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1. Introduction, notations, and background

Boundary value problems (BVPs) for differential-operator equations (DOEs) in H-valued
(Hilbert space-valued) function spaces have been studied extensively by many researchers
(see [1-13] and the references therein). BVPs for DOE on E-valued (Banach space valued)
function spaces are studied in [1, 14—17]. The main aim of the present paper is to discuss
the BVPs for regular degenerate DOE with the parameter on E-valued function spaces.
The maximal regularity and Fredholmness of these problems in Banach-valued L,-spaces
are established. In applications, the nonlocal BVPs for degenerate elliptic partial differen-
tial equations and for systems of elliptic equations with parameters on cylindrical domain
are studied.

Let E be a Banach space and let y = y(x), x = (x1,%2,...,%,), be a positive measurable
function on a domain Q C R". Let L, ,(€);E) denote the space of strongly measurable
E-valued functions that are defined on Q with the norm

1/p
I £llz,, = f||LM<Q;E>=(ij(x)llﬁy(x)dx) , l1<p<oo (1.1)
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For y(x) = 1, the space L,,({%;E) will be denoted by L, = L,({;E). Ly, ,,(Q) and
W;,l,pz(Q) will denote a scalar-valued (p;, p2)-integrable function space and Sobolev
space with mixed norms, respectively, [18]. Let B;,)q denote a Besov space (see, e.g., [18,
Section 2.3]).

A Banach space E is called the UMD-space (see, e.g., [19, 20]) if the Hilbert operator

(Hf)(x) =lim Mdy (1.2)

=0 |x=yl>e X — )

is bounded in the space L,(R,E), p € (1,00). UMD spaces include, for example, L, I,
spaces and Lorentz spaces Lyg, p,q € (1,00).
Let C be a set of complex numbers and

Sp=1&E€C |largd —nl <m—9}u{0}, O<gp=<m (1.3)

A linear operator A is said to be positive in a Banach space E, with bound M if D(A) is
dense on E and

(A= ED " lgm < M(1+1E) (1.4)

with & € S¢>¢ € (0,7], where M is a positive constant and I is an identity operator in E,
where L(E) is the space of bounded linear operators acting in E. Sometimes instead of
A+ &I will be written A + & and denoted by A. It is known [33, Section 1.15.1] there exist
fractional powers A? of the positive operator A. By the definition of the positive operator
Aforallé € S(¢),

1EA = &0 [y = M. (1.5)

The operator A(t) is said to be positive in the Banach space E uniformly with respect to ¢
if D(A(t)) is independent of t, D(A(¢)) is dense in E, and

1 M
forall A € S(¢), ¢ € (0,7].
Let E(A?) denote the space D(A?) with graphical norm defined as
lullpeaey = (lull? +]|A%|[)?, 1< p< oo, —c0 << oo (1.7)

Let E; and E; be two Banach spaces. By (Ej,E;)g,p, 0 <0< 1, 1 < p < oo, will be de-
noted an interpolation space for {E;,E,} by the K-method [21, Section 1.3.1].

We denote by D(R";E) the space of E-valued C®-functions with compact support,
equipped with the usual inductive limit topology and S = S(R"; E) denotes the E-valued
Schwartz space of rapidly decreasing, smooth functions. For E = C we simply write
D(R") and S(R"), respectively. D’ (R"; E) = L(D(R"),E) denote the space of E-valued dis-
tributions and S'(E) = §'(R";E) is a space of linear continued mapping from S(R") into
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E. Let E; and E, be two Banach spaces. The Fourier transform for u € S'(R"; E) is defined
by

F(u)(p) = u(F(p)), ¢€S(R"). (1.8)

Let y such that S(R";E;) is dense in L, ,(R";E;) (see, e.g., Lemma 2.1). A function ¥ €
C(R";L(E,,E,)) is called a Fourier multiplier from L, ,(R";E) to L, (R"; E,) if the map
u— Ou=F'"Y()Fu, u € S(R";E,) is well defined and extends to a bounded linear op-
erator

®: Ly, (R%E) — Ly, (RE). (1.9)

We denote the set of all multipliers from L, (R";E;) to Ly, (R"E;) by M%(EI,EQ).
For E; = E, = E, we denote the M} (E, E>) by Mp)(E). Let M(h) = {¥), € M}}(Ey,Ey),
h € H} be a collection of multipliers in M%(El,Ez). A family of sets M(h) C B(E;,E;)
depending on h € H is called a uniformly collection of multipliers with respect to h if
there exists a positive constant C independent on h € H such that

||F—1\thu||Lq‘y(Rn,E2) < Cllullz,, & g) (1.10)

forall h € H and u € S(R"E,).

The exposition of the theory of L,-multipliers of the Fourier transformation, and
some related references, can be found in [33, Sections 2.2.1-2.2.4]. In vector-valued func-
tion spaces, Fourier multipliers have been studied in [14, 22, 23, 25-27, 29].

A set K C B(E},E;) is called R-bounded (see, e.g., [14, 22, 28]) if there is a positive
constant C such that for all T, T5,...,T,, € K and u;,us,...,u,;, € Ej, m €N,

1
)
where {r;} is a sequence of independent symmetric [—1,1]-valued random variables on
[0,1] and N denotes the set of natural numbers. The smallest such constant C is called
the R-bound of K and is denoted by R(K).

A family of sets K(h) C B(E;,E,) depending on parameter i € H is called uniformly R-
bounded with respect to h if there is a positive constant C such that for all Ty, T5,..., T\, €
K(h) and uy,us,...,u,, € El, m €N,

1
)
where the constant C is independent on parameter h (i.e., sup,cy R(K(h)) < o).

Let Wy, = {¥;, € MZ(El,Ez), h € H} be a collection of multipliers in Mg(El,Ez). We

say that W, is a uniform collection of multipliers if there exists a constant M > 0 inde-
pendent on h € H such that

m

> riNTju

j=1

dy, (1.11)

E;

1 m
dysCJO > ri(y)u;
2 j=1

E

dy, (1.12)

E E;

m 1| m
S r ()T (hu; dysCL S ()u;
j=1 ) j=1

||F_1‘PhFu||Lq(R";E2) SM”“HLP(R”;El) (1.13)

forall h € H and u € S(R*;E,).
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U, = {/3 = (ﬁl’ﬁz““’ﬁn)’ |/5| =< 1’1}, gﬁ = glﬁl 2‘82)---)55"- (1-14)

Definition 1.1. The Banach space E is said to be a space satisfying a multiplier condition
with respect to p € (1,0) and weight function y, when for every ¥ € C (R"/0; B(E)) if
the set

[ DEW(E): E€ R0, B U,} (1.15)

is R-bounded, then ¥ € M% (E).
A Banach space E is said to be a space satisfying a uniform multiplier condition, when
for ¥), € C"(R";B(E)) if

supR({EﬁDf‘Ph(f) £ eV, BEU)) < oo, (1.16)
heH

then ¥}, is a uniform collection of multipliers in Mﬁ (E) for p € (1, 00).
A Banach space E has a property («) (see, e.g., [22, 29]) if there exists a constant « such
that

N N

’ ’
Z OcijS,'ij,'j <« Z siejx,-j (1.17)
ij=1 Ly (QXQSE) ij=1 Ly (QxQV3E)

forall N € N, x;; € E, a;j € {0,1}, i,j = 1,2,...,N, and all choices of independent, sym-
metric, {—1,1}-valued random variables ¢;,¢;,...,¢n, €],€,...,€y on probability spaces
0, ). For example, the spaces L,(Q), 1 < p < oo, have the property («).

