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On the Lp-boundedness of pseudo-differential
operators with non-regular symbols

Naohito Tomita

Abstract. In this paper, we consider the continuity property of pseudo-differential oper-

ators with symbols whose Fourier transforms have compact support. As applications, we obtain

the Lp-boundedness for symbols in Besov spaces and in modulation spaces.

1. Introduction

The continuity property of pseudo-differential operators has been well inves-
tigated. Among many works, Calderón–Vaillancourt [3] first treated the bounded-
ness for the class S0

0,0, which means that the boundedness of all the derivatives of
a symbol assures the L2-boundedness of the corresponding operator. It should be
mentioned that the boundedness of all the derivatives of a symbol is not necessary
in their proof.

Authors such as Coifman–Meyer [4], Cordes [5], Miyachi [11] and Muramatu
[12], improved the result of [3] along this line, that is, investigated the minimal
assumption on the regularity of a symbol. In fact, they proved that the boundedness
of the derivatives of a symbol up to a certain order, which exceeds n/2, assures the
boundedness on L2(Rn) of the corresponding operator. In particular, Sugimoto [16]
showed that symbols σ(x, ξ) in the Besov space B∞,1

(n/2,n/2)(R
n ×R

n) imply the L2-

boundedness. This assumption means that σ(x, ξ) belongs to B∞,1
n/2 (Rn) with respect

to both x and ξ. [16, Theorem 2.1.2] also stated that the class B∞,1
(n/2,n/2)(R

n ×R
n)

can be replaced by a wider one B∞,1
(1/2,...,1/2)(R×...×R), which means that σ(x, ξ)=

σ(x1, ..., xn, ξ1, ..., ξn) belongs to B∞,1
1/2 (R) with respect to xj and ξk for all j, k=

1, ..., n. This is equivalent to the result of Boulkhemair [1, Corollary 6].
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Theorem 1.1. There exists a constant C>0 such that

‖σ(X, D)f ‖L2 ≤ C(R1...R2n)1/2‖σ(x, ξ)‖L∞
x,ξ

‖f ‖L2

for all σ(x, ξ) with supp σ̂ ⊂
∏2n

j=1[−Rj , Rj ], Rj ≥1, j=1, ..., 2n, and all f ∈L2(Rn).
Here σ̂=F1,2σ and C>0 is independent of Rj ≥1, j=1, ..., 2n.

The objective of this paper is to induce a similar estimate for the Lp-bounded-
ness, p �=2. In this direction, Miyachi [11] proved that symbols σ(x, ξ) in the
weighted Besov space B∞,∞

(s1,s2),m(p)(R
n ×R

n), s1>min{n/p, n/2}, s2>max{n/p,

n/2}, m(p)=n|1/p−1/2| imply the Lp-boundedness, 1<p<∞. This assumption
means that fractional derivatives of σ(x, ξ) in x (resp. ξ) higher than min{n/p, n/2}
(resp. max{n/p, n/2}) are bounded by C〈ξ〉−m(p). Sugimoto [17] treated the critical
case s1=n/2 and s2=n/p as in the argument for the L2-boundedness, and showed
that symbols σ(x, ξ) in the weighted Besov space B∞,1

(n/2,n/p),m(p)(R
n ×R

n) imply the
Lp-boundedness for 1<p≤2. The following main theorem of this paper extends this
result to the case p>2. Furthermore, in the case p<2, it replaces the symbol class
B∞,1

(n/2,n/p),m(p)(R
n ×R

n) by the wider one B∞,1
(1/2,...,1/2,1/p,...,1/p),m(p)(R×...×R) as in

the case of L2-boundedness.

Theorem 1.2. Let 0<p<∞. Then there exists a constant C>0 such that

‖σ(X, D)f ‖Lp ≤ C(R1...Rn)min{1/p,1/2}(Rn+1...R2n)max{1/p,1/2}

×‖σ(x, ξ)〈ξ〉n|1/p−1/2| ‖L∞
x,ξ

‖f ‖Hp

for all σ(x, ξ) with supp σ̂ ⊂
∏2n

j=1[−Rj , Rj ], Rj ≥1, j=1, ..., 2n, and all f ∈Hp(Rn).
Here Hp(Rn) is the Hardy space and C>0 is independent of Rj ≥1, j=1, ..., 2n.

The statement for symbols in the class B∞,1
(1/2,...,1/2,1/p,...,1/p),m(p) with p<2

(resp. B∞,1
(1/p,...,1/p,1/2,...,1/2),m(p) with p>2) can be obtained from Theorem 1.2 as a

corollary (see Corollary 5.2(2)). We remark that symbols in the weighted modula-
tion space M ∞,1

m(p) also induce the Lp-boundedness. Such a result is just a corollary
of Theorem 1.2 again (see Corollary 5.2(3)). The L2-boundedness with symbols
in the modulation space M ∞,1

0 was studied by Sjöstrand [13], Boulkhemair [1],
Gröchenig–Heil [8] and Toft [18].

Finally, we explain the organization of this paper. Section 2 is for the pre-
liminaries, including the notation and definitions of function spaces. Sections 3



On the Lp-boundedness of pseudo-differential operators with non-regular symbols 177

and 4 are devoted to the proofs of Theorem 1.2 with p≤2 and p≥2, respectively.
In Section 5, we state several results induced from Theorem 1.2.

2. Preliminaries

Let S(Rn) and S ′(Rn) be the Schwartz spaces of all rapidly decreasing smooth
functions and tempered distributions, respectively. We define the Fourier transform
F f and the inverse Fourier transform F −1f of f ∈ S(Rn) by

F f(ξ) = f̂(ξ) =
∫

Rn

e−ix·ξf(x) dx and F −1f(x) =
1

(2π)n

∫

Rn

eix·ξf(ξ) dξ.

Let σ(x, ξ)∈ S ′(R2n), where x, ξ ∈R
n. We denote by F1σ(y, ξ) and F2σ(x, η) the

partial Fourier transforms of σ with respect to the first variable and the second vari-
able, respectively. That is, F1σ(y, ξ)=F [σ( · , ξ)](y) and F2σ(x, η)=F [σ(x, · )](η).
We also denote by F −1

1 σ and F −1
2 σ the partial inverse Fourier transforms of σ with

respect to the first variable and the second variable, respectively. We write F1,2=
F1F2 and F −1

1,2 =F −1
1 F −1

2 , and note that F1,2 and F −1
1,2 are the usual Fourier trans-

form and inverse Fourier transform of distributions on R
n ×R

n. For σ ∈ S ′(R2n),
the pseudo-differential operator σ(X, D) is defined by

σ(X, D)f(x) =
1

(2π)n

∫

Rn

eix·ξσ(x, ξ)f̂(ξ) dξ for f ∈ S(Rn).

