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1. Introduction

The aim of this paper is to investigate the permanence of the following periodic stage-struc-
ture predator-prey system with Beddington-DeAngelis and Holling II functional response:
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where a(t)/ b(t)/ C(t)/ d(t)/ f(t)/ gl(t)/ hl(t)/ kl(t)/ m(t)/ Tl(t), Pz(t)/ and ql(t) (1 = 1/2) are
all continuous positive w-periodic functions. Here, x1(f) and x,(t) denote the density of
immature and mature prey species at time ¢, respectively, y; (t) represents the density of the
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predator that preys on immature prey, and y,(t) represents the density of the other predator
that preys on mature prey at time £.

The birth rate into the immature population is given by a(t)x»(t), that is, it is assumed
to be proportional to the existing mature population, with a proportionality coefficient
a(t). The death rate of the immature population is proportional to the existing immature
population and to its square with coefficients b(t) and d(t), respectively. The death rate of
the mature population is of a logistic nature, that is, it is proportional to the square of the
population with a proportionality f(¢). The transition rate from the immature individuals to
the mature individuals is assumed to be proportional to the existing immature population,
with a proportionality coefficient c¢(t). Similarly, —g1(t)y1(t) — ql(t)y%(t) and - (H)ya(t) -
92(t)y3(t) give the density dependent death rate of the two predators, respectively. p; () and
p2(t) are the capturing rate of the two predators, respectively. hi(t)/pi(t) and hy(t)/p2(t)
are the rate of conversion of nutrients into the reproduction of the two mature predators,
respectively.

The functional response of predator species y1(f) to immature prey species takes the
Beddington-DeAngelis form, that is, x1(t) / (k1 (t) + m(t)y1 () + n(t)x1(t)). It was introduced
by Beddington [1] and DeAngelis et al. [2] independently in 1975. It is similar to the well-
known Holling type II functional response but has an extra term m(t)y; () in the denominator
which models mutual interference between predators. The Beddington-DeAngelis form of
functional response has some of the same qualitative features as the ratio-dependent models
form but avoids some of the same behaviors of ratio-dependent models at low densities
which have been the source of controversy. The function x> (t)/ (ka2 (t) + x2(t)) represents the
functional response of predator y,(t) to mature prey, which is called Holling type II function
or Michaelis-Menten function. Holling type II is the second function that Holling proposed
three kinds of functional response of the predator to prey based on numerous experiments for
different species. The Holling type form of functional response is intituled prey-dependent
model form. It is applied to almost invertebrate that is one of the most extensive applied
functional responses.

Cui and Song [3] proposed the following predator-prey model with stage structure for

prey:
xi (1) = a(t)x2(t) = b(t)xi () — d(B)xi () — p(t)x1 (D y (),
x5 (1) = c(Bx1 () - f(1)x3(H), (1.2)
y'(t) =y) (- gt) + h()x1(t) — q(H)y(t)).

They obtained a set of sufficient and necessary conditions which guarantee the permanence
of the system. For more back ground and the relevant work on system (1.2), one could refer
to [3-6] and the references cited therein. Recently, Chen [7, 8] and Yang [9] consider the
functional response of the predator to immature prey species. Lin and Hong [10] consider a
biological model for two predators and one prey with periodic delays.

In reality, mature prey was also consumed by some predators. Different predator
usually consumes prey in different stage structure. Some predators only prey on immature
prey, and some predators only prey on mature prey. There is different functional response in
different predator. So, we add a predator species which consumes mature prey to the model
(1.2). By assuming that one predator consumes immature prey according to the Beddington-
DeAngelis functional response while the other predator consumes mature prey according
to Holling II functional response, we get model (1.1). In the resource limited environment,
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could the wild animals be coexistence for long-term under the animals” law of the jungle? To
keep the biology’s variety of the nature, the permanence of biotic population is a significant
and comprehensive problem in biomathematics. So, it is meaningful to investigate the
permanence of the model (1.1).

The aim of this paper is, by further developing the analysis technique of Cui [3, 11], to
derive a set of sufficient and necessary conditions which ensure the permanence of the system
(1.1). The rest of the paper is arranged as follows. In Section 2, we introduce some lemmas
and then state the main result of this paper. The result is proved in Section 3. In Section 4, we
give an example which shows the feasibility of our result. The last section is devoted to make
some explanation on the biological meaning of our result.

