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Introduction

Let S be a finite p-group, with p being a prime. A fusion system on S is a category
whose objects are the subgroups of S, and whose morphisms are injective group homo-
morphisms, among which are all of those which are induced by conjugation by elements
of S. A fusion system F on S is saturated if it satisfies some further conditions, such as
would be found to hold if S were a Sylow subgroup of a finite group G and if the mor-
phisms in F were the homomorphisms between subgroups of S induced by conjugation
within G.

Saturated fusion systems were introduced by Lluis Puig (as “Frobenius categories”)
in notes which, although widely influential, remained unpublished for some years. Puig’s
formalism provided a setting for the Brauer theory of blocks of characters of finite groups,
in which no ambient finite group need be assumed. Somewhat later, David Benson [5]
suggested the possibility of associating a “classifying space” to each Frobenius category.

The notion of such a classifying space was then formulated in a rigorous way by Carles



48 A. CHERMAK

Broto, Ran Levi, and Bob Oliver in [7], thereby providing a generalized setting for the
homotopy theory of p-completed classifying spaces of finite groups. Here also, as in Puig’s
setup, no ambient finite group is required. Instead, what is required is a “linking system”
(or “p-local finite group”) attached to a given saturated fusion system, and which has a
richer and, in many respects, a more “group-like” structure than the fusion system alone.

More recently, linking systems and their homotopy-theoretic correlatives have been
further generalized by Bob Oliver and Joana Ventura [16] to “transporter systems”. More
recently still, the notions of linking system and transporter system have been treated by
Puig in his book [18], where they are called “F-localities” —but where the homotopical
context is absent (as will also be the case in the present work).

This paper is intended, in part, as a step toward providing a setting for the methods
of the so-called “p-local analysis” from finite group theory, in which no ambient finite
group is required. The formalism developed here turns out to be equivalent in a technical
sense to that of [7] and [16], but it is pitched in a completely different language—one
which involves nothing of categories and functors—and it has a more recognizably finite
group-like flavor. Partly for this reason, and partly because the “p-local” in “p-local
finite groups” already has a meaning for finite group theorists, we have chosen to adopt
Puig’s terminology; and so this paper involves the study of what we call localities. We
retain the terminology from [7] for the special sort of locality known as a linking system.
The aim is to establish some basic structural properties of localities in general, and to

prove the following result.

THEOREM. (Main theorem) Let F be a saturated fusion system on the finite p-group
S, with p being a prime. Then there exists a centric linking system L such that F is the
fusion system generated by the conjugation maps in L between subgroups of S. Further,
L is uniquely determined by F, up to an an isomorphism which restricts to the identity

map on S.

We remark that if £ is a centric linking system on S, then it is straightforward to
show that the fusion system Fg(L) generated by the conjugation maps in £ between
subgroups of S is saturated (see Proposition 2.18 (a) below). Thus, the effect of the main
theorem is that there is a one-to-one correspondence, up to a rigid notion of isomorphism,
between saturated fusion systems and centric linking systems.

In this introduction we shall outline our proof of the main theorem, and point out the
indirect way in which it relies on the classification of the finite simple groups (hereinafter
referred to as the CFSG).

A group may be regarded as a set G together with an “inversion map” and a mul-
tivariable “product” II: W —G, where W=W (G) is the free monoid on G. The usual
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definition of a group is easily formulated in terms of II instead of the binary multipli-
cation. To obtain the notion of “partial group”, one drops the requirement that II be
defined on all words in W, and one places certain conditions on the subset D of W
on which II is defined, while retaining the essential properties that one expects from a
product.

Once Definition 2.1 is given, partial analogs of basic group-theoretic notions imme-
diately suggest themselves, including the notions of homomorphism and subgroup. A
partial subgroup of a partial group may in fact be a group. Moreover, it may be the case
for a given partial group M that there is a collection A of subgroups which determines
the domain D of the product II. Namely, it may happen that a word w=(f1,..., fr)
is in the domain D if and only if there exists a sequence (Xo, ..., X,;) of “objects” (i.e.
members of A) such that X;_; is conjugated by f; to X; for all ¢, 1<i<n. If such is the
case, and if moreover any subgroup of an object containing a conjugate of an object is
again an object, then the pair (M, A) is an objective partial group.

Our interest is in objective partial groups £L=(M, A) such that the set A of objects
has a unique maximal member S with respect to inclusion, and where S is a finite p-group
which is maximal (though not necessarily uniquely so) in the poset of all p-subgroups
of M. When these conditions are met, and M is finite, then the triple L=(M,A,S)
is a locality. A locality L is a A-linking system if, for any object P€A, the centralizer
subgroup C(P) is just the center Z(P) of P. If, moreover, A is the set of all subgroups
P of S such that Cs(Q)=Z(Q) for every L-conjugate @ of P with Q<.S, then L is a
centric linking system.

With any locality L=(M, A, S) is associated a fusion system F:=Fg(L) on S, whose
morphisms are those maps ¢ from one subgroup of S into another, such that ¢ is a
composition of restrictions of £-conjugation maps between objects. We find that for any
locality £, the pair (£, Fs(L)) is essentially the same thing as a “transporter system” in
the sense of Oliver and Ventura [16], and we show that all transporter systems arise from
localities in this way. The proof is given in an appendix, so as not to interrupt the flow
of the development. The appendix includes also a proof that the main theorem implies
the corresponding result for “centric linking systems” taken in the sense of [7].

In §1 we introduce saturated fusion systems (and the notion of “fully normalized”
subgroup) in an unconventional way, in analogy to the way in which one defines a scheme
as a gluing-together of affine schemes. In this analogy, the “affine” things are the fusion
systems Fr(H) of finite groups H at a Sylow p-subgroup R, where H has the property
that C(Op(H))<Op(H). A fusion system F on a finite p-group S is saturated provided
that F is locally affine, F is “generated” by its affine subsystems and every F-centric

subgroup of S has a fully normalized F-conjugate. Another way to say this is that our
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definition of saturation is based on the notion, due to Aschbacher [2], of a “model” of a
“constrained” fusion system. In any case, our formulation is equivalent to those found
in [7] and elsewhere. Readers who are already familiar with fusion systems and with
models will find little new after Definition 1.4. Indeed, the purpose of §1 is primarily to
fix terminology and notation—and to state a result (Proposition 1.10) due independently
to Oliver and Puig—which lies at the foundation of this work.