We use the notation 〈ξ〉=(1+|ξ|2)1/2, where ξ ∈R
n. For 1≤p≤ ∞, p′ is the conjugate

exponent of p (that is, 1/p+1/p′ =1).
We introduce Hardy spaces based on Stein [14, Chapter 3]. Let 0<p<∞, and

let Φ∈ S(Rn) be such that
∫

Rn Φ(x) dx �=0. Then the Hardy space Hp(Rn) consists
of all f ∈ S ′(Rn) such that

‖f ‖Hp =
∥
∥
∥ sup

0<t<∞
|Φt ∗f |

∥
∥
∥

Lp
< ∞,

where Φt(x)=t−nΦ(x/t). It is known that Hp(Rn)=Lp(Rn) if 1<p<∞ ([14, Chap-
ter 3, Section 1.2.1]), and the definition of Hp(Rn) is independent of the choice of
Φ∈ S(Rn) with

∫
Rn Φ(x) dx �=0 ([14, Chapter 3, Theorem 1]). Let 0<p≤1. We say

that a is an Hp-atom if a satisfies

(2.1) supp a ⊂ B, ‖a‖L∞ ≤ |B| −1/p and
∫

Rn

xβa(x) dx=0
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for all |β| ≤[n/p−n], where B is an open ball and [n/p−n] stands for the largest
integer ≤n/p−n. It is also known that every f ∈Hp(Rn) can be written as a sum
of Hp-atoms:

f =
∞∑

j=1

λjaj in S ′(Rn),

where {aj }j≥1 is a collection of Hp-atoms and {λj }j≥1 is a sequence of complex
numbers with

∑∞
j=1 |λj |p<∞. Moreover,

1
C

inf
( ∞∑

j=1

|λj |p
)1/p

≤ ‖f ‖Hp ≤ C inf
( ∞∑

j=1

|λj |p
)1/p

,

where the infimum is taken over all representations of f ([14, Chapter 3, Theo-
rem 2]). By virtue of atomic decomposition of Hp, if an L2-bounded operator T

satisfies ‖Ta‖Lp ≤C for all Hp-atoms a, then T is bounded from Hp(Rn) to Lp(Rn),
where 0<p≤1.

We recall the definitions of Besov and modulation spaces. Assume that
0<q ≤ ∞ and ρ∈R. Let ψ0, ψ ∈ S(RN ) be such that

supp ψ0 ⊂ {ξ ∈ R
N : |ξ| ≤ 2},

supp ψ ⊂ {ξ ∈ R
N : 2−1 ≤ |ξ| ≤ 2},(2.2)

ψ0(ξ)+
∞∑

j=1

ψ(2−jξ) = 1 for all ξ ∈ R
N ,

and set ψj(ξ)=ψ(2−jξ) if j ≥1. The weighted Besov space B∞,q
(s1,s2),ρ

(Rn ×R
n) con-

sists of all σ ∈ S ′(R2n) such that

‖σ‖B∞,q

(s1,s2)
=

( ∞∑

j=0

∞∑

k=0

(2js12ks2 ‖ψj(Dx)ψk(Dξ)σ(x, ξ)〈ξ〉ρ‖L∞
x,ξ

)q

)1/q

< ∞,

where s1, s2 ∈R, {ψj }j≥0, {ψk }k≥0 are as in (2.2) with N=n,

ψj(Dx)ψk(Dξ)σ(x, ξ) = F −1
(y,η)→(x,ξ)[ψj(y)ψk(η)σ̂(y, η)]

and x, y, ξ, η ∈R
n. Similarly, B∞,q

(s1,...,s2n),ρ(R×...×R) is defined by the norm

‖σ‖B∞,q

(s1,...,s2n),ρ
=

( ∞∑

j1,...,jn=0

∞∑

k1,...,kn=0

(2j1s1+...+jnsn2k1sn+1+...+kns2n

× ‖ψj1(Dx1)...ψjn(Dxn)ψk1(Dξ1)...ψkn(Dξn)σ(x, ξ)〈ξ〉ρ‖L∞
x,ξ

)q

)1/q

,
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where s1, ..., s2n ∈R, {ψj1 }j1≥0, ..., {ψkn }kn ≥0 are as in (2.2) with N=1,

ψj1(Dx1)...ψjn(Dxn)ψk1(Dξ1)...ψkn(Dξn)σ(x, ξ)

= F −1
(y,η)→(x,ξ)[ψj1(y1)...ψjn(yn)ψk1(η1)...ψkn(ηn)σ̂(y, η)],

y=(y1, ..., yn)∈R
n and η=(η1, ..., ηn)∈R

n. Let ϕ∈ S(Rn) be such that

(2.3) supp ϕ ⊂ [−1, 1]n and
∑

k∈Zn

ϕ(ξ −k) = 1 for all ξ ∈ R
n.

Then the weighted modulation space M ∞,q
ρ (Rn ×R

n) consists of all σ ∈ S ′(R2n) such
that

‖σ‖M ∞,q
ρ

=
( ∑

k∈Zn

∑

l∈Zn

‖ϕ(Dx −k)ϕ(Dξ −l)σ(x, ξ)〈ξ〉ρ‖q
L∞

x,ξ

)1/q

< ∞,

where

ϕ(Dx −k)ϕ(Dξ −l)σ(x, ξ) = F −1
(y,η)→(x,ξ)[ϕ(y −k)ϕ(η −l)σ̂(y, η)].

3. Proof of Theorem 1.2 with p≤2

In this section we prove Theorem 1.2 with p≤2.

Lemma 3.1. Let s∈R. Then there exists a constant C>0 such that

‖σ(X, D)〈D〉sf ‖L2 ≤ C(R1...R2n)1/2‖σ(x, ξ)〈ξ〉s‖L∞
x,ξ

‖f ‖L2

for all σ(x, ξ) with supp σ̂ ⊂
∏2n

k=1[−Rk, Rk], Rk ≥1, k=1, ..., 2n, and all f ∈L2(Rn).
Here C>0 is independent of Rk ≥1, k=1, ..., 2n.

Proof. Let ωs(ξ)=〈ξ〉s, and let {ψj }j≥0 be as in (2.2) with N=n. Then

(3.1) σ(x, ξ)〈ξ〉s =
∞∑

j=0

σ(x, ξ)ψj(D)ωs(ξ) =
∞∑

j=0

σj(x, ξ).

Since supp σ̂ ⊂
∏2n

k=1[−Rk, Rk] and supp ̂ψj(D)ωs ⊂ {ξ ∈R:|ξ| ≤2j+1}, we have

supp σ̂j ⊂
( n∏

k=1

[−Rk, Rk]
)

×
( 2n∏

k=n+1

[−(Rk+2j+1), Rk+2j+1]
)

for all j ≥ 0.
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Hence, by Theorem 1.1,

‖σj(X, D)f ‖L2(3.2)

≤ C(R1...Rn)1/2((Rn+1+2j)...(R2n+2j))1/2‖σj(x, ξ)‖L∞
x,ξ

‖f ‖L2

for all f ∈L2(Rn) and j ≥0. If j=0 then

|σ0(x, ξ)| =
∣
∣
∣
∣σ(x, ξ)

∫

Rn

Ψ0(η)〈ξ −η〉s dη

∣
∣
∣
∣

≤ C|σ(x, ξ)|
∫

Rn

|Ψ0(η)| 〈ξ〉s〈η〉|s| dη =C|σ(x, ξ)| 〈ξ〉s,

where Ψ0=F −1ψ0, and consequently

(3.3) ‖σ0(x, ξ)‖L∞
x,ξ

≤ C‖σ(x, ξ)〈ξ〉s‖L∞
x,ξ

.

