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The aim of this paper, firstly, is to construct generating functions of g-Euler numbers and polynomi-
als of higher order by applying the fermionic p-adic g-Volkenborn integral, secondly, to define mul-
tivariate g-Euler zeta function (Barnes-type Hurwitz g-Euler zeta function) and I-function which
interpolate these numbers and polynomials at negative integers, respectively. We give relation be-
tween Barnes-type Hurwitz g-Euler zeta function and multivariate g-Euler I-function. Moreover,
complete sums of products of these numbers and polynomials are found. We give some applica-
tions related to these numbers and functions as well.
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1. Introduction, definitions, and notations

Let p be a fixed odd prime. Throughout this paper, Z,, Q,, C, and C, will, respectively, denote
the ring of p-adic rational integers, the field of p-adic rational numbers, the complex number
field, and the completion of the algebraic closure of Q,. Z, = Z* U {0}. Let v, be the normal-
ized exponential valuation of C, with |p|, = p~*® = 1/p (cf. [1-28]). When we talk about
g-extensions, q is variously considered as an indeterminate, either a complex g € C, or a p-adic
number g € C,. If g € C, we assume that |q| < 1. If g € C,, then we assume |g - 1|, < p VD 5o
that g* = exp(xlogq) for [x|, < 1.
For a fixed positive integer d with (p,d) =1, set

X4 =HimZ/dpNZ,
N
X = Z,,
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cX* = U (a+dpZy),

O<a<dp
(ap)=1

a+deZp = {xeX:an(modde)},

(1.1)
where a € Z satisfies the condition 0 < a < dp™ (cf. [1-28]).
The distribution y,(a + dpNZ,) is given as
uo(a+dp™z,) = ‘7; (1.2)
[dp™]

q

(cf. [4, 10]).
We say that f is a uniformly differentiable function at a point a € Z,; we write f €
UD(Z,) if the difference quotient

f&x)-fy)

y (1.3)

Ff(x,y) =

has a limit f'(a) as (x,y) — (a, a). Let f € UD(Z,). An invariant p-adic g-integral is defined by

B U=
hm=Ljumww=gnggyum (1.4

(cf. [4, 5,10, 29, 30]).
The g-extension of n € N is defined by

(1.5)

We note that limg_ [n], = n.
Classical Euler numbers are defined by means of the following generating function:

2 & .
a1~ 2 1.6
n=|

(cf. [1-3, 5, 8, 9, 15, 16, 18-20, 23, 28, 30]), where E,, denotes classical Euler numbers. These
numbers are interpolated by the Euler zeta function which is defined as follows:

Ce(s) = i (—1115)"’ seC, (1.7)

n=1

(cf. [8,9, 24, 25, 28]).

g-Euler numbers and polynomials have been studied by many mathematicians. These
numbers and polynomials are very important in number theory, mathematical analysis and
statistics, and the other areas.
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In [16], Ozden and Simsek constructed extensions of g-Euler numbers and polynomials.
In [8], Kim et al. constructed new g-Euler numbers and polynomials which are different from
Ozden and Simsek [16].

In [31], Kim gave a detailed proof of fermionic p-adic g-measures on Z,. He treated
some interesting formulae related g-extension of Euler numbers and polynomials. He defined
fermionic p-adic g-measures on Z, as follows:

ﬂ—q(“ + dPNZp> = [6(1;3,)] , (1.8)
-q
where
[n]_, = 1-ta) (1.9)

1+g

(cf. [1,31]).
By using the fermionic p-adic g-measures, he defined the fermionic p-adic g-integral on
Zy as follows:

1 .
Lt = [ S = i o ~ 3 /@0 (1.10)

(cf. [31]).
Observe that I_;(f) can be written symbolically as

lim I, (f) = Ly(f) (1.11)

(cf. [31]).
By using fermionic p-adic g-integral on Z,,, Kim et al. [8] defined the generating function
of the g-Euler numbers as follows:

0

4 (t qet " 1 Z (1.12)

where E,, ; denotes g-Euler numbers.
Witt’s formula of E, (x, q) was given by Kim et al. [8]:

En(x,q) = f (x+ )" dpg(y), (1.13)

p

where g € C, and [1 - ¢, < 1.
In [16], Ozden and Simsek defined generating function of g-Euler numbers by

F(t,q) = Fy(t). (1.14)

get +1 q+1
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In [7, 9], Kim defined g-I-functions and g-multiple I-functions. He also gave many appli-
cations of these functions.