The definitions pertaining to partial groups, objective partial groups, and localities
are introduced, and a few of their elementary consequences are derived, in §2. Among
these consequences is the basic one (Proposition 2.11) that for any locality £L=(M, A, S)
and any f€M the set Sy of elements 2€S such that the product z/:=f~'z f is defined
and is an element of S, is in fact an object, and hence a subgroup of S. As a corollary,
we obtain the result (Proposition 2.22) that every subgroup of M is contained in the
normalizer of an object, and that all p-subgroups of M are conjugate to subgroups of S.

In §3 we introduce homomorphisms of partial groups and of partial normal sub-
groups. A few very basic consequences of the definitions are derived, but it is not until
the focus is restricted to localities, in §4, that these concepts begin to bear fruit. We make
no attempt in this paper to formulate a general notion of homomorphism of localities
beyond an obvious notion of isomorphism.

In §4 we provide some basic computational tools for working with a locality L=
(L£,A,S) and a partial normal subgroup N'<<C. The “Frattini lemma” (Corollary 4.8)
says that every element f€L can be written as a product zh (or hy:=hz") with z,yeN
and with h€ Nz (SNA). The section ends with a result (Lemma 4.9) on extending an
automorphism of a sub-locality of a finite group to an automorphism of the group itself.

It is in §5 that the proof of the main theorem begins to take shape. The main results
(Theorems 5.14 and 5.15) yield a concrete procedure for constructing a locality £ from
a locality £ having a smaller set of objects. Thus, suppose that one is given a locality
L with the set A of objects, and maximal object S; and suppose that one is given also
a fusion system F on S such that £ is “F-natural”, in the sense that for any object P,
the set of L-conjugation maps from P into S is equal to the set of F-homomorphisms of
P into S. Now suppose further that one is given a subgroup T of S, such that T is not
in A, but with the property that every pair of distinct F-conjugates of T" in S generates
a member of A. One may assume (upon replacing T' by a suitable £-conjugate) that T'
is fully normalized in F, in the sense of Definition 1.2. There are then two questions to
consider. First: under what conditions is it possible to regard £ as the “restriction” to
A of an F-natural locality LT whose set At of objects is the union of A and the set
of overgroups in S of F-conjugates of T'7 Second: under what conditions are two such

“extensions” of £ to A" “rigidly isomorphic” (i.e. isomorphic via an isomorphism which
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restricts to the identity map on S)? Theorems 5.14 and 5.15 provide a complete answer
to these questions; and in doing so they provide a blueprint for the proof of the main

theorem.

In brief, Theorem 5.14 says that there exists an F-natural locality £ extending £
in the prescribed manner, provided that there exists

(1) a finite group M containing Ng(T') as a Sylow p-subgroup, and with fusion
system Fy 7y (M) equal to Nz(T), and

(2) arigid isomorphism A from the normalizer locality N, (T') to a locality La, (M)
contained in M,
where Ar is the set of objects Q€A such that T<Q<Ng(T), and L, (M) is the lo-
cality obtained by restricting the group M (itself viewed as a locality) to Ap. Further,
Theorem 5.15 says that if A and X are two isomorphisms as in (2), then the resulting
localities £(\) and £*()\') are rigidly isomorphic if and only if the composition A~!
followed by A extends to an automorphism of M.

Lemma 5.18 establishes that every locality £L=(M, A, S) can be constructed in the
above way, by an iterative procedure. For example, one may begin with the group N (.9),
regarded as the restriction of £ to a locality with a single object. One then proceeds (via
the “+-operation” outlined above) to construct the restriction of £ to larger and larger
sets of objects, until the set A has been exhausted. At that point £ itself will have been

recovered as a “filtration” of its restrictions to an increasing sequence of subsets of A.

In §6 we provide a proof of the main theorem modulo a technical condition on local-
ities in finite groups which is proved in §7 as Proposition 7.1. In somewhat more detail:
the proof of the main theorem depends on being able to produce an iterative procedure,
of the kind described in the preceding paragraph, by which to create a linking system
rather than to recover one, starting only with a saturated fusion system F on S and with
the set A=F¢ of F-centric subgroups of S. The procedure begins with the linking system
Lo of Nx(R) for some suitably chosen R€A; and where the existence and uniqueness of
Lo is given by a result (see Proposition 1.10 below), obtained independently by Oliver
and Puig, which lies at the foundation of this paper. The difficulty, in going from one
step to the next via the 4+-construction, lies in showing that what has already been con-
structed (and constructed uniquely, up to rigid isomorphism) yields an essentially unique
rigid isomorphism A at the local level required for the next step. This requires finding a
good way to descend, step by step, through A—and this is what is achieved in §6. The
argument focuses on properties of one version of the Thompson J-subgroup J(R) of a
finite p-group R, and on properties of finite groups G such that R is a Sylow p-subgroup
of G, F*(G)=0,(G) and J(R) is not a normal subgroup of G. Thus, §6 provides a

method of “descent”, while Proposition 7.1 enables the argument in §6 and completes
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the proof of the main theorem. By ordering things in this way, all of the non-elementary
finite group theory involved in the proof of the main theorem is pushed to the very end.

Proposition 7.1 concerns so-called FF-pairs (G,V), where G is a finite group such
that O,(G)=1, and where V is a faithful G-module over the field of p elements, having
the following property:

There exists a non-identity abelian p-subgroup A of G (called a “best offender”

*
in G on V) such that |A||Cy(A)| > |B||Cy(B)| for every subgroup B of A, (*)

and where G is generated by the set of such best offenders. The classification of such pairs
(G, V) has been carried out piecemeal, over a period of many years, by many authors.
It has only very recently been given a complete treatment (including the determination
of the best offenders in the case where V' is irreducible and G is almost simple) by
Meierfrankenfeld and Stellmacher [15], as part of the project initiated by Meierfrankenfeld
to provide an alternative approach to the classification of finite simple groups of local
characteristic p. Parts of the classification of FF-pairs (for example the decomposition
into “J-components”) are elementary, but as things stand at this date, the determination
of the possible J-components themselves relies on the CFSG. Though we have attempted
to organize the arguments on the basis of general principles where possible (see for
example Definition 7.9), any proof based on the CFSG, by its very nature, is opportunistic
to some degree, and not entirely principled.

