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Mobius homogeneous hypersurfaces with two
distinct principal curvatures in S™*!

Tongzhu Li, Xiang Ma and Changping Wang

Abstract. The purpose of this paper is to classify the M&bius homogeneous hypersurfaces
with two distinct principal curvatures in S?*1 under the Mébius transformation group. Addition-
ally, we give a classification of the M6bius homogeneous hypersurfaces in S%.

1. Introduction

A diffeomorphism ¢: S"t!—S"+1 is said to be a Mébius transformation if ¢
takes round n-spheres into round n-spheres. The Mo6bius transformations form a
transformation group, which is called the Mdbius transformation group of S™*! and
denoted by M (S™*1). It is well known that for n>2 the Mobius group M (S™*1!)
coincides with the conformal group C'(S™*1). In [11], Wang introduced a complete
Mobius invariant system for a submanifold z: M™—S"*! and obtained a con-
gruence theorem for hypersurfaces in S"*! (see also [1]). Recently some special
hypersurfaces in S"*t!, for example, the Mobius isoparametric hypersurfaces, the
Blaschke isoparametric hypersurfaces and so on, have been extensively studied in
the context of Mdbius geometry (see, for instance, [3]-[6]).

Another special hypersurface is the M&bius homogeneous hypersurface. A hy-
persurface x: M™—S"*! is said to be a Mdbius homogeneous hypersurface if for any
two points p, g€ M™, there exists a Mobius transformation ¢€ M (S™*!) such that
pox(M™)=x(M"™) and ¢ox(p)=x(q). Standard examples of Mobius homogeneous
hypersurfaces are images of (Euclidean) homogeneous hypersurfaces in S"*! un-
der Mobius transformations. But there are some examples of Mbius homogeneous
hypersurfaces which cannot be obtained in this way. In [9], Sulanke constructed a
Mobius homogeneous surface, which is the image of the inverse of the stereographic
projection o: R3—S2 of a cylinder over a logarithmic spiral in R?, and classified
Mébius homogeneous surfaces in S3 under the Mdbius transformation group.
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Our goal is to classify the M6bius homogeneous hypersurfaces with two distinct
principal curvatures in S"*! under the Mobius transformation group. Let H"*+! be
the hyperbolic space

H" = {(yo, 1) €R" xR |y, y) = -y +51-71 = —1}.

We can define the conformal map 7: H"*!1— "1 by
L % . n
T(y) = (—, —>, y=(yo,5n) € H""".
Yo Yo

The inverse of the stereographic projection o: Rt — S§n+1 is defined by

(1—|u? 2u
o= (T T )

The conformal maps ¢ and 7 assign any hypersurface in R**! or H"t! to a
hypersurfaces in S"*!. 1In [7], the authors proved that the Mobius invariants
on f: M»—=R™ ! and f: M™— H"! are the same as the Mdbius invariants on
oof: M"—=S"! and Tof: M™—S"t!, respectively. Next we give an example
of a Mobius homogeneous hypersurface, which is a higher-dimensional version of
Sulanke’s example.

Example 1.1. Let «v: I—R? be the logarithmic spiral given by
~v(s) = (sin se®®, cos se®®), ¢>0.
The cylinder in R"*! over 7(s) is defined by
f(y,id): IxR"H — R

where id: R*~! —<R"! is the identity mapping. We call the hypersurface f a
logarithmic spiral cylinder.

We give a characteristic of logarithmic spiral cylinders as follows.
Theorem 1.2. Let z: M"™—S™t! be a Mébius homogeneous hypersurface with
two distinct principal curvatures. If the Mobius form C#£0, then x is Mébius equiv-

alent to the image of o of a logarithmic spiral cylinder.

