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General Hausdorff functions, and the notion
of one-sided measure and dimension

Claude Tricot

Abstract. The main facts about Hausdorff and packing measures and dimensions of a Borel
set E are revisited, using determining set functions ¢« : Bg— (0, 00), where Bg is the family of
all balls centred on E and « is a real parameter. With mild assumptions on ¢, we verify that
the main density results hold, as well as the basic properties of the corresponding box dimension.
Given a bounded open set V in RP, these notions are used to introduce the interior and exterior
measures and dimensions of any Borel subset of V. We stress that these dimensions depend on
the choice of ¢. Two determining functions are considered, ¢ (B)=Volp(BNV)diam(B)*~P
and ¢q(B)=Volp(BNV)*/P where Volp denotes the D-dimensional volume.

1. Introduction

Hausdorff and packing measures were first intended to generalize the notions of
length, area, volume etc. In his 1919 paper [4], F. Hausdorff uses general determin-
ing functions (also called Hausdorff, gauge or constituent functions) ¢: R*—R* to
define the Hausdorff measure in a metric space as

(1) H?(E) = lim mf{z ¢(diam(E;)): EC | | Ei and diam(E;) < 5}.

i>0 i>0

Let id be the identity function, so that id®(¢t)=t“ for all t€R and a>0. The scale of
functions ®={id*:a>0} is used to obtain a large family of Hausdorff measures H'4"
rather denoted by H® for simplicity. Up to some constants, H' gives the proper
definition for the notion of length, H? for the notion of area etc. For many references
concerning the classical theory, see [2].

The Hausdorff dimension of a set E is introduced as a critical exponent:
dim(EF)=inf{a: H*(E)=0}. The dimension is a real number in this context, but
a different choice of ® could lead to a different notion of dimension, as pointed out
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by Hausdorff himself in his seminal paper. In general the dimension is a Dedekind
cut in a scale of functions.

The value of H*(E) is 0 when av>dim(E), 400 when a<dim(E). When H*(E)
is non-zero and finite, its exact value is known only for very particular sets like curves
of finite length or symmetric Cantor sets. As shown by A. S. Besicovitch, a finite
measure p such that p(E)>0 may help to get estimations of H¥(FE), by using the
p-densities (B(x,¢€))/e*, where B(z,e) denotes the ball of centre x and radius e.
A typical result [6] stands as follows: If a and b are such that

o < limsup “B&2)
e—0 (25)a

for all x€E, then a<H*(F)<2b. A better result may be obtained by changing
somewhat the definition of H*. If we consider only covers of E by centred balls,
the centred covering measure c*(E) is obtained through a two-stages operation [9].
Then, with the same assumptions, the inequality a<c*(F)<b is always true.

The corresponding result for the dimension is often attributed to P. Billings-
ley [1]: Let p be a finite measure such that u(E)>0. If there exists @ and 8 such
that

o < liminf 28HB@2))
e—0 loge

<p

for all z€ F, then dim(F)€|«, 3].

Giving a sense to the above formulas after exchanging liminf and limsup is
possible, at the condition of introducing new notions of measure and dimension.
Using the scale ®={id”:a>0}, this was done in [12] for the dimension and in [11]
and [9] for the measures, by introducing the packing measures and dimension. In
the present paper we will give a detailed account of these notions, in a more general
framework.

The above density results have been extended to functions ¢: (0, 00)— (0, 00)
which are increasing, continuous at 0, and such that ¢(2¢)/¢(e) is bounded [9].
More generally, ¢(diam(F;)) may be replaced by ¢(E;), where ¢ is a specific set
function: See for example [7], where a multifractal analysis of measures uses ¢(E;)=
diam(FE;)'v(E;)? for some prescribed measure v. In [8], ¢ is a function defined on
balls centred on the set E under analysis. This is also our point of view in the
present paper.

Let D>1 and Volp be the D-dimensional volume in R”. For any Borel set E,
let Bg be the family of closed balls centred on E. In Section 2 we use functions
¢: Bg—(0,00) to define covering and packing Borel measures H? and p?. We
get corresponding results involving the p-densities and prove the usual inequality
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H? <p®. For any Borel set E, replacing the measure p by the restriction to E of
the measures H? and p® allows us to state local density results in Section 3, giving
rise to a notion of rectifiability. Until this point, there is no assumption whatsoever
made on the determining function ¢. We introduce parameterized scales of functions
®={¢,:a€R} in Section 4 to define the related covering and packing dimensions,
dimg and Dimg. Section 5 deals with the corresponding box dimension. With
the help of mild assumptions on functions ¢,, we introduce a pre-measure and
show that the corresponding critical index Ag verifies some of the fundamental
properties of the usual box dimension, for example Ag(E)=Ag(E). We investigate
the particular case ¢ (B)=v(B)diam(B)*~ ", where v is a finite, Borel measure.
If E(e) is the Minkowski sausage (set of points at a distance <e from E), we show
that Ag(E)=limsup,_, . (D—logv(E(€)))/loge.

Section 6 deals with the main purpose of this paper: defining lateral or one-
sided measures and dimensions on both sides of a closed curve. This has already
been done for the box-counting dimension [15] but for the Hausdorff dimension these
notions seem to be new. More generally, being given an open set V and ECIV,
we perform a fractal analysis of E relative to V', by using determining functions
¢: Bg—(0,00) such that ¢(B) depends on BNV. There are several ways to do
this. We pay special attention to the function

bo(B) = V%D(BDV)

OlD (B)
It involves a notion of covering and packing interior measures (from the results of
Section 2), and interior dimensions (from Section 4) denoted by dim;,; and Dimjyy.
Being given a finite measure on E such that p(E)>0, we can establish relationships
between those dimensions and the quantities

log 11(B) log Volp(BNV)
log(diam(B)) ~ log(diam(B))
It is worth pointing out that the following characteristic quantity
log Volp(BNV)
log(diam(B))
has already been considered in [5] to perform a multifractal analysis of JV, seen
from the interior of V.
Considering the interior of the complement of V, it is also possible to define
exterior dimensions dimeyxy and Dimey. Relationships between these dimension are
obtained, namely: If Volp(0V)=0 and ECIV, then

(2)
max{dimip (F), dimeyt(EF) } <dim(F) < Dim(E) = max{Dimjy (E), Dimeyx (E)}.

diam(B)®.
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Some examples are studied. An interesting feature of this determining function ¢
is that the interior dimension of a singleton depends on the shape of 9V, and may
take all values between —oo and 0. We also construct an open set V in R, then
in R?, such that the first inequality in (2) is strict. Finally we point out in Section 7
that this is not the only approach to a one-sided fractal analysis: other determining
functions might be used, giving other results.

