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1. Introduction and Preliminaries

The stability problem of functional equations is originated from a question of Ulam [1]
concerning the stability of group homomorphisms. Hyers [2] gave a first affirmative partial
answer to the question of Ulam for Banach spaces. Hyers’ theorem was generalized by
Aoki [3] for additive mappings and by Rassias [4] for linear mappings by considering an
unbounded Cauchy difference.

Theorem 1.1 (Th. M. Rassias). Let f : E — E' be a mapping from a normed vector space E into a
Banach space E' subject to the inequality

If(x+y) = fFx) = F <elixlP +lyllI”) (1.1)

forall x,y € E, where € and p are constants with € > 0 and p < 1. Then the limit

L(x) = lim L&)

n—oo n

(1.2)
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exists forall x € E,and L : E — E' is the unique additive mapping which satisfies

1 (x) - Lo < =25 x| (1.3)

T2-2

forall x € E. If p < 0, then inequality (1.1) holds for x,y #0 and (1.3) for x #0. Also, if for each
x € E the mapping f (tx) is continuous in t € R, then L is linear.

It was shown by Gajda [5] as well as by Rassias and Semrl [6] that one cannot prove
a Rassias’s type theorem when p = 1. The counter examples of Gajda [5] as well as of
Rassias and Semrl [6] have stimulated several mathematicians to invent new definitions of
approximately additive or approximately linear mappings; compare Gdvruta [7] and Jung [8],
who among others studied the stability of functional equations. Theorem 1.1 provided a lot
of influence in the development of a generalization of the Hyers-Ulam stability concept. This
new concept is known as Hyers-Ulam-Rassias stability of functional equations (cf. the books of
Czerwik [9], Hyers et al. [10]).

Theorem 1.2 (Rassias [11-13]). Let X be a real normed linear space and Y a real Banach space.
Assume that f : X — Y is a mapping for which there exist constants 0 > 0 and p,q € R such that
r=p+q#1and f satisfies the functional inequality (Cauchy-Givruta-Rassias inequality)

|f(x+y) - f(x) = fF(w)] <Ol ||| (1.4)

forall x,y € X. Then there exists a unique additive mapping L : X — Y satisfying

0
[|f(x) = L) < WIIXII’ (1.5)

forall x € X. If, in addition, f : X — Y is a mapping such that the transformation t — f(tx) is
continuous in t € R for each fixed x € X, then L is linear.

For the case r = 1, a counter example has been given by Gavruta [14]. The stability
in Theorem 1.2 involving a product of different powers of norms is called Ulam-Givruta-
Rassias stability (see [15-17]). In 1994, a generalization of Theorems 1.1 and 1.2 was obtained
by Gavruta [7], who replaced the bounds e(||x||” + [ly|[’) and 6|x|”||y]|? by a general
control function ¢(x, y). During past few years several mathematicians have published on
various generalizations and applications of generalized Hyers-Ulam stability to a number of
functional equations and mappings (see [16-44]).

Following the terminology of [45], a nonempty set G with a ternary operation [-,-,-] :
GxGxG — Gis called a ternary groupoid and is denoted by (G, [+, -, -]). The ternary groupoid
(G, [-,+,]) is called commutative if [x1, X2, x3] = [X5(1), Xo(2), X5(3)] for all x1,x2,x3 € G and all
permutations o of {1,2,3}.

If a binary operation o is defined on G such that [x,y,z] = (xoy)ozforallx,y,z € G,
then we say that [, -,-] is derived from o. We say that (G, [+, -,-]) is a ternary semigroup if the
operation [+, -, -] is associative, that is, if [[x,y, z], u,v] = [x, [y, z,u],v] = [x,y, [z, u,v]] holds
forall x,y,z,u,v € G (see [46]).

