj, with multiplicities ji, j» — j1,..., j» — jv-1, then we have

uSp<cc<je=Em, pp <y <o <py, o p = p2 =000 = 75)
i+l = Pjr2 = 00 = Pjpseees Hjvatl = Hjyas2 = 000 = My,
Suppose there exist precisely si, sy, ..., s, eigenvalues of L;(P) lying in the intervals
U (prcjy (1), 6k ), U (i o (), 6k), - -, U (i, (), 6k), (76)
respectively. Since
Sk < (,,:EE‘}{‘V_J (i1 = ) ok + t)"-2|> for |k| > 1, (77)
these intervals are pairwise disjoints. Therefore using (6) and (7), we get
S1+Sy+--+5y,=m. (78)

Now let us prove that sy = ji, 52 = jo—J1,..., 5y = j»—jv-1. Due to the notations the eigenvalues
A1 (), Mo (t), - .., Ak s, (t) of the operator L;(P) lie in U (px,1(t), 6x) and by the definition of i

we have
) (79)

1 : n-2
e @) = )] > 5 (min| G = ) k1)

for j < s1 and s > ji. Hence using (26) for p = k and (56), (51), we get

In|k|)? .
Z | (Wit Prosyt) |2 = O<%>, Vj < s1. (80)

5:5>]1
Using this, (67), and taking into account that A(k,n,t) = {k} for |k| > N, we conclude
that there exists normalized eigenfunction, denoted by @y ;:(x), of L;(P) corresponding to

Hia(t) = pia(t) = -+ = ug (1) such that

Wi (x) = Dija(x) + O (k" Infk|) (81)
for j < s1. Since W1 ¢, Wik, .- ., Pis, ¢ are orthonormal system we have

(D j1, Dpr) = B4 + O<k’1 1n|k|>, Vs,j=1,2,...,51. (82)
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This formula implies that the dimension j; of the eigenspace of L;(C) corresponding to the
eigenvalue py 1(t) is not less than s;. Thus s; < jj. In the same way we prove that s, < jp —
ji,--,Sy < jy = jv-1. Now (78) and the equality j, = m (see (75)) imply that s1 = ji, s, =
jo = Ji,---,Sv = j» — ju-1. Therefore, taking into account that, the eigenvalues of L;(P) consist
of m sequences satisfying (7), we get (70). The proof of (71) follows from (81).

Now suppose that y; is a simple eigenvalue of C. Then py ;(t) is a simple eigenvalues
of L;(C) and, as it was proved above, there exists unique eigenvalues Ay j(t) of L;(P) lying
in U (ks (t), 0k), where |k| > max{N, Np}, and the eigenvalues Ay ;(t) for |k| > max{N, No}
are the simple eigenvalues. Hence (72) is the consequence of (71), since there exists unique
eigenfunction @y j;(x) = v;e'®™*** corresponding to the eigenvalue i ;(t). The uniformity
of the formulas (70)—(72) follows from the uniformity of (56), (51), (64), and (65). O

Theorem 6. Let L;(P) be a self-adjoint operator, let C be a Hermitian matrix, let n = 2r, u; be a simple
eigenvalue of C, let aj be a positive constant satisfying aj < ming.,ilu; — pgl, and let B(a;, k, ;) be
a set defined by B(a;j, k, uj) = B(0,a;,k, u;) UB(o,a;, k, u;), where

| N Hs —Hj— @i Hs —Hj+a
B(0,aj, k,pj) = U < dnrk ' dnrk )’

s=1,2...m

(83)

. N Hs —Hj— & Hs —Hj+aj
B(]r,a],k,/l]) - 5_19””[(-71'4' 2n5r(2k+n— 1)/7[+ 2n.ﬂ'(2k+7’l— 1))

There exist a positive number Ny such that if |k| > Ny and t ¢ B(a;, k, p;), then there exists a unique
eigenvalue, denoted by Ay j(t), of Li(P) lying in U (u,j, €x), where gy = c7(|k|" 3 1n |k|) + |k|" by,
by is defined by (55), and c7 is a positive constant, independent of t. The eigenvalue Ay ;(t) is a simple
eigenvalue of Li(P) and the corresponding normalized eigenfunction Wy j;(x) satisfies

Wi (x) = 0" @™0% 4 O (k™ Infk|) + O(bx). (84)