We should alert those readers who are familiar with arguments involving the Thomp-
son J-subgroup J(P) of a finite p-group P, that in this paper J(P) is not defined in
the way that has gained currency over the course of the decades since Thompson first
introduced his version of J(P). That is, we define J(P) to be the subgroup of P that is
generated by the abelian subgroups of P of maximal order (as in [20]), rather than the
elementary abelian subgroups of maximal order. This is the definition which is needed

here, for reasons that will become clear from the arguments in §6 and §7.

Remark. Our tendency is toward right-hand notation for mappings, in any discussion
which may involve composition of mappings. In particular, if C is a category, and X, Y,

and Z are objects of C, then composition defines a mapping
Mor¢ (X,Y) xMore (Y, Z) — More (X, Z).

Consistent with this policy, conjugation within any group G is taken in the right-handed

1

sense, so that t9=g~ xg for any x,g€@q.
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1. Fusion systems, saturation, and models

This section is, in part, a review of the basic notions pertaining to fusion systems and
saturation; but the definitions of “fully normalized subgroup” and of saturation that
turn out to be most convenient for the task at hand are not the standard ones. Still, the
ideas are due to Puig [17], while the terminology that we employ is that of [7], which has
gained broad currency.

Let p be a prime, G be a finite group, and S be a Sylow p-subgroup of G. For
subgroups P and @ of .S, set

Na(P,Q)={geG|P'<Q}.

1

Here PY is the set of elements x9:=¢g~ " xg, for x€P. Set

Homg(P,Q)={cg: P— Q|9 Na(P,Q)},

where ¢4: P—( is the conjugation map x— 29 induced by g. The fusion system Fs(G)
induced on S by G is the category whose objects are the subgroups of S, and where the
set of morphisms P— @ is Homg (P, Q). More generally, we give the following definition.

Definition 1.1. Let S be a finite p-group. A fusion system on S is a category F,
whose objects are the subgroups of S, and whose morphisms satisfy the following two
conditions:

(a) Homg(P,Q)CHomg (P, Q) for all subgroups P and @ of S;

(b) every F-homomorphism can be factored in F as an F-isomorphism followed by

an inclusion map, and every F-isomorphism is an isomorphism of groups.
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Example. For any finite p-group S there is the total fusion system F(S), character-
ized by

HOII’I]?(S) (Pv Q) = IHJ(P, Q)v
where Inj(P, @) is the set of all injective group homomorphisms P— Q).

Let F be a fusion system on S and let P<.S be a subgroup of S. A subgroup Q<S5
is an F-conjugate of P if Q=P¢ for some F-isomorphism ¢.

Definition 1.2. Let F be a fusion system on S. A subgroup P of S is fully normalized
in F provided that, for each F-conjugate @@ of P, there exists an F-homomorphism
¥: Ng(Q)— Ng(P) such that Qiy=P.

Ezample. If F=Fs(G), with G being a finite group, and S€Syl,(G), then every
subgroup of S has a fully normalized F-conjugate, by Sylow’s theorem.

Definition 1.3. Let S be a finite p-group and let F be a subset of Hom(F(5)) (i.e.
a subset of the set of morphisms of the total fusion system on S) such that F contains
Hom(Fs(S)). The fusion system on S generated by F is the category whose objects are
the subgroups of .S, and whose morphisms are the homomorphisms ¢: P— @ such that ¢

is a composition of restrictions of members of F'.

We note that it is immediate from Definition 1.1 that the “fusion system generated

by F” is in fact a fusion system on S.

Ezxample. Let F be a fusion system on S and let T'<<S be a subgroup of S, with T
fully normalized in F. Define Nx(T') to be the fusion system on Ng(T') generated by the
set of all F-homomorphisms ¢: P— Ng(T') such that T<P and such that T¢=T.

A collection A of subgroups of S is closed under F-conjugation (or, is F-invariant)
if P¢p€ A whenever P€A and p€Homg(P, S). We say that A is overgroup closed if Q€A

whenever @ is a subgroup of S which contains a member of A.

Ezample. For any fusion system F on .S, let F¢ be the largest F-invariant collection
A of subgroups P of S such that Cs(P)<P for all PEA. Then SeF¢, and F€ is
overgroup closed in S. The members of F¢ are the F-centric subgroups of S.

Definition 1.4. Let F be a fusion system on S and let A be a non-empty collection
of subgroups of S, such that A is both overgroup closed and closed under F-conjugation.
Then F is A-saturated if the following two conditions hold:

(A) every member of A has a fully normalized F-conjugate;

(B) for each PEANF® such that P is fully normalized in F, there exists a finite
group M such that Ng(P)€Syl, (M), and with Nz(P)=Fngp)(M).
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If F is F¢-saturated, and F is generated by the union of its subsystems Nz (P) as

P ranges over the fully normalized members of F¢, then F is saturated.

Remark 1.5. (a) The above definition of saturation is equivalent to the (by now)
standard one given in [7], and hence also to the various equivalent formulations found in
[6] and [19]. Actually, in view of the main theorem, one may be satisfied to know that a
fusion system satisfying the standard definition of saturation satisfies the conditions of
Definition 1.4. That the standard definition implies (A) is an easy exercise, while (B)
follows from [2, statements 2.4 and 2.5]. The reverse implication (that Definition 1.4
really does define saturation in the standard sense) is given by [6, Theorem A].

(b) For any finite group G with Sylow p-subgroup S, the fusion system Fg(G)
is A-saturated, for any non-empty, overgroup closed, Fg(G)-invariant collection A of

subgroups of S.

Definition 1.6. Let F be a fusion system on S, and let T'<<.S be a subgroup of S.
Then T is normal in F if F=Nx(T). The (unique) largest subgroup of S which is normal
in F is denoted O,(F). More generally, T is strongly closed in F if P¢<T whenever
P<T and ¢€Homg (P, S). More generally still, T is weakly closed in F if T¢=T for all
peHom£(T, S).

