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1. Introduction

Let B, be the unit ball of C", 0B, the unit sphere of C*, H(B,,) the space of all holomorphic
functions in B,, and H* the space of all bounded holomorphic functions on B,,. For f €

H(B,,), let

_v, 9f
@) =35 ) (L1)

denote the radial derivative of f € H(B,).
A positive continuous function p on the interval [0, 1) is called normal if there is 6 €
[0,1) and sand t, 0 < s < t such that

u(r) : ()
e is decreasing on [§,1), }111} a-ry =0,
() (r) (2
#—t is increasing on [§,1), lim " ;=00
(1-7) r=1(1-r)

If we say that pt : B, — [0, o0) is normal we will also assume that p(z) = u(|z|), z € B,,.
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Let u : B, — [0, c0) be normal. The Bloch-type space B, = B,(B,) is the space of all
functions f € H(B,) such that

bu(f) = supu(z)|Rf(z)| < oo. (1.3)

zeB,

B, is Banach space with the norm || f ”m = |f(0)| + bu(f). The little Bloch-type space B, =
B,,0(B,) consists of all f € H(B,,) such that

‘l‘ir:lly(z)|9%f(z)| =0. (1.4)

It is easy to see that B, is a closed subspace of B,. When pu(r) = (1 - r2)", a € (0,0), we
obtain so-called a-Bloch spaces and little a-Bloch spaces, respectively, which for a = 1 are
reduced to classical Bloch spaces (see, e.g., [1-4] and the references therein). When p(r) =
(1 - r¥)In(e/(1 - r?)), we obtain the logarithmic Bloch space £B = £B(B,) and the little
logarithmic Bloch space £By, = £By(B,), respectively, (see [5]). It was shown that f is a
multiplier of B if and only if f € H* and f € £B in [6].

An f € H(B,) is said to belong to the logarithmic-type space HE,, if

f(2)
71y, = sup——E DL oo 15
6 zeB, ln<e/ <1 - |z| >>
It is easy to see that Hl";g becomes a Banach space under the norm || - || H / and that the
og
inclusions H* C B C Hf’:g, hold. For some information of the space Hf’:g see [7, 8].
Let g € H(B,). The extended Cesaro operator on H(B,) is defined by
! dt
Tof(z) = Of(tz)?ﬁg(tz)T, feH@B,), z€B,. (1.6)

This operator is a natural extension of a one-dimensional operator defined in [9]. Some other
results on the one-dimensional operator can be found, for example, in [10, 11] (see also
the references therein). For some extensions of operator (1.6) on the unit disk see [12-16].
On related operators on the unit polydisk see, for example, [17-21] and references therein.
The boundedness and compactness of operator (1.6) between various spaces of holomorphic
functions has been extensively studied recently, see, [17, 22-36]. For some integral operators
on spaces of harmonic functions see, for example, [37] as well as the references therein. A
new extension of operator (1.6) in the unit ball case have been recently introduced by Stevié¢
in [38] (see also [5, 39]).

In this paper, we study the extended Cesaro operator from HE, to Bloch-type spaces
B, and B, . Sufficient and necessary conditions for the extended Cesaro operator T, to be
bounded and compact are given.

Throughout the paper, constants are denoted by C, they are positive and may not be
the same in every occurrence.
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2. Main Results and Proofs

In this section, we give our main results and their proofs. Before stating these results, we need
some auxiliary results, which are incorporated in the lemmas which follows.

Lemma 2.1. Assume that ¢ € H(B,) and p : B, — [0, 0) are normal. Then Ty : Hf:g — By

is compact if and only if Tg - HE — By, is bounded and for any bounded sequence (fi)yen in Hi,

which converges to zero uniformly on compact subsets of B, as k — oo, one has ||Tg fi|l;, — Oas
"

k — oo.

The proof of Lemma 2.1 follows by standard arguments (see, e.g., Lemmas 3 in [20, 21,
29]). Hence, we omit the details.