We summarize our paper as follows. In Section 2, we give some fundamental properties
of the g-Euler numbers and polynomials. We also give some relations related to these numbers
and polynomials. By using generating functions of g-Euler numbers and polynomials of higher
order, we define multivariate g-Euler zeta function (Barnes-type Hurwitz g-Euler zeta func-
tion) and I-function which interpolate these numbers and polynomials at negative integers.
We also give contour integral representation of these functions. In Section 3, we find relation
between lg;(s, x) and g;?g(s, x). By using these relations, we obtain distribution relations of the
generalized g-Euler numbers and polynomials of higher order. In Section 4, we find complete
sums of products of these numbers and polynomials. We also give some applications related
to these numbers and functions.

2. Some properties of g-Euler numbers and polynomials

For g € Cwith |g| <1,

0

F 2.1
qe

n=0

(cf. [8]), where E, ; denotes the g-Euler number and |t + log g| < 7.
Observe that by (2.1) we have

qg+1 3 1+q‘

ZH( q’l) ) (2.2)

get+1 el+qt &
From (2.1) and (2.2), we note that H,(—g!) = E;4, where H,(-g™) are called Frobenius Euler
numbers (cf. [27, 28]).

The g-Euler polynomials are also defined by means of the following generating function

[8]:

Fq(t/x) = ZEnq(x) '/ (23)

q
qet

where |t +1logg| < o;

q t++11 et = Eatt
qe

xt _ (1+E4(x))t E,(x)t
(g+1e ge“ " + et (2.4)

[*2)

q+1)2x — Z (1+E4(x)) +En,q(x));—r:

n=0

By comparing the coefficients of #” on both sides of the above equation, we have the following
theorem.
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Theorem 2.1. Let n be nonnegative integer. Then
g(1+ Eg(x))" + Epg(x) = (g + 1)x", (2.5)

with the usual convention about replacing E;‘(x) by E 4(x).

By using (2.5), we have
Eyq(x) + CIZ < > Eiq(x) = (g +1)x". (2.6)

From (2.3), by applying Cauchy product and using (2.1), we also obtain

fo'e) tn 0 . tn 0 0 " t" o) tn
<%En,qa> <Z(:)x m> = z(:)(g(:) <Z> x kEk,q> o= ZE"'q(x)E' (2.7)
n= n= n=| = n=0 .

By comparing the coefficients of " on both sides of the above equation, we have

Enq(x) = < > x"¥Ejq (2.8)

(cf. [8, 14]).
By using Theorem 2.1 and [8, equation (3)], we obtain

E(x,q) = f (x+y)'dp—4(y)

P

jpN-1

= lim x+y)"(-q)*
N—wo [JP » Zo

1 1 :

_ li . ne__\a+jx
[j]_quflo PN, 2 & (a+]x+y) (=)
N (2.9)

S (-q) apzl( +x)n((— )"
"0 N‘i‘lo[pN](q% 4 i

Ji— 1 PGl a+y n IN:

an( a)° | ]<,,)fo_0( —+x) ()
n j-1
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By using the above equation, we arrive at the following theorem.

Theorem 2.2. Let j be odd. Then

1 nj-1
Eng(x) = ("q,++)1] PYCH “Ew(“jx> (2.10)

By simple calculation in (2.3), Ryoo et al. [14] give another proof of Theorem 2.2,which
is given as follows: let j be odd;

ZE() n! qet+1 i

1
q+1 ]Z a_a at xt
= (-1)%g"e"e
Bk ”l’e’t (2.11)

. a e(a+x)t q]+1
= (q+1)Z(_1) q <1+q’€7t>q’+1

B Z(qf w1 Z( Daan"‘?’(aJ]rx));_n!'