A C*-ternary algebra is a complex Banach space A, equipped with a ternary product
(x,y,2) — [x,y,z] of A% into A, which are C-linear in the outer variables, conjugate C-linear



W

Abstract and Applied Analysis

in the middle variable, and associative in the sense that [x,y, [z, w,v]] = [x, [w, z,y],v] =
[[x,y,z],w,0], and satisfies ||[x,y, z]|| < [|x]|- [y]| - [Iz]| and [|[x, x, x]|| = [lx]* (see [45, 47]).
Every left Hilbert C*-module is a C*-ternary algebra via the ternary product [x,y,z] :=
(x,y)z.

If a C*-ternary algebra (A, [-,-,-]) has an identity, that is, an element e € A such that
x =[x,ee] = [e e x] forall x € A, then it is routine to verify that A, endowed with x o i :=
[x,e,y] and x* := [e, x, €], is a unital C*-algebra. Conversely, if (A, o) is a unital C*-algebra,
then [x, y, z] := x o y* o z makes A into a C*-ternary algebra.

A C-linear mapping H : A — B is called a C*-ternary algebra homomorphism if

H([x,y,z]) = [H(x),H(y),H(z)] (1.6)

for all x,y, z € A.If, in addition, the mapping H is bijective, then the mapping H : A — Bis
called a C*-ternary algebra isomorphism. A C-linear mapping 6 : A — A is called a C*-ternary
derivation if

6([x,y,2]) =[6(x),y,z] + [x,6(v),z] + [x,y,6(2)] (1.7)

forall x,y,z € A (see [23, 45, 48]).

Let (A, o) be a C*-algebra and [x,y,z] := x o y* o z for all x,y,z € A. The mapping
H : A — A defined by H(x) = —ix is a C*-ternary algebra isomorphism. Let a € A with
a* = a. The mapping 6, : A — A defined by 6,(x) = i(ax — xa) is a C*-ternary derivation.
There are some applications, although still hypothetical, in the fractional quantum Hall effect,
the nonstandard statistics, supersymmetric theory, and Yang-Baxter equation (cf. [49-51]).

Throughout this paper, assume that p, d are nonnegative integers with p + d > 3, and
that A and B are C*-ternary algebras.

2. Stability of Homomorphisms in C*-Ternary Algebras

The stability of homomorphisms in C*-ternary algebras has been investigated in [31] (see
also [37]). In this note, we improve some results in [31]. For a given mapping f : A — B, we
define

Z?:l HXij

d P d
Cuf (1, Xp Y1, Ya) = 2f<T + Zl',#w> - 2k ) =221 (i) @)
i= i= j=1

forall u € T':={AeC:|\| =1} and all X1, s Xp, Y1, -, Yd € A
One can easily show that a mapping f : A — B satisfies

Cuf (X1, Xp, Y1,---,Ya) =0 (2.2)
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forall u € T! and all x1,...,xp,y1,...,ya € Aif and only if

f(px+xy) = puf(x) + Af(y) (2.3)

forallp, L € T' and all x, y € A.
We will use the following lemmas in this paper.

Lemma 2.1 (see [30]). Let f : A — B be an additive mapping such that f(ux) = uf(x) for all
x € Aand all y € T . Then the mapping f is C-linear.

Lemma 2.2. Let {x,},, {y.}, and {z,}, be convergent sequences in A. Then the sequence
{[%n, Yn, 2n]},, is convergent in A.

Proof. Let x,y,z € A such that

lim x,, = x, limy, =y, limz, = z. (2.4)

n—oo n—oo n—oo
Since

[0, Y, za] = [%, 1, 2] = [Xn =X, Yn =V, 20 — 2] + [0 — X, Y, Z]

(2.5)
+ [, Yn =Y, zn] + [X0, Y, 20 — 2]

for all n, we get

| (s s zn] = [,y 2] || < llen = x| |ym = y[[llzn = 2l + 0 = x| ||y ][ 112l 26)
+ 1l |y = ylll1zall + ull]| w120 = 2]
for all n. So

lim [x4, Yu, za] = [x,y,2]. (2.7)
This completes the proof. O

Theorem 2.3 (see [31]). Let r and 6 be nonnegative real numbers such that r & [1,3], and let f :
A — B be a mapping such that