Lemma 2.2. Assume that y : B, — [0, 00) is normal. A closed set K in B, is compact if and only
if it is bounded and satisfies

lim suppu(z)|Rf(z)| = 0. (2.1)
|zl =1 fek

This lemma can be found in [5], and its proof is similar to the proof of Lemma 1 in
[40]. Hence, it will be omitted.
The following result was proved in [8].

Lemma 2.3. There exist two functions fi, f» € H]fg(IB%l) such that
1
|f1(Z)| + |f2(Z)| 211’11_—|z|, ZGBl. (22)

Now we are in a position to state and prove our main results.

Theorem 2.4. Assume that g € H(B,) and p : B, — [0, 0) is normal. Then Ty : Hlfg — By is
bounded if and only if

M = supp(z)|Rg(z)| In —

< oo. (2.3)
2€B, 1-1zP

Moreover, if Ty : Hy, — By is bounded then the following asymptotic relation holds

e
1- |z

Il -5, = supp(2)|Rg (=) In < . (2.4)

Proof. Assume that (2.3) holds. Then, for any f € Hg,, we have

W@ = ol <RI (0 Il @)
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In addition, it is easy to see that T, f (0) = 0. Therefore we have

Il = SupuIR(TA) @) < Ml

as desired.

Conversely, assume that T : Hl“(fg — B, is bounded. For a € B, set

e
fa (Z) = lnm

It is easy to see that f, € H, and sup g, ||fa||H$g < oo.
For any b € B,,, we have

o0 > ||Tgfol|,

= supp(z) |R (T, fo) (2)]

z€eB,

= suﬂfﬂ(z) |%g(2)|| fo(2)]
zelb,
e

1- b

> ju(b)|Rg (b) [In

from which (2.3) follows, moreover

supp(z)|Rg(z)|In

<C|Tq|| e .
z€B, 1-|z* ~ el s,

From (2.6) and (2.9), we see that (2.4) holds. The proof is completed.

(2.6)

(2.7)

(2.8)

(2.9)

O

Theorem 2.5. Assume that g € H(B,) and p : B, — [0, o0) is normal. Then Ty : Hlfg — By is

compact if and only if

e
Iim u(z)|Rg(z)|In =0.
fm s @ in 772,

(2.10)

Proof. Suppose that Ty : HiZ — B, is compact. Let (zx)yey be a sequence in B, such that

limg_|zk| = 1. Set

e 2 e -
fk(Z) = <lnm> <lnm> , k eN.

(2.11)
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It is easy to see that sup, .|| x|l He < o Moreover fir — 0 uniformly on compact subsets of
og

B, as k — oco. By Lemma 2.1,

kli_{rc}o”Tgfk”Bp =0. (2.12)
In addition,
e
ITg fill, = supp(z)|Rg(2) fic(2)| > pzi)|Rg (2 [In——, (2.13)
" ZeB, 1 — |z

which together with (2.12) implies that

: e
lim p(zi) |Rg(zk) |In 5 =0. (2.14)
koo 1=zl

From the above inequality we see that (2.10) holds.

Conversely, assume that (2.10) holds. From Theorem 2.4 we see that T, : Hl"(;’g — By
is bounded. In order to prove that T, : Hfgg — B, is compact, according to Lemma 2.1, it
suffices to show that if (fi),cy is @ bounded sequence in H, converging to 0 uniformly on

compact subsets of B,, then

Jim ([T fill,, =0. (2.15)

Let (fx)iey be a bounded sequence in H, such that fy — 0 uniformly on compact

subsets of B, as k — oo. By (2.10) we have that for any € > 0, there is a constant 6 € (0,1),
such that

e
1- |z

u(z)|Rg(z)|In <e (2.16)

whenever 6 < |z| < 1. Let K = {z € B, : |z| < 6}. From (2.10) we see that g € B,. Equality
(2.16) along with the fact that g € B, implies

ITs ficll, = SSBP//‘(Z)lm(Tgfk)(ZH

= supy(z)|Rg(2) fr(2)|

z€eB,

§< sup +  sup >,u(2)|9%g(2)||fk(z)| (2.17)