Proof. To consider the simplicity of y ;(t) and Ay ;(t) we introduce the set

Jr

3 _
Skipis) ={te [ 5 ) Imes) = )] <2} (55)

for (p,s) # (k, j). It follows from (10) that S(k, j,p,s) = @ for p # k,—k,—k — 1. Moreover, if y;
is a simple eigenvalue, then S(k, j, k, s) = @ for s # j, since

|1k () = pics (8] = |(,4]- = ps) 2k + )" > aj k|2 (86)

It remains to consider the sets S(k,j,—k,s), S(k,j,—k — 1,s). Using the equality ,uk,]-(t) -
Hoks(t) = (k)" (4nkort + Wi — Hs) + O(k"3), we see that

HS_‘uj_aj ‘l/ls—‘u]""aj). (87)

S(k']'_k's)c< dnwrk 4nrk
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Similarly, by using the obvious equality

Pr,j(t) = pok1,5(t)
= 2wk + )" + pj(27k + 0" - Qork + 2 — )" - Wi (2mk + 201 — "2

= (k)" <n27rkt -2k (2w —t) + %n(n -1) <t2 - 2 - t)2> + U= ys) + O<k”f3>

= (k)" 2[(t - ) (2K + (n = 1))27n + pj — ] + O(k”‘3),

(88)
we get
S(k,j,~k-1,5) <I+%ﬂ+%) (89)
Using these relations and the definition of B(aj, k, y1;), we obtain
pez,sy,z,..‘,m,s (k,j,p,s) = p=—gk—1,s (k.j,p.s) C B(aj, k, ;). ©0)
(p,s) # (k.j) 5=1.2,...,m
Therefore it follows from (85) that if t ¢ B(a;, k, u;), then
|k () = pps ()] 2 "2 (91)

for all (p, s) # (k, j). Hence iy ;(t) is a simple eigenvalue of L;(C) for t € B(a;, k, ;). Instead of
(56) using (54) and arguing as in the proof of (74), we obtain that there exists N; such that
if |k| > N1, then there exists an eigenvalue, denoted by Ay ;(t), of L;(P) lying in U (p(t), &x)-
Now using the definition of ¢, and then (91), we see that

1
i) = iy O] < e =0(K™2), i (8) = s (B)] > 5l (92)

for [k| > N1, s=1,2,...,m, (p,s) # (k,j) and for any eigenvalue A ;(t) lying in U (p;(t), &x).
Let ¥y ;:(x) be any normalized eigenfunction corresponding to A (). Dividing both sides of
(26) by Ak (t) — pp,s(t) and using (54), (51), and (92), we get

(ki Dpsr) = O (K Infkl) + O(by) (93)

for (p,s) # (k,j) and p € A(k,n,t). This, (67) and (68) imply that ¥y ;;(x) satisfies (84). Thus
we have proved that (84) holds for any normalized eigenfunction of L;(P) corresponding to
any eigenvalue lying in U (p ;(t), £). If there exist two different eigenvalues of L;(P) lying in
U (p,j(t), ex) or if there exists a multiple eigenvalue of L;(P) lying in U (px,;(t), &), then we
obtain that there exist two orthonormal eigenfunctions satisfying (84) which is impossible.
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Therefore there exists unique eigenvalue A j(t) of Li(P) lying in U (px,;(t), ex) and Ay j(t) is a
simple eigenvalue of L;(P). O

Theorem 7. Let L(P) be self-adjoint operator generated in L} (—co, o) by the differential expression
(1), and let C be Hermitian matrix.

(a) If n and m are odd numbers then the spectrum o(L(P)) of L(P) coincides with (oo, o0).

(b) If n is odd number, n > 1, and the matrix C has at least one simple eigenvalue, then the
number of the gaps in o(L(P)) is finite.

(c) Suppose that n is even number, and the matrix C has at least three simple eigenvalues
Hji < Hjp < pjy such that diam({p), + pi,, pj, + iy, Hjs + pis }) # 0 for each triple (iy, i, 3),
where iy = 1,2,...,m for p = 1,2,3 and diam(A) is the diameter sup, . ,|x - y| of the
set A. Then the number of the gaps in the spectrum of L(P) is finite.