2. ¢-measures

Being given a set E in RP, a net over E is a family F of sets such that
every point in E belongs to a sequence E,, of F such that diam(E,,)—0. In other
words, F is a net if, for every >0, one can extract from F a cover of E by sets
of diameter <e. It is sometimes called a Vitali covering, or a fine covering. The
family of all closed centred balls Bg is a net.

A centred net over E will be a subfamily F of Bg such that every z€ E is the
centre of a sequence of balls in F whose diameters tend to 0.

For every set family F, |JF denotes the union of the sets in F, as usual.

We will make use of the Besicovitch lemma, in the two following forms:

Lemma 2.1. Let E be a bounded set, and F CBg be such that every x€FE is
the centre of some ball in F. From F one can extract a number K <67 of families

Ri, ..., Rr such that Uff:l R, covers E and every R, consists of disjoint centred
balls.

This result implies the following consequence:

Lemma 2.2. Let E be a Borel set and p be a Borel measure such that u(E) <
+o00. From every centred net F over E we can extract a family R, consisting of
disjoint balls, such that p(E\|JR)=0.

Let us recall that a set function F' is subadditive if F(E1UEy)<F(E;)+F(E2),
and o-subadditive if for any sequence {Ey}n>0, F'(U, 50 En) <D2,50 F1(En)-
Let ¢ be an application defined on Bg, with values in (0, 4+00).

2.1. ¢-covering measures

For every €>0, let

(3) cf(E):inf{Z ¢(Bi):Bi € Bg, EC | | Bi and diam(B;) <s}.

i>0 i>0
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It is a decreasing function of e, with values in [0,+0c]. As a set function it is
o-subadditive. The quantity

(4) C?(E)=1lim C¢(E)

e—0

is defined like the Hausdorff measure. As a set function, C? is o-subadditive, but
not increasing. Hence it is not a measure. To change it into an increasing function,
it is necessary to perform the following operation:

(5) ¢?(E) =sup{C?(F): F is Borel and F C E}.

This new set function is increasing and o-subadditive. Moreover we can set
c?(@)=0. Then c? is an outer measure. Since it is also metric, c¢? is a Borel
measure, called the centred ¢-covering measure [9]. The next two results will be
helpful to establish a density theorem for c®.

Proposition 2.3. Let u be a Borel measure and F be a centred net over E.
Let us assume that

¢(B)<u(B) forall BEF.
Then c?(E)<u(E).

Proof. Suppose that p(FE)<oo. Let >0, and for every open V, G(V,e)=
{BeF:diam(B)<e and BCV}.

(a) Since F is Borel, there exists an open set Vg such that ECVg and pu(Ve)<
u(E)+e. The family G(Vg, €) is a centred net over E. Using Lemma 2.2, we can ex-
tract from G(Vg, €) a sequence {B; }i>¢ of disjoint balls such that p(E\U,~q Bi)=0.
Therefore -

> ¢(Bi) < u(Ve) < u(E)+e.
>0

(b) Let F' be a Borel set in E. There exists an open set Vp such that FCVp
and u(Ve)<u(F)+e. Using Lemma 2.1, one can extract from G(Vp, ) a number K
of families Ry, ..., Rk such that R,, is made up with disjoint balls and F' CUffZl Ry
For every n,

> {¢(B): BER,} < p(Vr) < u(F)+e,

so that Z{QS(B):BEUf:l Ry} <K(u(F)+e). Applying this to F'=E\U;, Bi, we
get a cover Uff:l Ry, of E\U,>( Bi such that

Z{¢(B):B E,Q Rn} < Ke.
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(c) Since {Bi}iZOU(Uf;l R.) is an e-covering of F,
K
CUB)<> qﬁ(Bi)—i—Z{(b(B) :Be Rn} <pu(B)+(K+1)e.
>0 n=1
Letting e —0, we get C?(E)<u(E). This result is true for any Borel subset G of E:
C?(G) < u(G) < u(E).
Taking the supremum over all GCE gives ¢c?(E)<u(E). O
Here is a result in the other direction:

Proposition 2.4. Let ¢g>0, F,, be the family of all balls centred on E such
that diam(B)<eo, and p be a Borel measure such that

¢(B)>u(B) for all BeF,,.
Then c®(E)>u(E).

Proof. Let £€(0,¢e¢]. For every cover {B;};>¢ of E by balls centred on E such
that diam(B)<e,

> 6(Bi)=> u(Bi) > u(E),

i>0 i>0
so that C?(E)>u(E). Letting e—0, shows that C?(E)>pu(E). Since c?>C? we
get the desired result. [

Now we can set up the main density result. It allows us to give estimates of
c?(E) with the help of the p-densities u(B)/p(B).

The usual conventions hold: for every a>0, 0/a=0 and a/0=+0c0. The cases
of indetermination are % and +00/+00.

Theorem 2.5. Let E be a Borel set and p be a Borel measure. Then

e w(B(x,e)) _ u(E) : w(B(x,¢€))
(6) L limsup Zop ey S wap) = SWplimsup STy

except in the cases of indetermination.

Proof. (a) Let Dy be the left-hand side of (6). Assume that D;>0. Let 0<
A1< Dy, and F={Be€Bg:A16(B)<u(B)}. The family F is a centred net over E.
Let u*=(1/A1)p. Since ¢(B)<p*(B) for all BEF, Proposition 2.3 gives ¢?(E)<
p*(E), so that Ajc?(E)<u(E). Letting A; tend to Dy gives Dic?(E)<u(FE). This
may be written as Dy <u(E)/c?(E), except in the indetermination cases.



General Hausdorff functions, and the notion of one-sided measure and dimension 155

(b) Let Dy be the right-hand side of (6). Assume that Dy<oo. Let Ay> D,
and

1
E,= {{,CEEZE < Z = u(B(x,¢)) <A2¢>(B(x,5))},
so that E:Uk21 E). Proposition 2.4 implies that Asc?(Ey)>u(Ey). Since p and
c? are Borel measures and EJ, is an increasing sequence of sets, Aac?(E)>u(E). To
conclude, let A5 tend to Dy, [

2.2. ¢-packing measures

Let E be a bounded Borel set. For every e>0, {B;};>0 is an e-packing of E if
B;€Bg, the B; are disjoint, and diam(B;)<e. Let

(7) P?(E)= Sup{z ¢(B;): {Bi}i>o is an e-packing of E}
i>0

This set function is increasing and subadditive. As a function of ¢ it increases, and
we can set the following pre-measure
(8) P?(E)=1im P?(E).

e—0

It is also increasing and subadditive, but not o-subadditive. We get the ¢-packing
measure through the standard operation [12], [10],

9) p?(E) = inf{z P?(E,): E, are Borel sets with E = U En}
n>0 n>0

In particular, p? <P?. Like H? and c?, p? is a metric, outer measure, and therefore
a Borel measure. The main results relating the value of p®(E) to u(E), for some
measure i, are very similar to those already proved for ¢®. We begin with two
propositions and get a density theorem.