We need to point out that the logarithmic spiral cylinder is of constant M6bius
sectional curvature K =—|C|?. Our main results are as follows.
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Theorem 1.3. Let x: M"™—S"t! be a Mébius homogeneous hypersurface with
two distinct principal curvatures. Then x is Mobius equivalent to one of the follow-
ing hypersurfaces:

(1) the standard torus S*(r)x S"=*(v1—r2), 1<k<n—1;

(2) the images of o of the standard cylinder S*(1)x R*FCR"+1 1<k<n—1;

(3) the images of T of S*(r)x H" % (v/1+7r2), 1<k<n—1;

(4) the image of o of a logarithmic spiral cylinder.

In [10], Wang classified the Mobius homogeneous hypersurfaces with three
distinct principal curvatures in S*, which consists of two categories. One is the
1-parameter family of isoparametric hypersurfaces with three principal curvatures,
which is a tube of constant radius over a standard Veronese embedding of RP? into
S% (see [2]). Another is the images of o of the cone over the 1-parameter family
of isoparametric tori in S3. Thus combining Theorem 1.3, we have the following
results.

Corollary 1.4. Let 2: M3—S* be a Mébius homogeneous hypersurface. Then
x is Mébius equivalent to one of the following hypersurfaces:

(1) the round sphere S CS*;

(2) the standard torus S*(r)x S?(v1—r2);

(3) the images of o of the standard cylinder S*(1)xR3~FCR*, 1<k<2;

(4) the images of T of S*(r)x H37*(V1+12), 1<k<2;

(5) the image of o of a logarithmic spiral cylinder;

(6) the image of o of the cone over the Clifford torus S*(r) x S*(vV1—r2);

(7) the tube of constant radius over a standard Veronese embedding of RP?

We organize the paper as follows. In Section 2, we give the elementary facts
about M&bius geometry for hypersurfaces in S”*! needed in this paper. In Section 3,
we construct some Mobius homogeneous hypersurfaces in S”*!, and give the proofs
of Theorems 1.2 and 1.3.

2. Mébius invariants for hypersurfaces in S?+1

In this section, we recall some facts about the Mobius transformation group
and define Mobius invariants of hypersurfaces in S™*1. For details we refer to [11].
Let R?+3 be the Lorentz space, i.e., R"*3 with the inner product (-,-) defined
by
(z,y) = —Toyo+T1Y1+ ...+ Trg2Yni2
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for 2= (20,1, s Tnt2), Y= (Y0, Y1, - Yns2) ER" T3,
Let O(n+2,1) be the Lorentz group of R} defined by

O(n+2,1)={T € GL(R" ™) |'T, T =1},

—10).

where T denotes the transpose of T and I;=( 01

Let
O ={y = (yo,51) ERXR""?| (y,y) =0 and yo >0} CR}*?,
and Ot (n+2,1) denote the subgroup of O(n+2,1) defined by
OF(n+2,1)={T €0(n+2,1) | T(CT?)=C7"?}.

Lemma 2.1. ([8]) Let T=(" 5)€0(n+2,1). Then T€O"(n+2,1) if and only
if w>0.

It is well known that the subgroup O*(n+2,1) is isomorphic to the Mobius
transformation group M (S™*1). In fact, for any

_(w u +
T-(U B>EO (n+2,1),

we can define the Mébius transformation L(T): S"H1— S+ by

B Bz+u

t n+1
= L= (T1y.-es Tp+2 es .
var+w’ ( e )

L(T)(x)

Then the map L: OF(n+2,1)—M(S™*!) is a group isomorphism.
Let z: M™—S™*! be a hypersurface without umbilical point, and e, ;1 be the
unit normal vector field. Let II and H be the second fundamental form and the

mean curvature of x, respectively. The M&bius position vector Y : M ”—)R’f+3 of x
is defined by

n
Y=p(La), p*=—(I]*~nH?).

Theorem 2.2. ([11]) Two hypersurfaces x,&: M™—S™"*1 are Mébius equiva-
lent if and only if there exists T€OT(n+2,1) such that Y=YT.

It follows immediately from Lemma 2.1 that
g=(dY,dY) = p? da-dx

is a M&bius invariant, which is called the M6bius metric of = (see [11]).
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Let A be the Laplacian operator with respect to g. We define

1 1
N=—-AY - —_(AY,AY)Y.
n 2n2

Then we have
Y,Y)=0, (N,Y)=1 and (N,N)=0.