We consider the case j ≥1, and note that
∫

Rn ηβΨ(η) dη=i|β|∂βψ(0)=0 for
all β, where Ψ=F −1ψ. Let N=[n/2]. Since

ψj(D)ωs(ξ) =
∫

Rn

2jnΨ(2j(ξ −η))
(

ωs(η)−
∑

|β|≤N

(η −ξ)β

β!
∂βωs(ξ)

)

dη

=
∫

Rn

2jnΨ(2j(ξ −η))

×
(

(N+1)
∑

|β|=N+1

(η −ξ)β

β!

∫ 1

0

(1−t)N∂βωs(ξ+t(η −ξ)) dt

)

dη

and ωs ∈Ss
1,0 (that is, |∂βωs(ξ)| ≤Cβ 〈ξ〉s− |β|), we see that

|ψj(D)ωs(ξ)| ≤ C

∫

Rn

|Ψ(η)| |2−jη|N+1

(∫ 1

0

〈ξ −2−jtη〉s−(N+1) dt

)

dη

≤ C

∫

Rn

|Ψ(η)| |2−jη|N+1

(∫ 1

0

〈ξ〉s−(N+1)〈2−jtη〉 |s−(N+1)| dt

)

dη

≤ C2−j(N+1)〈ξ〉s−(N+1)

(∫

Rn

|Ψ(η)| |η|N+1〈η〉|s−(N+1)| dη

)

for all j ≥1. This gives

(3.4) ‖σj(x, ξ)‖L∞
x,ξ

= ‖σ(x, ξ)ψj(D)ωs(ξ)‖L∞
x,ξ

≤ C2−j(N+1)‖σ(x, ξ)〈ξ〉s‖L∞
x,ξ
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for all j ≥1. Note that if a, b≥1 then a+b≤2ab. Therefore, since 2j ≥1, j ≥0, Rk ≥1,
1≤k ≤2n, and N+1>n/2, we have by (3.1)–(3.4),

‖σ(X, D)〈D〉sf ‖L2 ≤
∞∑

j=0

‖σj(X, D)f ‖L2

≤ C

∞∑

j=0

(R1...Rn)1/2((Rn+1+2j)...(R2n+2j))1/2

×‖σj(x, ξ)‖L∞
x,ξ

‖f ‖L2

≤ C

∞∑

j=0

(R1...Rn)1/2((2jRn+1)...(2jR2n))1/2

×‖σj(x, ξ)‖L∞
x,ξ

‖f ‖L2

≤ C(R1...R2n)1/2
∞∑

j=0

2−j((N+1)−n/2)‖σ(x, ξ)〈ξ〉s‖L∞
x,ξ

‖f ‖L2

= C(R1...R2n)1/2‖σ(x, ξ)〈ξ〉s‖L∞
x,ξ

‖f ‖L2 .

The proof is complete. �

We are now ready to prove Theorem 1.2 with p≤2.

Proof of Theorem 1.2 with p≤2. Let σ(x, ξ) be such that

supp σ̂ ⊂
2n∏

j=1

[−Rj , Rj ], Rj ≥ 1, j =1, ..., 2n.

We first consider the case 0<p<1. By virtue of atomic decomposition of Hp,
it is enough to prove that

(3.5) ‖σ(X, D)f ‖Lp ≤ C(R1...Rn)1/2(Rn+1...R2n)1/p‖σ(x, ξ)〈ξ〉n(1/p−1/2)‖L∞
x,ξ

for all f ∈Hp(Rn) satisfying

(3.6) supp f ⊂ {x ∈ R
n : |x| ≤ r}, ‖f ‖L∞ ≤ r−n/p and

∫

Rn

xβf(x) dx=0

for all |β| ≤[n/p−n], where C>0 is independent of r. In fact, since ‖ · ‖Lp and
‖ · ‖Hp are translation invariant, σ(X, D)(f( · −x0))(x)=σ(X+x0, D)f(x−x0) and
supp F(x,ξ)→(y,η)[σ(x+x0, ξ)]⊂

∏2n
j=1[−Rj , Rj ], if (3.5) holds for all f satisfying (3.6)
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then (3.5) holds for all f satisfying (2.1) (see Remark 5.1). Note that if f satisfies
(3.6) then ‖f ‖L2 ≤Cr−n(1/p−1/2).

Let f be as in (3.6) with r>1, and split ‖σ(X, D)f ‖p
Lp as

‖σ(X, D)‖p
Lp

=
(∫

∏n

j=1
[−2rRn+j ,2rRn+j ]

+
∫

c
(∏n

j=1
[−2rRn+j ,2rRn+j ]

)

)

|σ(X, D)f(x)|p dx.

Since supp F −1
2 σ(x, · )⊂

∏n
j=1[−Rn+j , Rn+j ] for all x∈R

n, supp f ⊂ {x∈R
n :|x| ≤r}

and

(3.7) σ(X, D)f(x) =
∫

Rn

(
1

(2π)n

∫

Rn

ei(x−y)·ξσ(x, ξ) dξ

)

f(y) dy

=
∫

Rn

F −1
2 σ(x, x−y)f(y) dy,

we see that

supp σ(X, D)f ⊂
n∏

j=1

[−Rn+j , Rn+j ]+{x ∈ R
n : |x| ≤ r} ⊂

n∏

j=1

[−(Rn+j +r), Rn+j +r].

By Hölder’s inequality and Theorem 1.1,

(∫

∏n

j=1
[−2rRn+j ,2rRn+j ]

|σ(X, D)f(x)|p dx

)1/p

(3.8)

≤
( n∏

j=1

4rRn+j

)1/p−1/2

‖σ(X, D)f ‖L2

≤ Crn(1/p−1/2)(Rn+1...R2n)1/p−1/2(R1...R2n)1/2‖σ(x, ξ)‖L∞
x,ξ

‖f ‖L2

≤ C(R1...Rn)1/2(Rn+1...R2n)1/p‖σ(x, ξ)〈ξ〉n(1/p−1/2)‖L∞
x,ξ

,

where we have used the fact that 1/p−1/2>0. On the other hand,

(3.9)
∫

c
(∏n

j=1
[−2rRn+j ,2rRn+j ]

) |σ(X, D)f(x)|p dx=0.

In fact, since r>1 and Rn+j ≥1, 1≤j ≤n,

supp σ(X, D)f ⊂
n∏

j=1

[−(Rn+j +r), Rn+j +r] ⊂
n∏

j=1

[−2rRn+j , 2rRn+j ].
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Hence, (3.8) and (3.9) give (3.5) for f satisfying (3.6) with r>1.
Let f be as in (3.6) with r ≤1. In this case, our proof is similar to that of [17],

but we give it for the reader’s convenience. Since

supp σ(X, D)f ⊂
n∏

j=1

[−(Rn+j +r), Rn+j +r]

⊂
n∏

j=1

[−(Rn+j +1), Rn+j +1] ⊂
n∏

j=1

[−2Rn+j , 2Rn+j ],

we have by Hölder’s inequality

(3.10) ‖σ(X, D)f ‖Lp ≤ C(Rn+1...R2n)1/p−1/2‖σ(X, D)f ‖L2 .

Let φ∈ S(Rn) be such that φ=1 on {ξ ∈R
n :|ξ| ≤1} and supp φ⊂ {ξ ∈R

n :|ξ| ≤2}, and
split σ(x, ξ) as

σ(x, ξ) =σ(x, ξ)φ(rξ)+σ(x, ξ)(1−φ(rξ)) =σ(1)(x, ξ)+σ(2)(x, ξ).