LEMMA 1.7. Let F be a saturated fusion system on S, let P<S be a subgroup
of S such that P is fully normalized in F, and let U be a subgroup of P such that
Ng(P)<Ng(U). Then there exists pcHomz(P,S) such that both P¢ and U¢ are fully

normalized in F.

Proof. By condition (A) in Definition 1.4, there exists ¢€Homz(Ng(U),S) such
that V:=U¢g is fully normalized in F. Set Q=P¢. As Ng(P)<Ng(U), and P is fully
normalized, ¢ restricts to an isomorphism Ng(P)— Ng(Q). Now let v €Hom#(Q, S) and
set R=Q1. Then R is an F-conjugate of P, and so there exists n€ Homz(Ng(R), Ns(P))
with Rn=P. Composing n with ¢ yields an F-homomorphism Ng(R)— Ng(Q), so @ is
fully normalized in F. O

Definition 1.8. Let F be a saturated fusion system over S. Then F is constrained
if O,(F) is F-centric.

The following terminology is taken from [2].

Definition 1.9. Let F be a constrained fusion system over S, and let M be a finite
group. Then M is a model for F provided that

(1) S is a Sylow p-subgroup of M,

(2) F=Fs(M), and

(3) Cum(0p(M))<Op(M).
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Notice that if M is a model for F then O,(M)=0,(F).

The definition of model in [2] (or, equivalently, of “localizer” in [18]) is somewhat
more flexible than the one we have given here; but Definition 1.9 will suffice for our pur-
poses. The following quoted result may be interpreted as saying that the main theorem
holds in the case where F is constrained. This special result lies at the foundation of our

proof of the main theorem.

PrOPOSITION 1.10. Let F be a constrained fusion system over the finite p-group S.
Then the following hold:

(a) There exists a model M for F.

(b) Let My and My be models for F. Then there exists an isomorphism

ﬁ:Ml —)M2

such that [ restricts to the identity map on S. Moreover, if (3’ is any other such iso-
morphism, then the automorphism B~ 1oB of My is an inner automorphism c,, given
by conjugation by an element z€ Z(S). In particular,

(¢) if M is a model for F then {c,|z€Z(S)} is the set of automorphisms of M

which restrict to the identity map on S.

Proof. Statement (a), and the uniqueness of M up to isomorphism, appear as Propo-
sition 4.3 in [6]. A different treatment, along with the “strong uniqueness” of M in state-
ment (b), is due to Puig [18, Theorem 18.6]. There is also a subsequent (and independent)
proof by Oliver—including the important statement (b) [3, §III, Theorem 5.10]. O

LEMMA 1.11. Let M be a model of the saturated, constrained fusion system F
over S, and let £ be a saturated fusion system on S such that the set Hom(E) of &-

homomorphisms is contained in Hom(F). Then M contains a unique model H for &.

Proof. Set T=0,(M), and let H be the set of all g€ M such the conjugation auto-
morphism ¢g of T is in €. The set of all such ¢, with g€ H is equal to Autg(T'), so H is
a subgroup of M. Moreover, S<H as Fg(S5)CE.

Let £ be the fusion system Fg(H). Then

A:=Aute (T)=Auty (T) = Autg (T).

Fix A€A, let he H with ¢,=\, and let P, be the largest subgroup P of S such that
Autp(T)*<Autg(T). Set P=Py and let Q be the preimage in S of Autp(T)*. As
conjugation by h induces an automorphism of Autgy(7'), the natural isomorphism of
Auty (T)—H/Z(T) yields P"=Q. That is, a extends to an &’-isomorphism ¢: P—Q.

Since £ is constrained, also £ has a model, and so « extends also to an £-isomorphism
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Y: P—Q. Then ¢o1p~! is an F-automorphism which restricts to the identity on 7', and
so Y=¢oc, for some z€Z(T). Since Fg(S)CTENE’, we conclude that Iso(£)=Iso(&’).
Then Hom(&)=Hom(&’) by Definition 1.1 (b). Thus, £=£&’, and H is a model for &.
Now suppose that there is another subgroup K of M which is a model for £. Let
c: M — Aut(T') be the map which sends g€ M to the automorphism ¢, of T. Then Ker(c)=
Z(T)<SHNK, and Ke=Autg(T)=Auty(T)=Hc, so K=H. O

By a group of Lie type in characteristic p we mean a finite group OF' (Cg(0)), where
K is a semisimple algebraic group over the algebraic closure I_Fp of the field of p elements,
and where o is a Steinberg endomorphism of K. The following well-known result will

play an important role in §7.

LEMMA 1.12. Let G be a group of Lie type in characteristic p, let SE€Syl,(G) be
a Sylow p-subgroup of G, and let X be a parabolic subgroup of G containing S. Then
Op(X) is weakly closed in Fs(G).

Proof. Let @ be the root system (or twisted root system) associated with G, and let
®* be the set of positive roots, taken so that S is generated by the set of root subgroups
U, for ae®@™. Set Q=0,(X), set B=Ng(S), and let H be a complement to S in B. For
any subset A of ®* let A’ be the set of roots —« such that «€®* and a¢A. Standard
results concerning the structure of parabolic subgroups (see [12, Theorem 2.6.5]) yield
the existence of a subset A:=A(X) of ®*, such that

Q=(Us|6eA), O (X)=(U,|ye® UA’), and X =0"(X)H. (%)

Let ge Ng(Q,S). By Alperin’s fusion theorem there is a sequence (R, ..., Ry) of
subgroups of S, and elements g; € Ng(R;), such that g;€ Ng(R;), Q< Ry, Q99 <R; for
all 4, and such that g=hgy ... g, for some heCqs(Q). Moreover, the groups R; may be
chosen so that R;=0,(N¢(R;)) and Ns(R;)€Syl,(Ng(R;)), and then a theorem of Borel
and Tits [12, Theorem 3.1.3] yields the result that each Ng(R;) is a parabolic subgroup
of G over S. Thus, in order to prove that Q'=Q, and hence that @Q is weakly closed
in Fs(G), it suffices to consider the case where g=g; €Y for some parabolic subgroup
Y=Ng(R) of G over S, with Q<K R=0,(Y).