Let {E1, ..., E,,} be a local orthonormal basis for (M™, g) with the dual basis
{wi,...,wn}, and write Y;=E;(Y"). Then we have

(V;,Y)=(Y;,N)=0and (V;,Y;)=0;;, 1<i¢,5<n.
We define the conformal Gauss map
G=(H,Hz+eny1).
By direct computation, we have
(G, Y)=(G,N)=(G,Y;)=0 and (G,G)=1.

Then {Y, N, Y1, ..., ¥,,, G} forms a moving frame in R} along M™. We use the
following range of indices in this section: 1<3, j, k,I<n. We can write the structure
equations as

dy = imi,
i=1
dN = Z Z AjjwiY; +Z Ciw;iG

=1 j=1

— Z A,-jij—wiN—i—Z win} +Z Bijij
j=1 j=1 j=1
Zc wY — Z Z%BUYM

1=1 j=1
where w;; is the connection form of the M6bius metric g, and w;; +w;;=0. The ten-
sors A=3" Z?Zl Ajjwi®wj, C=Y""  Ciw; and B=Y ", Z;L:1 B;jw;®w, are
called the Blaschke tensor, the Mdbius form and the Mébius second fundamental
form of z, respectively. The eigenvalues of (B;;) are called the Mdbius principal
curvatures of . The covariant derivatives of C;, A;; and B;; are defined by

n n
Z O@j&)j = dOz"’Z Cjwji,
j=1 j=1
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Z Aij wr, = dAij+Z Ajpwrj +Z Apjwii,

k=1 k=1 k=1
n n n
E Bij7kwk = dBij-F E Bikwkj+ E Bkjwki-
k=1 k=1 k=1

The integrability conditions for the structure equations are given by
(1) Ayk—Aik,; = BiCj—B;;Cy,
(2) Cij—Cji= Z(BikAk;j—BjkAki),
k=1 n
(3)  Bijk—Bik,j =0i;Cr —0i.Cj, ZBij,j =—(n—-1)C;
j=1
(4) Rijii = Bix Bji— BuBjji 4 0ir Aji+ 01 Ak — 0st A i — 61 At

(5) Rij::ZRikjk :*ZBikBkj+(tr A)dij+(n—2)Ai;,
k=1 k=1

(6) ;ano, ZZBEj:”T_l and trA:;A”:%(l+n25),

i=1 j=1
where R;j;,; denotes the curvature tensor of g and s=(1/n(n—1)) >, Z?Zl R;jij is
the normalized Md&bius scalar curvature. When n>3, we know that all coefficients
in the structure equations are determined by {g, B} and we have the following
theorem.

Theorem 2.3. ([11]) Two hypersurfaces x: M™—S"* and : M™— S+
n>3, are Mdbius equivalent if and only if there exists a diffeomorphism
p: M"™—M™, which preserves the Mdbius metric g and the Mobius second fun-
damental form B.

Using the stereographic projection o~!: S"*!1 R"*1U{cc}, the Mobius in-
variants of the hypersurface f=c ltox: M™—R"t! and the Euclidean invariants
of f are related by [7] as follows:

Bij=p~ " (hij—Hbij),

n

(0) Com =™ a4 30y~ 15, 08|

j=1
Ayj = —p~?[Hess;;(log p) —e;i(log p)e;(log p) — Hhij]— 5 p 2 (IV log p|* + H?)dy5,

where Hess;; and V are the Hessian matrix and the gradient with respect to
I=df-df, respectively, and H is the mean curvature of f. Let {ey,...,e,} be an
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orthonormal basis for (M™, I) and let the dual basis be {61, ...,0,}. Then

n n

A=p* > > " Ai0,00;, B= pQZZBzﬂ@H and CzpiC’zﬂi.

