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On the LP-boundedness of pseudo-differential
operators with non-regular symbols

Naohito Tomita

Abstract. In this paper, we consider the continuity property of pseudo-differential oper-
ators with symbols whose Fourier transforms have compact support. As applications, we obtain
the LP-boundedness for symbols in Besov spaces and in modulation spaces.

1. Introduction

The continuity property of pseudo-differential operators has been well inves-
tigated. Among many works, Calderén—Vaillancourt [3] first treated the bounded-
ness for the class S§ o, which means that the boundedness of all the derivatives of
a symbol assures the L2-boundedness of the corresponding operator. It should be
mentioned that the boundedness of all the derivatives of a symbol is not necessary
in their proof.

Authors such as Coifman—-Meyer [4], Cordes [5], Miyachi [11] and Muramatu
[12], improved the result of [3] along this line, that is, investigated the minimal
assumption on the regularity of a symbol. In fact, they proved that the boundedness
of the derivatives of a symbol up to a certain order, which exceeds n/2, assures the
boundedness on L?(R™) of the corresponding operator. In particular, Sugimoto [16]

showed that symbols o(z, &) in the Besov space BE)Z’/;”/Q)(R” xR™) imply the L2-

boundedness. This assumption means that o(x, £) belongs to BZ‘}’; (R™) with respect

to both z and . [16, Theorem 2.1.2] also stated that the class BE’;/E n/Q)(]R” xR™)

can be replaced by a wider one Bff/’;’...7l/2)(R>< ...xR), which means that o(x, &)=
0(Z1yeeny Ty &1,y -ory En) belongs to Blo;”;(R) with respect to x; and § for all j,k=

1,...,n. This is equivalent to the result of Boulkhemair [1, Corollary 6].
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Theorem 1.1. There exists a constant C >0 such that
lo(X, D) flz2 < C(Ru...Ron)? |l (,€)l| e, | £l 2

for all o(z, &) with supp&CH?Zl[—Rj,Rj], R;>1, j=1,....2n, and all f€L*(R™).
Here 6=F1 20 and C'>0 is independent of R;>1, j=1,...,2n.

The objective of this paper is to induce a similar estimate for the LP-bounded-
ness, p#2. In this direction, Miyachi [11] proved that symbols o(z,£) in the
weighted Besov space BF:{?:Q),m(p) (R*xR™), sy>min{n/p,n/2}, so>max{n/p,
n/2}, m(p)=n|1/p—1/2] imply the LP-boundedness, 1<p<oo. This assumption
means that fractional derivatives of o(x, &) in « (resp. £) higher than min{n/p, n/2}
(resp. max{n/p,n/2}) are bounded by C(¢)~™("), Sugimoto [17] treated the critical
case s1=n/2 and sy=n/p as in the argument for the L?-boundedness, and showed
that symbols o (z, £) in the weighted Besov space B?Z’/lln/p),m(p) (R™ xR™) imply the
LP-boundedness for 1<p<2. The following main theorem of this paper extends this
result to the case p>2. Furthermore, in the case p<2, it replaces the symbol class
B(O:’/g,n/p),m(p) (R™ xR™) by the wider one Bff/; 77777 /2.1 /o /p)m(p) R X - X R) as in
the case of L?-boundedness.

Theorem 1.2. Let 0<p<oo. Then there exists a constant C>0 such that

lo(X, D) fll e < C(Ry...Rp)™™ /P 12H (R, Ly Ry, ) mextt/pot/2)
x|, )€™ pee || fl] v

for all o(x, &) with supp&CH?Zl[—Rj,Rj}, R;>1, j=1,...,2n, and all fe H?(R™).
Here HP(R™) is the Hardy space and C>0 is independent of R;>1, j=1,...,2n.

The statement for symbols in the class B&o/; ) with p<2

s 1/2,1/pyes1/p),m(p

(resp. B?f};,...,l/p,l/?,...,1/2),m(p) with p>2) can be obtained from Theorem 1.2 as a
corollary (see Corollary 5.2(2)). We remark that symbols in the weighted modula-
tion space M;o(’;) also induce the LP-boundedness. Such a result is just a corollary
of Theorem 1.2 again (see Corollary 5.2(3)). The L?-boundedness with symbols
in the modulation space MJ™"' was studied by Sjostrand [13], Boulkhemair [1],
Grochenig—Heil [8] and Toft [18].

Finally, we explain the organization of this paper. Section 2 is for the pre-
liminaries, including the notation and definitions of function spaces. Sections 3
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and 4 are devoted to the proofs of Theorem 1.2 with p<2 and p>2, respectively.
In Section 5, we state several results induced from Theorem 1.2.