In the following proofs, it is necessary to assume that E is bounded since the
pre-measure P? is used; but all results, as well as (9), may be extended to unbounded
sets E without change.

Proposition 2.6. Let ¢g>0, F., be the family of all balls centred on E such
that diam(B)<eo, and p be a Borel measure such that

¢(B)<u(B) forall BeF,,.

Then p?(E) <u(E).
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Proof. Assume that p(E)<oco. Let V' be an open set such that ECV. Let N
be an integer such that N>1/eq. For every n> N, let

Enz{xEE:B(x,l)CV}.
n

The sequence {E,},>n is increasing. If e<1/n and z€FE,, then ¢(B(z,¢))<
w(B(z,¢€)). For every e-packing {B;}i>¢ of E,, we get

D (B <Y u(Bi) < (V).

>0 i>0
Therefore P¢(E,)<u(V). Letting e—0 gives that P?(FE,,)<u(V). We deduce that
p?(E,)<u(V) for all n> N, and since E=U,>¢ En, p?(E)<u(V). Since E is Borel,
we can choose V such that (V) is as close to u(E) as we wish. Therefore p?(E)<
wE). O

Proposition 2.7. Let u be a Borel measure and F be a centred net over E.
Let us assume that

w(B)<¢(B) forall BEF.
Then p?(E) > u(E).

Proof. Let >0, and G.={BeF:diam(B)<e}. Using Lemma 2.2, from G. we
can extract a disjoint family {B;};>0 such that u(E)=p(EN(U;>q Bi)). Therefore
(B)=3" 50 W(Bi) <Y ¢(Bi) <P2(E). Letting e—0 gives that u(E)<P?(E).

This inequality is also true for any Borel subset of E. If E =Up>0 Ek, then
(W(B) <Y hao 1(Er) <Y 450 PP(Ek). Taking the infimum over all Borel covers of E
gives u(E)<p?(E). O

Propositions 2.6 and 2.7 imply the following density theorem, symmetrical to
Theorem 2.5:

Theorem 2.8. Let E be a Borel set, y be a Borel measure. Then

o u(B@e) _ p(E) L p(B(,e)
(10 L (B we) < vP(B) R 5B (r,2)

except in the cases of indetermination.

Proof. (a) Let Dy be the left-hand side of (10). Assume that D;>0. Let
0<A;<Dq, and

By = {x cBie< % = Aig(B(z,e)) < M(B(a:,a))}.
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Proposition 2.6 implies that A;p?(Ey)<u(Eg). Since E=J,~, Ex and Ej is in-
creasing, A;p?(E)<u(FE). Then let A; tend to D;. -

(b) Let Dy be the right-hand side of (10). Assume that Dy <oo. Let Ay>Ds,
and F={BeBg:u(B)<A2¢(B)}. The family F is a centred net over E. Prop-
osition 2.7 gives u(E)< Asp?(E). Then let Ay tend to Dy. [

The relationships between the measures c¢® and p? are as usual:

Proposition 2.9. For any Borel set E and ¢: Bg—(0,00), the inequality
c?(E)<p?(E) holds.

Proof. Let e>0, and F.={B€Bg:diam(B)<e}. Since c? is a Borel measure,
we may use Lemma 2.2 to extract a disjoint family {B;};>0 from F. such that
cd)(E\Ui20 B;)=0. The set function C? is subadditive, so that

C¢(E)<C? (Eﬂ U Bi) +C? (E\ U Bi) .
>0 i>0
From the general inequalities C¢ <C? <c?, we deduce that Cg’(E\UiZO B;)=0. And
C?(EQ(U1>O ))<Zz>0 ¢(B;) <PZ(E), so that

C¢(B) < PY(E).

Letting ¢ —0 gives that C?(E)<P?(E).
For any FCE we get C?(F)<P?(F)<P?(E), so that c?(E)<P?(E). If E
U0 En, then c?(E) <> >0 c?(E,) <> >0 P?(E,). Therefore c?(E)<p?(E). O

3. Local density inequalities

Local density inequalities are direct applications of the density theorems, where
the measure 4 is replaced by the Borel measures c® or p® restricted to £. Without
looking for exhaustiveness we present here a few basic results. Again, our statements
do not require any assumption on the determining function ¢: Bg— (0, 00).

Let E be a Borel set in R”. We make use of the classical notations

y —¢x — lim su p¢(B(:C,E)ﬁE)
¢(B(x,e>> ol B) =limewp = oy
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Lemma 3.1. Suppose that c®(E)<oc. Let F be a Borel subset of E.
If ¢?(F)>0, then

(11) inf d°(x, ) <1< supd’ (z, E).
zel zeF

If p?(F)>0, then

©-
=
&S|
=

12 inf d(z, E < S <su df x, F).
(12) inf 420 ) < S5 < sup o2 (o, )

Proof. For any Borel set G, let u(G)=c?(GNE). Then p is a Borel measure,
such that

7’ =limsu M
de (v, ) =lmsup S 2

and p(F)=c?(F). A direct application of (6) gives (11). The condition ¢?(F)>0

ensures that the indetermination cases are avoided. Also,

by =limin M
de (@, B) =liminf Zm 02

and a direct application of (10) gives (12). O
Equations (6) and (10) may also be used to obtain the symmetric results:

Lemma 3.2. Suppose that p®(E)<oo. Let I be a Borel subset of E such that
p?(F)>0. Then

@

o p?(F) =6

(13) IIIGILI; d,(z, E) < A (F) < :1612 d,(z, E),
; @ <1< @

(14) ;relgdp (z, ) <1< i?}dp (z, E).

Corollary 3.3. If ¢c?(E)<oo, then cff(x, E)=1 c?-almost everywhere, that is,
for all x€ E except on a subset F such that c®(F)=0.

Proof. Let
—é 1 - 1
F = JJEE:dC(x,E)Sl—E and Gj= xEE:dC(x,E)Zl—l—E .

If ¢?(F})>0, then (11) implies that 1<1—1/k. This is impossible, so that
C¢(Fk)=0.