By comparing the coefficients of " on both sides of the above equation, we have Theorem 2.2.
By substituting x = n, with n € Z, into (2.3), then we have

_ q +1 nt _ < i
F,(t,n) = P e = kZ:OEk,q(n) o (2.12)

Thus,
Fy(t) — q"(-1)"F4(t, n)
= (q+1)2( 1)1 lolt _ q+1)z 1) l+n et +m)

(2.13)
— (q + 1)2( 1)1 11t + (q + 1)2 l+n l+n t(l+n) q+ 1)2(_1)l+nql+net(1+n)'
1=0
Hence, by (2.13), we have
n-1 :
Fy(t) - q"(-1)"Fy(t,n) = (g + 1) > (-1)'q'e". (2.14)

By the generating function of g-Euler numbers and polynomials and by (2.14), we see that

m 0 tm

[0} n t n— "
3 (Bng = 4" (1" Ena() 1 = Z(wn% o) @.15)

m=0
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By comparing the coefficients of " on both sides of (2.15), we obtain the following alternating
sums of powers of consecutive g-integers as follows.

Theorem 2.3 (see [14]). Let n € Z,. Then

Em,q - qn(_l)nEm,q(n) _ nz_lql

P (1)1, (2.16)

1=0

Remark 2.4. Proof of Theorem 2.3 is similar to that of [14]. If we take g — 1 in (2.16), we have
- (= 1) En

Z( . (2.17)
The above formula is well known in the number theory and its applications.

Remark 2.5. Generating function of the g-Euler numbers in this paper is different than that
n [29, 31]. It is same as in [8]. Consequently, all these generating functions in [8, 16, 29, 31]
produce different-type g-Euler numbers. But we observe that all these generating functions
were obtained by the same fermionic p-adic g-measures on Z, and the fermionic p-adic g-
integral on Zy; for applications of this integral and measure see for detail [2, 4, 8, 14-19, 23, 25,
29-31].

Now, we consider g-Euler numbers and polynomials of higher order as follows:

g+1 q+1>”.<q+1>_<q+1>f_oo (r)ﬂ
<qet + 1) <qet —+ 1 qet + 1 - qet + 1 - %En,qn!/ (218)

~-
r times

where E,(L)q are called g-Euler numbers of order r. We also consider g-Euler polynomials of order

r as follows:
q+1><q+1>m<q+1>tx_(q+1)retx © o
<qef+1 get +1 get +1 € <qet+1>r =ZEn,q(x)E/ (2.19)

n=0

where |t + log g| < or. From these generating functions of g-Euler numbers and polynomials of
higher order, we construct multiple g-Euler zeta functions. First, we investigate the properties
of generating function of g-Euler polynomials of higher order as follows:

g+1 g+1 g+1

(r) tx
F;'(t,x) =
7 (b3) get+1qget+1 qget+1
rt;r,nes
C 1"> j tx < n t n
=D () g D> (~D)gren Z(l r
j=0 <] n1=0 n,=0

(2.20)

0 T

Z Z <1’> (_1)n1+-~~+nrqj+n1+--~+n,e(n1+---+n,+x)t
J

ni,n2,...,n,=0 j=0

© n
ZE’(;; (x) et
n=0 :
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By applying Mellin transformation to (2.20), we have

]' “ — (T) & 4 r 1 * 1, JHny ety (g 4t +x)t
r(s)f EUE (b= 3, 3G ) gy, e dt.  (221)

0 ny ny,...,n=0 j=0

After some elementary calculations, we obtain
1 jm B (r) T r . o]
—— | #F(~t, x)dt = q
q 7 .
F(S) 0 ]z=(; ] nl,nzgnrzo ni,ny,..
o] T r (_1)Tl1+~-+nrqj+n1+---+n,
- Z Z<> (m +-+n,+x)°

ny,na,...,n,=0 j=0 ]

© (_1)n1+"'+nr N1+ +1,

q
=0 (n1+~~~+nr+x)s

(2.22)

From (2.22), we define the analytic function which interpolates higher-order g-Euler
numbers at negative integers as follows.