2. Preliminaries

Let S(R™) and S’(R™) be the Schwartz spaces of all rapidly decreasing smooth
functions and tempered distributions, respectively. We define the Fourier transform
Ff and the inverse Fourier transform F~1f of f€S(R™) by

FHO=FO= [ e fayde md 7 @)= [ e reae

Let o(x,£)eS’ (R?"), where z,£€R". We denote by Fio(y,&) and Feo(x,n) the
partial Fourier transforms of o with respect to the first variable and the second vari-
able, respectively. That is, Fio(y,&§)=Fo(-,&)]|(y) and Feo(z,n)=Flo(z,-)](n).
We also denote by F; ‘o and F; 'o the partial inverse Fourier transforms of o with
respect to the first variable and the second variable, respectively. We write Fi 2=
F1F2 and f;éz]:flfgl, and note that F; » and ]—'le are the usual Fourier trans-
form and inverse Fourier transform of distributions on R® xR". For ce€S8’(R?"),
the pseudo-differential operator o(X, D) is defined by

1
(2m)"

X, DIf(e) = o [ e SowOf©de for fESERY.

We use the notation (£)=(1+]¢£|?)!/2, where E€R”. For 1<p<oo, p’ is the conjugate
exponent of p (that is, 1/p+1/p'=1).

We introduce Hardy spaces based on Stein [14, Chapter 3|. Let 0<p<oo, and
let ®€S(R™) be such that [, ®(x) dz##0. Then the Hardy space H?(R™) consists
of all feS'(R™) such that

1Fln = || sup |@esfl]| <o,
0<t<o0 Lr

where @4 (x)=t""®(x/t). It is known that H?(R™)=LP(R") if 1<p<oo ([14, Chap-
ter 3, Section 1.2.1]), and the definition of H?(R™) is independent of the choice of
PeS(R™) with [p, ®(x)dr#0 ([14, Chapter 3, Theorem 1]). Let 0<p<1. We say
that a is an HP-atom if a satisfies

(2.1) suppa C B, |la|lp~ <|B|~Y? and 2Pa(x)de=0
R’Vl
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for all |3|<[n/p—n], where B is an open ball and [n/p—n] stands for the largest
integer <n/p—n. It is also known that every f€HP(R™) can be written as a sum
of HP-atoms:

oo
f=Y Xa; SR,
j=1
where {a;};>1 is a collection of HP-atoms and {\;};>1 is a sequence of complex
numbers with Z;’;l |A;|P <oo. Moreover,

1 o 1/p ) o 1/p
Emf(jzlwp) <f||Hp<Clnf<Z|)\j|p> ;

Jj=1

where the infimum is taken over all representations of f ([14, Chapter 3, Theo-
rem 2]). By virtue of atomic decomposition of H?, if an L?-bounded operator T'
satisfies ||T'al|L» <C for all HP-atoms a, then T is bounded from H?(R™) to LP(R™),
where 0<p<1.

We recall the definitions of Besov and modulation spaces. Assume that
0<g<oo and peR. Let 1y, €S(RY) be such that

supp g C {£ RN : [¢] <2},
(2.2) suppt) C {€ RN 1271 < ¢ <2},

0()+Y w(279E)=1 for all E€RY,

and set ¥;(&)=1(279¢) if j>1. The weighted Besov space B(S s )p(R”xR”) con-
sists of all €8’ (R?*") such that

00 o 1/q
ol = (30 3@ 25 10, (D) D)o 167z )1) <
7=0 k=0
where s1,52€R, {¥;};>0, {tr }k>0 are as in (2.2) with N=n,
b3 (Da)or(De)o(,) = F2L o 150 ()]

and z,y, &, n€R™. Similarly, Bf:lq s2m) p(]Rx ...XR) is defined by the norm

||O'||B°O 4 ( Z Z 2]151+~--+jn5n2k15n+1+---+k77,52n
[CERIERE $2n):P

J1s-dn=0k1,....kn=

1/q
x||wj1<Dz1>...wjn<D%>wkl(Dm..wkn(Dgn)o(m5><£>p||L;s;§>q) ,
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where s1, ..., 52, €R, {0}, }j1 >0, .o, {¥k,, }k, >0 are as in (2.2) with N=1,

Vjy (Day ), (D, )¥k, (Dey )k, (De,, )o (@, €)
= F oy ey a1 (Y )y (1), (1) (g, ),

Y=(Y1, .-y Yn) ER™ and n=(11, ...,n,) ER™. Let ¢€S(R™) be such that

(2.3) supp ¢ C [-1,1]" and Z w(E—k)=1 for all {€R"™.
kezZn

Then the weighted modulation space M5*4(R™ xR™) consists of all o€S’(R*") such
that

1/q
lollo=( 3 3 lolDs-ReDe-oteEP1L, ) <ox,

kezZm™ lezn

where

¢(Dy—k)p(De—D)o(x, &) =F ' o l(y=k)p(n—1)a (y,m)].