Set '=A(Ng(R)). Then ACT and I"CA’. Applying (*) to both Ng(R) and X,
we obtain Ng(R)<X. Thus g€ N (Q), as required. O

2. Partial groups, objective partial groups, and localities

For any set X we write W(X) for the free monoid on X. Thus, an element of W(X)

is a finite sequence of (or word in) the elements of X, and the multiplication in W (X)
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consists of concatenation of sequences (denoted uov). The use of the same symbol “°” for
concatenation of sequences and for composition of functions should cause no confusion.

The length ¢(w) of the word w=(z1,...,z,) is n. The “empty word” is the word
(@) of length 0. We shall make no careful distinction between the set X and the set of
words of length 1. That is to say, we regard X as a subset of W(X) via the identification

Definition 2.1. Let M be a non-empty set, and let W=W (M) be the free monoid
on M. Let D be a subset of W such that
(1) MCD, and
uoveD = wu,veD.

(Notice that (1) implies that also the empty word is in D.) A mapping II: D—M
is a product if

(2) II restricts to the identity map on M, and

(3) uovoweD=uc(Il(v))eweD and H(usvow)=II(ue(Il(v))ow).

An inversion on M consists of an involutory bijection f++f~! on M, together with

1

the mapping u—u~" on W given by

(f177fn)'—>(fr:15f1_1)

A partial group consists of a product II: D— M, together with an inversion (-)~! on M,
such that

(4) ueD=u"toueD and IM(u"tou)=1,
where 1 denotes the image of the empty word under II.

We list some elementary consequences of the definition, as follows.

LEMMA 2.2. Let M (with D, II and inversion) be a partial group.
(a) I is D-multiplicative. That is, if uov is in D then the word (II(u),II(v)) of
length 2 is in D, and
I(uov) =TI(u)II(v),

where II(uw)II(v) is an abbreviation for II((II(u), II(v)).
(b) II is D-associative. That is,

uovew €D = II(uov)II(w) = (u)I(vew).

(¢) If uoveD then ue(l)oveD and II(uo(1)ov)=II(uov).
(d) If ucveD then both u~toucv and ucvov™t are in D, I(u~touov)=II(v), and
H(ucvov™t)=TII(u).
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(e) (Cancellation rule) If wev,ucweD, and I(uev)=II(ucw), then II(v)=II(w)
(and similarly for right cancellation).

(f) If ueD then u=teD, and M(u=t)=I(u)"t. In particular, 1-1=1.

(g) (Uncancellation rule) Let u,v,we€ W, and suppose that both uev and wow are in
D and that II(v)=II(w). Then I(ucv)=II(uew). (Similarly for right uncancellation.)

Proof. Let uoveD. Then condition (3) in Definition 2.1 applies to (&)cuev and
yields the result that (II(u))oveD with II(uev)=II((II(u))ev). Now apply again (3) to
(TI(u))ove (@), to obtain (a).

Let ueveweD. Then wov and w are in D by condition (1) in Definition 2.1, and
D-multiplicativity yields IT(ucveow)=II(uov)II(w). Similarly, II(uevow)=II(u)II(vow),
and (b) holds.

Notice that statement (c) is immediate from condition (3) in Definition 2.1.

Assume that uov€D. Then v~ tou~toucv €D by condition (4) in Definition 2.1, and

1

then also u™"cucveD. Multiplicativity then yields

M(utouov) =TI(utow)(v) = 1T (v) = I(@)I1(v) = ((D)ov) = H(v).

As (w™t)~t=w for any we W, one obtains wow =t €D for any weD, and II(wow~!)=1.
From this one easily completes the proof of (d).
Now let uev and wew be in D, with II(ucv)=II(ucw). Then (d) (together with

multiplicativity and associativity, which will not be explicitly mentioned hereafter) yield
(v) =T(u " touoev) = (v ) (u)(v) = I(w~HII(w)(w) = (vt ouow) = T(w),

and (e) holds.

Let ueD. Then ucu~'e€D, and then II(u)I(u~!)=1. But also (IL(u),I(u)"1)eD,
and IT(u)II(u)~'=1. Now (f) follows by cancellation.

Let u, v and w be as in (g). Then u~touov and u~Louow are in D by (d). By two
applications of (d), IT(u~touov)=II(v)=I(w)=1(u"toucw), so Il(uov)=II(ucw) by (e).
That is, II(u)II(v)=II(u)II(w), and (g) holds. O

LEMMA 2.3. Let M be a partial group, and write xy for Il(z,y) when (z,y)€D.

(a) For each xeM, both (x,1) and (1,x) are in D, and lx=x1.

(b) For each x€M, both (z71,z) and (x,27') are in D, and x " lz=1=zz~ 1.

(¢) If W(M)=D then M is a group via the binary operation (x,y)—xy.

Proof. As x=Cox=x-g, and as II(z)=x by condition (2) in Definition 2.1, and
since II(@)=1, statement (a) follows from Lemma 2.2 (a). Point (b) is immediate from
condition (4) in Definition 2.1. Thus, 1 is an identity element for M by (a), and z~!
is an inverse for x by (b). Finally, if M X MxMCD then the operation (z,y)—zy is
associative by Lemma 2.2 (b). In particular, (c) holds. O
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Ezamples 2.4. (1) The first example is the basic one, in which M is a group G,
1 is the identity element of G, g~! is the inverse of g in G, D=W|(G), and II is the
(multi-variable) product in G. Let “-” be the binary operation given by restricting II to
Mx M. Then (M,-) is a group by Lemma 2.3 (c), and visibly that group is equal to G.
Conversely, if (M, D,II) is a partial group in which D=W then (M, ) is a group, again
by Lemma 2.3 (c).

(2) Let G be a group and let A be a collection of subgroups of G. For X €A and ge G
write X9 for the subgroup ¢! Xg<G. One then obtains a partial group M=M(G, A),
for which D is the set of all words w=(g1, ..., gn) € W(G) such that there exists X €A
with X919 € A for all i (1<i<n). Take II to be the restriction to D of the multivariable
product in G, inversion as the restriction to M of inversion in GG, and 1 as the identity
element of G. Notice that if there exists X € A with X9€A for all g€G, then all products
are defined, and one then recovers G as a bona fide group.