Remark 1.2. The result [21] implies that the space [, p € (1, ), satisfies multiplier con-
dition with respect to p and the weight functions

N n B
y=1Ixl% -l<a<p-1, y:ﬂ<l+z |xj|"‘f") , ajx=0,NEN, freR
k=1 j=1
(1.18)
Moreover, the UMD spaces with («) properties satisfy the multiplier condition with re-
spect to p € (1,00) and the weighted function y = HZ:l [xk]7, 0 <y < p —1 (see
Theorem 2.2).
It is well known (see [25, 26]) that any Hilbert space satisfies the multiplier condition.

There are, however, Banach spaces which are not Hilbert spaces but satisfy the multiplier
condition, for example, UMD spaces (see [14, 17, 22, 27]).

Definition 1.3. A positive operator A is said to be R-positive in the Banach space E if there
exists ¢ € (0,7] such that the set

La={(1+[§NA-ED": €8y} (1.19)

is R-bounded.
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Note that in a Hilbert space every norm bounded set is R-bounded. Therefore, in a
Hilbert space, all positive operators are R-positive. If A is a generator of a contraction
semigroup on Ly, 1 < q < oo [30], A has bounded imaginary powers with || (—A")||p) <
Ce”'"l, v < /2, [31] or if A is generator of a semigroup with Gaussian bound [23] in E €
UMD, then those operators are R-positive.

0 (E) will denote the space of compact operators in E. Let Ey and E be two Banach
spaces and E, is continuously and densely embedded into E. Let ) be a domain on R” and
1= (l,b,...,1,). W;,,Y(Q;EO,E) denotes a space that consists of functions u € Lj,,(Q;Ey)

such that it has the generalized derivatives D,lé‘u = (alk/ax,lf)u € Ly, (Q; E) with norm

n

I
lull g o) = Nz, e +kz IDEully, ey < o (1.20)
=1

Let t = (t1,t2,...,t,), where t; > 0 are parameters. We define in this space a norm

n
I
il osmo,p) = N8llL,, (e + >. ||tkak”||LP,y(Q;E)~ (1.21)
k=1

For Ey = E the space W, ,(Q; Eo, E) will be denoted by W, (O3 E).
The weight y is said to satisfy an A, condition, thatis, y € A,, 1 < p < oo, if there is a
positive constant C such that

p-1
(ke o) se

for all compacts Q C R".

Condition 1.4. Let y = [T}, yk(xk), where yx € A, and there exist constants Cy, C; such
that

—1/p(

/
(1) < Cey(32), Y;ip(yz))’k y1) < M|y |
-1/p

7P Gy P ) =1 <Del 12 ™ [ | 7P =11, yuyaeRV{0},  (1.23)
O<w<p-1, k=12,..,n

i/ p |y1 | —'Vk/p)

2. Background materials

Embedding theorems for vector-valued Sobolev spaces played important role in the
present investigation. Embedding theorems in Hilbert-valued function spaces have been
studied, for example, in [11-13, 32]. This section is concentrated on weighted anisotropic
Banach-valued Sobolev spaces Wfo’y (Qs Eo, E) associated with Banach spaces Ey, E. Several
conditions are found that ensure the continuity and compactness of embedding opera-
tors that are optimal regular in these spaces in terms of interpolations of Ey and E. In
particular, the most regular class of interpolation spaces E, between Ey, E, depending
on « and order of spaces are found that mixed derivatives D* are bounded and compact
from W;,,Y(Q;EO,E) to Ly (s Ey). These results generalize and improve the results [11-
13, 32]. Multiplier theorems in the operator-valued L, spaces are important tools in the
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theory of embedding of function spaces and in BVPs. Since our consideration take place
in weighted case with parameterized estimates, so we have to generalize multiplier theo-
rems [22] for the case of L, , and for multipliers depending on parameters. Lets first show
the following needed lemma.

LEmMA 2.1. Let E be a Banach space, 1 < p < o, and y a positive measurable function on
an open subset Q of R, essentially bounded on compact subsets of Q). Then the space D(C);E)
is dense in L, ,(O;E).

Proof. Foru € L, ,(Q;E) and n € N let u,, : QO — E such that

u(x) ifllux)|| <n,
Uy = (2.1)
0 if [|u(x)|| > n.

By the dominated convergence theorem limy,—.o || — uy, |l Ly, @E) =0, hence a com-
pactly supported function can be approximated with bounded compactly supported
functions, that is, with compactly supported function belonging to L,(Q;E). From the
standard proof of the denseness theorem in case of spaces without weight, it follows that
if u is a compactly supported function belonging to L,(€%;E), then there exists a com-
pact subset K C Q, with suppu < K, and a sequence of functions u, € D(Q;E), with
suppu, € K such that lim,, .« [[u — unll1, ;) = 0; since

1/p
/
||” - un”LM(Q;E) = (J;( ||u(x) - un(x)||py(x)dx> = (ilelflg)/(x))l p““ - un”LP(Q;E))

(2.2)

we have
%lj{}o ||u— “n||LP,,,(Q;E) =0. (2.3)
From [15] we have the proof. O

THEOREM 2.2. Let the following conditions hold:
(1) the weighted function y satisfies Condition 1.4;
(2) Banach spaces E; and E, are UMD space with property (a) and let ¥ € C™ (R"/0;
B(E,E»)).
If

supR({EDEW,,(8) : £ € R0, B € Uy }) < o, (2.4)
heH

then ¥y, (&) is a uniformal collection of multipliers in Mg,’;/(El ,E»).
If n =1, then the result remains true for all E1,E, € UMD spaces.