P d
ICuf Ger sy ya) 5 < 6 <lele||2 + le|%||2>/ (2.8)
j= j=

If([x v, 2]) = [F ), £ ), fF @]l < Ol + [y ]y + 1zI4) (2.9)
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forallpe T andall x,y,z,%1,...,Xp, Y1, ..., Ya € A. Then there exists a unique C*-ternary algebra
homomorphism H : A — B such that

2"(p+d)o
2d)" — (p +2d)2"

1760 = HEls < 0 Il (210)

forall x € A.
In the following theorem we have an alternative result of Theorem 2.3.
Theorem 2.4. Let 1, s, and 0 be nonnegative real numbers such that 0 <r < 1,0 < s < 3 (resp.,

r>1,5>3),and let d > 2. Suppose that f : A — B is a mapping with f(0) = 0, satisfying (2.8)
and

1£ (L, 21) = [£G), £ @) f TNl < OCUll + Myl + 112115%) (2.11)

forall y € T' and all x,y,z € A. Then there exists a unique C*-ternary algebra homomorphism
H: A — Bsuch that

do
-H < —||x|I% 212
1£G) = HE) < 57— gy el (212)
forall x € A.
Proof. We prove the theorem in two cases.
Casel. 0<r<land0<s<3.
Lettingpu=1,x1=---=x,=0and y; =--- = y4 = x in (2.8), we get
o, .
[1f (dx) = df ()| < - Ix14 (2.13)

for all x € A. If we replace x by d"x in (2.13) and divide both sides of (2.13) to d"*!, we get

1

el f(dmix) - % fx)| <

B_

8 aeI (214)

for all x € A and all nonnegative integers n. Therefore,

djﬂ f(d"+1x) - dim f(d™x)

<

0 « ;
LS 724Vl (215)
i=m
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for all x € A and all nonnegative integers n > m. From this it follows that the sequence

{(1/d")f(d"x)} is Cauchy for all x € A. Since B is complete, the sequence {(1/d")f(d"x)}
converges. Thus one can define the mapping H : A — B by

H(x) := hm —f(d"x) (2.16)

for all x € A. Moreover, letting m = 0 and passing the limit n — oo in (2.15), we get (2.12). It
follows from (2.8) that

Z;}:l pxj & L d
2H( ———+ 2pyj ) = 2pH (%)) =23 ,1H (y))
=1 =1 =1

B

1 Z] 1# i n C n g n
= lim —12f +d Z#y] = Dopuf(dx;) =23 puf (d"y;) (2.17)
=1 =1 5
<,}gr;oge<2||x]||A+Z||y]||A> -
forall u € T! and all X1+, Xp, Y1,---,Yd € A. Hence

Z -1 .” 2j=1 X L d
2H Zﬂy; = D pH (x;) + 23 pH (y;) (2.18)

j=1 j=1

forallp e T'and all xy,...,xp, y1,...Ya € A.So H(Ax+py) = A\H (x) +uH (y) forall \, y € T!
and all x, y € A. Therefore by Lemma 2.1 the mapping H : A — B is C-linear.
It follows from Lemma 2.2 and (2.11) that

1H ([, y,2]) - [H(x), H(y), H@)] |5

lim ﬁllf([d"x, d'y,d"z]) - [F(d"), f(d"y), f(@"2)]] (2.19)

n—oo

0 1511 Fen el + Nyl + 12 =0

forall x,y,z € A. Thus
H([x,y,2]) = [H(x),H(y), H(z)] (2.20)

for all x,y, z € A. Therefore the mapping H is a C*-ternary algebra homomorphism.