=1 j5=1 1=1 j=1 =1

Clearly the number of distinct M6bius principal curvatures is the same as that of its
distinct Euclidean principal curvatures. Let ki, ..., k, be the principal curvatures
of f, and {1, ..., A\, } be the corresponding Mobius principal curvatures. Let e, 11 be
the unit normal vector field of f. Then the curvature sphere of principal curvature
ki is

=Y +E=

<1+|f2 1-|f?

ki+f-enti, 9 ki_f'en+1;kif+en+1>;

where Y and £ are the Mobius position vector and the conformal Gauss map of f,
respectively, given by

1+|f1? 1+|f]? n
YZP( 2| ‘ ’ | | 7f pQZE(HIIHQ_nHQ), and

1 2 1— 2
e= (S e, )

H—f'€n+1, Hf+€n+1> .

If (¢;,(1,—1,0,...,0))=0, then k;=0. This means that the curvature sphere of prin-
cipal curvature k; is a hyperplane in R?t1.

3. The M&bius homogeneous hypersurface in S™+1

In this section we give some examples of the Mobius homogeneous hypersurface,
after which we prove our main Theorem 1.3.
Let z: M™—S"*t! be a Mobius homogeneous hypersurface. We define

I={peM(S"") | pox(M")=z(M")}.

Then II is a subgroup of the Mébius group M (S™*1), and the hypersurface x is
the orbit of the subgroup II. Thus the M&bius invariants on the hypersurface x are
constant. Next we give some examples of M6bius homogeneous hypersurfaces.

FEzample 3.1. Let

1 0 0
=<0 O(k+1) 0 Cc O (n+2,1).
0 0 O(n—k+1)
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Then II is a subgroup of O (n+2,1).
The standard torus z: S*(r) x $"~*(v/1—r?) —S™*! is a Mobius homogeneous
hypersurface. It is the orbit of the subgroup L(IT)C M (S™*!) acting on the point

p= (7’,0, ey 0,0/1=72,0, ...,0) e sntl,
k n—k
FEzxzample 3.2. Let
O*(n—k,1) 0 0
1= 0 1 0 cO*(n+2,1).
0 0 O(k+1)

Then II is a subgroup of O*(n+2,1).
Let H”*k(\/1+r2) x S*(r) be the isoparametric hypersurface in H"*!. The

hypersurface
T(H" " (V1412) x S¥(r)) c ™!
is a Mé&bius homogeneous hypersurface. It is the orbit of the subgroup L(IT)C

M (S™*1) acting on the point

1 r
=(0,..,0, ——, ,0,...,0 ) e S7FHL,
p <Hf—/ V1472 V1472 R/—/)

k

n—k
Ezample 3.3. Let
T+3ful? —Lul® w o upg 0
slul  1=ul wr o up 0
I = " T e 0 ! CO*(n+2,1).
Up—k —Up—r 0 .. 1 0
0 0 0 .. 0 O(k+1)

Then II is a subgroup of O*(n+2,1).
Let R x G* (\/5) be the isoparametric hypersurface in R**!. The hypersur-

face

o (R x 5% (v2)) C 57+
is a Md&bius homogeneous hypersurface. It is the orbit of the subgroup L(IT)C
M (S™*1) acting on the point
p=(3,0,..,0,2v2,0,...,0) € S" L.

N—— S~——

n—k k
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Example 3.4. Let f(s,u1, ..., up_1)=(5in se, cos se*, uy, ..., up_1) ER"*1 and

1+3[f>  —3|f]* sinse® cosse® wi .. Up_1
ik 1—L[f> sinse® cosse® wyp .. up_y
sin se®®  —sin se®’ 1 0 0 .. 0
M= cos se®®  —cos se®® 0 1 0o .. 0 cO"(n+2,1).
uy —Uy 0 0 1 0
Un—1 —Up—1 0 0 0 1

Then II is a subgroup of O*(n+2,1).
The logarithmic spiral cylinder

fls,ur, .y ttp_1) = (sin s, cos se“®, uy, ..., Up—_1) e R

is a Mébius homogeneous hypersurface in R®*!. The hypersurface oo f is a Mobius
homogeneous hypersurface in S"*1. Tt is the orbit of the subgroup L(IT)C M (S™+1)
acting on the point p=(1,0,...,0)€ S,