Throughout this paper, for a continuous w-periodic function f(t), we set

Auf) = [ s (13)

2. Main result

In this section, we introduce a definition and some lemmas which will be useful in subsequent
sections and state the main result.

Definition 2.1. System (1.1) is said to be permanent if there exist positive constants m, M,
and Ty, such that each positive solution (x1(t), x2(t), y1(t), y2(t)) of the system (1.1) with any
positive initial value ¢ fulfills m < x;(t) < M, m < y;(t) < M, i =1,2 for all t > T, where Tj
may depend on ¢.

Lemma 2.2 (see [12]). If a(t), b(t),c(t), d(t), and f(t) are all w-periodic, then system

X} (b) = a(t)xa(t) = b(t)x1 (£) — d(t)x] (D),

(2.1)
xh(t) = c()x1 (t) — f(£)x3(t)

has a positive w-periodic solution (x(t), x5(t)) which is globally asymptotically stable with respect to
Ri = {(xlle) LX > O/ X2 > 0}

Lemma 2.3 (see [13]). If b(t) and a(t) are all w-periodic, and if A,,(b) > 0 and A, (a) > 0 for all
t € R, then the system

x'=x(b(t) — a(t)x) (2.2)

has a positive w-periodic solution which is globally asymptotically stable.
Now, we state the main result of this paper.

Theorem 2.4. System (1.1) is permanent if and only if

hy (1) x7(f) hy () x5 (£)
Aw<—g1(t)+m> >0, Aw<—g2(t)+m> >0, (23)

where (x(t), x5(t)) is the unique positive periodic solution of system (2.1) given by Lemma 2.2.
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3. Proof of the main result

We need the following propositions to prove Theorem 2.4. The hypothesis of the lemmas and
theorem of the preceding section is assumed to hold in what follows.

Proposition 3.1. There exist positive constants M, and M,, such that
tlim sup x;(t) < My, tlim supyi(t) <M,, i=1,2 (3.1)
— 40 —t

for all solution of system (1.1) with positive initial values.

Proof. Obviously, R = {(x1,x2, y1,y2) | xi > 0, y; > 0} is a positively invariant set of system
(1.1). Given any solution (x1, X2, y1, y2) of system (1.1), we have

xi (1) < a(t)xa(t) = b(t)x () — d(H)x](t),

(3.2)
xy(t) < c(t)xi(t) - f(B)x5(H).
By Lemma 2.2, the following auxiliary equation:
1 (H) = a(t)ua(t) = b (1) - d(ui (),
(3.3)

uy(t) = c(tyur () — f(£)u(t)

has a globally asymptotically stable positive w-periodic solution (xj(t),x5(t)). Let (ui(t),
u,(t)) be the solution of (3.3) with (u1(0),u2(0)) = (x1(0), x2(0)). By comparison theorem,
we then have

xi(t) < ui(t), i=1,2, (34)

for t > 0. By (2.3), we can choose positive £ > 0 small enough such that

(3.5)

Aw< ity + MO (Iff(g) te) > >0

Thus, from the global attractivity of (x](t), x5(t)), for the above given £ > 0, there exists a
Ty > 0, such that

|ui(t) - xi(t)| <&, t>To. (3.6)
Inequality (3.4) combined with (3.6) leads to

xi(t) <xi(t)+¢e, t>To. (3.7)
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Let M, = maxoc<w{x}(t) + €, i=1,2}, we have

tlim sup x;(t) < M. (3.8)
— +00

In addition, for t > Ty, from the third and fourth equations of (1.1) and (3.7) we get

0 <0 - 510+ LD g0
< wilt) [ i+ MO0 cn(t)yi(t)]. -
Consider the following auxiliary equation:
Ué(t) =v;(t) [ -gi(t) + % - qi(t)vi(t):l. (3.10)

It follows from (3.5) and Lemma 2.3 that (3.10) has a unique positive w-periodic solution
y; (t) > 0 which is globally asymptotically stable. Similar to the above analysis, there exists a
T, > Ty such that for the above ¢, one has

yil) <y;(t)+e, t=2Ti. (3.11)

Let M, = maxoct<w {Y; (t) + ¢, i = 1,2}, then we have

lim supy;(t) <M,, i=1,2 (3.12)
t—+o0
This completes the proof of Proposition 3.1. O