In a similar way as [11-13, 15] we obtain the following theorem.
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THEOREM 2.3. Suppose the following conditions are satisfied:

(1) E is a Banach space that satisfies the multiplier condition with respect to p and
weighted function y(x) and A is an R-positive operator in E for ¢ with 0 < ¢ < 7;

(2) a = (a1,00,...,000), L = (I, h,...,1,) are n-tuples of nonnegative integer numbers
suchthat se=|a: 1=} (a/lk) <1, 1<p <00, 0<u<l—sandt=(t1,ts,...,tn),
0<tp <ty< oo

(3) Q € R" is a region such that there exists a bounded linear extension operator from
Wll,‘y(Q;E(A),E) to W;,’),(R”;E(A),E). Then the following embedding:

DaW;l;,y(Q;E(A%E) CLpy(E(A"7H)) (2.5)

is continuous and there exists a positive constant C, such that
" al
(04 —(1—
]!_[1 e k||Dau||LP,y(Q;E(A‘*"*1‘)) < Cﬂ[h‘u”u”W},,y,t(Q;E(A),E) + 0= ||u||LP))7(Q;E)] (2.6)

forallu e WII,’),(Q;E(A),E), and h with 0 < h < hy < oo,

Proof. Tt is sufficient to prove the estimate (2.6). At first we prove the estimate (2.6) for
Q = R". Really, it is easy to see that

||D%ul |Lp,y(Rn;E(A'ww)) ~|[F~ (if)"‘Al’“’”ﬁ\|LP,Y(Rn;E)- (2.7)

Moreover, for u € Wll,,y(R”;E(A),E), we have

n
I
”u”W},,y),(R";E(A),E) = llullL,,ruEca) + Z ||tkak”||Lp,y(Rn;E)
k=1

n
R I
= ||F ”HLP,),(R»«;E(A)) + Z ||th [(sz) ku]HLN,(R”;E) (2.8)
k=1

n

o TINEN N

~ I Al gy + 3 16F TG 8] e
k=1

Thus the inequality (2.6) for Q = R" will be proved if the estimate

n
[T 1P~ GO A ¥l o
k=1

R " e A
< (1 il e+ S I6E 16 Tl ) 29
k=1

+ h—<1—m||F—'a||pry(Rn,E))]

is provided for a suitable positive constant C,. Let

Qiu(§) = bt <A+ D el &l lk) ey (2.10)

k=1
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By virtue of (2.8) it is easy to see that inequality (2.9) will follow immediately if we can
prove that the operator-function W, = [T¢_, t5*/% (i€ )¥AT##Q 1 (§) is a uniform col-

lection of multipliers in M ,y(E) depend on parameters t and h. To see this, it is sufficing
to show that the sets

(EPDPW,,(8): E € RY/{0}, B € U,} (2.11)

are R-bounded in E and the R-bounds do not depend on ¢ and h. In fact, by using a
similar technique as in [14, Lemma 3.1] we have

[P IDPYh(E)l gy < C & € RY{0}, BE Uy, (2.12)

uniformly with respect to t and h. Due to R-positivity of operator A and by estimate
(2.12) we obtain that the sets

{AQ,} (&) : E e R/{0}}, {(1 + 5 | & " +h1>Q,,hl(€) e R"/{O}} (2.13)

k=1

are R bounded uniformly with respect to t and h. Moreover, for u;,us,...,un € E,m €N,
and &/ = (&},&,...,8,j) € R"/{0}, we have

m

D i) ¥en (&) u;

j=1

Lp

M§

ri(N@() (§7) A Q (8 u;

-.
Il
—

Ly

m n . *(%+I4)
z (y)D(1) (I+Ztk|fkj|k+h_l>

k=1

(2.14)

>

Lp

(5etu)
x[(uztk|sk,-|’k+h-l)at,;<ff>] [AQ; (&1)]7 %y,
k=1

where {r;} is a sequence of independent symmetric {—1,1}-valued random variables on
[0,1]. By virtue of Kahane’s contraction principle [14, Lemma 3.5] we obtain from the
above equality

D ()Y (&) u;
j=1 Ly (0,13E)
m sctp)
<2 S, y)[(1+ztk|skj|’k+h ) ;hl(ff)] A @1 |
j=1 k=1 L,(0,3E)
(2.15)

Then by the above estimate, in view of (2.12), and by product properties of the collection
of R-bounded operators (see, e.g., [14, Proposition 3.4]) we get that the set {¥;;(§) :
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& € R"/{0}} is R-bounded uniformly with respect to ¢ and . In a similar way, by using
Kahane’s contraction principle and by product and additional properties of the collection
of R-bounded operators [14, Proposition 3.4], we obtain that the sets

{EPDPY,,(8) : £ € R"/{0}, B € Uy} (2.16)

are R-bounded uniformly with respect to ¢ and h. Then we obtain that operator-function
W, (&) is a uniform collection of multipliers in MZ:%’,(E). Therefore, we obtain the estimate
(2.12). Then by using an extension operator in W}’,)y(Q;E(A),E), we obtain from (2.9)
estimate (2.6). O

THEOREM 2.4. Suppose all conditions of Theorem 2.3 are satisfied; Q is a bounded region
on R" satisfy the I-horn conditions and A™' € 0 (E). Let the weighted function y satisfy
Condition 1.4. Then for 0 < u < 1 — 2, an embedding

D*W,, (QE(A),E) C Ly, (QE(AT7H)) (2.17)

is compact.
Indeed putting in (2.6) h = IIuIILP,y(Q;E)/IIuIIW;)yy(Q;E(A),E), the following multiplicative in-
equality is obtained:
I I-p
||D““||Lp,y(Q;E(A1*”*#)) = Cﬂ”“”Lp,y(Q;E)”“”w},,y(Q;E(m,E)' (2.18)
By virtue of [16, Theorem 2], the embedding
W, (E(A),E) C Ly, (QE) (2.19)

is compact. Then from the above estimate we obtain assertion of Theorem 2.4.
By a similar manner as Theorem 2.3, we have the following.

THEOREM 2.5. Suppose all conditions of Theorem 2.3 are satisfied. Then for 0 <y <1 — 3,
the embedding

D* Wy, (OE(A),E) € Ly, (05 (E(A),E),.,) (2.20)
is continuous and there exists a positive constant C, such that
]
[ 15 k||D““||Lp,y(n;(E(A),E),{,p) = Cllully! (a8 (2.21)

k=1
1 .
forallu e W, (G E(A),E).