Set K(l)(x, y)=F −1
2 σ(l)(x, y), l=1, 2, and N=[n(1/p−1)]. By (3.6) and (3.7),

σ(1)(X, D)f(x) =
∫

|y|≤r

(

K(1)(x, x−y)−
∑

|β|≤N

(−y)β

β!
∂β
2 K(1)(x, x)

)

f(y) dy

=
∫

|y|≤r

(

(N+1)
∑

|β|=N+1

(−y)β

β!

×
∫ 1

0

(1−t)N∂β
2 K(1)(x, x−ty) dt

)

f(y) dy

and
σ(2)(X, D)f(x) =

∫

|y|≤r

K(2)(x, x−y)f(y) dy,

where ∂β
2 K(1)(x, y)=∂β

y K(1)(x, y). Then, by Minkowski’s inequality for integrals,

(3.11)

‖σ(1)(X, D)f ‖L2 ≤ CrN+1−n(1/p−1) sup
0≤t≤1

|y|≤r
|β|=N+1

‖∂β
2 K(1)(x, x−ty)‖L2

x
,

‖σ(2)(X, D)f ‖L2 ≤ Cr−n(1/p−1) sup
|y|≤r

‖K(2)(x, x−y)‖L2
x
.

Setting F g
(1)
t,y,β,r(ξ)=φ(rξ)(iξ)βe−ity·ξ 〈ξ〉−n(1/p−1/2), we obtain
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∂β
2 K(1)(x, x−ty) =

1
(2π)n

∫

Rn

ei(x−ty)·ξσ(x, ξ)φ(rξ)(iξ)β dξ

=
1

(2π)n

∫

Rn

eix·ξσ(x, ξ)〈ξ〉n(1/p−1/2)

×φ(rξ)(iξ)βe−ity·ξ 〈ξ〉−n(1/p−1/2) dξ

=σ(X, D)〈D〉n(1/p−1/2)g
(1)
t,y,β,r(x).

Similarly,
K(2)(x, x−y) =σ(X, D)〈D〉n(1/p−1/2)g(2)

y,r(x),

where F g
(2)
y,r(ξ)=(1−φ(rξ))e−iy·ξ 〈ξ〉−n(1/p−1/2). Then, by Lemma 3.1,

‖∂β
2 K(1)(x, x−ty)‖L2

x
= ‖σ(X, D)〈D〉n(1/p−1/2)g

(1)
t,y,β,r ‖L2(3.12)

≤ C(R1...R2n)1/2‖σ(x, ξ)〈ξ〉n(1/p−1/2)‖L∞
x,ξ

‖g
(1)
t,y,β,r ‖L2

and

‖K(2)(x, x−y)‖L2
x

= ‖σ(X, D)〈D〉n(1/p−1/2)g(2)
y,r ‖L2(3.13)

≤ C(R1...R2n)1/2‖σ(x, ξ)〈ξ〉n(1/p−1/2)‖L∞
x,ξ

‖g(2)
y,r ‖L2 .

Since N+1−n(1/p−1/2)>−n/2 and −n(1/p−1/2)<−n/2, by Plancherel’s theo-
rem,

sup
0≤t≤1

|y|≤r
|β|=N+1

‖g
(1)
t,y,β,r ‖L2 = sup

0≤t≤1
|y|≤r

|β|=N+1

(2π)−n/2‖F g
(1)
t,y,β,r ‖L2(3.14)

≤ (2π)−n/2‖φ(rξ)|ξ|N+1−n(1/p−1/2)‖L2
ξ

= Cr−(N+1−n(1/p−1))

and

(3.15) sup
|y|≤r

‖g(2)
y,r ‖L2

x
≤ (2π)−n/2‖(1−φ(rξ))|ξ| −n(1/p−1/2)‖L2

ξ
=Crn(1/p−1).

Combining (3.10)–(3.15), we have (3.5) for f satisfying (3.6) with r ≤1. Thus, we
obtain Theorem 1.2 with 0<p<1.

We next consider the case 1≤p<2 (since we already have the case p=2 as
Theorem 1.1). We use the interpolation theorem for analytic families of operators
(see Stein–Weiss [15] and Calderón–Torchinsky [2]). Since our proof is very similar
to that of Sugimoto [17, Section 5] (or Miyachi [11, p. 150]), we shall only indicate
the necessary modifications.
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Let 0<p0<1 and S={z ∈C:0≤Re z ≤1}. For 1≤p<2, we take 0<θ<1 such
that 1/p=(1−θ)/p0+θ/2. Set

σz(x, ξ) = e(z−θ)2σ(x, ξ)〈ξ〉n(1/p0−1/2)(z−θ) for z ∈ S,

and note that

(3.16) σθ(X, D) =σ(X, D).

Let ωn(1/p0−1/2)(ξ)=〈ξ〉n(1/p0−1/2), and let {ψj }j≥0 be as in (2.2) with N=n. Then

σz(x, ξ) =
∞∑

j=0

e(z−θ)2σ(x, ξ)ψj(D)ωz−θ
n(1/p0−1/2)(ξ) =

∞∑

j=0

σz,j(x, ξ).

In the same way as in the proof of Lemma 3.1, we can prove that

|ψj(D)ωit−θ
n(1/p0−1/2)(ξ)| ≤ C max{1, t}N+12−j(N+1)〈ξ〉−nθ(1/p0−1/2)

for all t∈R and j ≥0, where N=[n/p0]. Hence, since

supp σ̂it,j ⊂
( n∏

k=1

[−Rk, Rk]
)

×
( 2n∏

k=n+1

[−(Rk+2j+1), Rk+2j+1]
)

for all t∈R and j ≥0 (see the proof of Lemma 3.1), we have by Theorem 1.2 with
0<p0<1,

‖σit(X, D)f ‖p0
Lp0 ≤

∞∑

j=0

‖σit,j(X, D)f ‖p0
Lp0

≤ C

∞∑

j=0

(R1...Rn)p0/2((Rn+1+2j)...(R2n+2j))p0/p0

× ‖σit,j(x, ξ)〈ξ〉n(1/p0−1/2)‖p0
L∞

x,ξ
‖f ‖p0

Hp0

≤ C(R1...Rn)p0/2(Rn+1...R2n)p0/p0

×
∞∑

j=0

(e−t2+θ2
max{1, t}N+12−j(N+1−n/p0))p0

× ‖σ(x, ξ)〈ξ〉−nθ(1/p0−1/2)〈ξ〉n(1/p0−1/2)‖p0
L∞

x,ξ
‖f ‖p0

Hp0

≤ C(R1...Rn)p0/2(Rn+1...R2n)p0/p0

× ‖σ(x, ξ)〈ξ〉n(1/p−1/2)‖p0
L∞

x,ξ
‖f ‖p0

Hp0 ,
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that is,

‖σit(X, D)f ‖Lp0 ≤ C(R1...Rn)1/2(Rn+1...R2n)1/p0(3.17)

×‖σ(x, ξ)〈ξ〉n(1/p−1/2)‖L∞
x,ξ

‖f ‖Hp0

for all f ∈ S(Rn)∩Hp0(Rn) and t∈R. Similarly,

‖σ1+it(X, D)f ‖L2 ≤ C(R1...Rn)1/2(Rn+1...R2n)1/2(3.18)