Proposition 3.2. There exist positive constants 6;, < My, i =1,2, such that

lim infxi(f) 2 65, i=1,2 (3.13)
— +00

Proof. By Proposition 3.1, there exists T1 > 0 such that

0<xi(t) <My, O<yi(t)<M,, t>Ti. (3.14)

Hence, from the first and second equations of system (1.1), we have

p1(t)

X, (6) > a(t)x(t) - (b(t) ™M

)x1<t> —d()23(),
(3.15)

t
X0 2 ) - () + ’,Zi—gtiMy)xi(t),
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for t > T7. By Lemma 2.2, the following auxiliary equation:

Uy (t) = a(t)ua(f) - <b(t) + Zi—g;My)m(t) —d(Dui(t),

o (3.16)
)= et (0 - (70 + LM, )i

has a globally asymptotically stable positive w-periodic solution (J??I(t),i;(t)). Let
(u1(t), u2(t)) be the solution of (3.16) with (u1(T1), u2(T2)) = (x1(T1), x2(12)), by comparison
theorem, we have

() >w(t) (=12),t>T (3.17)

Thus, from the global attractivity of (;CI (1), JNc;(t)), there exists a T, > T, such that

lui(t) - x; ()] < @ (i=1,2),t>T. (3.18)
Inequality (3.18) combined with (3.17) leads to
xi(t) > 6ix = Or?tlsr;{@} (i=1,2), t>T,. (3.19)
And so
tlir}lw infx;(t) > 6, i=1,2. (3.20)
The proof of Proposition 3.2 is complete. O

Proposition 3.3. Suppose that (2.3) holds, then there exist positive constants 6;,, i = 1,2, such that
any solution (x1(t), x2(t), y1(t), y2(t)) of system (1.1) with positive initial value satisfies

tlim supy;(t) > 6, i=1,2. (3.21)
— +00

Proof. By Assumption (2.3), we can choose constant ¢y > 0 (without loss of generality, we may
assume that g9 < (1/2)min <<, {x7(t)}, where (x](t),x5(t)) is the unique positive periodic
solution of system (2.1)) such that

Aw(9e () >0, Au(ye (1) >0, (3.22)
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where

hy (£) (x5 () = €0)
ki(t) +m(t)eo + n(t) (x5 (t) - €o)

Pe, (1) = —g1(t) + - q1(t)eo,

POICTORED) o
_ 2 t X; 1) — &0 B
¥e (F) = —g2(F) + k() + (x50 — &) q2(t)<o.
Consider the following equations with a parameter f > 0:
X, (8) = a(t)xa(t) - (b(t) Zﬁzlﬁt)) x1(8) = d(B) x5 (8),
(3.24)

2,) = et - (£ + 26520 )30

By Lemma 2.2, the system (3.24) has a unique positive w-periodic solution (xiﬂ(t),x;ﬂ(t)),
which is globally attractive. Let (x14(t), X25(t)) be the solution of (3.24) with initial condition
xip(0) = x7(0), i = 1,2. Hence, for above &, there exists a sufficiently large T3 > T such that

|Tip(t) - xy(8)] < % (i=1,2),t>Ts. (3.25)

By the continuity of the solution in the parameter, we have X;s(t) — x} (t) uniformly in [T3, T3+
w] as p— 0. Hence, for gy > 0, there exists a fy = fo(€o) > 0 such that

|g—c,~ﬁ(t)—x;‘(t)|<% (i=1,2),t € [T5, Tz +wl, 0< B < fo. (3.26)

So, we have

* * — * — « £l
|xiﬁ(t) —xi ()] < |xip(t) - xiﬂ(t)| + |xip(t) = xF ()| < EO' te T3, Ts +w]. (3.27)
Since x;‘ﬂ(t) and x; (t) are all w-periodic, we have
|xi5(6) - x; (1) <€2—0 (i=1,2),t>0,0<p < fo. (3.28)

Choosing a constant 1 (0 < 1 < fo, 2p1 < &), we have

X, (£) 2 X7 (1) - % (i=1,2),t>0. (3.29)
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Suppose that Conclusion (3.21) is not true. Then, there exists F € R} such that, for the positive
solution (x1(t), x2(t), y1(t), y2(t)) of (1.1) with an initial condition (x1(0), x2(0), y1(0), y2(0)) =
F, we have

tlim supyi(t) <p1, i=1,2. (3.30)
—+00
So, there exists Ty > T5 such that

yl(t) < 2ﬂ1 <g, t>Ty. (331)