Proof. By reasoning as Theorem 2.3, it is sufficient to prove that an operator function
V(&) =TT, 2" E A+ S0, &1 is multiplier from L, (R%E) to Ly, (R ((E(A),
E)..p)). It is shown by taking into account R-positivity of the operator A and by using
the equivalent definition of the interpolation spaces [33, Section 1.14.5]. |

THEOREM 2.6 [16]. Let E be a Banach space, let A be a positive operator in E with bound M.
Let m be a positive integer, 1 < p < 0o, and a € (1/2p,m+1/2p), 0 < v < 2pa — 1. Then for
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A € S(¢) the operator —A}/* generates a semigroup e A%, which is holomorphic for x > 0.
Moreover, there exists a constant C € R* (depending only on M, ¢, m, &, v, p) such that for
every u € (E,E(A))a/m—(14v)/2mp,p and A € S(¢),

« _ /: —
jo (A +AD) e ¥ Ay |Pxvdx < C[llullfy g, + AP 2y 5],

a/m—(1+v)/2mp,p

(2.22)

Proof. By using a similar technique as [8, Lemma 2.2], at first for a ¢-positive operator A,
where ¢ € (71/2,7), and for every u € E such that [;° [|x* P (A(A +x) 1) ullPx" " dx <
oo, using integral representation formula of holomorphic semigroup we obtain an esti-
mate

f I|A%e~*4y||Px"dx < C f ||xa—<1+v)/P(A(A+x)—1)'"u||f’%.
0 0

(2.23)

Then by using the above estimate and [8, Lemmas 2.3-2.5] we obtain the assertion of
Theorem 2.6. O

THEOREM 2.7. Let the following conditions be satisfied:
(1) 0 <v<1-1/p, L and s are integer numbers, and 0 <s <1 —1;
(2) 0y = (ps+1+y)/pl, 0= (ps+1)/pl,0<t <ty < o0, x #0,0<h < hy.
Then, for u € W‘f,,y,,(O,b;Eo,E) the following inequalities hold:

(a)
t6y||“(s)(0)||(EO,E)9y,p = C(||tu(l)||L,,,y(o,b;E) +llullL,,©0bE)) (2.24)

(b)
£9]]u (x0)||(El,,E)9‘P = C(||tu(l)||L,,,,,(o,b;E) +llullr,,obE), X0 # 0; (2.25)

(c)
| )|y < CLA" O, o)+ ullz,, 0 ]; (2.26)

(d)
t9]|u® (x0)|[f = C(hl_9||t”(l)||Lp,y(o,b;E) +h_9||u||pry(0,b;Eo)), X0 # 0. (2.27)

Proof. Really, by virtue of [32] for u € WIZM,(O, b; Ey, E), the following inequality holds:
1 Oz, , = CU 000+ el 00580 (2.28)

Moreover, in view of [4, Theorem 1.7.7/2] (only by replacing [A| = for |A| > 1 > 0 with
t) we obtain (a) and (b). Finally, (c) and (d) can be obtained from (a) and (b) by putting
th in place of t.

Then by using the above transformation we get the estimate (c). In a similar way, we
obtain the inequality (d).



Veli B. Shakhmurov 11

Consider a differential-operator equation

Lu=u"(x)+ > axAku™ P (x) =0, xe(0,b). (2.29)
k=1

Let wy,wy,...,w, be roots of the equation

o+ 0"+ +a, =0,
Wy, = min{argw;, j = 1,...,d; argw; +mj =d+1,...,m}, (2.30)
wyp = max {argw;, j = 1,...,d; argw; +mj =d+1,...,m}.
A system of numbers wy, s, ...,w, is called d-separated if there exists a straight line P

passing through 0 such that no value of the numbers w; lies on it, and w, w,...,w, are
on one side of P while wg,1,...,w,, are on the other. O

By reasoning as [4, Lemma 5.3.2/1], we have the following.

LeEMMma 2.8. Let the following conditions be satisfied:
(1) p(x) =x",0<v<1-1/p, p € (1,0), a # 0, and the roots w; are d-separated;
(2) A is a closed operator in a Banach space E with a dense domain D(A) and

(A =AD" < CIAI Y, —g —wy < argl < g Wy A — oo, (2.31)

Then for a function u (x) to be a solution of (2.29), which belongs to the space W'
(0,b; E(A™), E), it is necessary and sufficient that

d m
u= [ D> ererdg 4 Y e(b")“’k"‘gk}, (2.32)
k=1 k=d+1

where

& € (E(A’”),E)(Hv)/mp,p, k=1,....d, g € (E(A'”),E)l/mp)p, k=d+1,...,m.
(2.33)

3. A statement of the problem

In a Banach space E consider a degenerate nonlocal boundary value problem

Lu = —tu® (x) + Au(x) + t2B; (x)ul" (x) + By(x)u(x) = f(x), x€(0,1), (3.1)

M,
Liu= (Xotelu[m'](O) + Z tijlju(le) = fl)
=1
(3.2)
M,
Lyu = ﬂotozu[mZ](l) + z {12 szu(xzj) = fz,
=1
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where xx; € [0,1], #x; = 1/2p(1 — ), when x;; = 0 and 75 = 1/2p, when xy; + 0, more-
over,

_pmi(1-v)+1

_pm+tl [i]_(vi>i
Zp(l — ’V) > 92 - > u-=1x u(x))

2p dx
>0, m € {0,1}, k=1,2;

6,
(3.3)

o, Bo are complex numbers, ¢ is a small parameter, and f; € Ex = (E(A),E)q, p, k = 1,2,
where A, By (x), for x € [0,1], and Ty; are possible unbounded operators in E.
The function u that belongs to a space

Wi (0, E(A), E)
= {u; u € Ly(0,1E(A)), ul®! € Ly(0,1E), ellyypt (0.15804),8) (3.4)
= llAullL, 0,1 + ||”[2]||Lp(o,1;5) < °°}

and satisfies (3.1) a.e. on (0, 1) is said to be solution of (3.1).
Let

Wi (0, E(A),E, L) = {usu € Wi (0,LEA)E), Liu=0,k=1,2}.  (35)
Remark 3.1. Under a substitution
y=(1-»"x" (3.6)

the spaces L,(0,1;E) and W[?J(O,I;E(A),E) are mapped isomorphically onto the
weighted spaces Ly, ,(0,b; E) and Wgyy(O,b;E(A),E), respectively, where

b= I 1v, y= (1 _ v)v/(l—v)yv/(l—v). (37)

Moreover, under the substitution (3.6), the problem (3.1)-(3.2) reduces to a nondegen-
erate BVP

Lu = —tu® (y) + Au(y) + 2B, (x)uV (y) + By(p)u(y) = f(), y € (0,b),

M,
Liu= 0601'01 u(’”l)(O) + Z a0 leu(ylj) = f],
= (3.8)

M,
Lou = Bot®u™)(b) + > "1 Ty ju(yy;) = fo
j=1

in the weighted space L, ,(0,b; E), where

Ek = Br((1— v)l/(lﬂ')yl/(lﬂ')), Vkj = (1- V)flxij_v, k=1,2. (3.9)
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4. Homogeneous equations

Let us first consider a nonlocal boundary value problem

Lo\, Hu = —tu (x) + (A + V) u(x) =0,
(4.1)
Liu = apt®ul™1(0) = £, Lou = Bot®ul™l(1) = £,

where my € {0,1}; ak, P 6kj are complex numbers, A is, generally speaking, an un-
bounded operator in E.