×‖σ(x, ξ)〈ξ〉n(1/p−1/2)‖L∞
x,ξ

‖f ‖L2

for all f ∈ S(Rn) and t∈R. Therefore, by the interpolation theorem for analytic
families of operators with (3.16)–(3.18), we obtain Theorem 1.2 with 1≤p<2. �

4. Proof of Theorem 1.2 with p≥2

Hwang–Lee [9] essentially proved the following lemma, and obtained Miyachi’s
result (see the introduction) as a corollary. In order to prove Theorem 1.2 with
p≥2, we modify their estimate as follows:

Lemma 4.1. Let 2≤p<∞ and m=−n(1/2−1/p). For ϕ1, ..., ϕn, ψ1, ..., ψn ∈
S(R) and f, g ∈ S(Rn), set

ϕ(y) = [ϕ1 ⊗...⊗ϕn](y),

ψ(η)= [ψ1 ⊗...⊗ψn](η),

V (f, g)(y, η) =
∫

Rn

eiy·tf(η+t)g(t) dt,

W (ϕ, ψ, f, g)(x, ξ) =
∫∫

R2n

e−i(x·y+ξ·η)ϕ(y)ψ(η)V (f, g)(y, η) dy dη,

where [ϕ1 ⊗...⊗ϕn](y)=ϕ1(y1)...ϕn(yn) and y=(y1, ..., yn)∈R
n. Then there exists

a constant C>0 such that
∫∫

R2n

〈ξ〉m|W (ϕ, ψ, f, g)(x, ξ)| dx dξ

≤ C

( n∏

j=1

(
‖ϕ̂j ‖Lp′ +

∥
∥
∥

̂
ϕ

(1)
j

∥
∥
∥

Lp′ +
∥
∥
∥

̂
ϕ

(2)
j

∥
∥
∥

Lp′

))

×
( n∏

k=1

(
‖ψ̂k ‖L2 +

∥
∥
∥

̂
ψ

(1)
k

∥
∥
∥

L1
+

∥
∥
∥(

̂
ψ

(1)
k )(1)

∥
∥
∥

L1

))

‖f ‖Lp ‖g‖Lp′ ,

where ϕ
(1)
j (yj)=dϕj(yj)/dyj , ϕ

(2)
j (yj)=d2ϕj(yj)/dy2

j and C>0 is independent of
ϕ1, ..., ϕn, ψ1, ..., ψn ∈ S(R) and f, g ∈ S(Rn).
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To prove Lemma 4.1, we use the following result.

Lemma 4.2. [9, Lemma 2.4] Let 2≤p<∞ and p′ ≤q ≤p. Then there exists a
constant C>0 such that

(∫

Rn

|f̂(ξ)|q |ξ| −n(1−q/p) dξ

)1/q

≤ C‖f ‖Lp′ .

Proof of Lemma 4.1. By the Fourier inversion formula, we have

W (ϕ, ψ, f, g)(x, ξ) =
∫∫

R2n

e−i(x·y+ξ·η)ϕ(y)ψ(η)V (f, g)(y, η) dy dη

=
∫∫

R2n

e−i(x·y+ξ·η)ϕ(y)ψ(η)

×
(∫

Rn

eiy·tf(η+t)
(

1
(2π)n

∫

Rn

eit·ζ ĝ(ζ) dζ

)

dt

)

dy dη

=
1

(2π)n

∫∫∫

R3n

e−i(x·y+ξ·η)ϕ(y)ψ(η)ĝ(ζ)

×
(∫

Rn

ei(y−ζ)·(t−η)f(t) dt

)

dy dη dζ

=
1

(2π)n

∫∫∫

R3n

e−ix·yei(y−ζ)·tϕ(y)f(t)ĝ(ζ)

×
(∫

Rn

e−i(y+ξ−ζ)·ηψ(η) dη

)

dt dy dζ

=
1

(2π)n

∫∫

R2n

e−iζ·tf(t)ĝ(ζ)

×
(∫

Rn

ei(t−x)·yϕ(y)ψ̂(y+ξ −ζ) dy

)

dt dζ

=
1

(2π)n

∫∫

R2n

eix·(ξ−ζ)e−it·ξ

×
(∫

Rn

ei(t−x)·yϕ(y+ζ −ξ)ψ̂(y) dy

)

f(t)ĝ(ζ) dt dζ.

For the sake of simplicity, we only consider the case n=2 (the case n �=2 can
be proved in the same way). This means that ϕ(y)=ϕ1(y1)ϕ2(y2) and ψ(η)=
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ψ1(η1)ψ2(η2), where y=(y1, y2), η=(η1, η2)∈R
2. By Taylor’s formula,

ϕ(y+ζ −ξ) =ϕ1(y1+ζ1 −ξ1)ϕ2(y2+ζ2 −ξ2)

=
(

ϕ1(ζ1 −ξ1)+y1

∫ 1

0

ϕ
(1)
1 (ζ1 −ξ1+s1y1) ds1

)

×
(

ϕ2(ζ2 −ξ2)+y2

∫ 1

0

ϕ
(1)
2 (ζ2 −ξ2+s2y2) ds2

)

.

Then

W (ϕ, ψ, f, g)(x, ξ) =
1∑

l1=0

1∑

l2=0

H(l1,l2)(x, ξ),

where

H(0,0)(x, ξ) =
(∫

R2
e−i(t−x)·ξψ(t−x)f(t) dt

)(∫

R2
e−ix·ζϕ(ζ −ξ)ĝ(ζ) dζ

)

,

H(1,0)(x, ξ) =
1

2πi

∫ 1

0

∫

R2

∫

R2
eix·(ξ−ζ)e−it·ξϕ2(ζ2 −ξ2)ψ2(t2 −x2)

×
(∫

R

ei(t1−x1)y1ϕ
(1)
1 (ζ1 −ξ1+s1y1)

̂
ψ

(1)
1 (y1) dy1

)

f(t)ĝ(ζ) dt dζ ds1,

H(0,1)(x, ξ) =
1

2πi

∫ 1

0

∫

R2

∫

R2
eix·(ξ−ζ)e−it·ξϕ1(ζ1 −ξ1)ψ1(t1 −x1)

×
(∫

R

ei(t2−x2)y2ϕ
(1)
2 (ζ2 −ξ2+s2y2)

̂
ψ

(1)
2 (y2) dy2

)

f(t)ĝ(ζ) dt dζ ds2,

H(1,1)(x, ξ) =
1

(2πi)2

∫

[0,1]2

∫

R2

∫

R2
eix·(ξ−ζ)e−it·ξ

×
(∫

R2
ei(t−x)·y[ϕ(1)

1 ⊗ϕ
(1)
2 ](ζ −ξ+sy)

[̂
ψ

(1)
1 ⊗ ̂

ψ
(1)
2

]
(y) dy

)

×f(t)ĝ(ζ) dt dζ ds,

s=(s1, s2) and sy=(s1y1, s2y2).
Let us estimate H(0,0), and recall that 2≤p<∞. Since

H(0,0)(x, ξ) =
(∫

R2
e−it·ξψ(t)f(t+x) dt

)(∫

R2
e−iz·ξϕ̂(z)g(x−z) dz

)

= F [ψf( · +x)](ξ)F [ϕ̂g(x− · )](ξ),
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it follows from Hölder’s inequality, Plancherel’s theorem, Lemma 4.2 with q=2 and
Young’s inequality that