3. Proof of Theorem 1.2 with p<2

In this section we prove Theorem 1.2 with p<2.

Lemma 3.1. Let seR. Then there exists a constant C>0 such that
|o(X, D)(D)* fllr2 SC(Rl---Rzn)l/QIIU(%§)<€>SIIL;f§Hfllm

for all o(x, &) with supp&CHiZl[—Rk,Rk], Rp>1, k=1,...,2n, and all f€ L*(R").
Here C>0 is independent of Rp,>1, k=1, ...,2n.

Proof. Let ws(€)=(£)*, and let {¢;};>0 be as in (2.2) with N=n. Then
(3.1) ZU$§¢J Zdjxf
7=0
Since supp 6 C [+, [~ R, Ri] and supp ¢, (D )wSC{geR |€]<27H1) ) we have

n 2n
supp g; C (H[—RmRk]) X ( H [—(Rk+2j+1),Rk+2j+1]> for all j > 0.

k=1 k=n+1



180 Naohito Tomita

Hence, by Theorem 1.1,

(3.2) [loy(X, D) f] 2
<C(Ry..Rp) > ((Ruy142).(Ron+2) "2 0y (2, )|l 1= |1 £ 2

for all f€ L?(R™) and j>0. If =0 then

oot )=o) [ walne—n)* o

< Clo@.&) [ 1amI(©)* ) dn=Clo(z.9)1(0)"
where Wo=F 11, and consequently
(3.3) loo(@,©)llzx, < Cllota, (€)1,

We consider the case j>1, and note that [, 7n”¥(n) dn=i%19%4(0)=0 for
all 8, where U=F"19. Let N=[n/2]. Since

. . _\B
2]”\1/(%(577))(%(77) y 28 aﬂws@)) n

|
IBISN f

v (D)) = |

n

— [ 2mveie-n)

_e\B 1
(e 5 S [acovotucrin-e) )

1
|B|I=N+1 p!

and ws €57 (that is, 108w, (&)|<Cs(€)5 181, we see that
1
5i(Dwn] <€ [ o ([ ie-2ie v a) an
R™ 0
1
< C/ [W(n)||27nN+! (/ (&)~ N+ (2= dgp)ls=(N+D)] dt) dn
R™ 0

< 27T NFD (g)s= N+ (/ | ()] || N g1~ (VDI dn)
R’Vl
for all 7>1. This gives

(34)  lloy@, =, =llo(e, s (D)ws(llzs, < C2IN Do (e, €)(€) |1,
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for all j>1. Note that if a,b>1 then a+b<2ab. Therefore, since 2/ >1, j>0, R;,>1,
1<k<2n, and N+1>n/2, we have by (3.1)-(3.4),

lo (X, DY(D)* fll2 <Y lloj (X, D) f 2

j=0
<CY (RyRp)?((Rog1427)...(Ron+27))"/?
j=0

<l ) e, 112
oo

< C > (RieR)Y?((27 Roy) (2 Ry )V

j=0

<o (@, )l 1122

< O(RyeRo)? Y 279 VD=l (5, 6)(6)° 1] 12
=0

= C(Ry...Ran)" |0 (2, €)(€)" |l L[| | 2-

The proof is complete. [
We are now ready to prove Theorem 1.2 with p<2.

Proof of Theorem 1.2 with p<2. Let o(x,&) be such that

2n
supps C [[[-R;, Rjl, R;j>1, j=1,...2n.
j=1

We first consider the case 0<p<1. By virtue of atomic decomposition of HP,
it is enough to prove that

(35)  o(X,D)flrr < C(Ri..Rp)"*(Rpy1.Ran) /P[0 (2, €)(€)" /P72 o,
for all fe HP(R™) satisfying

(3.6) suppfcC{zeR":|z|<r}, |fllpe<r ™P and / 2P f(x) de =0

for all |3|<[n/p—n], where C>0 is independent of r. In fact, since | -|L» and

Il - | g» are translation invariant, o (X, D)(f(- —z0))(x)=0(X +z0, D) f(x—x¢) and
Supp F(z,e)—(y.n) [0 (2 +o0, f)]CH§11[—Rg‘> R;], if (3.5) holds for all f satisfying (3.6)
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then (3.5) holds for all f satisfying (2.1) (see Remark 5.1). Note that if f satisfies
(3.6) then ||z <Crn(/p=172),
Let f be as in (3.6) with r>1, and split ||o(X,D)f|}, as

lo(X, D)IIZ»