THEOREM 4.1. Let A be a positive operator in a Banach space E for ¢ € (0,7], 0 < v <
1-1/p, pe (1,0), 0<t <ty< oo, ag# 0, fo #0. Then the problem (4.1) for fi € Ex,
largA| < m — @, for sufficiently large |A| and t, has a unique solution u belongs to WI[;ZV]
(0,1;E(A),E), and the coercive uniform estimate

2
IMlullz 0058 + [P | 0,18 + 1 Aullz 008 < M D (I fillg, + %I fillg)  (42)
k=1

holds with respect to parameters t and M.

Proof. Under the substitution (3.6), the problem (4.1) reduces to a nondegenerate prob-
lem

Lo, Hu = —tu® (y) + (A+A)u(y) = 0, (4.3)
Llu = 06()1“71 ml) O) f], LzM = ﬁot’”u("‘z b) f2 (44)

in the weighted space L, , (0, b; E). Dividing both sides of (4.3) to ¢ > 0, we obtain a bound-
ary value problem

LoAHu=—u" (y)+t ' (A+Nu(y) =0, (4.5)
lel = 0(()1‘61 ml) O) f], Lzu = ﬁotezu(’”z b) f2 (46)

Since A is the positive operator in E and 0 < t < t; < o0, then A/t is positive uniformly
with respect to t, and for all A € S, we have

|(-)

By virtue of condition (1) together with estimate (4.7) and by virtue of [4, Lemma
5.4.2/6], there is a holomorphic semigroup e™**" 40" for x > 0, which is strongly contin-
uous for x = 0. Then by virtue of Lemma 2.8 an arbitrary solution of (4.5), for |argd| <
7 — ¢, belonging to Wg,y(O, b;E(A),E) has the form

-1 ¢

<M .
1+t

(4.7)

u(y) = [ 1/2A1/g +e_(b_y)r”2A}/2g2], (4.8)
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where

Ay =A+M, g € (E(A)LE) opiyp & € (E(A)E) (4.9)

1/2p,p*

Now taking into account the boundary conditions (4.6), we obtain algebraic linear
equations with respect to g1, £:

_ 12412
11/2p(1 v)(on/f{ll/Z[(_l)mlgl +e bt V2A) gz] :fla
(4.10)
2B AT [(—1) et A g 4 ] = o

The system (4.10) can be expressed as the following matrix-operator equation:

al|_|h
D(At) [gz] = [fz] (4.11)

_12 4122
(_1)m1t1/2p(1—v){onT1/2 tl/zp(l_v)aOATl/Ze_bt 1241 :|

- 1/2
(—1)m t1/2p‘80A/f\”2/2e—bt 124} t1/2p/30A;LV12/2

where

D\ t) = [ (4.12)

Let Q(A,t) denote a determinant-operator of the matrix-operator D(A,¢). It is clear that
Q(A, t) _ ao/),OAimlerz)ﬁt(Z—v)/Zp(lfv) [(_ l)ml _ (_ 1)m2672ht’1/2Ai/2]‘ (4.13)

Using the properties of positive operators and holomorphic semigroups (see [4,
Lemma 5.4.2/6]) it is clear to see that for |argA| < m — ¢, [A| — co and 0 < t < £,

|le=2 47| < 1. (4.14)
The above estimate implies
I[(=1)™ = (=12 45 < ¢ (4.15)

Due to the positivity of operator A in E and by (4.15) we obtain that operator Q(A, )
is invertible in E? = E X E and

Q') = Lﬁt(%2)/2P(1—V)A;(m1+mz)/2QO) Qo= [(—1)™ — (_1)mze*2tb’1/2Ai/z]_1'

[20)200)
(4.16)

By virtue of estimate (4.15) it is clear that the operator Q7'(A,¢t) is bounded uniformly
with respect to the parameter A, that is,

1Q1 (L, 1)|| < Cetr-2r2p01-7), (4.17)
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Consequently, the system (4.10) has a unique solution for |argA| < 7 — ¢, sufficiently
large |A], and the solution can be expressed in the form

a=Q"! [tl/zp/;OA;”z/lﬁ _ aotl/Zp(l—v)A;nn/ZefbrWA;/Zfz],
(4.18)
- 1/2
o= Q—l [(_l)rmt1/2p(1—v)“0A/V{11/2f2 _ (—l)mztl/ZPﬁoAAmz/ze_bt V2A) fl]

Substituting (4.16) and (4.18) into (4.8), we obtain a representation of the solution of
the problem (4.5)-(4.6):

U(}’) _ @tq/zp(lﬂ;)A/{ml/z [e,yt—l/zA;/z _ (_1)’”26*(%*}’”71/2%/2]]‘1

o
(4.19)
+ @t—l/ZPA;mz/Z [(_ l)mle_(b_}’)rl/zAi/z _ e_(y+b)t71/2A)ll/2 ]f2

0

By virtue of the properties of the golomorphic semigroups [33, Section 1.13.1], in view
of uniformly boundedness of Qy, and by changing of variable, we obtain from (4.20) a
uniformly estimate, with respect to ¢ and A,

A lull,, + 1w 1, + | Auls,,

1/2

< ClIM[llay™2e = fill,, + 1Ay e @247 £, ] (4.20)

1-my/2 —;zA]/2 1- mz/2 —(b-z) Al/2
AT e A A, + 114} £l -
By the properties of resolvent of positive operator A, we have

M[1[A7™ 2= Al +1147 ™ e 040 |, ]

1/2

< AT [l AL, + AL e e L ] 42

172

< M[ |4} e A i, + (AL e A p .

By virtue of estimates (4.20), (4.21) and Theorem 2.6 we obtain

M llulle,, + [t I, + 1 Aullz,,

< MI:”A)l:ml/Ze—zA}/zf ||LM i ||A1 mz/Ze—(h z)Ai/szH ] (4 22)

< M X [Ufll, + -l

Then by virtue of estimate (4.22) and Remark 3.1 we obtain the estimate (4.2). O
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5. Nonhomogeneous equations

Now consider a nonlocal boundary value problem for a nonhomogeneous equation with
parameters ¢ and A in the space L, (0, 1;E):

Lo\, Hu = —tul® (x) + (A + ADu(x) = f(x), x€(0,1),

(5.1)
Llu = (xotmu[’”l](O) = fla Lzu = /J’ot’”u[”’ﬂ(l) = fz.