Definition 2.6. For s € C, x € R (0 < x < 1), one defines

") 3 0 T r (_1)111+"-+nrqj+nl+...+nr
Gr(s)= > > <> PE——— (2.23)

ny,ny,...,n,=0 j=0 J

g;?:.(s, x) is called Barnes-type Hurwitz g-Euler zeta function.

Remark 2.7. By applying the kth derivative operator d* /dt*|;_ on both sides of (2.20), we have

k ) r .
E;r;(x) = d_[_‘r(t, x)|t:0 — Z Z <T> (_1)711+---+nyq]+n1+...+n, (nl et x)k. (2'24)

dtk 1 ny ny,...,n,=0 j=0 ]
By using the above equation, Ryoo et al. [14] and Simsek [23] also define (2.23).

By substituting s = -k, k € Z, into (2.23) and using (2.24), after some calculations, we
arrive at the following theorem.

Theorem 2.8. Let k € Z... Then
L=k, x) = E{) (x). (2.25)

Observe that the function g;f;(s, x) interpolates Ei,r/‘)i(x) polynomial at negative integers.

By using the complex integral representation of generating function of the polynomials E,(f,; (x),
we have

np(r)
1 s-1p(r) _ _ S (_1) E”'q(x) 1 § n+s—1
o) §Ct F( t,x)dt—nzzo — o) Ct dt, (2.26)

where C is Hankel’s contour along the cut joining the points z = 0 and z = oo on the real axis,
which starts from the point at oo, encircles the origin (z = 0) once in the positive (counter-
clockwise) direction, and returns to the point at co (see for detail [13, 17, 25, 28]). By using
(2.26) and Cauchy-Residue theorem, then we arrive at (2.25).
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Remark 2.9. g;(” (s,1) = g<’> (s) is called Barnes-type g-Euler zeta function; see for detail [14].

g< (s, x) is an analytic function in whole complex s-plane. For s € C,

. , , 0 _1 ny+-+n,
Cr(s,x) = 11m§qrE(s,x) =2 D) 5. (2.27)
-1 ny,My,...,1,=0 (111 t--+ e+ x)
If r = 1 in the above equation, we have
[ee] (_1)n
L x) =2 . 2.28
Se(s, x) nZ:O(n e (2.28)

The function ¢ (s, x) is known as classical Hurwitz-type zeta function which interpolates clas-
sical Euler numbers at negative integers, cf. [28].

Let y be Dirichlet’s character with conductor d € Z*. The generalized g-Euler numbers
attached to y of higher order are defined by

@+ 134, (-1) y(a)et &
; —ZEnxn,

2.29
giedt +1 ~ (2:29)

Fox(®) =

(cf. [8]), where |t + log d| < or. The g-Euler numbers attached to y of higher order are defined
by

FO(1) = <(q+1 e (-1 x(a)e“‘>

d dt + 1
N € (2.30)
=>E ﬂ.
n=0 X
From (2.30), we obtain
Fl;,r))((t) _ i Z < > ( 1 ny+- +n,q]+n1+ +n,e(n1+ +n, tnx(nk)
1,1, ;=1 j=0 k=1 (2.31)
(r) ﬂ
A
e LR
By applying the kth derivative operator d*/dt|,o in (2.31), we have
k
n _4d
ktq,x - ﬁ q,X(t)|t=0
© T/ ‘ r (2.32)
=2 < > (<" meg e g ) TT ().
ni,ny,...,n,=1 j=0 ] k=1

By using (2.32), we define Dirichlet-type multiple Euler g- [-function as follows.

Definition 2.10. Let s € C;

l(r) (5 X) = i Z <]> Sk +nrq]+nl+ T 1X(nk) (2.33)

5
n,1a,.,,=1 j=0 (ny+---+mn,)
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Remark 2.11. Zg,)q(s, X) is an analytic function in the whole complex s-plane. From the above
definition,

& " T x(nk)
17, _1 1y 2 k=1 2.34
£ (s,x) = imI[(s, x) = nl,n;;m:l () (2.34)
For r = 1 in the above equation, we have
> 2(-1
(s, y) = > =% - )X(") (2.35)
n=1

This function is called Euler I-function.
Here, we observe that by applying Mellin transformation to (2.31), we obtain

5= 1 (T) t (r) . .
F(S)J l: t)d —l (,)() (2.36)
This glves us another definition of (2 32

By substituting s = -k, k € Z, into (2.33) and using (2.32), we arrive at the following
theorem.