By applying (3.31), from the first and second equations of system (1.1) it follows that for all
t> Ty,

x) (1) > a(t)x,(t) - (b(t) +2p Ziig )xl(t) - d(t)x%(t),
3.32
@u>zdoma>—(ﬂw+2m§§%)xﬂw. ()
Let (u1(t), ua(t)) be the solution of (3.24) with = 1 and u;(Ty) = x;(Ty), i = 1,2, then
xi() 2 ui(t) (i=1,2),t>Ts (3.33)

By the global asymptotic stability of (x] b (1), X3p, (1)), for the given € = ¢y/2, there exists T5 >
T4, such that

2 .
|uit) - x3, ()] < 30 (i=1,2),t>Ts. (3.34)

So,

X)) 2w(t) > xj (- (=12), 2T, (3.35)

and hence, by using (3.29), we get

xi(t) > x;‘(t) — & (1 =1, 2), t>Ts. (336)
Therefore, by (3.31) and (3.36), we have

ha (t) (x5 (t) - €0)
ki(t) + m(t)eo + n(t) (x7(t) — €

ha () (x5 (t) — €0)
k2(t) + (X;(t) — €0

yi(t) =y () < -&1(t) + ) - Q1(t)€o> =g, (H)yi(t),

(3.37)

Yy (t) > () < - (t) + ) - lh(t)60> = e, (D ya(t),
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for t > Ts. Integrating (3.37) from T to t yields

yi(t) 2 y1(Ts) exp {L e, (t)dt},
’ (3.38)

y2(t) > y2(T5) exp {f;q;go (t)dt}.

Thus, from (3.22) we know that ¢, (t) > 0, g, () > 0. It follows that y(t) = + oo, y2(t) = + o0
ast— + oo. Itis a contradiction. This completes the proof. O

Proposition 3.4. Suppose that (2.3) holds, then there exist positive constants 1, i = 1,2, such that
any solution (x1(t), x2(t), y1(t), y2(t)) of system (1.1) with positive initial value satisfies

tlim infy;(t) >my, i=1,2 (3.39)
Proof. Suppose that (3.39) is not true, then there exists a sequence {¢,,} € R%, such that

Km infy; (£ &) Oy 1,2 (3.40)
im infy;(t,é,) <————, m=12,.... .
=Y (m+1)*

On the other hand, by Proposition 3.3, we have

tlim supyi(t,ém) > 6y, m=1,2,.... (3.41)
— +00

Hence, there are time sequences { sfim)} and { tl(,m) } satisfying

(m) _ (m) (m) _ (m) (m) _ (m)
O<s1 <E <8, <l < <sy <My <eee,

S oo,

Oiy
m+1’

— 400 as g — +m,

(3.42)

m m bi
yi(sl(, ) em) = Yi té Vo) = —2—
(m

+1)2'

biy biy (m) (m)
m<yi(t,gm)<m+1, tE(Sq ,tq )

By Proposition 3.1, for a given positive integer m, there is a Tl(m) > 0, such that for all f > Tl(m)

Xi(tén) < My, yi(tén) <My, i=1,2. (3.43)

Because of s’ — + oo as §— + oo, there is a positive integer Z™, such that s\ > T as
q > Z™, hence

Vit ém) 2 yi(t &m) (= &i(t) — gi(t) My) (3.44)
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fort e [sf]m), tfim)], g > Z™ Integrating (3.44) from sgm) to tfim) yields

£
y,-(tgm),ém) > yi(sg’"),ém) exp {f (m)( -gi(t) - qi(t)My)dt}, (3.45)

or

t(m)

I im) (gi(t) +qi()M,)dt > In(m +1) for g > Z™. (3.46)
Sq

Thus, from the boundedness of g;i(t) + gi(t) M,, we have

tz(qm) - Sém) — 400 asm— +oo, 42 zm. (3.47)

By (3.22) and (3.47), there are constants P > 0 and Ny > 0, such that

Oy __ 1 < £ M _ g 5 op (3.48)
m+1 ’ 9 1 ’
J e, (H)dt >0, f e, (At >0, (3.49)
0 0

for m > Ny, g > Z™, and a > P. Inequality (3.48) implies that
Vi(tén) <1 <eo, te[si" 1], (3.50)
for m > Ny, g > Z. In addition, from (3.43) and (3.50) we have