If ¢?(G%)>0, then (11) implies that 1>1+1/k. This is impossible, so that
C¢(Gk)=0.
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Taking countable unions of F} and Gy, we deduce that

t{reB:d’(x,E)<1})=c*({z € E:d’(z, E) >1})=0. O
Similar arguments and (14) are used for the following consequence:
Corollary 3.4. If p®(E)<oo, then glf;(a:,E)zl p?-almost everywhere.
The following results deal with the notion of reqularity:

Corollary 3.5. If p?(E)<oo, then the following are equivalent:
() *(B)=p* ()

(ii) d%(z, B)=d’ (z, E)=1 p®-a.c.;

s o 59 _

(iii) df (x, B)=d,, (z, E)=1 p®-a.e.

Sets that fulfill these conditions may be called strongly ¢-regular.

Proof. (i)=-(ii) and (iii) For any Borel set FCE, c?(F)<p?(F). If c?(E)=
p?(E), then c®(F)=p?(F). This implies that c?-a.e. is equivalent to p®-a.e. in this
case.

Let Fp={zcE:d’(z, E)<1—1/k}. If p®(F})>0, then (12) implies that 1<
1—1/k. This is impossible, so that p? (F;)=0 for all k, or in other words d?(z, E)>1
p®-a.e.

Similarly, define Gk:{xEE:cZZ)(x, E)>1+1/k} and use (13) to show that
p?(Gy)=0 for all k, or in other words &S(x, E)<1 p%-a.e.

With Corollaries 3.3 and 3.4, this suffices to prove (ii) and (iii).

(ii)= (i) Let F={z€E:d?(z, E)>1}. Equation (12) implies that ¢?(F)>p®(F),
hence c¢?(F)=p?(F). By hypothesis, p®(F)=p?(E), so that p?(E\F)=0
c?(E\ F)=0. Therefore c®(F)=c?(E). We conclude that c¢?(E)=p?(E).

(iii)= (i) This is shown by similar arguments, using (13). O

and

Let us give an application, among many others, which deals with the Cartesian
product of sets:

Proposition 3.6. Let D1>1 and D2>1. We assume that RP1+D2 s endowed
with a metric which is the Cartesian product of the metrics in RP and RP?, so
that for all >0, x€RP1 and ycRP?, we have:

B((z,y),e) = B(z,e) x B(y,¢).

Let E be a Borel set of RP', F be a Borel set of RP?, ¢: Bg—(0,+00) and
1/): BF—>(0,+OO)
If ¢?(E)<+oo and c¥(F)<+oo, then

(15) c?(E)cY (F) < c?*Y(ExF).
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Notice that ¢ x is defined on Bgyx r, and that

(@x¢)(B((2,9),¢)) = o(B(x, )y (B(y, €))-

Proof. Without loss of generality, we assume that ¢®(E)>0 and ¢¥(F)>0. For
all Borel sets G1 CRP* and Gy CRP2, let u(G1)=c?(ENG,) and v(Gy)=c?¥(FNGy).
Then p and v are finite Borel measures. If G1 CE and GoC F, then u(G1)=c?(G1),
v(Go)=c¥(Gy) and (uxv)(G1xGa)=c?(G1)c¥(Gy).

The inequalities

b ABE).) L y(Brc) | y(By.<)

=0 (OxV)(B((z,y),¢)) = es0 ¢(B(z,€)) eso P(B(y,¢))
are true for any (z,y)€e ExF.
From Corollary 3.3 there exist E' C E and F’'C F such that u(E)=u(E’"), v(F)=
v(F') and for all (z,y)€E' x F’, cff(x, E):Jf(y, F)=1. Therefore for all such (z,y),

o (x ) (B((#,9),€)) _ 5o b

P ox (Bl v),2)) = ¢ O D IS
From (6) we deduce that (uxv)(E'x F')<c?*¥(E'x F'). Since (uxv)(E'x F')=
w(E)v(F)=c?(E)c?(F) and c®*¥(E'x F')<c?*¥(ExF) we obtain the inequal-
ity (15). O

4. Related dimensions

Let E be a bounded Borel set in RP. Let us call a scale of functions associated
with E a family ® of determining functions ¢: Bg— (0, 00), such that for any ¢,
and ¢- in ®, only the three following cases can occur:

(a) d1=02;

(b) for any x€ E, lim._,0(p1/¢2)(B(z,€))=0;

(c) for any z€E, lim._,o(¢p1/d2)(B(z,€))=~+00.

The measures c?(FE) and p®(E) are significant only if ¢ belongs to such a scale.
Then we may hope to associate a notion of dimension with ®. We choose to consider
families ®={¢,:a€R} parameterized by a real number a.. To be more specific, let
us consider throughout this paper the following type of determining functions:

Assumption 1. ¢(B)=p(B)q(B)%, where p: Bg—(0,00), ¢: Bg— (0, 00), and
if

f(e)=sup{¢(B): B € Bg and diam(B) <e},
then lim._,¢ f(£)=0.
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This property ensures that ®={pg*:a€R} is a scale of functions.

Notation. We will write c¢® instead of c®» for simplicity. Similarly, C®, P* and
p® replace C%~, P®= and p®=, respectively.

The classical theory deals with p=1 and g=diam, but we will consider other
scales @ in the sequel.

Proposition 4.1. Let a<f.
If C%(E)< o0, then CP(E)=0; if C#(E)>0, then C*(E)=cc.
The same results hold for c®, P* and p®.

Proof. For every e>0 and BeBg such that diam(B)<e, we have ¢o(B)>
() Ppz(B). Therefore CX(E)> f(e)* PCE(E). Then let e—0. O

Dimensions. We may therefore define the following dimensions:

0};
0};
0.

The properties of dimge, Ae and Dime derive easily from those of the related
measures or pre-measures. In particular we have the following facts:

Since ¢®, P® and p® are increasing set functions, dimg, Ag and Dimg are also
increasing set functions.

Since P is subadditive, Ag is stable, that is

dimg (F) =inf{a:c*(E)
Ag(F)=inf{a:PY(E)
Dimg (F) =inf{a: p“(F)

(16) A@(EHUEQ):maX{Aq:.(El),Aq)(EQ)}.

Since ¢ and p® are o-subadditive, dimg and Dimg are o-stable, in other words

(17) dim<p< U En) = sup{dimg (E,)}, Dimq>< U En> = sup{Dimg (E,,)}.

n>0 n>0

This allows us to define dimg and Dimy on unbounded sets as well.
Since c*(E)<p*(E)<P*(E),

(18) dimg (F) <Dimg(E) < As(E).
From Ags a direct definition of Dimg may be derived:

Proposition 4.2. For any Borel set E, let

Ag (E)= inf{sup Ag(Ey): E,, are bounded Borel sets, with E = U En}
n>0
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Then

(19) A¢(E) =Dime (E).