Abstract and Applied Analysis 7

Now let T : A — B be another C*-ternary algebra homomorphism satisfying (2.12).
Then we have

1 . . do dnr
IH @) =Tl = lim — [ f(@"0) = T(@0) < 5= 1

im —||x]|’y = 2.21
2|d—dr|nl~l>rc}o dn ||x||A 0 ( )

for all x € A. So we can conclude that H(x) = T(x) for all x € A. This proves the uniqueness
of H. Thus the mapping H : A — Bisaunique C*-ternary algebra homomorphism satisfying
(2.12), as desired.

Case2. r>1and s > 3.
Similar to the proof of Case 1, we conclude that the sequence {d" f(d"x)} is a Cauchy
sequence in B. So we can define the mapping H : A — B by

H(x) := lim d"f (d"x) (2.22)

for all x € A. The rest of the proof is similar to the proof of Case 1.
O

Theorem 2.5 (see [31]). Let r and 6 be nonnegative real numbers such that r ¢ [1/(p + d), 1], and
let f : A — B bea mapping such that

14 d
NCpuf ey X, 1, ya) |l < 91_1[||x,»||2 : 1‘1[||y,-l W (2.23)
7= 1=
Ilf(Lx, v, 2]) = [f(x), F ), £l 5 < Ollx w1z (2.24)

forall y € T' and all x, Y,Z, X1, Xp, Y1, -,Ya € A. Then there exists a unique C*-ternary algebra
homomorphism H : A — B such that

2(p+d)r6 d
o el (2.25)
|2(p +2d) P _ o) (p 4 2d)|

[1£(0) = H@) || <

forall x € A.

The following theorem shows that the mapping f : A — B in Theorem 2.5 is a C*-
ternary algebra homomorphism when r > 0.
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Theorem 2.6. Let 1,s,q,11,...,7p,51,--.,54, and 6 be nonnegative real numbers such that r + s +
q#3and 1 >0 (sx > 0) forsome1 <k <p,p>2(1<k<d, d22).
Let f : A — B be a mapping satisfying

ICuf (et s X, ya) [ < 91_1[||xfllfé ' l__llllyjl A (2.26)
J= =
1 (Tx,y,21) = [f (), f (), f @] < Ol [l N1=I1, (2.27)

forallp € Thandall x,y,z,x1, . . < Xp,Y1,---,Ya € A. Then the mapping f : A — Bisa C*-ternary
algebra homomorphism. (We put || - ||?4 =1).

Proof. Let ri > 0 for some 1 < k < p (we have similar proof when s > 0 for some 1 < k < d).

We now assume, without loss of generality, that r; > 0. Letting x; = -+ - =x, =y1 = --- =y =
0in (2.26), we get that f(0) = 0. Letting xo =2xand x; =x3 =+ =x, =y; =--- = y4 = 0in
(2.26), we get

pf (2x) = 2f (px) (2.28)

for all u € T' and all x € A. Setting p = 1 in (2.28), we get that f(2x) = 2f(x) for all x € A.
Therefore,

fux) = pf(x),  f(2px) =2puf(x) (2.29)
forallpy e T'andallx € A. If weputx, =2xand yy =yandx; =x3 =+ =X, = yp =+ =
ya = 0in (2.26), we get

2 (x + py) = uf (2x) + 2uf (¥) (230)

for all u € T' and all x € A. It follows from (2.29) and (2.30) that

fux+dy) = pf(x) +Af(y) (2.31)

forall \, 4 € T and all x, y € A. Therefore, by Lemma 2.1 the mapping f : A — Bis C-linear.
Let r + s + g > 3. Then it follows from (2.27) that

If (v, 2D) = [fF ). ), F@]]|5
= lim 8" £ ([ 55 5 3:]) - [F(5) £ Ga) £, 232)