∫∫

R4
〈ξ〉m|H(0,0)(x, ξ)| dx dξ(4.1)

≤
∫

R2

(∫

R2
| F [ψf( · +x)](ξ)|2 dξ

)1/2(∫

R2
| F [ϕ̂g(x− · )](ξ)|2〈ξ〉2m dξ

)1/2

dx

≤ C

∫

R2

(∫

R2
|ψ(t)f(t+x)|2 dt

)1/2(∫

R2
|ϕ̂(z)g(x−z)|p

′
dz

)1/p′

dx

≤ C

(∫

R2

(∫

R2
|ψ(t)f(t+x)|2 dt

)p/2

dx

)1/p

×
(∫

R2

(∫

R2
|ϕ̂(z)g(x−z)|p

′
dz

)p′/p′

dx

)1/p′

≤ C‖ϕ̂‖Lp′ ‖ψ‖L2 ‖f ‖Lp ‖g‖Lp′

=C‖ϕ̂1‖Lp′ ‖ϕ̂2‖Lp′ ‖ψ̂1‖L2 ‖ψ̂2‖L2 ‖f ‖Lp ‖g‖Lp′ .

We next consider H(1,0) and H(0,1). Using

1
1+i(t1 −x1)

(1+∂y1)e
i(t1−x1)y1 = ei(t1−x1)y1 ,

we have

H(1,0)(x, ξ) =
1

2πi

1∑

j,k=0
(j,k) �=(1,1)

(−1)j+k

∫ 1

0

∫

R2

∫

R2
eix·(ξ−ζ)e−it·ξϕ2(ζ2 −ξ2)ψ2(t2 −x2)

×
(∫

R

ei(t1−x1)y1

1+i(t1 −x1)
sj
1ϕ

(1+j)
1 (ζ1 −ξ1+s1y1)

(̂
ψ

(1)
1

)(k)

(y1) dy1

)

×f(t)ĝ(ζ) dt dζ ds1

=
eix·ξ

2πi

1∑

j,k=0
(j,k) �=(1,1)

(−1)j+k

∫ 1

0

sj
1

∫

R

e−ix1y1

(̂
ψ

(1)
1

)(k)

(y1)

×
(∫

R2
e−it·(ξ−y1e1)

ψ2(t2 −x2)
1+i(t1 −x1)

f(t) dt

)

×
(∫

R2
e−ix·ζϕ

(1+j)
1 (ζ1 −ξ1+s1y1)ϕ2(ζ2 −ξ2)ĝ(ζ) dζ

)

dy1 ds1,

where y1e1=(y1, 0). Hence, since



190 Naohito Tomita

∫

R2
e−ix·ζϕ

(1+j)
1 (ζ1 −ξ1+s1y1)ϕ2(ζ2 −ξ2)ĝ(ζ) dζ

=
∫

R2
e−iz·ξeis1y1z1 ̂

ϕ
(1+j)
1 (z1)ϕ̂2(z2)g(x−z) dz,

we have by the same argument as in (4.1),
∫∫

R4
〈ξ〉m|H(1,0)(x, ξ)| dx dξ(4.2)

≤ C

1∑

j,k=0
(j,k) �=(1,1)

∫ 1

0

∫

R

∣
∣
∣
(̂
ψ

(1)
1

)(k)

(y1)
∣
∣
∣

( ∫∫

R4

∣
∣
∣
∣

∫

R2
e−it·(ξ−y1e1)

ψ2(t2 −x2)
1+i(t1 −x1)

f(t) dt

∣
∣
∣
∣

×
∣
∣
∣
∣

∫

R2
e−ix·ζϕ

(1+j)
1 (ζ1 −ξ1+s1y1)ϕ2(ζ2 −ξ2)ĝ(ζ) dζ

∣
∣
∣
∣〈ξ〉m dx dξ

)

dy1 ds1

≤ C

1∑

j,k=0
(j,k) �=(1,1)

∫ 1

0

∫

R

∣
∣
∣
(̂
ψ

(1)
1

)(k)

(y1)
∣
∣
∣

( ∫

R2

×
( ∫

R2

∣
∣
∣
∣

∫

R2
e−it·ξ ψ2(t2 −x2)

1+i(t1 −x1)
f(t) dt

∣
∣
∣
∣

2

dξ

)1/2

×
( ∫

R2

∣
∣
∣
∣

∫

R2
e−iz·ξeis1y1z1 ̂

ϕ
(1+j)
1 (z1)ϕ̂2(z2)g(x−z) dz

∣
∣
∣
∣

2

〈ξ〉2mdξ

)1/2

dx

)

dy1 ds1

≤ C
1∑

j,k=0
(j,k) �=(1,1)

∥
∥
∥

̂
ϕ

(1+j)
1

∥
∥
∥

Lp′ ‖ϕ̂2‖Lp′

∥
∥
∥
(̂
ψ

(1)
1

)(k)∥∥
∥

L1
‖ψ̂2‖L2 ‖f ‖Lp ‖g‖Lp′ .

In the same way, we can prove that
∫∫

R4
〈ξ〉m|H(0,1)(x, ξ)| dx dξ(4.3)

≤ C

1∑

j,k=0
(j,k) �=(1,1)

‖ϕ̂1‖Lp′

∥
∥
∥

̂
ϕ

(1+j)
2

∥
∥
∥

Lp′ ‖ψ̂1‖L2

∥
∥
∥
(̂
ψ

(1)
2

)(k)∥∥
∥

L1
‖f ‖Lp ‖g‖Lp′ .

Finally, we consider H(1,1). By using

1
(1+i(t1 −x1))(1+i(t2 −x2))

(1+∂y1)(1+∂y2)e
i(t−x)·y = ei(t−x)·y,

we see that
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H(1,1)(x, ξ) =
1

(2πi)2

1∑

j1,j2,k1,k2=0
(j1,k1) �=(1,1)
(j2,k2) �=(1,1)

(−1)j1+j2+k1+k2

∫

[0,1]2

∫

R2

∫

R2
eix·(ξ−ζ)e−it·ξf(t)ĝ(ζ)

×
( ∫

R2

ei(t−x)·y

(1+i(t1 −x1))(1+i(t2 −x2))
sj1
1 sj2

2

×[ϕ(1+j1)
1 ⊗ϕ

(1+j2)
2 ](ζ −ξ+sy)

[(̂
ψ

(1)
1

)(k1)

⊗
(̂
ψ

(1)
2

)(k2)]
(y) dy

)

dt dζ ds

=
eix·ξ

(2πi)2

1∑

j1,j2,k1,k2=0
(j1,k1) �=(1,1)
(j2,k2) �=(1,1)

(−1)j1+j2+k1+k2

∫

[0,1]2
sj1
1 sj2

2

∫

R2
e−ix·y

×
[(̂

ψ
(1)
1

)(k1)

⊗
(̂
ψ

(1)
2

)(k2)]
(y)

×
(∫

R2
e−it·(ξ−y) f(t)

(1+i(t1 −x1))(1+i(t2 −x2))
dt

)

×
(∫

R2
e−ix·ζ [ϕ(1+j1)

1 ⊗ϕ
(1+j2)
2 ](ζ −ξ+sy)ĝ(ζ) dζ

)

dy ds.