Proof. Let E, be a sequence of bounded sets covering E. Then

Dimg (F) <sup Dimg (E,) <sup Ag(FE,).
n>0 n>0
This gives Dimg (E)<Ag(E).
For the other direction let av>Dimg(E). Then p®(E)=0, and there exists
{En}n>0 such that E={]J,~, E, and ), -, P*(E,)<1. For every n, P*(E,)<1, so
that Ag(E,)<a. Therefore Ag(E)<a. O

As for the measures c® and p®, a Borel measure p spread on E may help to
evaluate the value of the dimensions:

Theorem 4.3. Let p be a finite or o-finite Borel measure such that p(E)>0,
and

_ logu(B)—logp(B)

o, (B
n(B) log q(B)
Then
e e < d < -
(20) IIIEIE_) hran_)lglf au(B(z,¢e)) <dimg(E) < itelg hran_)lglf au(B(z,€)),
(21) inf limsup o, (B(z,¢)) < Dimg (F) < sup limsup o, (B(z, €)).
z€E <0 z€E €0

Proof. Without loss of generality, assume that u(E)<oo.
For (20), we make use of (6). Let a be the left-hand side of (20), and assume
that a1 >0. Let €(0, ;). For any x€FE,

liminf o (B(x,€))>f = limsup % <1.

The right inequality of (6) gives ¢’(E)>u(E). Therefore dimg(E)>03, so that
dimq;. (E) Z aq.

Similar arguments are used to obtain the right inequality of (20) from the left
inequality of (6). In the same way, (21) derives from (10). O

For further application, let us deal with the sum of two determining functions:

Proposition 4.4. Let p1 and ps be two functions : Bg—(0,00), and q be as
above. We consider the function scales

O ={p1¢®:a€R}, Dy={p2q®:a€R} and ®1={(p1+p2)¢*:aeR}.
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Then
(22)
max{dimg, (E), dime, (F)} < dimg (F) < Dimg (E) = max{Dimg, (E), Dime, (E)}.

Proof. 1t suffices to show that
Dimg (F) < max{Dimg, (F), Dimg, (F)}.
For any determining functions ¢ and v, the inequality P*+t¥ <P?+P¥ is obtained
through elementary arguments. This implies that
Ao (B) < max{As, (E), As, ()}

Let a>Dimg,(E) for i=1,2. We can find a cover {E;};>0 of E such that
sup Ag, (E;)<c, and a cover {F}};>0 of E such that sup Ag, (Fj)<a. Let G;j=
E;NF;. Then {Gi;}ij>0 is a cover of E, and for all ¢,j, Ag,(Gij)<a and
Ag,(Gij)<a. Therefore sup; ; Ag(Gij)<a. This proves that Dimg(E)<a, and
gives the desired inequality. O

5. A special study of As

The set function Ag becomes the well-known box dimension when ¢,=
diam® [12]. Among important features of this dimension are

(i) its definition using balls of equal diameter;

(ii) the equality A(E)=A(E), where E is the closure of E.

Let ¢o(B)=p(B)q(B)* as before. With the help of some mild assumptions on
p and g we will be able to recover these properties.

The function f(e) has been introduced in the last section. The following
strengthens Assumption 1:

Assumption 2. There exists two constants cg, ag>0 such that for all B€Bg,
fe)<coe®.

But we also need a few more conditions on p and ¢:

Assumption 3. Both functions p and ¢ are weakly increasing, in the following
sense: There exists real constants a; and as such that for all balls B and B’ of Bg,
B'cC B, diam(B) <2 diam(B’),

p(B')<aip(B) and ¢(B')<azq(B).
With ¢,=pq®, this inequality implies that
(23) ¢a(B') < 105 ¢a(B).

From now on we will assume that Assumptions 2 and 3 are satisfied.
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5.1. Packing with equal balls

In this section F is bounded. The following set function is defined like P¢, with
the only difference that the packings are made up with balls of equal diameter. Let

QY(E)= sup{z ¢a(B;) : B; € Bg are disjoint and diam(B;) = 5}.
>0

As a function of €, Q® does not need to be monotonous. Hence there is no limit as
€—0 in general. Let

QY(E)=limsup QZ(E).

e—0

The statement of Proposition 4.1 is still true for Q: If a< (3, then
Q*(E)<oo = QP(E)=0 and Q°(E)>0 — Q%(E)=cx.

From that, we deduce the existence of a critical index, or dimension. We are willing
to show that this dimension is precisely Ag.

The inequality Q*<P? is easily verified. But these two set functions are not
equivalent in general.

Proposition 5.1. Let a<f. If P?(E)>0, then Q¥(E)=cc.
We need the following elementary lemma:

Lemma 5.2. Let {B(z;,¢)}i>0 be a family of disjoint balls, and a>1. There
exists an integer K1<(2a+1)? such that the family { B(z;, ag)}i>0 may be separated
into Ky families, each of them made up with disjoint balls.

Proof. For i#j, B(x;,ae)NB(xj,ae)# @< B(xj, &) CB(z;, (2a+1)e). The ball
B(w;, (2a+1)¢e) cannot contain more than (2a+1)” disjoint balls of radius . Thus
B(zi,ae) cannot meet more than (2a+1)” balls B(z;,ae). A standard argument
achieves the proof. [

Proof of Proposition 5.1. It suffices to show that Q%(E)>0. Let n=0—q,
£€(0,1), and a€(0,P?(E)). There exists an e-packing R={B;};>0 of E such that
Eizo ¢3(B;)>a. For any non-negative integer k, let

Ri={BecR:27F ! <diam(B) <27"}.
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When <2751 we have Ry=@. The R} are such that Uk>0 Rr=7R, so that
> k>0 2198(B):BER,}>a. Let ¢p and ap be as in Assumption 2. From the
equality

a=Y_a(l—270m)2keon

k>0

we deduce the existence of an integer kg such that
24) Z{¢B(B) :BERg, } Za(1—270‘0")2*k00¢077.

Let Cj=B(x;,¢;) be the balls of Rg,. Let Cf=B(z;,27%~1) and C5*=B(xy, 2¢;).
Since 27 Fo—1 <2€j§2’k0, C;CCrCC5*. As the Cj are disjoint, Lemma 5.2 implies
that for some integer K; <57, the family {C]* *}j>0 may be divided into K families
of disjoint balls. The same is true for the family {C}};>0, so that

(25) > 6a(CF) < K1Q5-i, (B).