Proof. (a) In case m = 1 the assertion (a) is proved in [4]. Our proof is carried out analogous
fashion. Since L(P) is self-adjoint, o (L(P)) is a subset of (-0, o). Therefore we need to prove
that (o0, 00) C o(L(P)). Suppose to the contrary that there exists a real number \ such that
A ¢ o(L(P)). Itis not hard to see that the characteristic determinant A (A, t) = det(U,,(Ys(x,1)))
of L;(P) has the form

AL ) = ™ 4+ a1 (L)l D 4 g, (D)l 44 g (L), (94)

that is, A(\,t) is a polynomial Sy(u) of u = e of order nm with entire coefficients
a1(A),azx(1),.... It is well known that if A € o(L(P)), then the absolute values of all roots
uy = e uy = e™, . Uy, = e’ of S)(u) = 0 differ from 1, that is, tx # and A is the
eigenvalue of Ly, (P) for k = 1,2,...,nm. It is not hard to see that L;‘k = Ly, A=1e O'(LE).
Moreover, if A is the eigenvalue of Ly, (P) of multiplicity ;. then A is the eigenvalue of Ly (P)
of the same multiplicity m,. Now taking into account that u; = e’ is the root of Sy(u) = 0
of multiplicity my if and only if A is the eigenvalue of L, (P) of multiplicity m, we obtain
that e''* is also root of S, (u) = 0 of the same multiplicity my. Since el # e, we see that the
number nm of the roots of S)(u) = 0 (see (94)) is an even number which contradicts the
assumption that n and m are odd numbers.

(b) It follows from the uniform asymptotic formula (70) that there exists a positive
numbers Ny, cg, independent of ¢, such that if |k| > N, and y; is a simple eigenvalue of the
matrix C then there exists unique simple eigenvalue Ay ;(t) of Li(P) lying in U (px,;(t), Ok),
where 6, = cglk|"®In|k| and t € [-or/2,3/2). Therefore Akj(to) for ty € (- /2,37/2),
|k| > N, is a simple zero of the characteristic determinant A(\,ty). By implicit function
theorem there exists a neighborhood U(ty) C (-or/2,3x/2) of ty and a continuous in U (ty)
function A(t) such that A(tg) = Ax;(to), A(t) is an eigenvalue of L;(P) for t € U(to) and
|A(t) = pij(H)] < Ok, for all t € Ulty), since |A(ty) — pr,j(to)l = |Ak;(to) — pj(to)] < Ok
and the functions A(t), () are continuous. Now taking into account that there exists
unique eigenvalue of L;(P) lying in U (pj(t), 0x), we obtain that A(t) = Ak ;(t) for t € U(to),
and hence Ay ;(t) is continuous at to € (-or/2,3m/2). Therefore the sets I'y; = {Ax;(t) :
t € (-/2,3m/2)} for |k| > Ny are intervals and T ; C o(L(P)). Similarly there exists a
neighborhood

Jr Jr Jr

u(-3)=(-5-p-3+h) 95)
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of —or/2 and a continuous function A(t) such that A(-ar/2) = Agy1,j(-r/2), where k > N>,
A(t) is an eigenvalue of Ly, (P) (Li(P) = Lisor(P)) for t € (- /2 - p,-or/2] and A(t) is an
eigenvalue of L;(P) fort € [-or/2,-or /2 + p) and

|A(t) = pic j(B)| < 8 Vi€ [—%,_% + ﬂ>,
(96)

|A®) = (t+27)| <6 Ve (-2 -p-7),

since |A(=or/2) = pis1,j (=70 /2)| = [Aks1,j (=70 /2) = picsr,j (=70 / 2)| < Ok, pak,j (E+277) = pges1,j(t) and
the functions A(t), p,j(t) are continuous. Again taking into account that there exists unique
eigenvalue of L;(P) lying in U (px+1,j (), 6k) for t € [-or/2, - /2+p) and lying in U (px ; (t), Ok)
fort € (3r/2 - p,3x/2), we obtain that

JC JC Jr

A(t) = A (1), Ve [-5,—% +B), AW =(t+2m), Vie (-5 —p,-E). (97)

Thus one part of the interval {A(t) : t € (-or/2 — p,—x/2 + p)} lies in I'y ; and the other part
lies in T4 j, that is, the interval Ty j and I'x1,; are connected for k > N». Similarly the interval
I'r,j and I'k_1,j are connected for k < —IN,. Therefore the number of the gaps in the spectrum
of L(P) is finite.