(3) Here is a special case of example (2). Let G be the group O} (2) (or equivalently,
the wreath product S31C5). Thus, G is a group of order 72, with a normal elementary
abelian subgroup A of order 9, and with a dihedral Sylow 2-subgroup S acting faithfully
on A. Let A be the set of subgroups of S of order 2. Then, as a set, the partial group M
(defined as in example (2)) is equal to G, since every element of G fuses some involution
of S into S. But D(M) is a proper subset of W (M), so M is not a group.

It is often convenient to eliminate the symbol “II” and to speak of “the product
fi .. fn”. More generally, if {X;}"_, is a collection of subsets of M then the “product
set X ... X,,” is by definition the image under II of the set of words (f1, ..., f) €D such
that f;€X; for all i. If X;={f;} is a singleton, then we may write f; in place of X; in
such a product. Thus, for example, the product X fg stands for the set of all II(z, f, g)
with (z, f, g)€D, and with z€ X.

A word of urgent warning: in writing products in the above way one may be led,
mistakenly, into imagining that “associativity” holds in a stronger sense than that which
is given by Lemma 2.2 (b). For example, one should not suppose, if (f,g,h)eW, and
both (f,g) and (fg,h) are in D, that (f,g,h) is in D. That is, it may be that “the
product fgh” is undefined, even though the product (fg)h is defined. Of course, one is
tempted to simply extend the domain D to include such triples (f, g, h), and to “define”
the product fgh to be (fg)h. The trouble is that it may also be the case that gh and
f(gh) are defined (via D), but that (fg)h#f(gh).

Let M be a partial group and let H be a non-empty subset of M. Then H is a
partial subgroup of M if H is closed under inversion (f€H implies f~'€H) and with
respect to products. The latter condition means that II(w)€H whenever we W (H)ND.
If in fact W(H) is contained in D, then H is a subgroup of M (i.e. a partial subgroup
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which is a group) by Lemma 2.3.
For a partial group M and feM, write D(f) for the set of all z€ M such that the
product f~'xf is defined. There is then a mapping

Cf:D(f) — M

given by x— f~lzf (and called conjugation by f). Since our preference is for “right-
hand” notation, we write

z—(z)ep or xr—af

for conjugation by f.
At this early point, and in the context of arbitrary partial groups, one can say very
little about the maps cy. The cancellation rule (Lemma 2.2 (e)) implies that each cy is

injective, but beyond that, the following lemma may be the best that can be obtained.

LEMMA 2.5. Let M be a partial group and let f€M. Then the following hold:
(a) 1€D(f) and 1/ =1,

(b) D(f) is closed under inversion, and (z~1)f =(2/)~1 for all z€D(f);

(¢) ¢ is a bijection D(f)—=D(f™1), and cp-1=(cs)™;

(d) M=D(1), and z*=x for each xEM.

Proof. By condition (4) in Definition 2.1, fo@e f~t=fof~t€D, so 1€D(f) and then
1/ =1 by Lemma 2.3 (a). Thus (a) holds. Now let z€D(f) and set w=(f"1,x, f). Then
weD, and wl=(f"1, 27, f) by Definition 2.1. Then condition (4) in Definition 2.1
yields w™toweD, and so w~! €D by condition (1). This shows that D(f) is closed under
inversion. Also, condition (4) yields 1=II(w ™ ow)=(z"")f2f, and then (2=')/=(zf)~*
by Lemma 2.2 (f). This completes the proof of (b).

As weD, Lemma 2.2 (d) implies that fow and then foweof~! are in D. Now con-
dition (3) in Definition 2.1 and two applications of Lemma 2.2 (d) yield

fal foV =T f 7 £ ) =T f ) fof T =T0(f, £ 2) =
Thus 2/ €D(f~1) with (2f)/ =z, and hence (c) holds.
Finally, 1=1"! by Lemma 2.2 (f), and Goze@=2€D for any €M, proving (d). O

If X is a subgroup of M with X CD(f), write X/ for {zf|zcX}. Example 2.4 (3),
with X a fours group contained in S, and with f a suitable element of order 3, shows
that X7 need not be a group with respect to the product II.

For subgroups X and Y of M, set

Nm(X,Y)={feM|XCD(f) and X/ <Y},
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and set
Nu(X)={feM|XCD(f) and X/ = X}.

In practice, all of the objective partial groups that will be encountered in this paper have
the property that their objects are finite, so we will always have Ny (X, X)=N(X) by
Lemma 2.5 (c). Write Cpq(X) for the set of all f€Np((X) such that zf =z for all z€ X.

Henceforth, if X is a subgroup of a partial group M, any statement involving the
expression “X/” should be understood as being based on the tacit hypothesis X CD(f).

Example 2.4 (2) may be formalized and generalized as follows.

Definition 2.6. Let M be a partial group and let A be a collection of subgroups of
M. Let Da be the set of all w=(f1,..., fn) EW (M) such that

there exists (Xo, ..., X,) € W(A) with (X;_1)f = X, for all i (1<i<n). (%)

Then (M, A) is an objective partial group (in which A is the set of objects), if the
following two conditions hold:

(O1) D=Dag;

(02) whenever X, Z€A, Y is a subgroup of Z, and fE€M is such that X/ is a
subgroup of Y, then Y €A.

We say that a word w=(fi, ..., fr) is in D wia (Xy,..., X,,) if the condition (x) in
Definition 2.6 applies specifically to w and (Xo, ..., X,;). We may also say, more simply,
that w is in D via Xy, since the sequence (Xp, ..., X,) is determined by w and Xj.

Remark. Notice that in the preceding definition, one needs to already have D in
order to know what Da is, since DA is defined in terms of conjugation in the partial
group defined by D. In practice, when one tries to construct an objective partial group, it
is often easy to decide on a suitable D which yields the partial group that one wants, and
which has the property that DCDa. But it can then be very difficult to establish the
reverse inclusion DDDA. In fact, much of this paper is built around three such exercises:
one of them in the appendix (in order to establish that Oliver—Ventura “transporter
systems” give rise to localities), and one each in §4 and §5.