=</ , +/ >|U(X,D)f(x)|pdac.
H;:1 [—2rRn;,2rRny;] ¢ (H;;l [—2ar+j,2ar+j])

Since supp Fy ‘oz, - )CIl =1 [~ Rutjs Rnyj] for all z€R™, supp fC{zeR":|z|<r}
and

(3.7) o(X.D)f(e)= | <(271T)n [ e ateg ds) F) dy

= Fyto(z,z—y)f(y) dy,

we see that
n n
supp (X, D) f C [ [[=Rusjs Ruijl+{z €R™:[x| <r} C [[[=(Rutj+7), Ruyj+r].
j=1 =1

By Holder’s inequality and Theorem 1.1,

1/p
p
(3.8) ( /szl[—zmn+,~,2mn+j1 0(X, D)f () da:)

/p—1/2

n 1
<([Iarkes)  lotx. D)l
j=1
< Cr"/P2(Ry Ly Ray )P Y2(Ry . Ryp) 2o (2, §)||L;°£ 1 £l 2

S C(R1~~-Rn)l/2(Rn+1~~R2n)1/pHo'(x7 §)<£>n(l/p—1/2) ||L§§7

where we have used the fact that 1/p—1/2>0. On the other hand,

(3.9) lo(X, D) f(x)P dx=0.

/(H]1 [~2r Ryt 27 Rnsj))

In fact, since 7>1 and R,1;>1, 1<j<n,

n

n
suppo (X, D)f C H[_(Rn+j +7), Rnyj+r] C H [=2rRnyj, 2r Ry ).
j=1

J Jj=1
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Hence, (3.8) and (3.9) give (3.5) for f satisfying (3.6) with r>1.
Let f be as in (3.6) with »<1. In this case, our proof is similar to that of [17],
but we give it for the reader’s convenience. Since

n

Supp U(Xv D)fc H[_(Rn+j+7")7 Rnyj -‘1-7“]

[*2Rn+j ) 2Rn+j] )

—.

j=1

n
H n+J+1 n+j+1] C
j=1 1

J

we have by Holder’s inequality
(3.10) lo(X, D) fllzr < C(Rpg1.Ran) /P~ 2||o(X, D) f 2

Let €S(R™) be such that ¢=1 on {£€R":|¢|<1} and supp pC{E€R™:|¢|<2}, and
split o(x,&) as

o(2,6) =0 (2,6)d(ré) +o(x,6)(1-9(r€)) = oM (2,6) +0D (z, &)
Set KW (z,y)=F, 'oW(x,y), 1=1,2, and N=[n(1/p—1)]. By (3.6) and (3.7),

—)B
(K09~ ¥ S oKW wa)) fyay

IBISN

(e B

|BI=N-+1

V(X D)f ()= [

ly|<r

X /1(1—t)N35K“)(% z—ty) dt) f(y)dy

0

and
o (X,D)f(z)= K®(z,2—y)f(y)dy,

lyl<r
where 05 K (z, y):&fK(l)(x, y). Then, by Minkowski’s inequality for integrals,
lo™ (X, D) fl|g2 < CrN /=D sup (|0 KW (2, 2 —ty)| 2,
0<t<1
lyl<r
(3.11) |8|=N+1
|0 (X, D) fl|r2 < Cr—"1/P= Y sup |[K® (z,2—y)]|12.

ly|<r

Setting F.1) 5, (€)=(r&) (i€) 7~ E(§) = 1/7=1/2) e obtain
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5 KW (2, 2 —ty) = (mlr)n / g (2, €)(r€) (i€)” dE
o 1 iz-§ n(1/p—1/2)
=G L om0

x ¢(ré) (i) e v e (&) (/P12 g¢
= o (X, D)(D)y" /P21 ().

Similarly,
K@ (z,2—y)=o(X, D)(D)" /P12 g2 (),

where Fgi2(€)=(1—¢(r¢))e=1v€(€)=(1/p=1/2) Then, by Lemma 3.1,
(3.12) (105 KD (@, 2—1y)|| 12 = [lo(X, D)(D)" /=126l |12
< C(Ry...Ron) 2o (w, )(€)" /P72 e Nl gf) 5 I
and
(3.13)  [[K® (2, 2—y)| 12 = |lo(X, D)(D)" /P12 gR)| >
< O(Ry..Ron) 2|0 (2, ) ()" VPV 1 (g2 2

Since N+1—n(1/p—1/2)>-n/2 and —n(1/p—1/2)<—n/2, by Plancherel’s theo-
rem,

(3.14) sup [lgt") gprllne = sup (2m)” /2| Fgl) oprllze
0<t<1 0<t<1
ly|<r ly|<r
|B]=N+1 [B]=N+1

< (2m) 2 (re) g NP

— Cp~(N+1=n(1/p-1))

and

(315)  sup g2z < (2m) "2 (1= (7)) |0/ g = €/,

lyl<r
Combining (3.10)—(3.15), we have (3.5) for f satisfying (3.6) with »<1. Thus, we
obtain Theorem 1.2 with 0<p<1.