(c) In Theorem 6 we proved that if |k| > N; and ¢ ¢ B(aj,, k, pj,), where p = 1,2,3, then
there exists a unique eigenvalue, denoted by Ay, (t), of L;(P) lying in U (ux., (t), &x) and it is
a simple eigenvalue. Let us prove that A ; () is continuous at

a 3ar
to € [—5,7> \B(ajp,k,ﬂjp) (98)

Since A j, (fo) is a simple eigenvalue it is a simple zero of the characteristic determinant A (A, )
of the operator L;(P). Therefore repeating the argument of the proof of the continuity of A ; (t)
in the proof of (b), we obtain that Ay j, (f) is continuous at f; for |[k| > N1. Now we prove that
there exists H such that

a 3o
(H,OO) C {'/\'krh’(t) ‘te [—5,7

>\B<ajp,k,/4jp>, k:Nl,N1+1,...}. (99)

It is clear that

(h, ) C {‘uk,jp(t) :te [—%,3732-), k=N, N;+ 1,...}, Vp=1,23, (100)
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where h = pn, j; (-7 /2). Since pyj, (t) is increasing function for k > Ny, it follows from the
obvious equality

n-1Ms — Hj, Ta

— W), Fa .
o (ﬂﬂ]—]> = (k)" + n(2rk) "ot k)2 + 0 (k)

4dnirk 4dnirk
(101)
s+ U, Fa;
= Qork)" + k)2 T O<k”‘4>
2
and from the definition of B(0, a;,, k, pj,) that
{yk,,-p(t) te B(O, aj,, k, y;,,)} c U C<0, K, jps s, txj,,>, (102)

s=1,2,...m

where C(0,k, jp,s,a;,) = {x € Rt |x — (2rk)" + 2rk)" (s + pj,) /2)| < aj, (2ork)"?}. This
inclusion with (100) implies that the set

o)\ U c(0kijpsa;) (103)

k:k>Ny;s=1,2,....m
is a subset of the set {px ;,(t) : t € [-7/2,37/2) \ B(0, a;,, k, pj,), k > Ni}. Similarly, using

. Hs — Hj, T 4, _ n n2Ms T Hj, T &j, n-3
fx), <.7r+ W) = 7k +)" + (k)" P = O<k ) (104)

which can be proved by direct calculations, we obtain that the set

o)\ U C(rmkjusa) (105)

k:k>Nq;s=1,2,....m

where C(r,k, jp,5,a;,) = {x € R: |x — 27k + )" + 27k)" 2 ((ps + #i,)/2)| < aj, (k)" 2}, is
a subset of

a 37
{#k,j,,(t) ite [—5,7> \B(ar,a]-p,k,mp), k> Nl}. (106)
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Now using (92) and the continuity of Ak, (t) on [~ /2,37/2) \ B(a,, k, pj,), we see that the
set

(H,0) \ < U (ki s,za,-,,)>, (107)

k:k>Ny;5=1,2,...m

where H = h +1, C(k, j,, s,2ujp) = C(0,k, jp, s,2a]~p) U C(a, K, jp, s,2a]~p), is a subset of the set
{Akj,(t) : t € [-/2,37/2) \ B(aj,, k,pj,), k> Ni}. Thus we have

U ((H,oo)\< U C<k,jp,s,2a]~p>>> c o(L(P)). (108)
3

p=12, k>Ni;s=1.2,...m

To prove the inclusion (H, o0) C o(L(P)) it is enough to show that the set

ﬂ( U C<k/jp/5/2“ip>> (109)
p=123

k>Ny;s=1.2,...m

is empty. If this set contains an element x, then

xe U C(kjpsa,) (110)

k>Ni;s=1.2,...m

for all p = 1,2,3. Using this and the definition of C(k, jp, s, a]-p), we obtain that there exist
k > Ni;v=0,1and s =i, such that

Hijp * Hi,

x = (r(2k +v))" - T(Zyrk)"_z < 2a;, (2k)" (111)
forall p =1,2,3 and hence
Hig + Hig  Hj, T Hi
]472 9 _ ]pz 4 <4“jp (112)

forall p,q =1,2,3. Clearly, the constant a;, can be chosen so that

8aj, < muin (diam ({ej, + iy, fjs + pizs i + iz }))s (113)

11,12,1.

since, by assumption of the theorem, the right-hand side of (113) is a positive constant. If
(113) holds then (112) and hence (110) do not hold which implies that (H,o0) C o(L(P)).
Hence the number of the gaps in the spectrum of L(P) is finite. O
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