Since

∫

R2
e−ix·ζ [ϕ(1+j1)

1 ⊗ϕ
(1+j2)
2 ](ζ −ξ+sy)ĝ(ζ) dζ

=
∫

R2
e−iz·ξeisy·z

[
̂

ϕ
(1+j1)
1 ⊗ ̂

ϕ
(1+j2)
2

]
(z)g(x−z) dz,

by the same argument as in (4.1) and (4.2), we can prove that

∫∫

R4
〈ξ〉m|H(1,1)(x, ξ)| dx dξ(4.4)

≤ C‖f ‖Lp ‖g‖Lp′

×
1∑

j1,j2,k1,k2=0
(j1,k1) �=(1,1)
(j2,k2) �=(1,1)

∥
∥
∥

̂
ϕ

(1+j1)
1

∥
∥
∥

Lp′

∥
∥
∥

̂
ϕ

(1+j2)
2

∥
∥
∥

Lp′

∥
∥
∥
(̂
ψ

(1)
1

)(k1)∥∥
∥

L1

∥
∥
∥
(̂
ψ

(1)
2

)(k2)∥∥
∥

L1
.

Therefore, by (4.1)–(4.4),
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∫∫

R4
〈ξ〉m|W (ϕ, ψ, f, g)(x, ξ)| dx dξ

≤ C

( 2∏

j=1

(
‖ϕ̂j ‖Lp′ +

∥
∥
∥

̂
ϕ

(1)
j

∥
∥
∥

Lp′ +
∥
∥
∥

̂
ϕ

(2)
j

∥
∥
∥

Lp′

))

×
( 2∏

k=1

(
‖ψ̂k ‖L2 +

∥
∥
∥

̂
ψ

(1)
k

∥
∥
∥

L1
+

∥
∥
∥
(̂
ψ

(1)
k

)(1)∥∥
∥

L1

))

‖f ‖Lp ‖g‖Lp′ ,

and we obtain Lemma 4.1 with n=2. �

We are now ready to prove Theorem 1.2 with p≥2.

Proof of Theorem 1.2 with p≥2. Let 2≤p<∞, m=−n(1/2−1/p), and let σ ∈
L∞(Rn ×R

n) and ϕ∈ S(R) be such that supp σ̂ ⊂
∏2n

j=1[−Rj , Rj ], ϕ=1 on [−2, 2]
and supp ϕ⊂[−4, 4]. We set ϕj(yj)=ϕ(yj/Rj), ψk(ηk)=ϕ(ηk/Rn+k), j, k=1, ..., n,
ϕ(y)=[ϕ1 ⊗...⊗ϕn](y) and ψ(η)=[ψ1 ⊗...⊗ψn](η), and note that we have σ̂(y, η)=
ϕ(y)ψ(η)σ̂(y, η). Then, for f, g ∈ S(Rn),

∫

Rn

σ(X, D)f(x)g(x) dx=
1

(2π)n

∫∫

R2n

σ(x, ξ)eix·ξ f̂(ξ)g(x) dx dξ

=
1

(2π)n

∫∫

R2n

σ̂(y, η)F −1
(x,ξ)→(y,η)[e

ix·ξ f̂(ξ)g(x)] dy dη

=
1

(2π)2n

∫∫

R2n

σ̂(y, η)ϕ(y)ψ(η)V (f, g)(y, η) dy dη

=
1

(2π)2n

∫∫

R2n

σ(x, ξ)W (ϕ, ψ, f, g)(x, ξ) dx dξ,

where V (f, g) and W (ϕ, ψ, f, g) are as in Lemma 4.1. Hence, by Lemma 4.1,
∣
∣
∣
∣

∫

Rn

σ(X, D)f(x)g(x) dx

∣
∣
∣
∣

≤ ‖σ(x, ξ)〈ξ〉−m‖L∞
x,ξ

∫∫

R2n

〈ξ〉m|W (ϕ, ψ, f, g)(x, ξ)| dx dξ

≤ C‖σ(x, ξ)〈ξ〉−m‖L∞
x,ξ

( n∏

j=1

(
‖ϕ̂j ‖Lp′ +

∥
∥
∥

̂
ϕ

(1)
j

∥
∥
∥

Lp′ +
∥
∥
∥

̂
ϕ

(2)
j

∥
∥
∥

Lp′

))

×
( n∏

k=1

(
‖ψ̂k ‖L2 +

∥
∥
∥

̂
ψ

(1)
k

∥
∥
∥

L1
+

∥
∥
∥
(̂
ψ

(1)
k

)(1)∥∥
∥

L1

))

‖f ‖Lp ‖g‖Lp′ .
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On the other hand,

‖ϕ̂j ‖Lp′ =R
1/p
j ‖ϕ̂‖Lp′ , ‖ψ̂k ‖L2 =R

1/2
n+k ‖ϕ̂‖L2 ,

∥
∥
∥

̂
ϕ

(1)
j

∥
∥
∥

Lp′ =R
−1/p′

j ‖ϕ̂(1)‖Lp′ ,
∥
∥
∥

̂
ψ

(1)
k

∥
∥
∥

L1
=R−1

n+k ‖ϕ̂(1)‖L1 ,

∥
∥
∥

̂
ϕ

(2)
j

∥
∥
∥

Lp′ =R
−(1+1/p′)
j ‖ϕ̂(2)‖Lp′ ,

∥
∥
∥
(̂
ψ

(1)
k

)(1)∥∥
∥

L1
= ‖(ϕ̂(1))(1)‖L1

for 1≤j, k ≤n. Therefore, noting that Rj ≥1, j=1, ..., 2n, we obtain
∣
∣
∣
∣

∫

Rn

σ(X, D)f(x)g(x) dx

∣
∣
∣
∣

≤ C‖f ‖Lp ‖g‖Lp′ (R1...Rn)1/p(Rn+1...R2n)1/2‖σ(x, ξ)〈ξ〉−m‖L∞
x,ξ

for all f, g ∈ S(Rn). This completes the proof. �

5. Application of Theorem 1.2 to function spaces

We first give the following remark.

Remark 5.1. It follows from Theorem 1.2 that there exists a constant C>0
such that

‖σ(X, D)f ‖Lp ≤ C(R1...Rn)min{1/p,1/2}(Rn+1...R2n)max{1/p,1/2}(5.1)

×‖σ(x, ξ)〈ξ〉n|1/p−1/2| ‖L∞
x,ξ

‖f ‖Hp

for all σ(x, ξ) with supp σ̂ ⊂(y0, η0)+
∏2n

j=1[−Rj , Rj ], Rj ≥1, j=1, ..., 2n, and f ∈
Hp(Rn), where C>0 is independent of (y0, η0)∈R

n ×R
n and Rj ≥1, j=1, ..., 2n.

This can be proved as follows: Let

T(y0,η0)σ(x, ξ) =σ(x−y0, ξ −η0) and M(y0,η0)σ(x, ξ) = ei(y0·x+η0·ξ)σ(x, ξ).