We next consider the case 1<p<2 (since we already have the case p=2 as
Theorem 1.1). We use the interpolation theorem for analytic families of operators
(see Stein—-Weiss [15] and Calderén—Torchinsky [2]). Since our proof is very similar
to that of Sugimoto [17, Section 5] (or Miyachi [11, p. 150]), we shall only indicate
the necessary modifications.
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Let 0<po<l and S={z€C:0<Rez<1}. For 1<p<2, we take 0<f<1 such
that 1/p=(1—0)/po+6/2. Set
o.(x,&)= e(z_e)za(x7 E)(e)n/Po=1/2)E=0)  for e S,
and note that
(3.16) o9(X, D) =0 (X, D).

Let Wy, (1/po—1/2)(€)=(&)"1/P0=1/2) "and let {1);},;50 be as in (2.2) with N=n. Then

Z =06 (2, ), (D)w? 1/p0 12y (€ ):Zgz,j(x,g).
3=0

In the same way as in the proof of Lemma 3.1, we can prove that

[0y (D)wi! 501 /2y (O] < Cmax{1, )N F127INHD (6) =8 /po=1/2)

for all t€R and j>0, where N=[n/po]|. Hence, since

supp Git,j C <ﬁ[—Rk,Rk}> X ( ﬁ [—(Rk+2j+1),Rk+2j+1]>

k=1 k=n+1

for all t€R and j>0 (see the proof of Lemma 3.1), we have by Theorem 1.2 with
O<po<l,

loie (X, D) fll Zvo <Z||Um X, D) fll Lo
7=0

(Rt R) ™ 2(Rpy1+27)...(Rg 2770/ 20

s

I
o

<C
J

X lloie g (2, €)(€)™ /P2 || F It

< C(Ry...R,)P/? (Rn+1~-~R2n)p0/p0

% Z(e*f“ﬁ max{1, t}N+12fj(N+1fn/po))Po
§=0

x||o(x, &) (€)= 0P 1/2) (gyn(1/po1/2) Iz, 1 f I eo
< C(Ry...R)""?(Ryy1... Ry )P0/ PO

X”J(xa€)<£>n(1/p 1/2)”?0 ||f|HP07
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that is,
(3.17)  ||ow(X, D) f|lro < C(Ry...Rn)Y?(Rps1...Ron)*/P0
x|l (2, )™ MP | o || £l 1o
for all feS(R™)NHP°(R™) and t€R. Similarly,
(3.18)  ||o14it(X, D) fll2 < C(Ry...Ry)Y?(Rpgy...Ron)'/?
x|l (2, )" MPTV2 | e || £l 2

for all feS(R™) and t€R. Therefore, by the interpolation theorem for analytic
families of operators with (3.16)—(3.18), we obtain Theorem 1.2 with 1<p<2. O

4. Proof of Theorem 1.2 with p>2

Hwang—Lee [9] essentially proved the following lemma, and obtained Miyachi’s
result (see the introduction) as a corollary. In order to prove Theorem 1.2 with
p>2, we modify their estimate as follows:

Lemma 4.1. Let 2<p<oc and m=—n(1/2—1/p). For ©1, ..., 0n, Y1, ..., Yn €
S(R) and f,geS(R"™), set

oY) =[p1®...0¢n](y),
P(n) = [1®...0¢,](n),

V(f, g)(y,n)=/ eV f(n+t)g(t) dt,

R’n,
W(p, 9, f,9)(z,&) = /R% e~ VD () () V (£, 9)(y, ) dy dn,

where [01®...00,](Y)=01(y1)---n(Yn) and y=(y1,...,yn) ER™. Then there exists
a constant C>0 such that

//Rzn <§>m‘W(§0’wa 1 9)($,€)| dx d€

N D (2
<c(T1(@ e ], +),..))
J=1

g (H (delos o) Ll)) 1l llgll o
k=1

where oM (y;)=do; (y)/dy;, o\ (y;))=d?p;(y;)/dy? and C>0 is independent of
P1y ey @na¢1a ey ¢n€S(R) and f?gES(Rn)

/(T) (1)
o]
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To prove Lemma 4.1, we use the following result.

Lemma 4.2. [9, Lemma 2.4] Let 2<p<oo and p'<q<p. Then there ezists a
constant C' >0 such that

R 1/q
([ 17@ueo-mac) <cifl.

