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1. Introduction and Results

The Bernoulli polynomials Bflk) (x) of order k, for any integer k, may be defined by (see [1-5])

t k k
(et—_1>e ZB()(x)— It| < 2. (1.1)

n=0

The numbers Bflk) = Bflk) (0) are the Bernoulli numbers of order k, Bf,l) = B, are the
ordinary Bernoulli numbers (see [2, 6, 7]). By (1.1), we can get (see [4, page 145])

j—xB,i") (x) = nBY (x), (1.2)
ey, _ k=10 )
B, (x) =  Bn (%) + (x = k) B 2 (), (1.3)
B (x+1) = B(k)l( x) - B(k)( x), (1.4)

where n € N, with N being the set of positive integers.
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The numbers B,(,") are called the Norlund numbers (see [4, 8]). A generating function
for the Norlund numbers B,([‘) is (see [4, page 150])

t < () 1"
- = B, —.
(1+t)log(1+1) Z% " n! (1.5)
The D numbers D;kq) may be defined by (see [4, 5])
k_ o np®
(tesct) = nZ:O( 1)"D,, v |t < . (1.6)

By (1.1), (1.6), and note that csct = 2i/(e' — e7 ) (where i* = -1), we can get

(x) w [k
DY = 47Bk <§> (1.7)

Taking k = 1,2 in (1.7), and note that B (1/2) = (212" = 1)By,, B (1) = (1 - 2n)B,,
(see [4, pages 22 and 145]), we have

DY = (2-2")By, DY) =4"(1-2m)By. (18)

The numbers D;in) are called the D-Norlund numbers. These numbers Dgl") and

Déi"_l) have many important applications. For example (see [4, page 246])

T/2sint (-1) D(z") T/2 gint (- 1)n+1D(2n—1)

= ——dt= - 1.9

Jo Z @n+1)! 7 _[0 222’1(211 D (1.9)
2 ( 1)n+1D(2n 1)

T & en-)en)! (1.10)

We now turn to the central factorial numbers t(n, k) of the first kind, which are usually
defined by (see [9-12])

n_ oY (e Ml 3 K
x<x+2 1><x+2 2) <x+2 n+1> kzzot(n,k)x, (1.11)

or by means of the following generating function:

k
2 0 n

<Zlog<g +1/1+ xz>> = kI t(n, k)%. (1.12)
n=k :
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It follows from (1.11) or (1.12) that
tn k) =t(n-2,k-2) - jI(n—Z)zt(n—Z, k), (1.13)

and that

t(n,0) =6,0 (meNy:=NU{0}), tin,n)=1 (meN),

(1.14)
t(n,k)=0 (n+kodd), t(nk)=0 (k>nork<D0),
where 6,,,, denotes the Kronecker symbol.
By (1.13), we have

—1)" 1 /2n
t2n+1,1) = % < > t2n+2,2) = (-1)"(n)?* (neNy), (1.15)

n

4 _ n+l | 2 1 1 1
t2n+2,4)=(-1)""(n!) 1+§+§+---+E (neN), (1.16)
(-1 @2n)! /2n 1 1 1

t(2n+1,3)=T ; 1+§+5—2+~--+m (n € N). (1.17)

The main purpose of this paper is to prove some identities involving D numbers,
Bernoulli numbers, and central factorial numbers of the first kind and obtain a generating
function and several computational formulas for the D-Norlund numbers. That is, we will
prove the following main conclusion.

Theorem 1.1. Letn € N, k e N\ {1}. Then

(21’1 —k+ 2)(2n -k+ 1) D(k_z) _ 271(271 - 1)(k - 2) D(k—z)

(k) _
DZn - (k—Z)(k—l) 2n k-1 2n-2 ° (1'18)
Remark 1.2. By (1.18), we may immediately deduce the following (see [4, page 147]:
(2n+1) _ (—1)"(211)' 2n (2n+2) _ (_1)71411 n2
D) = o\, ) D) = PR (nh)~. (1.19)
Theorem 1.3. Let n > k (n,k € Ny). Then
n-k
enr1) _ 4
o = S t2n+1,2k +1), (1.20)
()
n) 4n—k
D = t(2n,2k) (k>1). (1.21)

2n-2k ~ 2m-1
(3)



4

Abstract and Applied Analysis

Remark 1.4. By (1.20) and (1.17), we may immediately deduce the following:

1" 1 /2n+2
pend _ () (2271)- 1+ lz + lz PN S > ) (1.22)
2.4\ i 25 @Qn+1)

Theorem 1.5. Let n € Ny. Then

) N \

pye V() Dong ()" 2 (1.23)

TY(2j+1) (2n-2j)! 4 \n)’
so one finds D\’ = 1,0 = -2/3,D\Y = 88/15, D = —3056/21,D® = 319616/45,D\” =
~18940160/33,.