. 8 \"
<Ol vl el i (s ) =0

[oe]
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for all x,y, z € A. Therefore,

f(xy,2]) = [f(x), f(v), f(2)] (2.33)

for all x,y, z € A. Similarly, for r + s + g < 3, we get (2.33). O

In the rest of this section, assume that A is a unital C*-ternary algebra with norm || - || 4
and unit e, and that B is a unital C*-ternary algebra with norm || - ||z and unit ¢'.
We investigate homomorphisms in C*-ternary algebras associated with the functional

equation C, f(x1,...,Xp, Y1,...,Ya) = 0.
Theorem 2.7 (see [31]). Let r > 1 (r < 1) and 6 be nonnegative real numbers, and let f : A — B
be a bijective mapping satisfying (2.8) such that

f(lxy.2]) = [f(x), f(y), f(2)] (2.34)

forall x,y,z € A. Iflim, o ((p + 2d)" /2") f (2"e/ (p + 2d)") = €' (lim,, ., (2" / (p + 2d)") f ((p +
2d)" /2")e = €'), then the mapping f : A — B is a C*-ternary algebra isomorphism.

In the following theorems we have alternative results of Theorem 2.7.

Theorem 2.8. Let r <1, s < 2 and 0 be nonnegative real numbers, and let f : A — B be a mapping
satisfying (2.8) and (2.11). If there exist a real number A > 1 (0 < A < 1) and an element xo € A
such that lim,, _, o, (1/A") f(M'xg) = €' (limy, A" f (x0/ ") =€), then the mapping f : A — Bis
a C*-ternary algebra homomorphism.

Proof. By using the proof of Theorem 2.4, there exists a unique C*-ternary algebra
homomorphism H : A — B satisfying (2.12). It follows from (2.12) that

H(x) = lim % f("x), (H(x) = lim 1" f<%>> (2.35)

for all x € A and all real numbers A > 1 (0 < A < 1). Therefore, by the assumption we get that
H(xp) =¢'.Let A > 1 and lim, _, . (1/A") f(A"xp) = €'. It follows from (2.11) that

|[H (x), H(y), H(z)] - [H(x), H(y), f(2)]|| 5
= ||H[x,y,2] - [H(x), H(y), f(2)]]|

= Jim (I Ay, 2)) - [ (), F(4), ) (230

n—oo

<9hm—()t"sllxllA =Nyl +11z1%) =0

for all x € A. So [H(x),H(y),H(z)] = [H(x),H(y), f(2)] for all x,y,z € A. Letting x =
Yy = xo in the last equality, we get f(z) = H(z) for all z € A. Similarly, one can shows that
H(x) = f(x) forall x € Awhen0 < A < 1 and lim,_, A" f(xo/A") = €. Therefore, the
mapping f : A — Bisa C*-ternary algebra homomorphism. O
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3. Derivations on C"-Ternary Algebras

Throughout this section, assume that A is a C*-ternary algebra with norm || - || 4.
Park [31] proved the Hyers-Ulam-Rassias stability and Ulam-Gavruta-Rassias stability
of derivations on C*-ternary algebras for the following functional equation:

Cuf (x1,...,%p,Y1,---,Ya) =0. (3.1)
For a given mapping f : A — A, let
Df(x,y.2) = f([xv.2]) - [f (), y.2] =[x, f(y). 2] =[xy, f(2)] (3-2)

forall x,y,z € A.

Theorem 3.1 (see [31]). Let r and 0 be nonnegative real numbers such that r & [1,3], and let f :
A — A amapping satisfying (2.8) and

IDf Gy, 24 < OCU + 1yl + 11=1%) (3.3)
forall x,y,z € A. Then there exists a unique C*-ternary derivation 6 : A — A such that

2"(p +d)
[ f(x) -6, < |2(p +2d)" - (p +2d)2"

| Ollxs (3.4)

forall x € A.