Remark. Condition (O2) in Definition 2.6 has been stated in the form appropriate
for this paper, where objects will always be finite p-groups, from Definition 2.9 on. A
more general formulation would be:

(02) whenever X,Z€A, Y<Z is a subgroup of Z, and feM with X <Y, then
Ny (XT)eA.

LEMMA 2.7. Let (M, A) be an objective partial group.
(a) Npm(X) is a subgroup of M for each X €A.
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(b) Let feM and let X €A with Xf€A. Then N (X)CD(f), and
er: Na(X) — Naa(XT)

s an isomorphism of groups.
(¢) Let w=(f1,..., fn)€D wia (Xo,..., X). Then

c.flo"'chn :cH(w)

as maps from Xg to X,.

Proof. We start by proving (c). Let w and (Xy,...,X,,) be as in (¢). For any
r€X set uy=w"lo(x)ow. Then u, DA via X,,. Setting f=II(w), and recalling that
H(w=1)=f"1 (by Lemma 2.2 (f)), we get

(e, f) =(ue) = (. (2)7) ),

by repeated application of Lemma 2.2 (a). This yields (c).

Let X €A and set L=Np(X). Then L is non-empty since 1€ L by Lemma 2.5 (b).
Further, L is closed with respect to inversion by Lemma 2.5. For any weW (L), the
condition (O1) in Definition 2.6 implies that weD via X, and then II(w)€L by (c).
Now (a) follows from Lemma 2.3 (c).

Let feM with XCD(f) and X7 €A. Let z,y€L and set u=(f"1,z, f, f~ v, f)-
Then u€Da via X7. Thus u€D by (O1), and then Lemma 2.2 (a) yields II(u)=x'y/.
We note also that Definition 2.1 (3) and Lemma 2.3 (b) yield

H($7 f7 f_17y) :H(xoloy)

and so II(z, f, f~1,y)=xy by Lemma 2.3 (b). Then
() =I(f oz, f, f 7)o f) = (zy)’

by Definition 2.1 (3), and thus cy: L— L' is a homomorphism of groups. Hence cr is an
isomorphism by Lemma 2.5 (¢), proving (b). O
Remark 2.8. We mention two structures associated with a given objective partial
group (M, A).
(1) There is a category C=Cat(M, A) whose set of objects is A, whose morphisms
are triples (f,X,Y) with X, Y €A and with fe Ny(X,Y), and where composition of
morphisms is given by the product in M:

(f,X,Y)e(9,Y,2)=(f9, X, Z),
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(in right-hand notation). The morphisms (1, X,Y") with X <Y are called inclusion mor-
phisms. Notice that every morphism in C can be factored in a unique way as an isomor-
phism followed by an inclusion morphism.

(2) There is a category F=F (M, A), to be called the fusion system of (M, A), and
defined as follows. First, the objects of F are the groups U such that U< X for some
X €A. Then, the morphisms in F from U to V are taken to be the group homomorphisms
¢:U—V such that ¢ can be factored as a composition of restrictions of conjugation
homomorphisms cy: X =Y between objects.

(3) There is another category F*=F*(M,A), in which Ob(F*)=0b(F(M,A)),
but where Homgz«(U,V) is the set (containing Homgz(U,V)) of all homomorphisms
¢:U—V such that ¢ is a composition of restrictions of conjugation homomorphisms
cy: X—Y between subgroups X and Y of M. Here X and Y are not assumed to be
objects. It appears to be a highly non-trivial question, as to whether the fusion systems
F and F* are necessarily equal—even in the case of localities or linking systems (defined
below).

Here is the main definition.

Definition 2.9. Let p be a prime, let £ be a partial group, and let S be a finite
p-subgroup of £. Then (L, 5) is a locality if £ is finite, and provided that there exists a
set A of subgroups of S such that S€A and such that the following two conditions hold:

(L1) (L£,A) is objective;

(L2) S is maximal in the poset (ordered by inclusion) of finite p-subgroups of L.

We also say that L is a locality on S via A.

There are a number of special sorts of localities that deserve special names. In order
to assign names to them in a way that is consistent with established usage, we define
F:=Fs(L) to be the fusion system on S whose homomorphisms are the compositions
of restrictions of conjugation maps in £ from one object to another. That is, F is the
fusion system F(L, A) defined in Remark 2.8 (2).

A locality £ is a A-linking system if C(P)<P for each P€A. If moreover A is the

set of all F-centric subgroups of S then L is a centric linking system.

EXAMPLE/LEMMA 2.10. Let M be a finite group, let S be a Sylow p-subgroup of M,
set F=Fs(M), and let T be a non-empty F-invariant collection of subgroups of S such
that T is overgroup closed in S. Let L be the set of all ge M such that SNSY€L, and set
D=Dr (as defined in Definition 2.6). Then L is a partial group via the restriction of
the multivariable product in M to D. Moreover, (L£,S) is a locality via T', to be denoted
Lr(M).
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Proof. If ge£ then (SNSY ')9=SNS9€T, and then (SNS9 )€l since T is F-
invariant. Thus £CD, and £ is contained in the partial group M=M(M,T) given by
Example 2.4 (2). In that example, M is the set of all g€ M such that there exists PeT
with P9€I’. Such an element g has the property that SNSY9€l since I' is overgroup
closed, and so L=M. Example 2.4 (2) now shows that £ is a partial group with respect
to the multivariable product and the inversion in G. The condition (O1) for objectivity
is given by the definition of D, while (O2) is immediate from the assumption that T
is overgroup closed and F-invariant. Thus, (£,T) is objective. All members of " are
subgroups of S, and S is maximal in the poset of p-subgroups of G, so (£, S) is a locality
via I O

For any locality (£, S), let (L, .S) be the set of all collections A of subgroups of S,
such that S€A and such that (£,A) is objective. We say that (£, S) is complete if it

satisfies the following condition:

For each A € (L, S) and each f € L, the set Sy ={s€ S |sf €5}

is a member of A. In particular, Sy is a subgroup of S.