THEOREM 5.1. Let the following conditions be satisfied:

(1) E is a Banach space that satisfies the multiplier condition with respect to p and
weighted function y(y) = y”1=), 0 <v<1-1/p;

(2) A is an R-positive operator in E for ¢ € (0,7];

B)0<t=<ty<oc and ay# 0, Bo # 0. Then the operator u — Do(A,t)u =
{Lo(A,t)u, Liou, Lyou} for |argAl < m — ¢ and for sufficiently large |A| is an isomor-
phism from W;[,?J(O, L;E(A),E) onto L,(0,1;E) + E; + E,. Moreover, the coercive uni-
form estimate

Az, 0,158) + ||tu[2]||LP(0,l:E) + [[AullL,(0,1:5)

2 (5.2)
< c[nfan(om + S (el + w”knﬁn,;)}
k=1

holds with respect to parameters A and t.

Proof. By virtue of Remark 3.1, under the substitution (3.2), the problem (5.1) reduces
to the nondependence problem

Lo(A,t)u = —tu(z)(y) +A+ADu(y) = f(y), y<(0,b),
(5.3)
Liu = apt?ul™)(0) = fis Lyu =ﬁ0t92u(’”2)(b) =f

in the weighted space L,,(0,b;E). It is clear that the problem (5.3) is equivalent to the
problem

Lo, t,D)u=—u""(y)+ 1(A+)tl)u(y) = M, x € (0,b),
t t (5.4)

Liu = aot? u(’"l)(O) = fi, Lyu= ﬁ0t92u("’2)(b) = f.
We have proved the uniqueness of the solution of the problem (5.3) in Theorem 4.1.

Let us define

_ fly) ifye[o,b],
f@)={ (5.5)

0 ifye[0b]

We now show that the solution of the problem (5.4) which belongs to the space Wﬁ)y
(0,b;E(A)E) can be represented as a sum u(y) = u;(y) + u2(y), where u; is a restriction
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on [0, b] of the solution u of the equation
Lo(/\,t)u=7(y), yER=(—c0,00) (5.6)
and u, is a solution of the problem
Lo(A,t)u =0, Lyou = fx — Lrouy. (5.7)
A solution of (5.6) is given by the formula

u(y) = F 'Ly (L, EFf, (5.8)

where FT is the Fourier transform of the function T, and Ly(A,t,€) is a characteristic
operator pencil of (5.6), that is,

Lo(A,t,8) = (t&2 + 1)+ A. (5.9)
It follows from the above expression that

M lulle,, we) + lully:

2 (RE(A)E)

= IMlull,, e + 1Auln, we + 1P re)
. ) _ (5.10)
= [[FAL W BOF I, vy HIF'ALG WLOF I iy

+HFEL MEOFFIL, )

By virtue of the R-positivity of operator A and due to that R-bounds are homogenous
with respect to product by scalar and satisfy the triangle inequality (see, e.g., [14, Proposi-
tion 3.4]) for operator functions H(A,t,&) = ALy ' (A, £,€), Hx1 (A, 1,€) = (t§) AV kL5 (A,
t,€), k =0,1, we have

R({fd%H(/\,t,f)} £ R\ {0}> <c
(5.11)

R({E%Hkﬂ()t,t,f)} EeR) {0}) <C k=01

Therefore, we obtain that the operator-valued functions H (A,t,&) and Hy.1(A,t,&) are
uniformly R-bounded multipliers with respect to t,A and R-bounds are independent of
t and A. Then in view of Definition 1.1, it follows that the operator-functions H(A,t,¢),
Hi41(A,t,€) are uniformly Fourier multipliers in L, (R; E). Then, by using the equality
(5.10), we get

A lulls,, + IAul,, + 1t Iz, < ClIFllL,,. (5.12)

That is (5.6) have a solution u € W ,(R;E(A)E) and uy € W ,(0,b; E(A)E). By virtue
of Theorem 2.7, we obtain

™) eE,  u\™(b) €E,. (5.13)
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Hence,
Lokul S Ek, k= 1,2. (514)

Then by virtue of Theorem 4.1 the problem (5.7) has a unique solution u,(x) that
belongs to the space Wg,y(O,b;E(A),E) for |argA| < 7 — ¢ and for sufficiently large [A|.
Moreover, for the solution of the problem (5.7), we have

Mllall, + e, +llAwl,,

< 301 Lol + 15~ ) |

k=1

IA

2
C 2 M1 fills, + 1Lkt [l + 1A=L fl g+ 1A= Lokass [
k=

—_

2
c{(zumm+mv*wﬂm)+%ﬁwwmmm&
k=1

+aMM1&ﬁwwW”mnu+ﬂa@HA”kme+ﬁMM1%ﬁﬂwwﬁwnu}

(5.15)
From (5.12), we obtain
WH”lHLP,,,(o,b;E) + ||tu(12)||Ll,,y(o,b;E) + ||A”1||Lp,y(o,b:15) < Cllfllz,,0b:E)- (5.16)
Therefore, by Theorem 2.7 for y = 0, k = 1 and for y = b, k = 2, we have
tek””(lmk)()’)”a = C||u1||W§»y,t(0,b;E(A),E) = C”f”Lp,y- (5.17)
By virtue of Theorem 2.7, for h = |A|~! and u € Wﬁ’y(o,b;E(A),E), we get
AP ) () = Cllullwg, o pmar + I T4l . (5.18)

From (5.18), we obtain the estimate
A0l (L < CTl®l, +llAwll, + Ml 1<Clfl,  (5.19)
uniformly with respect to ¢ and A. Hence from (5.15), (5.17), and (5.19), we have

Mllally, -+ e, +llAwsll,,

2 (5.20)
sc[vmw+2ﬂmm¢HM1Wmmﬂ.
k=1

Then the estimates (5.16), (5.20), and Remark 3.1 imply (5.2). O



Veli B. Shakhmurov 19

6. Coerciveness on the space variable and Fredholmness
Consider the problem (3.1)-(3.2).

THEOREM 6.1. Let the following conditions be satisfied:

(1) E is a Banach space that satisfies the multiplier condition with respect to p and
weighted function y(y) = /1, 0<v<1-1/p, 0, = m/2+1/2p(1 -v), 6, =
mi/2+1/2p, p € (1,0);

(2) A is an R-positive operator in E for ¢ = m and A~ € o(E);

(3) 060%0,/30%0,0<tﬁt0<00;

(4) for any € > 0 and for almost all x € [0,1],

[|By(x)u|| < e|]|AV2u|| + C(e)llull, ueE(AY?),

(6.1)
|[B(x)u|| < ellAull + C(e) lull, u € D(A),

for u € E(AY?) the function By (x)u and for u € D(A) the function B, (x)u are mea-
surable on [0,1] in E;
(5) if m = 0, then Ty = 0; if mi = 1, then for u € (E(A),E)s,, and € >0,

[ Txjullg, < ellullEap,, + Ce)llull, (6.2)

where o = 1/2p(1 —v) if xxj = 0, 0 = 1/2p if x¢j # 0.
Then
(a) the coercive uniform estimate

|[tul?! Iz, (0,.1:8) + I1AullL, 0,1:8)

2 (6.3)
< C|:||Lu||LP(0,l;E) +> Lkull 5a),m)60,p + ||u||L,,(0,1;E)]
k=1
holds with respect to the parameter t for the solution u of the problem (3.1)-(3.2);
(b) the operator u — D(t)u = {Lu,L u,Lyu} from W},?J(o, 1;E(A),E) into
Lp(0,1;E) + (E(A),E)q, + (E(A),E),

2

(6.4)

is bounded and Fredholm.