{z€B,:|z|<6})  {z€B,:6<|z|<1}

<l splrals s wols@] (in— )il

(2€B,:6</z)<1) 1-|zf

<lgll5,suplfx(2)| + Ce.
zeK
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Observe that K is a compact subset of B,, so that

lim sup|fi(z)| = 0. (2.18)
k= ek
Therefore
lim sup|| Ty fx ”73, < Ce. (2.19)
k— oo ‘

Since £ > 0 is an arbitrary positive number it follows that the last limit is equal to zero.
Therefore, Ty : Hg, — By is compact. The proof is completed. O

Remark 2.6. From [24] and Theorems 2.4 and 2.5, we see that Ty : Hf(fg — B is bounded if
and only if Tg : B — B is bounded; Ty : H{, — Bis compact ifand only if T, : B — Bis
compact.

Theorem 2.7. Assume that § € H(B,) and p : B, — [0,00) is normal. Then the following
statements are equivalent:

(@) Ty : Hf’.f’g — By, is bounded;

(b) Ty : Hf‘(fg — By, is compact;

(©)

lim pu(2)|Rg(2)| In —— = 0. (2.20)
|zl—-1 1-|z|

Proof. (b)=(a). This implication is obvious.
(a)=(c). Assume that Ty : Hl"(fg — By, is bounded. Now we prove that (2.20) holds.
Note that (2.20) is equivalent with

. 1
Illlinlﬂ(Z) |9ig(z)|ln1_—|z| =0. (2.21)

Hence we only need to show that (2.21) holds. This can be done by contradiction. Now
assume that the condition (2.21) does not hold. If it was, then it would exist &5 > 0 and a
sequence (z/) jen € By, such that z() — 8B, and

y(z(j)> |9%g<z(j)> |lnﬁ >e >0 (2.22)

for sufficiently large j. We may assume that lim;_,,,z/) = (1,0,...,0) and also

1—|z§j)|
2

1- |z<f>| >— 11 jeN (2.23)
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According to Lemma 2.3 we know that there exist two functions hy, hy € Hfg’g(lﬂ%l) such that

|h1(21)| + |h2(21)| >In z1 € By. (224)

o
1-|z|’
Let
Fi(z) = hi(z1), Fa(z) =ha(z1), z=(z1,...,2n) €B,. (2.25)
Then clearly Fi, F; € Hlfg. By the boundedness of T : Hl‘g’g — By, we have
ToF1,TyF> € By 0. (2.26)

On the other hand,

|F1< ”>| |Fz<z‘”>|>
+na(=1)])

(2.27)
1_ |Z(1>

> Cpt(z(j)> |9{g<z(7)> |lnﬁ
>Ceg >0

for sufficiently large j. Since z) — 0B,, from the above inequality we obtain that
Ty F1, TgF> & BB,,0, which is a contradiction.
(c)=(b). From (1.5) we have that

HOIR(T, )@ < o o] (1n ) . 229

Taking the supremum in the above inequality over all f € H such that || f|| H, < 1, then
letting |z| — 1, by (2.20) we arrive at

lim sup ﬂ(z-)l%(Tg (@] =0. (229)

|zl —

||f||Hoo <

From this and by employing Lemma 2.2, we see that Ty : Hﬁ;’g — By,0 is compact. The proof
is completed. O
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From Theorems 2.4, 2.5, and 2.7, we have the following corollary.
Corollary 2.8. Let g € H(B,,). Then

(1) Ty : HE — LB is bounded if and only if

2
sup<1—|z|2>|9%g(z)|<ln ¢ > < co. (2.30)

z€B, 1- |Z|2

(2) Ty : HE, — LB is compact if and only if Ty : Hg, — LBy is bounded if and only if

Tg: Hp, — LBy is compact if and only if

2
lim (1—|z|2)|mg(z)|<1n ¢ > = 0. (2.31)

2l -1 1-|z]
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