Proof of Lemma 4.1. By the Fourier inversion formula, we have

W(p, ¥, f,9)(,§) = //RQ e~ VD () () V (f, 9)(y,m) dy dn

=[], et
x ( /| eiy'tf(nth)( T L €00 dc) dt) dydn
= [, e el

X < / e W=0-(t=m) £(¢) dt) dy dn d¢
R

_ ﬁ / / / O (y) f(13(C)

% </ e*i(erE*C)-nd}(n) d77> dtdy d¢
R L

<2i)n / /R et F(1)9(0)

X (/ =2 Yo ()b (y+-E—C) dy) dt d¢

1 i (6=C) —it-€
= e e
(27‘()" /A2n

y ( [ sty dy)f<t>g(<> dt dc.

For the sake of simplicity, we only consider the case n=2 (the case n#2 can
be proved in the same way). This means that ¢(y)=¢1(y1)p2(y2) and ¥ (n)=
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Y1 ()2 (n2), where y=(y1,y2),n=(m1,m2) ER*. By Taylor’s formula,

ey+C—=§) =1+ —&)p2(y2+G—&2)

1
= (@1(C1—€1)+y1/ ‘Pgl)(<l_§1+31yl)d51>

0
1
X <<P2(C2€2)+y2/ @él)(C2§2+52y2)d52>~
0

Then
101

W(@a¢a fa g)($,§) = Z Z H(l17l2)(x7£)a
l

1=012=0

where

Hon (e, = ([ e ute-asar) ([ e=<oic-aac).

1 1 . ,
Ho)(z,8) = 2_7”'/0/]1@2/]1@2 e (Em Oy (G — &) o (ta —2)

% (/R ei(t1—w1)y1¢gl)(cl —£1+S1y1)¢/§1\)(yl) dy1> f(t)g(() dtd( dsq,

1
o8 =g [ [ [ 06 —gum ey

. ( / eitt2=22)02 5 (¢, — €+ 502) 051 (3) dyg) FOF0C) dt dc dsa,

1 . .
H — iz (§—C) ,—it-§
(1,1)('7:75) (27TZ)2 /[071]2 /Rz/Rz € e

% (/Rz ei(t—w)‘y[spgl)®(pgl)](c_§+sy)[@@@Zgl\)](y) dy)

X f(£)g(C) dtd¢ ds,

s=(s1, $2) and sy=(s1y1, S2y2)-
Let us estimate H (), and recall that 2<p<oo. Since

Hoo (e &= ([ e evoreraa) ([ o= aaez i)
— Flof (- + O FlFae—(E),
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it follows from Holder’s inequality, Plancherel’s theorem, Lemma 4.2 with ¢=2 and
Young’s inequality that

@0 [[ @ Hoo w6l dode
</ ( [ s rniora) ([ rEErem )
<[ (/. ¢(t)f(t+x)l2dt>1/2 ([ et dz)l/p,dx
<o [ ([ woserar dt)p/z/dx/)l/p |
(L[ e Y " as)”

<Cl@l o 92 1 F N e llgll 2o
=Cl@ill Iallpo llrll 22l 2| fll e gl 2o

We next consider H; o) and H(g,1). Using

1 . .
149, )elti—z)yr — ilti—z1)y
1+i(t1—$1)( + yl)e ¢ ’
we have
1
H(l,O)(xag):T -1 J-HC// / (620 e~ oy (G —Eo)tha (ta —2)
e j,k}: R2 JR2
(4,k)#(1,
i(t 901)91 (k)
e
X(/Rm 1¢§1+J)(Cl—§1+81y1)(Tﬁgl)) (yl)dy1>
x f(1)g(C) dt d dsy
eimf 1
—iT1Y1 1
=355 Z J+k/ / oy w( (yl)
3,k=0
(4,k)#(1,1)

Cite(—yren) Y2(ta—x2) >
x(/Rf N ity D

x (/Rz e‘ix'cwglﬂ)(ﬁ—& +5191)p2(C2—&2)9( )dC> dy; dsy,

where yi1e1=(y1,0). Hence, since
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/R2 e‘i”'<w§1+j)(C1—§1+81y1)<p2(<z—€z)§( ) dg¢

- / e ol () By (z)g (0 —2) d,
R

we have by the same argument as in (4.1),

@2) [[ (@ iHo .6l dode
2 //\ A wl( J,

Jk)sﬁll

R

//‘ (1) N ’(/
k= R?
(4:k 75

(L1
(LIL

S (e
j,k=0

k=
(4,k)#(1,1)

Zit-(e—yrer) V2(t2—x2) ’
/Ra I RO

X

d(‘ ™ dx d§> dyy dsy

| /\

it Yo (ta—x2)