Proof. By Remark 3.1 it is sufficient to consider the problem (3.8) in L,,,(0,b;E). The
general case is reduced to the latter if the operator A + A¢I, for some sufficiently large
Ao >0, is considered instead of the operator A, and the operator B, (x) — Aol is considered
instead of the operator ﬁz(x). Let u W;)V(O,b;E(A),E) be a solution of the problem
(3.8). Then u(y) is a solution of the problem

dZ

~ () = Ba(y)u(y),

~ d
(M) +(A+ADu(y) = f(y) +Au(y) —Bl(y)@u
M, M, (6.5)
Lu= fi= > P Tyju(yy),  Laou= fo— > 172 Toju(ya;),
j=1 j=1
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where Ly are defined by (4.3). By Theorem 5.1 for some sufficiently large Ao > 0, we have
the estimate

1], +llAullL,,

M,

i 20 Tl

< C[||f+/10u —t2BuV — Boul|,, +
j=1

J

By virtue of condition (4) it follows that for y € (0,b),

B (6.6)

+

M,
o= Dt Tu(ys;)
j=1

1B1(»)uV]] < el[AV2uD (p)]| + C(e)[[uV ()],
N (6.7)
[[B2(y)u(p)|| < ellAu(p)]| + Cle)||u(p)]],

hence

1B, <ellau]), +C@lud,
N (6.8)
||BZ”||LN <ellAullr,, +C(e)llullz,,, &>0.

By virtue of Theorem 2.3, we have

||t1/2A1/2u(1)(y)|| < C”””sz,y,r

(0,b;E(A),E)- (6.9)

Moreover, by virtue of Theorem 2.3 (by choosing A an identity operator in E) there exists
C>0suchthatforO<t<tyand 0< h < hy,

1£2Dull,, (opm) = C(h1/2||tu(2)|\LP’y +h 2 ullL,, 06E)- (6.10)

Therefore, we can conclude that

||t1/2§1”(1)||Lp,y < S||t1/2A1/2u(1)||pry + C(S)Htl/zu(l)”LM

(6.11)
< Cle+C(OR") llullwz,, o555 + CCEOR 2 llullL,, 0.6)-

With a suitable choice of € and h, C(e + C(e)h"?) can be made arbitrarily small, hence
this proves that for every € > 0 there exists C(¢) independent of u and ¢ such that

||t1/2Blu“)||LM <ellul| W2,.:(0,b:E(A),E) +C(e) ”u”LN(O,b;E)- (6.12)
Moreover, it is clear that
|Baully, < ellAullz,, +C(e)llullz,,

(6.13)
<ellull W2, (0,b:E(A)E) T Cl(e) ||U||Lp,y(0,b;E)-
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In (6.6) it remains to estimate the terms

2P0 Tju(0)]lg,, 2P Trju(yu) I,

(6.14)

with yy; # 0; therefore, we have to prove that for every € > 0 there exists C(¢) such that

2P| Ty (yip)| g, < ellullwz, opecare + C@NullL,, 000,

2P| Tiju(yij) |1, < ellullwz, opecare + CEINullL,, ©n6-
By hypothesis (5) for every § > 0 if yx; = 0, we have
), = 310 iemn e o, + CON )
and if yx; # 0, we have
||“()’kj)||1~:k = 5||”(J’kj)||(E(A),E)(1/2p>,p + C(5)||”()’kj)||5-
From Theorem 2.7, it follows that
tmp(lﬁ”|”(0)||(E(A),E)g,p = C[HW(Z)HLP,y + 1 AullL,, ],
and if yy; # 0,
20|y ey, < ClIE@ ], +1AullL,, ],
0200 ()], < C{RVO |, 4 VOl
and if y; # 0,
2 |u(yis) | < C[RV22[[eu@]], +h V2P lull,, |.
Therefore, if yy; = 0, we have

tl/2p(1*7)||Tkju(ykj)||Ek

< 8820 (i) iy s s+ CODPI (i) |

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

< C(8+C(8)h!-12p0=7) ||tu(2)||LM +CéllAullL,, + CC(8)h!~1/2p1=7) lullz,,-

(6.21)
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By choosing a suitable § and a suitable h, the quantities (8§ + C(8)h!~1/2P(1=")) and
Cd can be made arbitrary small, hence the requested inequality (6.15) holds for case
yxj = 0. In the same way we can obtained the inequality for case yx; # 0. Then in view of
inequalities (6.12), (6.13), and (6.15) from (6.6), we get (6.3).

(b) The operator D(t) can be rewritten in the form

D(t) = DO (AO)t) +L1: (6'22)
where
Dy (Ao, t)u = (Lo(A,t)u, L1o,Lao) (6.23)

are defined by (5.3) and

Di (Ao, t)u = < —dou(y) + 2B (»)uV(y)
(6.24)

M, M,
+By(y)u(y), > VI T u(y), > tl/zPszu(yzj))
=1 =1

We can conclude from Theorem 5.1 that operator Dy(Ao,t) has an inverse from L,
(0,1;E)+E; +E; to

W, (0,b;E(A),E). (6.25)

From estimates (6.12), (6.13), and (6.21) in view of Theorem 2.4 and [4, Lemma 1.2.7/2],
it follows that the operator D; from Wﬁ,y(O, b;E(A),E) into L,,,(0,b;E) + E; + E; is com-
pact. Then in view of Theorem 5.1 and by the perturbation theory of linear operators
[34, Section 14, Theorem 14.1] it follows that the operator D(t) from Wg,y(O,b;E(A),E)
into Ly, (0,b;E) + E; + E, is Fredholm operator. Then by Remark 3.1 we obtain assertion
of Theorem 6.1. O

7. Nonlocal boundary value problems for degenerate elliptic equations
with parameters

The Fredholm property of boundary value problems for elliptic equations with parame-
ters in smooth domains was studied in [35, 36], also for nonsmooth domains was treated
in [24, 37-39].