2p1(t)p1
ki(t)

x,1 (t/ gm) 2> a(t)xZ(tr gm) - <b(t) + )xl (tr ém) - d(t)x%(tr gm)r

(3.51)

0t 6n) 2 e (08) - (£ + 2218,

for t € [si",t0™]. Let (u1(£), u2(t)) be the solution of (3.24) with p = f; and u;(s{"”) =
x,-(sfim), ¢m), then by applying comparison theorem, we have

xXi(t &) 2 uit), te s8] (3.52)

Further, by using Propositions 3.1 and 3.2, there exists an enough large Zim) > Z such that

Hix < xi(sz(ym)rém) < Mx, (353)
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for g > Z§m>. For f = p1, (3.24) has a unique positive w-periodic solution (x}‘ﬂ1 (t),xzﬂ1 ()
which is globally asymptotically stable. In addition, by the periodicity of (3.24), the periodic
solution (xi‘ﬁl (1), Xop, (t)) is uniformly asymptotically stable with respect to the compact set
Q = {x | 7ix < x < M,}. Hence, for given ¢ in Proposition 3.3, there exists Ty > P, which is
independent of m and g, such that

wi(t) > x5 (1) - 52—0 i=1,2ast>To+s". (3.54)
Thus, by using (3.29), we get
wi(t) > xi(t) —eo, i=12ast>To+s)". (3.55)

By (3.47), there exists a positive integer N7 > Ny such that t;m) > sgm) + 2T, > s,(qm) + 2P for
m > Nj and g > Zim). So, we have

xXi(tém) 2 x5(t) —€0, i=1,2aste [Ty+si,t"], (3.56)

where m > Ny and g > Zim). Hence, by using (3.50) and (3.56), from the third and fourth
equations of system (1.1), we have

Vit ém) 2 00 (D1 (tén),  va(hém) 2 We®ya(tén), te [To+si™ t].  (357)

Integrating the above inequalities from Tj + ng) to tf,m), we have

£
yi(t" &) 2 1 (To + 53", &) exp {f o P (t)df},

T[)+Sq
. (3.58)
ty"
Y2 (tf(im)’ém) >y (To + Sf(im),ém) exp {I o P (t)dt},
T0+Sqm
that is
6 6 t(M) 6
el 72 y 5 exp f ' g, (t)dt + > Ly 5/
(m+1) (m+1) To+s" (m+1)
(3.59)

£
b2y > b2y exp J’ e, (H)dt ¢ > &
(m+1)*~ (m+1)>? Tyrs(™ (m+1)>

These are contradictions. This completes the proof of Proposition 3.4. O
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Proof of Theorem 2.4. The sufficiency of Theorem 2.4 now follows from Propositions 3.1-3.4.
We thus only need to prove the necessity of Theorem 2.4. Suppose that

hy () x7 (£)

) i ha(t)x3 (1)
Aw< a(t)+ —kl(t) N n(t)xi(t)) <0, Aw< () + () + xE(t)) <0. (3.60)

We will show that
tEIP yi(t) =0, i=12. (3.61)

In fact, by (3.60), we know that, for any given positive constant 0 < ¢ < 1, there exist &1 > 0,
(0 < &1 <€), & > 0such that

hl(t) (JC;< (t) + 81)
ki (t) +n(t) (x5 () + 1)

hz(t) (x;(t) + 81)
kz(t) + (x;(t) + 51)

Aw< - i) + - ql(t)s> < —§Aw(ql(t>) < —¢o,

(3.62)

Aw( o+ . qz<t>e> <=5 Au(@(0) <o

Since

x1(8) < a(h)x2(t) = b(H)x1(t) - d(8)x7 (H),

(3.63)
x5 (1) < c(t)xi (t) — f(H)x5(H).

We know that, for above ¢ there exists a T > 0 such that

xi(t) <xi(t)+e, t>TD. (3.64)

It follows from (3.62) and (3.64) that for t > T,
ha (£)x1(2)
ki (£) +n(t)x: (t)

ha(#)x2(t)
Aw( - g(t) + m - qz(t)£> < —gp.