Since
F1,2[T(η0,0)M−(y0,η0)σ](y, η) = e−iη0·yσ̂(y+y0, η+η0),

if supp σ̂ ⊂(y0, η0)+
∏2n

j=1[−Rj , Rj ] then supp F [T(η0,0)M−(y0,η0)σ]⊂
∏2n

j=1[−Rj , Rj ].
On the other hand,

σ(X, D)f(x) =
1

(2π)n

∫

Rn

eix·ξσ(x, ξ)f̂(ξ) dξ

=
1

(2π)n

∫

Rn

eix·ξei(y0·x+η0·ξ)(M−(y0,η0)σ)(x, ξ)f̂(ξ) dξ
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=
eiy0·x

(2π)n

∫

Rn

ei(x+η0)·ξ(M−(y0,η0)σ)(x+η0 −η0, ξ)f̂(ξ) dξ

=
eiy0·x

(2π)n

∫

Rn

ei(x+η0)·ξ(T(η0,0)M−(y0,η0)σ)(x+η0, ξ)f̂(ξ) dξ

= eiy0·x(T(η0,0)M−(y0,η0)σ)(X, D)f(x+η0).

Hence, by Theorem 1.2,

‖σ(X, D)f ‖Lp = ‖(T(η0,0)M−(y0,η0)σ)(X, D)f ‖Lp

≤ C(R1...Rn)min{1/p,1/2}(Rn+1...R2n)max{1/p,1/2}

× ‖(T(η0,0)M−(y0,η0)σ)(x, ξ)〈ξ〉n|1/p−1/2| ‖L∞
x,ξ

‖f ‖Hp

=C(R1...Rn)min{1/p,1/2}(Rn+1...R2n)max{1/p,1/2}

× ‖σ(x, ξ)〈ξ〉n|1/p−1/2| ‖L∞
x,ξ

‖f ‖Hp

for all σ(x, ξ) with supp σ̂ ⊂(y0, η0)+
∏2n

j=1[−Rj , Rj ], Rj ≥1, j=1, ..., 2n, and f ∈
Hp(Rn).

Corollary 5.2. Let 0<p<∞ and m(p)=n|1/p−1/2|. If σ ∈ S ′(R2n) satisfies
one of the following conditions:

(1) σ ∈B
∞,min{p,1}
(min{1/p,1/2}n,max{1/p,1/2}n),m(p)(R

n ×R
n),

(2) σ ∈B
∞,min{p,1}
(s1,...,sn,sn+1,...,s2n),m(p)(R×...×R), s1, ..., sn=min{1/p, 1/2}, sn+1, ...,

s2n=max{1/p, 1/2},
(3) σ ∈M

∞,min{p,1}
m(p) (Rn ×R

n),
then σ(X, D) is bounded from Hp(Rn) to Lp(Rn).

Proof. It is enough to prove Corollary 5.2 under the assumption (2) or (3),
since

B
∞,min{p,1}
(min{1/p,1/2}n,max{1/p,1/2}n),m(p)(R

n ×R
n)

⊂ B
∞,min{p,1}
(min{1/p,1/2},...,min{1/p,1/2},max{1/p,1/2},...,max{1/p,1/2}),m(p)(R×...×R)

(see [1, Appendix A4(ii)] and [16, Theorem 1.3.9]).
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(2) We consider the case p≤1. Let {ψj1 }j1≥0, ..., {ψkn }kn ≥0 be as in (2.2) with
N=1. Since

supp F [ψj1(Dx1)...ψjn(Dxn)ψk1(Dξ1)...ψkn(Dξn)σ]

⊂
( n∏

l=1

[−2jl+1, 2jl+1]
)

×
( n∏

l=1

[−2kl+1, 2kl+1]
)

,

we have by the partition of unity and Theorem 1.2

‖σ(X, D)f ‖p
Lp

≤
∞∑

j1,...,jn=0

∞∑

k1,...,kn=0

‖ψj1(Dx1)...ψjn(Dxn)ψk1(Dξ1)...ψkn(Dξn)σ(X, D)f ‖p
Lp

≤ C

∞∑

j1,...,jn=0

∞∑

k1,...,kn=0

(2j1+1...2jn+1)p/2(2k1+1...2kn+1)p/p

×‖ψj1(Dx1)...ψjn(Dxn)ψk1(Dξ1)...ψkn(Dξn)σ(x, ξ)〈ξ〉m(p)‖p
L∞

x,ξ
‖f ‖p

Hp

=C‖σ‖p
B∞,p

(1/2,...,1/2,1/p,...,1/p),m(p)
‖f ‖p

Hp .

In the same way, we can give a proof for the case p>1.
(3) We consider the case p>1. Let {ϕ( · −k)}k∈Zn , {ϕ( · −l)}l∈Zn be as in (2.3).

Since
supp F [ϕ(Dx −k)ϕ(Dξ −l)σ] ⊂ (k, l)+[−1, 1]n,

we have by the partition of unity and Remark 5.1,

‖σ(X, D)f ‖Lp ≤
∑

k∈Zn

∑

l∈Zn

‖ϕ(Dx −k)ϕ(Dξ −l)σ(X, D)f ‖Lp

≤ C
∑

k∈Zn

∑

l∈Zn

‖ϕ(Dx −k)ϕ(Dξ −l)σ(x, ξ)〈ξ〉m(p)‖L∞
x,ξ

‖f ‖Lp

=C‖σ‖M ∞,1
m(p)

‖f ‖Lp .

In the same way, we can prove the case p≤1. �

We end this paper by giving the following remark on α-modulation spaces.

Remark 5.3. The α-modulation spaces Mp,q
s,α, a parameterized family of func-

tion spaces, were introduced by Gröbner [7] (see also Feichtinger–Gröbner [6]). It is
known that they include Besov spaces Bp,q

s and modulation spaces Mp,q
s as special
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cases corresponding to α=1 and α=0. As a corollary of Theorem 1.2, we can obtain
a more general result in terms of α-modulation spaces which is an extension of the
result of L2-boundedness in Kobayashi–Sugimoto–Tomita [10].
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7. Gröbner, P., Banachräume glatter Funktionen und Zerlegungsmethoden, Ph.D. The-
sis, University of Vienna, 1992.
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13. Sjöstrand, J., An algebra of pseudodifferential operators, Math. Res. Lett. 1 (1994),
185–192.

14. Stein, E. M., Harmonic Analysis, Real Variable Methods, Orthogonality, and Oscilla-
tory Integrals, Princeton University Press, Princeton, NJ, 1993.

15. Stein, E. M. and Weiss, G., On the interpolation of analytic families of operators
acting on Hp-spaces, Tohoku Math. J. 9 (1957), 318–339.

16. Sugimoto, M., Lp-boundedness of pseudo-differential operators satisfying Besov esti-
mates I, J. Math. Soc. Japan 40 (1988), 105–122.



On the Lp-boundedness of pseudo-differential operators with non-regular symbols 197

17. Sugimoto, M., Lp-boundedness of pseudo-differential operators satisfying Besov esti-
mates II, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 35 (1988), 149–162.

18. Toft, J., Continuity properties for modulation spaces, with applications to pseudo-
differential calculus, I, J. Funct. Anal. 207 (2004), 399–429.

Naohito Tomita
Department of Mathematics
Graduate School of Science
Osaka University
Toyonaka, Osaka 560-0043
Japan
tomita@math.sci.osaka-u.ac.jp

Received March 26, 2009
published online December 17, 2009

mailto:tomita@math.sci.osaka-u.ac.jp

	On the Lp-boundedness of pseudo-differential operators with non-regular symbols
	Abstract
	Introduction
	Preliminaries
	Proof of Theorem 1.2 with p <=2
	Proof of Theorem 1.2 with p >=2
	Application of Theorem 1.2 to function spaces
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