Theorem 3.2 (see [31]). Let r and 6 be nonnegative real numbers such that r ¢ [1/(p + d), 1], and
let f: A — A beamapping satisfying (2.23) and

IDf Gy, 2Ly < Olixllally 411211 (3.5)
forall x,y,z € A. Then there exists a unique C*-ternary derivation 6 : A — A such that

2(prdir (prd)r

— ox||%
|2(p4—2d)p — (p +2d)2+dr

Il (x) = 6(x)]| , < (3.6)

forall x € A.

In the following theorems we generalize and improve the results in Theorems 3.1 and
3.2.
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Theorem 3.3. Let ¢ : AP*? — [0,00) and ¢ : A> — [0, o0) be functions such that

B(x) = Zy‘"(p(}f"x,...,y”x) < oo, (3.7)
Tim y " (y" X1, Y X0, Y Y1, -, Y Ya) = 0, (3.8)
lim y e (y"x,y"y,y"z) =0, limy g (y"x,y"y,z) =0 (3.9)

forall x,y,z,%x1,...,%p,Y1,...,Ya € A wherey = (p +2d)/2. Suppose that f : A — Aisa
mapping satisfying

||C‘uf(x1/"'/xp/y1/" ~/]/d)”A S (P(xll‘ ~-/xp/]/1/---/yd)/ (310)
IDf(x,y, 2|, < ¢(xy,2) (3.11)

forall p € T and all X,Y,2,X1,. .+, Xp, Y1, -, Ya € A. Then the mapping f : A — Aisa C*-
ternary derivation.

Proof. Letus assume p=1and x; =---=x, =y1 = --- = y4 = x in (3.10). Then we get

2 (B525) -+ 2rs 0

<ox,...,x) (3.12)
A
for all x € A. If we replace x in (3.12) by y"x and divide both sides of (3.12) to y"*!, then we

get
1 n+1 1 n 1 n n
—Yn+1f(y x) — Ff(y x)|| < 2y"+1(P(Y xX,...,7"x) (3.13)
A

for all x € A and all integers n > 0. Hence

< 2)/1 m; (p(}fix,...,yix> (3.14)

%f(r"”x) L rmx )H

for all x € A and all integers n > m > 0. From this it follows that the sequence {(1/y") f (y"x)}
is Cauchy for all x € A. Since A is complete, the sequence {(1/y") f(y"x)} converges. Thus
we can define the mapping 6 : A — A by

1
6(x) := lim Ff(y"x) (3.15)
for all x € A. Moreover, letting m = 0 and passing the limit n — oo in (3.14), we get

16G0) - F(0)|l, < %@(x) (3.16)
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for all x € A. It follows from (3.8) and (3.10) that
1Cub (1, xp v, ya) |l o

: 1 n n n n
= Jim SIS O Y ¥ Y ) L4 (3.17)

< lim — ‘P(Y Xty Y X, Y Y1 Y Ya) = 0

n—>ooY

forall u € T! and all X, Y,Z, X1+, Xp, Y1,---,Ya € A. Hence

26 < Z Z#%) = iﬂﬁ (xj) + Ziwﬁ(yf) (3.18)

j=1 =1

forallp e T'and all x1,...,%,,y1,...,Ya € A. S0 6(Ax + py) = A6(x) + u6(y) forall A,y € T!
and all x, y € A. Therefore, by Lemma 2.1 the mapping 6 : A — A is C-linear.
It follows from (3.9) and (3.11) that

[D6(x,y,2)|| , = lim —||Df(Y X Y'Y, y"2)[|4 < lim —tp(r xY"y,y"z) =0  (3.19)

forall x,y,z € A. Hence
6([xy,2]) =[6(x),y,z] +[x,6(v), z] + [x,y,6(z)] (3.20)

for all x,y,z € A. So the mapping 6 : A — A is a C*-ternary derivation.
It follows from (3.9) and (3.11)