By (1.23), and note that

D" (2
2 n+
log<t 1+t> Z4n(2n+1) t (It < 1),
(1.24)
1 & (D" 2
= £ t|<1),
—->5 <n> (It <1)
one may immediately deduce the following Corollary 1.6.
Corollary 1.6. Let n € Ng. Then
Z = t (1t < D). (125)
(2n)! \/1+t210g<t+\/1+t2>
Theorem 1.7. Let n € N. Then
(i)
" _1 n 2 ! 2n n 1 _ 21—2]
pen _ M< > ¥ n~4"Z¥t(2n,2j)sz (1.26)
4 n j=1 ]
(ii)
w _ (=1)"4"(n!)? L2 -1 :

2n+1 =
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(iii)

D" Z—t(2n+1 2j +1). (1.28)

Theorem 1.8. Let n € Ny. Then
@)

-2-4 )" (ny?

Z4—Jt(2n+1 2+ 1)Byj =~ —=— (1.29)

(ii)

(~1)"(2n)! [2n+2 1 1 1
Z(l 2])t(2n+12]+1)B2] N 4znn < ><1+§+§+-~+—(2n+1)2>.

=0 n+1
(1.30)
2. Proof of the Theorems
Proof of Theorem 1.1. By (1.4) and (1.3), we have
B(k)(x+1) 2nx Bg:l i)( )_Z”k#B(k 1)( x)
2nx [k-2n-1 2n-1
= 1( P BY D (x) + (x - k+2)7 Bgﬁ?( )>
2n k+1/k-2n-2
e (e B W k) B ) @)

_@n-k+1)@n-k+2), (k-2 2n(2n-1) (k2)
= kD) (x) + mx(x—k+2)32n2(x)
2n(2n -k +1)

(2x -k +2)BE 2 (x).

C(k=1)(k-2)

Setting x = (k —2)/21in (2.1), we get

(k)
BZn

k (271 k+1)(2n k+2) (k-2) k-2 21’1(211—1)(](—2) (k-2) k-2
<E> k-Dk-2) o ( > )‘ k1) BM( > >
(2.2)

By (2.2) and (1.7), we immediately obtain (1.18). This completes the proof of Theorem 1.1. O
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Proof of Theorem 1.3. By the usage of Theorem 1.1 and (1.13). O

Proof of Theorem 1.5. Note the identity (see [4, page 203])

k) k
an+1<x+§>
i (2.3)
w1\ Dy o <1>2 ) (3)2 , (2]‘—1)2
=2, g Y\ Y T\2 “=\z2) )\ \—=27) )
<\2j+1) 227 2 2 2
we have
BI(x+2n+1)/2) 1 & [/2n+1\ a0y, >
. - T _1y12.32... (25 —
;13}) . 4}%& 2741 D, (-1)1%-3%.-- (2j - 1)
) (2n-2j) (24)
_(2n+1)!i (-1) <2]> Dy, ;i
4 Ga2j+1)\j /) @n-2j)
By (2.4) and (1.2), we have
. . (2n-2j)
| n —1\/ 2 D n2i
1im(2n+1)13§i”*1)<x+2"+1) - (2":1)'2 (1) <]> 2 (25)
X0 2 an Sa2j+1)\j / (2n-2))!
that is,
) . (2n-2j)
) <2n+1> _ (2n)! i (Y <21> Dy, . 2.6)
n 2 4 S (2j+1)\j ) (2n-2j)!

By (2.6) and (1.7), we have

. . (2n-2j)

n D ;

Dglrwl) _ (2”)!2 ' (—'1)] <2]> 2n—2]- ‘ 2.7)
j:041(2]+1) j /) (2n-2j)!

By (2.7) and (1.19), we immediately obtain (1.23). This completes the proof of Theorem 1.5.
O

Proof of Theorem 1.7. By (1.6), we have

p® = 3 (F\ ptd po
o = 2 5, ) PaneaiDaj (28)

j=0

where [ is an integer.
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Setting k =2n + 1,1 = 1in (2.8), and note that Dél) =1, we have

n /2n 2n
(2n+1) @2n) (1) (2 ) (2n) (1)
DM = Z <2] > D" 21Dy = Dy, " Z < y > D2n’12].D2 . (2.9)

j=1

By (2.9), (1.19), (1.8), and (1.21), we immediately obtain (1.26).
Setting k = 2n + 2,1 = 2 in (2.8), and note that Déz) =1, we have

n /2n
(2n+2) Cm D@ = p 4 @n) O
Dy = z <2j>D2n"_2]D =D, " § < >D2n"2]D (2.10)

By (2.10), (1.19), (1.8), and (1.21), we immediately obtain (1.27).
Setting k = 2n,1 = —1 in (2.8), and note that (1.20) and Dy = 1/(2j + 1), we
immediately obtain (1.18). This completes the proof of Theorem 1.7. O

Proof of Theorem 1.8. Setting k = 2n +2, [ = 1 in (2.8), and note (1.19), (1.20), and (1.8), we
immediately obtain (1.29).

Setting k = 2n + 3,1 = 2 in (2.8), and note (1.22), (1.20), and (1.8), we immediately
obtain (1.30). This completes the proof of Theorem 1.8. O
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