Let x: M™— 8"t n>3, be a Mobius homogeneous hypersurface with two dis-
tinct principal curvatures. We denote by b; and by the Mobius principal curvatures,
whose multiplicities are k and n—k, respectively. Using (6), we get

b — 1 [(n=1)(n—k) and by — 1 (n—l)k‘.
n k n n—k
First we assume that the Mobius form C'=0. Since the Md&bius principal cur-
vatures are constant, = is a Mdbius isoparametric hypersurface. In [5], the authors
classified M6bius isoparametric hypersurfaces with two distinct principal curvatures
in S"*1. Using [5], we have the following result.

Proposition 3.5. ([5]) Let z: M™—S"*1 be a hypersurface with two distinct
principal curvatures. If the Mobius form C'=0, then x is Mobius equivalent to an
open part of one of the following Mébius isoparametric hypersurface in S™T1:

(1) the standard torus S*(r)x S"=F(v1—r2) in S", 1<k<n—1;

(2) the image of o of the standard cylinder S*(1) xR*"FCR"*! 1<k<n—1;

(3) the image of T of S¥(r)x H" ¥ (v1+r2) in H" ™, 1<k<n-—1.

Remark 3.6. From Examples 3.1-3.3, we know that the hypersurfaces given in
Proposition 3.5 are M6bius homogeneous hypersurfaces.
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Next we assume the Mobius form C'#0.

Theorem 3.7. Let x: M"™—S"t! be a Mébius homogeneous hypersurface with
two distinct principal curvatures. If the Mobius form C#0, then x is Mébius equiv-
alent to the image of o of a logarithmic spiral cylinder. Moreover, the logarithmic
spiral cylinder is of constant Mébius sectional curvature K=—|C|%.

Proof. We can choose a local orthonormal basis {E1, ..., E,} with respect to
the Mobius metric g of x such that

(BU) = diag(bl, cory bl, b27 ceey bg)
Claim. One of the principal curvatures must be simple.

Proof of Claim. We assume that the multiplicities of both of the principal
curvatures are greater than one. Using

n n n
dBi;+Y | Brjwki+ Y Bixwrj = Y Bijrwk,
k=1 k=1 k=1
we obtain that

®) B;j; =0, 1<i,j<kand1<[<n,
8

Bogi1=0, k+1<a,f<nand1<[<n.

Since the multiplicities of both of the principal curvatures are greater than one,
from (8) we have that

Cj=Bi; ;j—Biji=0, 1<i,j<k and i#j,
Co=Bgga—Bapp=0, k+1<a,B<n and a#p.

Thus the Mobius form C'=0, which is in contradiction with the assumption that
C#0. This proves the claim. [

. n—1 1 1
(9) (Bij):dlag(—,——,...,——>.
In this section we make use of the following convention on the ranges of indices:

1<d,j,k<n and 2<a,B,7<n.
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Since Byg=(—1/n)das, we can rechoose a local orthonormal basis {E1, ..., E,, } with
respect to the Mobius metric g such that

All A12 A13 Aln
A21 a9 0 0
. n—1 1 1 A 0 0

Bj;) =diag| —,—=, ..., —— d (A )= 23 as -
( ]) lag< n n n) an ( j) . . . . .
Anl 0 0 Qg

Let {w1,...,wn} be the dual basis, and {w;;} be the connection forms. Using

n n n
dB;; +Z Bkjwkri-z Bipwyj = Z Bij rwi
k=1 k=1 k=1

and (3), we get that

Bia,a=—C1; and Bj =0, otherwise;
(10)

wig=—-Ciw, and C,=0.