J=0
For every j, qbg(C;)Sf(Q_k“)"an(Cj). Using Assumption 2,
$6(C5) < cg27 0% 64 (C).
Since p and ¢ are weakly increasing, (23) gives
(26) $3(Cy) < 12706, (CF)

with clzalagcg. Putting together (24) and (26) shows that

a(1_2—a0n) < 2koo¢0n Z (bﬁ(cj) <c Z (ba(cj*)

=0 J=0
With (25) we obtain

a(1—2-o0m)

ke (B) >
QQ kO( )— ClKl

The right-hand side is strictly positive and does not depend on e. Since 2750 <4e,
we deduce that limsup,_, Q¢(E)>0. O

Corollary 5.3. Ag(E)=inf{a:Q*(E)=0}.

Proof. If a>Ag(FE), then P*(E)=0, so that Q*(E)=0.
If Q¥(E)=0, then for all 3>a, P?(E)=0, so that 3>Ag(FE). Therefore a>
Ag(E). O
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5.2. The dimension of F

The inequality Ag(E)<Ag(E) is always true. But when Assumption 3 is
fulfilled, the converse inequality also holds. Let us first show a result on the pre-
measures.

Lemma 5.4. For every o, Q*(F)<a1a59”Q%(E).

Proof. Assume that Q¥(E)>0. Let e>0 and 0<a<QS.(E). Let {z;};>0 be
a finite subset of E such that d(x;, x;)>2e for every i#j, and Y5 da(B(;,€)) >a.
Without loss of generality we assume that this sequence is maximal, in the sense
that for any z€E, d(x, {zi}i>0)<2e. The balls B(z;,¢) are disjoint, and Ec

Uizo B(xz;, 2¢).
For every i, let y;€ E be such that d(x;,y;)<e/2, so that

B(yz, 2) C B(zi,e) C By;, 2).

Letting b=a;ag, (23) implies that
ba(B(wi,€)) < bda(B(yi, 2¢))-

Since the B(y;,e/2) are disjoint, we make use of Lemma 5.2 to separate the family
{B(yi,2¢)}i>0 into K <9P families made up with disjoint balls, so that

Z¢a yzv2€ <9DQ45( )

>0

Gathering all intermediary results we obtain

a<z¢a(3(xu <bz¢a yzv25 <b9DQ45( )

i>0 i>0
Let a tend to Q%.(F) and then ¢—0 to get the result. [
This implies directly that Ag(F)<Ag(FE), hence
Proposition 5.5. For any bounded Borel set E, Ag(E)=Ag(E).

As in [12], this result may be used to establish a relationship between Ag(F)
and Dimg (E) when E shows a homogeneous structure:

Corollary 5.6. Let E be compact and a€R be such that for any open set V
meeting E, Ag(ENV)=a. Then

Dimq>( ) Aq;.( )Za
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Proof. Tt suffices to prove that Ag(E)>a. Let {E,}n>0 be a sequence of Borel
sets such that F :Un>0 FE,,. Baire’s theorem implies that for some index N, Ey is
somewhere dense in E: There exists an open set V such that ExNV=FENV. Then

OZZAq;.(EmV) :A<I>(ENQV) < A@(EN)

Since Ag(En)=As(Ey), we finally get a<sup, As(E,), and hence the required
result. O

5.3. A special case: ¢, (B)=v(B)diam(B)*~ P

Let v be a o-finite Borel measure. Letting p(B)=v(B)/diam(B)" and ¢(B)=
diam(B)?, it is easy to check that Assumptions 2 and 3 are verified. In particular,
if B’C B is such that diam(B)<2diam(B’), then

WB) b vB)

- diam(B")P =~ diam(B)P =2"p(B).

p(B’)

We may take a1 =2 and as=1.

An interesting case is v=Volp, where ¢, (B)~diam(B)%*. The correspond-
ing dimension is the classical box dimension A. Let E(e)=J{B(z,e):z€E}. We
know [12] that A satisfies the equality

A(E)=1limsup (D _ log Volp (E(e)) ) .
50 loge

Let us show that this result may be generalized.

Proposition 5.7. Let ¢, (B)=v(B)diam(B)*~P. Then

. log v(E(2))
(27) Ag(E) —llrgljélp (D_T)

Proof. Denote by A’ the right-hand side. It may be written as
A’ =inf{a:e* Pu(E(e)) = 0}.

(a) Let e>0, and {z;}; be a finite subset of E such that d(z;,z;)>2¢ if
i#j. Since the balls B(z;,¢) are disjoint, > 5, v(B(zi,€))<v(E(e)), so that
Yis0 Pa(B(xi,¢))<e* " Pu(E(e)). Then Q5. (E)<e* Pr(E(e)). Letting e—0 gives

(28) Q¥(E) <limsupe® Pu(E(¢e)).

e—0
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(b) On the other hand, it is possible to choose in E a subset {z;};>0 such that
d(z;,xj)>2¢, if i#], and for any z€ F, d(x, {z;}i>0) <2e. Let B;=B(xz;, 3¢). Then
E(e)CU;> Bi and

v(E() < S v(By),

i>0

so that

e Pu(B(e) <) e Pu(Bi)=6"") " ¢a(Bi).

i>0 i>0

The balls B(z;, ¢) are disjoint: Using Lemma 5.2, we can divide { B(z;, 3¢)}i>0 into
K <7P families, each made up of disjoint balls. Therefore

> 6%(B:) <TPQ5.(B).

i>0
We deduce that e*~Pu(E(e))<7P6P~*Q%(E). Letting ¢ —0 shows that

(29) limsupe® Pu(E(e)) <7TP6P7*Q¥(E).
e—0
(c) Equations (28) and (29) prove that the set function limsup,_,, e*~Pv(E(¢))
is a pre-measure equivalent to Q®. They have the same critical index. Therefore
A'=As(E). O

Remark. The equality Ag(E)=Ag(E) is much easier to prove in this case, by
making use of Proposition 5.7. Indeed, it suffices to verify that E(¢)CFE(2¢), so
that

e Pu(B(e)) <2P7(2e)*Pu(E(2¢)).

This gives directly Ag(F)<Ag(E).

6. One-sided measures and dimensions

Let V be a bounded open set in R, with boundary OV such that Volp (9V)=0.
Let W=RP\V. From now on the notion of inside will refer to V; the notion of
outside to the interior of the complement of V', which is W. Let us associate with V'
the Hausdorff function

» _ Volp(BNV)

o (B) =Volp(BNV) diam(B)*~ Vol (B)

diam (V)
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which belongs to the type studied in Section 5.3. It gives rise to a notion of a-in-
terior measure. Theorems 2.5 and 2.8 are valid, as well as the local density results
of Section 3. The family {¢,}acr provides the interior dimensions diming, Aint,
and Dimj,;. For E included in V' they are equal to the classical dimensions. For E
in W we get the dimensions of an empty set, which may be granted the value —ooc.
The interesting case deals with the subsets of V. Let us point out that the notion
of interior box dimension Ay is known since a long time, see [3], [13], [14] and [15].
Following (27) it may be written as

(30) Aint(F) =limsup

e—0

( oo Vol,lyo(gEE(s)ﬂV)).