Theorem 2.12. Let k € Z... Then
1‘”( k,x) = (2.37)
We note that
Eml“’( k,y) =19 (~k, x) = EV), (2.38)

where E, , are called classical Euler numbers attached to y of higher order, cf. [28]. By using
(2.26), (2.36), we obtain another proof of (2.37).

3. Relation between l(r) 4(5,x) and g<’> (s, x)

Substituting n; = a; + mjf, where m; =0,1,2,3,...,0cand a; = 1,2,. .., f, where X(a,- + mjf) =
x(a;j) and f is odd conductor of y,1 < j <r,into (2.33), we have

., f © (_1)a1+m1f+-“+ar+mrf a1+m1f+<--+a,+m,fnr_ (ak"'mk )
l( )(S x) (1 +q)r Z q k=1.X f

ay,ay,...,a,=1 my,ms,...,m,=0

(a+mif +---+a, +mf)°

Q+g)fs & et a1
— . (_1) 1 rqﬂ1+ +a, X(ak)
(1 + qf) ul,ag;arzl g

(_1)m1+-"+mr qfv+m1f+-~~+m,f

x(1+4H)" > :o("‘”'”mr

my,my,..., My f

-.
+m1+~-+mr>
(3.1)

By substituting (2.23) into the above equation, we arrive at the following theorem.
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Theorem 3.1. Let y be a Dirichlet character with conductor f(= odd). Then

r 1 rf-s f teta et - ,
l};,ﬂ&xh% 3 (-p)rrrgm “'Hx(ak)égf)5< %) (3.2)

ay,ap,...,a,=1
By substituting s = —k, k € Z, into (3.2), we obtain

1 k f
l(r)( k,x) = ( +CI) f Z (- 1)a1+ ay a1+ +a,1_[x a,()gqf]g( ,%) (3.3)

A+q) aaan

By using (2.25) and (2.37) in the above equation, we obtain distribution relation of the g-Euler

numbers attached to y of higher order, E" , whichis given as follows.

k.q.x”

Theorem 3.2. The following holds:

r f ,
) _ M _q\@itetar ajteta, rn (¢t tar
Ek,q,x - (1 N qf)r Z ( 1) q :!(:‘!:x(ak)Eﬂ,qf( f ) (3.4)

ay,az,...,ar=1

4. Multivariate p-adic fermionic g-integral on Z, associated with
higher-order g-Euler numbers

n [14], Ryoo et al. defined g-extension of Euler numbers and polynomials of higher order.
They studied Barnes-type g-Euler zeta functions. They also derived sums of products of g-Euler
numbers and polynomials by using fermionic p-adic g-integral. In this section, we assume that
g € C, with [1 - g|, < 1. By using (1.4), the p-adic fermionic g-integral on Z, is defined by

1y(f) = jz Fx)dp_g(x)

(4.1)

= Jm N Z FE) ()

—-q x=0
From this integral equation, we have (see [1, 2, 4])

qlq(f1) +1-4(f) = (g+ 1) £(0), (4.2)

where f1(x) = f(x +1). If we take f(x) = e™* in (4.2), we have

txy _ tx _ q +1 _ S ﬂ

I4(e™) = jz,,e dp_g(x) = G i1 ;OE,W”! (4.3)

(cf. [8]).
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Now we are ready to give multivariate p-adic fermionic g-integral on Z, as follows (see

for detail [14]). Let

Lol

———
r times
1 +1 = "
Hrded) g, eoodu (A >< q ) =S ED
J‘Z;e Hog(31) o dp=g (xr) <qef +1 get +1 nZ:O "An!
rt;gles

From (4.4), we obtain Witt’s formula for g-Euler numbers of higher order as follows.