”6[x1yr Z] - [S(x)ry/ Z] - [x/6(y)r Z] - [X,y,f(z)]”A

= tim [l [y 2] - F(0), 1"y, 2]

n—>ooY2”
(3.21)
~[y"x, f (7" y), 2] = [y "y, £ ()]
nlgrgoﬁqf(v x,Y"y,z) =0
forall x,y,z € A. Thus
6[x,y,z] = [6(x),y,2] + [x,6(y), 2] + [x,y, f(2)] (3.22)

for all x,y,z € A. Hence we get from (3.20) and (3.22) that

[x,y,6(2)] =[xy, f(2)] (3.23)
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forall x,y,z € A. Letting x = y = f(z) — 6(z) in (3.23), we get
1f 2 -8G5 = I1f(2) - 6(2), f(2) - 6(2), f(2) = 6|, = 0 (3.24)

for all z € A. Hence f(z) = 6(z) for all z € A. So the mapping f : A — A is a C*-ternary
derivation, as desired. O

Corollary 3.4. Let r < 1, s < 2, and 6 be nonnegative real numbers, and let f : A — A bea
mapping satisfying (2.8) and

IDf Gy, 2)| 4 < O(Ixl + [y + l1z15) (3.25)

forall x,y,z € A. Then the mapping f : A — A s a C*-ternary derivation.

Proof. Define

P d
Q(X1, .., Xp, Y1, Ya) = 9<Z||x]'||2 + leyf||2>r
j=1 j=1

(3.26)

w(x,y,2) = 0(lxl% + |yl + 11z11%)
forall x,y,z,x1,...,%p,Y1,...,ya € A, and apply Theorem 3.3. O

Corollary 3.5. Let r, s, and 0 be nonnegative real numbers such that s,r(p +d) < 1, and let f :
A — A be a mapping satisfying (2.23) and

IDf Gy, 2|4 < Bllxla I 1=15% (3.27)

forall x,y,z € A. Then the mapping f : A — Ais a C*-ternary derivation.

Proof. Define

P d
o(x1, - xp,yee,ya) = O] x0T Tl
j=1 j=1 (3.28)

¢ (x,y,2) = 0llx|% |ly|I%]IzI1%

forall x,y,z,x1,...,%p,Y1,...,ya € A, and apply Theorem 3.3. O
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Theorem 3.6. Let ¢ : AP*? — [0,00) and ¢ : A> — [0, o0) be functions such that
= x x
p(x) = " (—,...,—><oo,
¢ E;Y A

lim y"(p(ﬂ,...,ﬁ,ﬂ,...,ﬁ> =0, (3.29)
n—oo Yn Yn Yn Yn

limy3"(p<x 4 Z>:0, limyzan<x 4 z):O

n— o0 Yn’Yn’Yn n— o0 Yn’Yn’

forall x,y,z,%x1,...,Xp,Y1,...,Ya € A wherey = (p +2d)/2. Suppose that f : A — Aisa
mapping satisfying (3.10) and (3.11). Then the mapping f : A — A is a C*-ternary derivation.

Proof. 1f we replace x in (3.12) by x/y"*! and multiply both sides of (3.12) by y", then we get

1 x x y" x x
Yn+ f(ﬁ) _Ynf<ﬁ) N < ?‘P<}m”}m) (3.30)
for all x € A and all integers n > 0. Hence
n+1
() ()] < B () -
Y f<),n+1 Y f Ym A = 2Yl:%;:—1y()0 YI Yl

for all x € A and all integers n > m > 0. From this it follows that the sequence {y" f(x/y")} is
Cauchy for all x € A. Since A is complete, the sequence {y" f (x/y")} converges. Thus we can
define the mapping 6 : A — A by

5(x) = lim y" f(Yi) (3.32)

for all x € A. The rest of the proof is similar to the proof of Theorem 3.3, and we omitit. O

Corollary 3.7. Let r, s, and 0 be nonnegative real numbers such that s,r(p + d) > 1, and let f :
A — A be a mapping satisfying (2.23) and (3.27). Then the mapping f : A — Ais a C*-ternary
derivation.
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