The inequalities
dimint (E) S Dimint (E) S Aint (E)
are always true.
We associate with W the Hausdorff function

_Volp(BNW)

Ve (B) = Volp(BNW) diam(B)*~ P ~ Vol (B) diam(V)®

which gives rise to the notion of the exterior dimensions dimeyt, Aext, and Dimeyy.
The exterior box dimension may be written as

_log Volp (E(g)NW)
loge '

Aext(E) =limsup (D

e—0

The relation ¢ (B)+1q(B)~diam(B)* implies that for any ECIV,
(31) A(E) =max{An(E), Aext (F)},

but Ajys and Aext may take different values as shown in the quoted references. It
is possible to construct an open set V' such that A, (0V)=1 and Aex (0V)=2.

6.1. Main results

The interior and exterior Hausdorff and packing dimensions satisfy the follow-
ing relations (see (22)):

(32)
max{dimip (F), dimeyt(EF) } <dim(F) < Dim(E) = max{Dimjy (E), Dimeyx (E)}.

Theorem 4.3 is rewritten as follows:
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Theorem 6.1. Let E be a Borel subset of V, pu be a finite or o-finite Borel
measure such that u(E)>0, and

log u(B) D_logVOID(BﬁV)

au(B) = log diam(B) log diam(B)
Then
e < dim. < o
(33) wlrellfg llglglf au(B(z,e)) <dimjn(F) < :161;]; hrErnglf au(B(z,¢)),
(34) inf limsup o, (B(x, €)) < Dimin (E) < sup lim sup o, (B(z, €)).
z€E 50 z€E -0

The same results are true for the exterior dimensions, if we replace BNV by
BNW in the expression of a,(B).

Let us mention that the quantity log Volp (BNQ)/ log diam(B)— D is used in [5]
to perform a multifractal analysis along the boundary of a domain €.

Symmetry. When a bounded open set V' is such that for every x€dV and €>0,
dimin (B(x, e)NOV) = dimexy (B(x, ) NOV) = dim(B(z,£)NOV),

and the same holds for the dimensions Dim and A, then 9V may be called laterally
symmetric. This is the case when OV is a C' curve, or a self-similar curve in the
sense that dV is a finite union of self-similar arcs (like the well-known snowflake
curve). A sufficient condition for lateral symmetry is the following: There exists
constants ¢; and ¢ in (0,1) such that for every z€0V and £>0,

¢1 Volp (B(z,e)\V) < Volp(B(z,e)NV) < ¢z Volp(B(x, )\ V).

6.2. The interior dimension may be negative

In the classical theory the Hausdorff dimension belongs to [0, D]. This is not
so for the interior dimension. Depending on the shape of 9V, the dimension of a set
ECOV may take any negative value, or even the value —co. Let us consider four
examples.

Example 1. Our set E is the single point 29=(0,0) in R%. Let a<O0.

For all e€[0,1], let f()=e'/(1=®) which is continuous and strictly increasing.
Let T'; be the graph of f on [0,1], I'y be the polygonal curve with vertices (1,1),
(0,1) and xg, and T' be the simple closed curve I'; UTs.

The interior of I' is V. Since f(g)>¢, the area of B(zg,c)NV is equivalent to

/5 Nt dt ~ e,
0
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If p is the discrete measure of mass 1 over {zo}, a straightforward application of
Theorem 6.1 gives

2—«
dimint ({20 }) = Dimipt ({20}) =2— % =«

Ezample 2. Now we choose « and 3 such that a<f<0, and for £o=(0,0), we
construct a simple closed curve I' such that T'=9V, dimiy({z0})=c, and
Dimint({xo}):ﬁ.

Let y=2—(a+3)/2, 0=(8—«)/2, G(e)=exp((y+dsinloge)loge), and g(c)=
G’ (). One can check that there exists £9>0 such that g is continuous and strictly
increasing on (0, £o], and lim._, g(¢)=0. We take f=g¢~! on (0, g(go)], with f(0)=0.
Let T'; be the graph of f on [0,g(g0)], I'2 be the polygonal curve with vertices
(g9(e0),€0), (0,€0), and xg, and I' be the simple closed curve I'; UT'.

As in Example 1, the interior of T is V. Since §<0, we have f(¢)>e. The area
of B(xg,e)NV is equivalent to

/Effl(t) dt=G(e).
0

With the help of the discrete measure of mass 1 over {zo}, we obtain

. L logG(e)\ B
dlmmt({xO})—thglf<2—E =2—y—-0=q,
. o log G(e)\ -
Dlmmt({xo})—hr?:gp@— log < =2—y+5=7.

Ezample 3. In this example, we construct an open set V in R, with a bound-
ary K such that dim(K)=log2/log3, dimiu;(K)<0, and dimexs(K)<0. This shows
that the first inequality in (32) may be strict.

We denote the length by L (instead of Vol;).

Let K be the triadic Cantor set in [0, 1].

Let F be the family of the complementary intervals of K: For all n>1 there
are 2"~1 open intervals of length 37" in F. For every I€F, rk(I) is the rank of I
in the triadic net, that is the integer such that L(I)=3~*x(),

Let K, be the set obtained by removing the first 2" —1 intervals of F from [0, 1]:
K, is the union of 2" closed intervals of length 37", K, D K41, and (), K,=K.

Let {an }n>1 and {by, }n>1 be two sequences of N such that n<a,, <b, ,_an/bn—>0,
and b, /an+1—0 (for example, take an:2"2 and bn:2"2+"). Let ag=0.

Construction of the subset K'C K. The set K,, is made up of a finite number
of intervals. We can consider all points in K,, which are at distance >¢,, from the
boundary, for €,, small enough. We choose £,=3"% and construct the closed set

E,={z€K:B(x,e,) CK,,}.
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It is made up of 2% intervals of length 3% —2¢,,. Let

K = U ﬂ Ei ={x € K :there exists an n such that k >n= B(x,e) C K, }.
n>1k>n

Showing that dim(K\K')=0. Let a>0. The set K\ E}, is a subset of K,, \ Ex,
which itself is covered by 21 intervals of length ej. Since K\ K'CJ,~,,(K\ Ex)
for all n, -

ng, (VK <, (0B ) <3020 e

k>n k>n

Since by >k and ay, /by —0, the series 3, - | 2%*ef converges, so that HS, (K\K')—0
as n—o0. This proves that H*(K\ K')=0, and dim(K\ K’)<0.
Construction of the open set V. Let

Fi(k)= U{IE]—':agk <rk(I) <agri1};
(k)= U{IE]—':ang <rk(I) < agri2};
G(n) :U{Ief:rk(l) >n}.