Theorem 4.1 (see [14]). Let k € Z,. Then

(o1 + -+ x) dp_g (1) - dp_g(xy) = E%-
Zy

By (4.4), we obtain

xt 1)r ) tn

SO g Y dy () = C A =S EV (x)=.

IZ; #-q(x1) Heq (1) Sqet+1)...(qe*+1) % al )n!
rtimes

Theorem 4.2 (multinomial theorem). The following holds:

(% n n % !
<in> = > Il ... [ I
=1 bbde20 \'171270erb /0y

Li+h+-+l,=n

where (4, 1,". ;) are the multinomial coefficients, which are defined by

I, ... L) L. . .1,

(cf. [32, 33]).

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

Now we give a main theorem of this section, which is called complete sums of products

of g-Euler polynomials of higher order.

Theorem 4.3. For positive integers n, r, one has

,
n
En(yi+y++y) = > <l L >HEljrq(yj)/
L d20 NP2t [
Li+lp+-+l,=n

where (1, 1,". 1, ) is the multinomial coefficient.

(4.9)
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Proof. The proof of this theorem is similar to that of [23]. By using Taylor series of e* into (4.6),
and x by y1 + y2 + - -+ + y,, then we have

Eny(yi+ya+--+yy) = f J‘ <Z(yj + xj)> I [ap-q(x))- (4.10)
Zy Zy \j=1 =1

By using (4.7) in the above equation, and after some elementary calculations, we get

r n L 1
ED(pn+ya+ty)= > < lv> l:[fz (vi+ ) dug(x) - (411)
J= P

wiso Nl
L+l +-+l,=n
By substituting (2.25) into the above equation, we arrive at the desired result. O

By substituting (2.8) into (4.9), then Theorem 4.3 reduces to the following theorem.

Theorem 4.4. For positive integers n, r, one has

r n R P
Efl,;(yl ety = D, <l ] ] > > <’é> Y/ Eigq (4.12)
[ P B N A A A A S vy

Li+h+-+l,=n
In (4.10), if we replace y; + y2 + - - - + y, by x, then we obtain the following corollary.
Corollary 4.5. For n > 0, one has

Eiﬁf;(X) = J.Z' (X1 4+ +x, + x)mdy_q(xl) e dpg(xr)

P

= m 11 e lr lr+1
- 11+...+1§1,+1:m <11 . lr+1> fszl dp—q(x1) JZ X7 dp—q(xr)x (4.13)

P

m Iy
-3 () BB
Lttt +1=m \'1 r+1

Remark 4.6. By using (4.5)—(4.7), complete sums of products of g-Euler polynomials of higher
order are also obtained. Proof of Corollary 4.5 was also given by Ryoo et al. [14], which is given

by

. : k .
ENx=> 3 <Z>< >x *EpqEnq - E,q- (4.14)

k=00, +-+l+l,11=m heeelen

In (4.13), if we take g — 1, we have

r m
EPx = 3 <1 o > E\Ey, - Eyxlo, (4.15)
L+t +lp g =m 1 r+l

For more detailed information about complete sums of products of Euler polynomials and
Bernoulli polynomials, see also [11, 14, 20-24, 34, 35].
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Let y be a Dirichlet character with conductor d € Z*. Then

DT glety (x)

| xtednym =g+ 1)
X (4.16)

By using Taylor expansion of e’ and then comparing coefficients of #* on both sides, we
arrive at

[ e ) = En (417)
(cf. [8])-
By (4.16), we have
IX ettt +x,)d‘u q(xl) d‘u q(xr) _ f Hx(xi)et(x”'"wr)d#—q(xl) . dﬂ—q(xr)
" =1

_ <Zaié(—1)d‘1‘“q“e”‘x(a))r (") 4
edtgd +1 D\

n
_Z "Xq |

(4.18)
Thus we give Witt-type formula of E,, (r) \q as follows.
Theorem 4.7. Let x be a Dirichlet character with conductor d € N and let m > 0. Then
r
Efy= f (e + oo+ 20) " T Lor i) dp—g (1) -+ dpg (acy). (4.19)
X i=1