Since the vector field F; is an eigenvector of the Mobius second fundamental form
B, we have

(11) C1=constant #0 and Aj; = constant.
Using >_7_, C; jw;=dC;+3 7, Cjwj; and (10), we get that
(12) Ciy=0, i#].
Combining (2) and (12) we obtain that
(13) Ao =0.
Using (10),
dwiag =—dCiAwy—C1 dwy = —dC1 Awg, —wal Awq—Cq i Wy AWrya,
y=1
and dwla—zyzl W1 AWja=—%5 > p_1 St Riakwr Aw, we get that
(14) Rigia=—Ct.
Since Rig1a=—(n—1)/n?+a;+a,=—C%, we thus have

(15) a9 =agz=...= a, = constant.
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Using
dBi; +Z BkjwkrFZ Birwy; = Z Bij kwr
k=1 k=1 k=1
and (1), we get that
1
(16) Ala,a = 7H01 and (a1 7@2)(4)1& = Ala’awa.

From (16), we know that aj #as and

(17) Wig = = W = We-

Combining (17) and (10), we have

18 .
(18) az=a1—-
Using (4) and (18), we get that

(19) Rapap=—Cf, a#p.

Since A;;=diag(a1,as,...,a2), from (3), (14) and (19), we know that (M™,g) is of
constant Mébius sectional curvature K=—C7=—|C|?. We define

1 1
F=—-Y+¢ Xi=—-ChY-Y, and P=—-wY+N+C1 Xi+-F.
n n

Clearly F is the curvature sphere of the Mdbius principal curvature bo=—1/n of
multiplicity n—1. Then

(20) (F,X1)=0, (F,P)=0, (X;,P)=0, (F,F)=(X;,X;)=1 and (P, P)=0.

From the structure equations of x we derive that

E\(F) = X1, Eo(F) = 0,
(21) Ei(X)) = P—F, E.(X;) =0,
Ei(P) = C1P,  E4(P) = 0.

Thus the subspace V =span{F, X1, P} is fixed along M", and P determines a fixed
direction. Hence up to a Mobius transformation we can write

P=y(1,-1,0,..,0), veC>®(U),
V =span{F, X;, P}
=span{(1,—1,0,...,0), (0,0, 1,0, ...,0), (0,0,0,1,0,...,0)} C R?3,
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Assume that f=c"lox: M™—R"*! has principal curvatures ki, ks, ..., ko. Since
(P,Fy={((1,-1,0,...,0), F) =0 and (X, P)=0,

from (7) we get that

(22) ke=0 and Cip+Ei(p)=0, ie., E(logp)=—C;.

From the definitions of F'; X; and P, we get that Y, L V. Thus (P,Y,)=0. There-

fore

(23) Eu.(p)=0, ie., E.(logp)=0.

Let {e;=pE;|1<i<n}. Then {ey,...,e,} is an orthonormal basis of TM™ with
respect to the first fundamental form I'=df-df. Let {@1,...,w,} be its dual basis
and {@;;} be the corresponding connection forms. Since g=p*I, it is well known
that

Wij =wi;+e;(log p)wj—e;(log p)w;.
Thus from (10) and (23) we get @1, =0. Therefore f=c"toz: M™—R"*! is Mébius
equivalent to a hypersurface given by

f(s,id) = (y(s),id): I xR~ — R" 1,

where id: R?"~!—R"~! is the identity mapping and ~(s)CR? is a regular curve.
Let I and II denote, respectively, the first fundamental form and the second fun-
damental form of the hypersurface f. Then

I=ds’+1Ign—1 and II=kds?,
where k(s) is the geodesic curvature of «, and Iz.-1 is the standard Euclidean
metric of R"™!. So we have (h;;)=diag(k,0,...,0), H=k/n and p=k. Thus the
Mobius metric g of the hypersurface f is
g=p T =k*(ds*+Ign—1).

The coefficients of the M&bius form of f with respect to an orthonormal frame
{E1, ..., By} can be obtained as follows using (7):

ks
CR2
Since C is constant, k=1/C15 and the regular curve ~y(s)=(sin se
a logarithmic spiral. Thus we finish the proof of Theorems 1.2 and 3.7. O

Clz and 02:...:Cn:0.

€13 cos se1®) is

Using Proposition 3.5 and Theorem 1.2 we finish the proof of Theorem 1.3.
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