2 1/2
d
1+’L'(t1—.’l,'1) €>

e e A o) (21) By () g (w—2) d

CONP

£(2) dt

2 1/2
<£>2md£) dx) dyr ds,

[P2llz2llfllze gl o

In the same way, we can prove that

(4.3) // H (7, &)|dxd§

<C Z 1@l ||

(3 k)#(l 1)

()",

| dallze

11l llgll o

Finally, we consider H(; 1). By using

1
(1+i(t1 —1‘1))(1+i(t2—l’2))

(140, ) (14+0,,)el 1= = e,

we see that
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1

1 o , ,
Hy (2, 8) = 75— S (mp)itathtke e e £(1)4(C)
’ (2mi)? [0,12/R2 JR2
okt k2=0 ;
Grr (o)
(J2,k2)#(1,1)

et J1 J2
. </ (I+i(t—a0) (I +i(ta—w2)) 1 ™2
<l o v [ (00 o (6] ) avac s

ei:v-§ 1

_ 1 j1+j2+k1+k2/ Sjlsjz/ =iy
(2mi)? Z 1) 0,1]2 P72 Jge

J1,J2,k1,k2=0 [0,
(J1,k1)#(1,1)
(J2,k2)#(1,1)

<[ e (68w
e 0
g </ e AT ) dt)

x ( /R e @l ()il )d<> dy ds.

Since

/Rz e @l (64513 (0) dC

:/]R e et o @ ol () g(w—2) dz,

2

by the same argument as in (4.1) and (4.2), we can prove that

(4.4) // Houy(w,6) du dé

<Cllfllzeliglle

1 S _
(1431) (1+72) AR ( (1))“”)
x Z HSO ’ 4 ( L ) It ¥ L
J1,J2,k1,k2=0
(J1,k1)#(1,1)
(j2,k2)#(1,1)

Therefore, by (4.1)—(4.4),
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[ @miwie . £.o) ol dode

2 — —

~ 1 2

<c(TL(1slaw +[ 50, + 7
j=1

Lz/)>
1))|f||m||g||m,

x(f[(¢k||Lz+H¢S)H )

and we obtain Lemma 4.1 with n=2. O
We are now ready to prove Theorem 1.2 with p>2.

Proof of Theorem 1.2 with p>2. Let 2<p<oo, m=-—n(1/2—1/p), and let o€
L>*(R"xR") and ¢€S(R) be such that supp&CH?Zl[—Rj,Rj], p=1 on [—2,2]
and supp ¢ C[—4,4]. We set @;(y;)=0(y;/R;), Yi(m) =0/ Rutr), J.k=1,...,n,
oy)=[p1®.. ®gon]( ) and ¥(n)=[¢1 ®...®91,](n), and note that we have 5 (y,n)=
() (n)(y,m). Then, for f,geS(R™),

o (@, &)™ f(€)g(x) du dg

[ oo

R2n

o &(yv 77)-7:(;715)%(%77) [6”513(5)@} dy dn

a(y,me W (f,9)(y,n) dydn

R2n

o(z, )W (e, ¥, f,9)(x,§) dx dE,

R2n

where V(f,g) and W (g, v, f,g) are as in Lemma 4.1. Hence, by Lemma 4.1,

[ ox.D)p@)g) da

<o &€ iz, [ @ Wiev. . 0)(e 1o de

1.)

<Clota, e az (TL (1ot |20, + o7
=1
1)>Ilf||u||g||w.

o HIEE)

(H(llwk|L2+Hw
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On the other hand,

o~ 1 ~ ~
1851l = B3Pl o [dellze = Ry e,

(1 -1 /1\ B —
[, = B 16D, e, = Retle®l,

1+1 1
|6 =m0 1@, ()] =1 s

for 1<j, k<n. Therefore, noting that R;>1, j=1,...,2n, we obtain

/n o(X, D) f(x)g(z) dx

<CIIfllzrllgll g Ry Ro) VP (Rogr o Ron) 2 o (2, €)(€) ™™ | 122,
for all f,g€S(R™). This completes the proof. O

5. Application of Theorem 1.2 to function spaces
We first give the following remark.

Remark 5.1. It follows from Theorem 1.2 that there exists a constant C>0
such that

(5.1) [|o(X,D)f|lr < C(Ry...Ry)™/PY2HR, (1. Ry, )max{l/p1/2}
<o, €)(€) VP12 e [ 10
for all o(z,§) with supp&C(yO,no)—l—H?Zl[—Rj,Rj], R;>1, j=1,...,2n, and fe

HP(R™), where C>0 is independent of (yo,7n0)€R"”xR"™ and R;>1, j=1,...,2n.
This can be proved as follows: Let