By using (3.2), (2.8), we obtain

(r) n (1 +q)r o ar+-+ay _ay+--+a, - L n ay+---+a\" k )
Enax=f"—F= Arq) . aZ (-1) q HX(ak)% 3 <—f ) Elo

2,8 =0 k=1
(4.20)
By using (4.7) in the above equation, we have
. (1+q" L T
Efu)m = —qf . Z (~1) et gat +arl_[x(ak)
(1 + ) ay,ay,...,a,=0 k=1
4.21)
= n-k N\ T by ok () (
Sox () (DT
k=0 Il 1,>0 hla...olo k y=1 k4

Li+b+-+l,=n-k



Hacer Ozden et al. 15

Acknowledgments

The first and the second authors are supported by the research fund of Uludag University
Projects no. F-2006/40 and F-2008/31. The third author is supported by the research fund of
Akdeniz University. The authors would like to thank the referee for their comments.

References

[1] T. Kim, “On the g-extension of Euler and Genocchi numbers,” Journal of Mathematical Analysis and
Applications, vol. 326, no. 2, pp. 1458-1465, 2007.
[2] T. Kim, “On p-adic interpolating function for g-Euler numbers and its derivatives,” Journal of
Mathematical Analysis and Applications, vol. 339, no. 1, pp. 598-608, 2008.
[3] T. Kim, “A note on some formulae for the g-Euler numbers and polynomials,” Proceedings of the
Jangjeon Mathematical Society, vol. 9, no. 2, pp. 227-232, 2006.
[4] T. Kim, “A note on p-adic invariant integral in the rings of p-adic integers,” Advanced Studies in
Contemporary Mathematics, vol. 13, no. 1, pp. 95-99, 2006.
[5] T. Kim, “g-generalized Euler numbers and polynomials,” Russian Journal of Mathematical Physics,
vol. 13, no. 3, pp. 293-298, 2006.
[6] T. Kim and J.-S. Cho, “A note on multiple Dirichlet’s g-I-function,” Advanced Studies in Contemporary
Mathematics, vol. 11, no. 1, pp. 57-60, 2005.
[7] T. Kim, “A note on the g-multiple zeta function,” Advanced Studies in Contemporary Mathematics, vol. 8,
no. 2, pp. 111-113, 2004.
[8] T. Kim, M.-S. Kim, L. Jang, and S.-H. Rim, “New g-Euler numbers and polynomials associated with
p-adic g-integrals,” Advanced Studies in Contemporary Mathematics, vol. 15, no. 2, pp. 243-252, 2007.
[9] T. Kim, “On Euler-Barnes multiple zeta functions,” Russian Journal of Mathematical Physics, vol. 10,
no. 3, pp. 261-267, 2003.
[10] T. Kim, “g-Volkenborn integration,” Russian Journal of Mathematical Physics, vol. 9, no. 3, pp. 288-299,
2002.
[11] T. Kim, “Sums of products of g-Bernoulli numbers,” Archiv der Mathematik, vol. 76, no. 3, pp. 190-195,
2001.
[12] T. Kim, S.-H. Rim, and Y. Simsek, “A note on the alternating sums of powers of consecutive
g-integers,” Advanced Studies in Contemporary Mathematics, vol. 13, no. 2, pp. 159-164, 2006.
[13] T. Kim and S.-H. Rim, “New Changhee g-Euler numbers and polynomials associated with p-adic
g-integrals,” Computers & Mathematics with Applications, vol. 54, no. 4, pp. 484-489, 2007.
[14] C. S. Ryoo, L. Jang, and T. Kim, “Note on g-extensions of Euler numbers and polynomials of higher
order,” to appear in Journal of Inequalities and Applications.
[15] H. Ozden, Y. Simsek, S.-H. Rim, and I. N. Cangul, “A note on p-adic g-Euler measure,” Advanced
Studies in Contemporary Mathematics, vol. 14, no. 2, pp. 233-239, 2007.
[16] H. Ozden and Y. Simsek, “A new extension of g-Euler numbers and polynomials related to their
interpolation functions,” to appear in Applied Mathematics Letters.
[17] H. Ozden, Y. Simsek, and I. N. Cangul, “Euler polynomials associated with p-adic g-Euler measure,”
General Mathematics, vol. 15, no. 2-3, pp. 24-37, 2007.
[18] H. Ozden, I. N. Cangul, and Y. Simsek, “Generating functions of the (h, g)-extension of Euler
polynomials and numbers,” to appear in Acta Mathematica Hungarica.
[19] H. Ozden and Y. Simsek, “Interpolation function of the (h, g)-extension of twisted Euler numbers,” to
appear in Computers & Mathematics with Applications.
[20] H. Ozden, Y. Simsek, and I. N. Cangul, “Remarks on sum of products of (h,q)-twisted Euler
polynomials and numbers,” to appear in Journal of Inequalities and Applications.
[21] S.-H. Rim and T. Kim, “Explicit p-adic expansion for alternating sums of powers,” Advanced Studies in
Contemporary Mathematics, vol. 14, no. 2, pp. 241-250, 2007.
[22] J. Satoh, “Sums of products of two g-Bernoulli numbers,” Journal of Number Theory, vol. 74, no. 2, pp.
173-180, 1999.
[23] Y. Simsek, “Complete sum of products of (h,g)-extension of Euler polynomials and numbers,”
submitted..