We define V=]~ F1(k) and W=J,~, F2(k). These are two disjoint open sets
such that K=0V=0W and KUVUW=[0,1]. For all n, K,=KUG(n+1) and
L(G(n))=(2/3)"".

The interior and exterior dimensions of K'. Let x€ K’'. There exists n such
that k>n = B(z,e,)CK,,. Let k>n. Then the following are true:

(i) B(x,e2r) CKUG(agr+1), so that B(x,ear)NW ClU,;sy Fo(i) CG(a2k+1)-
Thus L(B(z,e9) W) <(2/3)%26+1 71, -

(11) B($,62k+1)CKUG(CL2k+1—|—1), so that B($,52k+1)mVCUiZk+l Fy (Z)C
G(agk+2). Thus L(B(z,e2r41)NV)<(2/3)%2k+271,

Let v be the canonical measure on K: For any z€ K, v(B(z,))~elo82/1083 go
that v(B(z,e,))>c27b for some constant c. Since agyy1/bar — 00, we deduce that

lim sup
k—oo

log v(B(z,ea1,)) 1o log L(B(x,e9,)NW)
log ea, log e25

< lim

: 2

Since this is true for any x€ K’, dimey, (K')=—o00.
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Similarly,
logv(B log L(B
limsup<ogy( (x,€2k+1))+1_ og L( ($»52k+1)ﬁV)>
k—o0 10g €2k+1 10g €2k+1
1
<lm|—0" (— B 2 _
_kli’rgo<—bzk+1log3( bok1log 2 a2k+210g3)>+1 00,

so that dimj, (K')=—o00.
Conclusion. Using the stability of dimjy,

diming (K) = max{dimipns (K"), dimins (K \ K') } < max{dim;n (K"), dim(K\ K')} =0.
Similar methods give dimey (K)<O0.

Example 4. From Example 3, we can derive an example in R? with the help of
Cartesian products. Let us construct an open set V' such that

dimye (9V) = dimex (V) =1 and  dim(9V) = 14282
log 3
Let K, K', F1(k), and Fy(k) in [0,1] as before. Let us define
E=Kx|[0,1], =|J FAitk)x{0} and Fy=|] Fa(k)x{1}.

k>0 k>0

The sets ﬁl and ﬁg are unions of horizontal segments making “bridges” between
the vertical segments of F, at levels 0 and 1, respectively.

We complete the closed set Uﬁl Uﬁg by some arc with endpoints (0,0) and
(1,0), so as to form a closed curve of interior V' which looks like a “comb” with
irregular teeth (Figure 1). The open set W is R?\ V.

Let v1 be the canonical measure on K, v» be the Lebesgue measure on [0, 1],
and v=v; xvy. Then v has support E and for all z€F, v(B(x,¢))xe!tlos2/log3,
Using v and Theorem 6.1, calculations give

dim((K\K")x[0,1])=1 and dimjy (K’ x[0,1]) = dimex (K’ x [0, 1]) = —o0,
so that
dimim (E) = dimext (E) S 1,

whilst dim(E)=141log2/log3. The same results are true for V.
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Figure 1. A fractal comb, enclosed by a closed curve I'=0V. The one-sided dimensions dim;ju (T")
and dimext (T') are 1, whilst dim(I")=1+log2/|loga|. Here we chose a>1/3 to make the picture
more legible.

7. Using other determining functions

In the last section we used the determining function ¢, defined as ¢, (B)=
Volp(BNV)diam(B)*~P to obtain one-sided measures and dimensions. This is
not the only possible choice. For example, let us take p(B)=1 and ¢(B)=Volp (BN
V)P s0 that

$o(B) = Volp(BNV)*/P.

For any ECV, the family {¢4 }ocr will provide measures and dimensions equivalent
to the classical ones. It fulfills Assumption 2, with ag=1. Since p and ¢ are
increasing (a1 =a2=1), Assumption 3 is also satisfied, which means that all the
previous results and definitions remain valid, up to and including Section 5.2. In
particular, the set function «, in Theorem 4.3 may be written as

log u(B)
B)=D—28172)
u(B) = D1 (BAV)

New notions of interior and exterior dimensions in OV stem from this determin-
ing function. As could be expected the dimension values are not the same as in
Section 6. A major difference lies in the following result:

Proposition 7.1. With V and ¢, as above,
0 < dimint (E) < Dimint (E) < Ain‘c (E) < D
for any E#£2, ECIV.
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Proof. Since Volp(BNV)<Volp(B), we find easily that Ay (E) < D. Therefore
it suffices to show that dim;,(E)>0. Since dim;y is increasing, all we have to do
is to prove this inequality when E={zg}, 2o €IV.

Indeed, for such xy we have Volp(B(zp,e)NV)>0 for any £>0, so that
CO({z0})=1. This implies that c®({zo})=1, and dimiu({z0})=0. O

From the last result we could find this new determining function more “natural”
than the one studied in Section 6. One drawback is that there is no such simple
formula as (30) for Ajyt.

For a set E consisting of one point, dimj,¢(E)=Dim;y(E)=0, and the same
is true symmetrically for dimeyxt and Dimeyt. For the Cantor set K of Example 3
(Section 6), we may verify that dimine (K)=dimex(K)=0 and dim(K)=log2/log 3.
For the fractal comb of Example 4, dimj,(0V)=dimey(0V)=1 and dim(0V)=
1+4+log2/ log 3.

As a final remark, if two families of determining functions ¢, and v, satisfy
Assumptions 2 and 3, then the same is true for any product of the kind ¢/, 9?3 , where
r>0 and s>0. In theory we could find many suitable types of determining function,
each of them giving rise to a notion of one-sided dimension. But let us keep in mind
that a determining function ¢, has an interest only when it is a generalization of
the classical one, more precisely when the following condition is verified:

There exists constants 0<c1<cy such that for any ball BCV,

c1 diam(B)“ < ¢o(B) < ¢g diam(B)“.

We could call a family of such Hausdorff functions normal. Both families
tackled in Sections 6 and 7 are normal. If ¢, and 1, are normal, then ¢, 2 is
normal only if r+s=1.
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