T(yo,ng)a(mag):U(x_yng_nO) and M(yomo)a(m’g):ei(yo‘l‘-i-’f]o‘f)o.(x’é').
Since
F1,2[T (00,00 M~ (yo.00) ) (Y, 1) = € Y6 (y+y0, n+10),

if supp 6 C (yo,m0)+ H?Zl [—Rj, R;] then supp F[T(,,.0)M_(yo.n0)0] C ngl [—R;, Rj].
On the other hand,

_ ! e oz, &) f

PX.D) (@)= s [ e ate ) (6) de
— 1 eiz.gei(yo.z ,,70,5) " A
—(2m)n /n " (M_(yy moyo) (@, &) f(§) d§
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iYo-x ] R
=@ [ AL g )+, €)F(€)
eiy0~x ] R
- (2m)n /Rn ez(“_%).&(T(WOvO)M*(yo,no)U)(CU+770, §)f(6)de

=" (Tq.0) M (yo,10)0) (X, D) f (a+10).-
Hence, by Theorem 1.2,

o (X, D) fllze = 11 (Tine,0) M~ (yo.,0)0) (X, D) f v
< C(Rl.“Rn)min{l/p,l/Q}(Rn+1.“R2n)max{l/p,1/2}
< (T 00 Mgy ) )E VP21 [ s
_ C(leRn)min{l/pJ/Z}(Rn+1mR2n)max{1/p,l/2}

xlo (@, (€)™ P | 10

for all o(z,£) with suppérC(yg,no)—FH?Zl[—Rj,Rj], R;>1, j=1,...,2n, and fe
HP(R™).

Corollary 5.2. Let 0<p<oco and m(p)=n|l/p—1/2|. If c€S'(R*) satisfies
one of the following conditions:

oo,min{p,1} n n
(1) o€ Bt /p1/2hmmax{1/p,1/2km)mp) (R XR™),
(2) oeBEm I X XR), 81, sy =min{1/p,1/2}, spi1, oo

Sop=max{1/p, 1/2},
(3) oeMy P R R,

then o(X, D) is bounded from HP(R™) to LP(R™).

Proof. Tt is enough to prove Corollary 5.2 under the assumption (2) or (3),
since

oo,min{p,1} n n

B (min{1/p,1/2ynmax{1/p,1/2}n)m(p) (R XR")
oo,min{p,1}

C B(min{l/p,l/Q},..‘,min{l/p,1/2},max{1/p,1/2},,,,’max{1/p,1/2})’m(p) (R X... XR)

(see [1, Appendix A4(ii)] and [16, Theorem 1.3.9]).
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(2) We consider the case p<1. Let {1;, };,>0, s {¥k, } %, >0 be as in (2.2) with
N=1. Since

supp F [¢j1 (Dz1 )""(/)j'n, (Dzn)wkl (D&)---wkn (Dgn )0']
C (ﬁ[_2jl+1’ 2jz+1]) « (ﬁ[_2k1+1’ 2kz+1]> ’
=1 =1

we have by the partition of unity and Theorem 1.2

lo(X, D) fII7»

< > > W5 (D))o, (Da, Yok, (D, ). bk, (De, ) (X, D) £|17,

1y dn=0Fk1,....,kn=0
o0 o0
<C Z Z (2j1+1.“2jn+1)10/2(2k1+1._.2kn+1)P/P
J1seedn=0k1,....kn=0

%[5, (D, )b, (D, Jors (Dey )b, (D, Jor (0, €) (€)™ @) [z 1/ 520

=C/lo||?,e, L
H HB(l/IZ7 ..... 1/2,1/p,..., 1/p),7n(p)||fHHp

In the same way, we can give a proof for the case p>1.
(3) We consider the case p>1. Let {o( - —k)}rezn, {©(- —1)}iczn be asin (2.3).
Since
supp F [p(Dy —k)p(De —l)o] C (k, 1) +[-1,1]",

we have by the partition of unity and Remark 5.1,

lo(X, D) fller < D Y llp(De=k)@(De =)o (X, D) f | 1»

kezn lezn

<C Y Y leDe=k)p(De =D (@, (€)™ P || ||| o

kezm™ lez™

=Cllolppeer 1] 2o
m(p)
In the same way, we can prove the case p<1. 0O
We end this paper by giving the following remark on a-modulation spaces.

Remark 5.3. The a-modulation spaces MI{, a parameterized family of func-

tion spaces, were introduced by Grobner [7] (see also Feichtinger—Grébner [6]). It is
known that they include Besov spaces B¢ and modulation spaces MP9 as special
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cases corresponding to =1 and a=0. As a corollary of Theorem 1.2, we can obtain

a more general result in terms of a-modulation spaces which is an extension of the
result of L?-boundedness in Kobayashi-Sugimoto—Tomita [10].
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