Aw< —qit)+ - m(t)e) <-e,

(3.65)

First, we show that there exists a T® > T® such that 1;(T?) < ¢, i = 1,2. Otherwise,
by (3.65), we have

e<yi(t)

t hi(s)x1(s)
<y (TD) exp {er ( - gi(s) + () + ()1 (6) ql(s)z;') ds} (3.66)

<y (T exp{ -e(t-TV)} —0
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as t — + oo. Similarly, we have

e<ya(t) <y (T exp{-e(t-TW)} —0, t— +oo, (3.67)

which are contradictions.
Second, we now show that

yi(t) <eexp {M(e)w}, i=1,2, fort> T®, (3.68)
where
~ ha(t) (xj(t) + €) ha (1) (x5 (F) + €)
Me) = Sé‘éﬁ{gl(t) PO n e T MOE a0 ey T POE
(3.69)

is a bounded constant for 0 < ¢ < 1. Otherwise, there exists a T® > T® such that

yi(T®) > eexp {M(e)w}, i=1,2. (3.70)

By the continuity of y;(t), there must exist T® € (T®,T®) such that y;(T®) = e and y;(t) > €
fort € (TW,T®]. Let P, be the nonnegative integer such that T® € (TW+Pyw, T +(Py+1)w].
By the first inequality of (3.65), we have

eexp {M(e)w} < (T(3))
T®)
ha (#)x1 ()
<yi(TW) exp {IT<4) ( -g1(t) + ) + n(Ox @) ql(t)£>dt}

TWiPw  TO
B ! . ht)x)
=ecexp fm + IT(4)+p1w} ( qi(t) + o @ + 1D fh(t)e) dt

T®)
hy () x:(t)
<eexp IT(4>+M <g1(t) o ® e nn® q1(t)s) dt}

o () () + &)
<eexp f o <g1(t) O CIGCIOEDN ql(t)g) dt}

<eexp {M(e)w}.
3.71)

Similarly, by the second inequality of (3.65), we have

gexp (M(e)w} < 12(T®) < eexp {M(e)w}, (3.72)
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which are contradictions. These imply that (3.68) holds. By the arbitrariness of ¢, it
immediately follows that y;(t) — 0 as t — + oo. This completes the proof of Theorem 2.4. [

4. Example

Consider the following predator-prey system:

2+ sin(t) /200
(1) = 5xa(t) — 221(£) — X3(H) ( ;ilry‘fz)/ K xl)g; © .,
0,00 = 3,1 - ) - 5 )2,
(4.1)

~ 2 + sin(t) /200
w6 =0 -3 - ) EZEOEIRO s o))

- 2+ sin() /100
-1 GO ()

In this case, corresponding to system (1.1), one has a(t) =5, b(t) =2, c(t) =3,d(t) =1,
ft) =1, ¢1(t) = 1/3 +sin(t) /100, g2(t) = 1/2 + sin(t) /100, hi(t) = p1(t) = 2 + sin(t) /200,
hy(t) = po(t) = 2 +sin(t)/100, k1 (t) = 5, ka(t) = 4, m(t) = n(t) = 1, g1 (t) = 4 + cos(t),
G2(t) = 3 + cos(t).

One could easily see that

) (£) = 5y (t) = 2x1 () — x5 (8),
(4.2)
x5 (t) = 3x1 () — x5 (t)

has a unique positive periodic solution (x](t), x5(t)) = (3,3), that is, in this case, the positive
periodic solution is the positive equilibrium. By simple computation, one has

mOxH 5
A“’( —aOF ey n(t)x;(w) "1
(4.3)
mOxH \ 5
A“’( RRa AT +i;(t)> 1Y

Hence, corresponding to Theorem 2.4, we know that system (4.1) is permanent.

5. Conclusion

In this paper, a model which describes the nonautonomous periodic predator-prey system
with Beddington-DeAngelis and Holling II functional response and stage structure for prey
is proposed. Under Assumption (2.3), sufficient and necessary conditions which guarantee
the predator and the prey species to be permanent are obtained.



Can-Yun Huang et al. 15

The results of this paper suggest the following biological implication. Note that
(x3(t),x5(t)) is the globally asymptotically stable periodic solution of system (1.1) without
predation, which, as showed by Lemma 2.2, always exists. Hence, condition (2.3) implies that
if the death rate of the two predator species is all small enough and the growth by foraging
minus the death for the second predator is sufficiently high, the system is permanent.
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