16 Abstract and Applied Analysis

[24] Y. Simsek, V. Kurt, and D. Kim, “New approach to the complete sum of products of the twisted
(h, q)-Bernoulli numbers and polynomials,” Journal of Nonlinear Mathematical Physics, vol. 14, no. 1,
pp. 44-56, 2007.

[25] Y. Simsek, “Twisted (h, g)-Bernoulli numbers and polynomials related to twisted (h, q)-zeta function
and L-function,” Journal of Mathematical Analysis and Applications, vol. 324, no. 2, pp. 790-804, 2006.

[26] Y. Simsek, “On p-adic twisted g-L-functions related to generalized twisted Bernoulli numbers,”
Russian Journal of Mathematical Physics, vol. 13, no. 3, pp. 340-348, 2006.

[27] Y. Simsek, “g-analogue of twisted I-series and g-twisted Euler numbers,” Journal of Number Theory,
vol. 110, no. 2, pp. 267-278, 2005.

[28] H. M. Srivastava, T. Kim, and Y. Simsek, “g-Bernoulli numbers and polynomials associated with
multiple g-zeta functions and basic L-series,” Russian Journal of Mathematical Physics, vol. 12, no. 2,
pp. 241-268, 2005.

[29] T. Kim, “g-Euler numbers and polynomials associated with p-adic g-integrals,” Journal of Nonlinear
Mathematical Physics, vol. 14, no. 1, pp. 15-27, 2007.

[30] I. N. Cangul, V. Kurt, Y. Simsek, H. K. Pak, and S.-H. Rim, “An invariant p-adic g-integral associated
with g-Euler numbers and polynomials,” Journal of Nonlinear Mathematical Physics, vol. 14, no. 1, pp.
8-14, 2007.

[31] T. Kim, “A note on p-adic g-integrals associated with g-Euler numbers,” Advanced Studies in
Contemporary Mathematics, vol. 15, pp. 133-137, 2007.

[32] L. Comtet, Advanced Combinatorics, D. Reidel, Dordrecht, The Netherlands, 1974.

[33] R. L. Graham, D. E. Knuth, and O. Patashnik, Concrete Mathematics, Addison-Wesley, Reading, Mass,
USA, 1989.

[34] K. Dilcher, “Sums of products of Bernoulli numbers,” Journal of Number Theory, vol. 60, no. 1, pp. 23-41,
1996.

[35] Z.-W. Sun and H. Pan, “Identities concerning Bernoulli and Euler polynomials,” Acta Arithmetica,
vol. 125, no. 1, pp. 21-39, 2006.



	Introduction, definitions, and notations
	Some properties of q-Euler numbers and polynomials
	Relation between lE,q(r)(s,) and q,E(r)(s,x) 
	Multivariate p-adic fermionic q-integral on Zp associated with higher-order q-Euler numbers
	Acknowledgments
	References