Let G C R™, m = 2, be a bounded domain with an (m — 1)-dimensional boundary oG
which locally admits rectification. Let us consider a nonlocal boundary value problem
on cylindrical domain Q = [0,1] X G for a degenerate elliptic differential equation with
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parameters

m

Lu= —tD,[CZ]u(x,y) - Z arj(y)DiDju(x, y) + tl/za(x,y)DJ[C”u(x,y)
kj=1

IVE

+ 2, aj(x%y)Dju(x,y) +ao(x, y)ulx, y) = f(x,y), (x,y) €Q,

1

J

M,
Liu= oot ul™1(0,y)+ > i Tyju(xij,y) = fi(y), (7.1)
j=1
M,
Lou = Bot%ul™I(1,y) + > 1 Thju(xa,y) = f(p),
j=1

& ’ a ’ ’ ’ ’
Lou= 2 ¢j(y )87,“(9")’ )+co(yulx,y’) =0, x€(0,1), y' €9G,
j=1 j

where DUlu(x) = (x”(d/dx))'u(x), v = 0, D; = —i(9/dy;), mi € {0,1}, a, P are complex
numbers, y = (y1,..., Ym), Tx;j are possible unbounded operators in Ly(G), x¢; € [0,1];
1 = 1/2p(1 —v) when x;; = 0 and #; = 1/2p, when x;; # 0; moreover,

_pm(1-v)+1

9 _pm2+1
YT 2p(1-) N '

> 62 Zp

(7.2)

Let r = ord L.

THEOREM 7.1. Let the following conditions be satisfied:
(1) axj € C(G), aj,a0 € Lu(G), ¢ € C(G), a,¢j € CY(G), 9G € C*;
(2) o€ C(G) forr=1and co € C*(G), co(y') # 0, y' € G, forr = 0;
(3) forye G,og € R", argh =, |o| + A £ 0, A+ Zﬂjzlakj(y)akoj +0;
(4) for the tangent vector o' and the normal vector o to G at the point y" € 0G the
following boundary value problem holds:

& (. —dN(., _d
[)sz_: a(y )<Uk—’0kE> (aj—zajE>]u(T) =0, 7>0,1<0,
. (7.3)

m , , o d B _
j;cj(y )((fj—zajg)u(‘r) l;—o=d, r=1,
u(0)=d forr=0; (7.4)

it is required that, for r = 1, problem (7.3) (for r = 0 problem (7.3)-(7.4)) has one
and only one solution, tending to zero including all its derivatives as y — oo for any
numbers d € C;

(5)0<v=<1-1/p,a0#0, B0 #0,0<t=<ty< oco;
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6) if mp = 0, then Tyj = 0; if my = 1, then fore >0, u € 32 V(- 1')(G,Lu =0)
||T1]u||31 v gy < ellully - p- 26 Te@llullL,e (7.5)
and for u € 32 1/p(G;Lu =0),
| Tojullgrve gy < ellull g ) + (@) lullLy @), (7.6)
wherer <1 —1/p(1—v)—1/p,q € (1,), p € (1,00).

Then
(a) the coercive uniform estimate for the solution u € Wq[,zg,y(ﬂ) of the problem (7.1)

m
||fDL21u||Lq,P(Q) + ||D]%u||L,“,(Q) +lullL,, @
k=1

(7.7)
=< C[”LUHLW(Q) + ||L1u||Bé}ml_l/P<l_v)(G) + ||L2M||Bgzi);mzfl/p(G) + ||M||L,“,(Q)]
holds with respect to the parameter t;
(b) the operator u — Q(t)u = {Lu,Lyu,Lyu} from Wq[,zll,v(Q;Lou =0) into
Lyp(Q) x Boy" P (G Lou = 0) x Bo ™ VP (G, Lou = 0) (7.8)

is bounded uniformly with respect to the parameter t and Fredholm.

Proof. Let E= L4(G). Then by virtue of Theorem 2.2 the condition (1) of Theorem 6.1
is satisfied. Consider the following operator A which is defined by the equalities:

D(A) = W2 (G;Lou=0),  Au=— > ag;(y)DxDju(y). (7.9)
k,j=1

For x € [0,1], also consider operators

Bi(x)u=alx,y)u(y),  Bax)u= D aj(x,y)Djuly)+ao(x,y)u(x,y). (7.10)

M

1

J

Then the problem (7.1) can be rewritten in the form
—tDPyu(x) + Au(x) + 2B, (x) DM u(x) + By (x)u = f(x), x€(0,1),

M,

Liu= oot ul™1(0)+ > ¢ Ty ju(x;) = fi,
= (7.11)

M,
Lyu = Bot®ul™ (1) + D" 1 Thju(xzj) = fos
=1

where u(x) = u(x,-), f(x) = f(x,-) are functions with values in the Banach space E =

Ly(G), fr = fi(+).
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Let us apply Theorem 6.1 to the problem (7.11). In view of Theorem 2.2 condition (1)
of Theorem 6.1 holds. By virtue of [14, Theorem 8.2] the operator A + uI for sufficiently
large 4 > 0 is R-positive in L,. Moreover, it is known that an embedding W7(G) C Ly(G)
is compact (see, e.g., Triebel [33, Theorem 3.2.5]), then due to the positivity of A + uI in
Ly(G) we obtain that (A +ulI)~! € 0 (Ly(G)). Therefore, the condition (2) of Theorem
6.1 is fulfilled. Condition 3 of Theorem 6.1 coincides with condition (5). By virtue of
condition (1) of Theorem 7.1 the operators B (x) in L;(G) and B,(x) from qu(G) to
L4(G) are bounded. By virtue of condition (1), we have

|1B1(x)ull,, < suplalllullz,. (7.12)

On the other hand, since the embedding qu(G) C L4(G) is compact, then the operator
Bi(x) from W,(G) into Ly(G) and, consequently, from E(A'Y?) into Ly(G), is compact.
Then by reasoning as [4, Lemma 1.2.1] we obtain that the operator B;(x) satisfies the
condition (4) of Theorem 6.1. In a similar way we prove that the operator B,(x) — ul
satisfies the condition (4) of Theorem 6.1 too. Using interpolation properties of Sobolev
spaces (see, e.g., [21, Section 4]), it is clear to see that condition (5) of Theorem 6.1 is
fulfilled too. By virtue of [21, Section 4.3.3], we have

(E(A),E)q,, = (W2(G,Lo),L¢(G))g, , = Bap ™ (G;Lo). (7.13)
Hence, the condition (5) of Theorem 6.1 follows from the condition (6). O
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