(%)

PRrROPOSITION 2.11. Ewery locality is complete.

Proof. Let L be a locality on S, let AcQ(L,S), and let feL£. The word (f) of
length 1 is in D:=D(L), so there exists PEA with Q:=P7€A. Let a€ Sy, and set b=a’.
Then {a,a™!, f}CN.(P,S), while be N (Q,S). Thus (a~?, f,b)€D via P%. Then also
(f,b)eD, while (a, f)eD via P* . From f~laf=b we get af=fb by Lemma 2.2 (e),
and hence

a'fo=a"'(fb)=a"'(af)={,

by D-associativity. Since a~!fb conjugates P* into S, we conclude that

(1) P*<Sy for all ae Sy and for all PeA for which PrLs.

In order to show that Sy is a subgroup of S it suffices to show that xye€Sy for all
x,y€Sy, since by Lemma 2.5 (b) Sy is closed under inversion. From (1), both P* and
(P*)¥ are subgroups of S, and hence in A by (02). Further, (1) yields P*f and (P*Y)f
in A. Thus

w = (f_l,.’lf, fu f_l,y,f)ED via (Pf7P7P$7me7P$7PIU7(Pwy)f)

Then (f~'af)(f~lyf)=f"ay)f, and since zfy/ €S we get (zy)f €S. That is, xy€ Sy,
and Sy is a subgroup of S. As Sy contains a member of A, (O2) then yields SyeA. O

COROLLARY 2.12. Let L be a locality on S. There is then a unique smallest collec-
tion T of subgroups of S such that (L,T') is objective.
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Proof. Set Q=Q(L,S) and set I'= Q. That is, I' is the set of all P such that
PeA for all AeQ. Let w=(f1, ..., fn) €D. Then for each A€ there exists Pa €A such
that weD via A, by (01). Set Qo=(Pa|A€Q). Then Proposition 2.11 shows that
Qo<Sy, and that there is a well-defined sequence (Qo, ..., @») of subgroups of S such
that Q;=(Q;_1)* for all i with 1<i<n. Each Q; is in T' by (02), so (£,T) satisfies
(01). Now let X,Y €Tl and let fe£ with X/<Y. As Y€EA for all A€, (O2) implies
that the same holds for X/, and so X/€I'. That is, (£,T) satisfies (02), and (£,T') is
objective. O

LEMMA 2.13. Let L be a locality on S. Then there is a unique largest set I' of
subgroups of S such that (L,T) is objective.

Proof. Let A1, A2€Q:=0Q(L,S) and set A=A;UA,. It will suffice to show that
Aeq.

Let (Py, ..., P,)EW(A), and let (f1, ..., f) €W (L) be such that P*, =P, for all k
from 1 to n. Since all objects are subgroups of S, and S€A,; for all 4, the condition (02)
on (£, A;) implies that if Py€A; then also each Py is in A;. Thus,

DA CDa,UDa, =D(L) CDa,

and so DAo=D(L). That is, (£, A) satisfies condition (O1).

It remains to show that (£, A) satisfies (02). So, let X, Y €A and let fe£ with
X/<Y. Then X/<S€A NA,y. If XEA; then (02) applied to (£, A;) yields X €A,
so X/ €A and the proof is complete. O

For any word w in W (L), £ being a locality on S, we have also the notion of S,,,

treated in the following lemma.

LEMMA 2.14. Let L be a locality on S, set D=D(L), and let AeQ(L,S). Let
w=(f1, .., fn) EW(L), and define S, to be the set of all elements sg€S such that there
is a sequence (sg,81,...,5,) of elements of S given by (s;_1)7=s;, 1<i<n. Then the
following properties hold:

(a) Sw is a subgroup of S, and S, €A if and only if weD.

(b) Let w,w'eD with I(w)=II(w"), and with S,y =Sy . Let u,veW. Then

uowov €D <= wow'oveD.

Proof. (a) Let xg,0€ Sy, and define x; recursively by 2;=(z;_1)f, 1<i<n. Sim-
ilarly define y;. Then x;_1y;—1€Sy, by Proposition 2.11, and (z;_1yi—1)T =z by

Lemma 2.7 (b). Thus S, is closed under multiplication. Since Lemma 2.5 (b) shows
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that S,, is closed under inversion, and since 1€.5,,, S, is then a subgroup of S. If S, €A
then weD by (0O1). Conversely, if weD via some P€A, then P<S,, and (02) yields
SwEA.

(b) Set a=ucwov and b=ucw’ov, and assume that a€D. Then (S,)™ %) <S,., and

Sy ={5€ Sy | 1) €8, } ={s€ 8y | ") €5y} = Spron.

Thus (S,)"*) <Syre, and bED via S,,. O

For any locality (L£,S), we write Fg(L) for the fusion system on S generated by
the conjugation maps in £ between objects. Notice that Fg(L) does not depend on the
choice A of the set of objects, since Proposition 2.11 shows that S is independent of A
for feL.

Definition 2.15. Let L=(L,A,S) be a locality and let P€A be an object. Then P
is centric in L if Cr(P)/Z(P) is a p’-group; radical in L if P=0,(N.(P)); and essential
in £ provided that

(i) P is centric in £,

(ii) Ns(P)€eSyl,(Nc(P)), and

(iii) Nz(P)/P has a strongly p-embedded subgroup.

Notice that condition (iii) implies that P is radical in L.

Definition 2.16. Let L=(L,A,S) be a locality, let A® be the set of objects Q€A
such that @ is essential in £, and set A=A(L)=A°U{S}. Let feL. Then f is A-
decomposable if there exists w=/(gi, ... gn) ED(L) such that the following hold:

(i) Sy<Sy and f=II(w);

(ii) for all 4, Sy, is in A, and either gieOP'(N[;(Sg )) or Sy, =S.

The Alperin—-Goldschmidt fusion theorem [10] implies that in a locality £=Lp (M)
of a finite group G, an element feL is A-decomposable provided that Cq(Sf)<Sy. In
particular, each feL is A-decomposable if Cp(0,(M))<O,(M). The following result
provides a generalization to linking systems. Recall the definition of A-linking system

preceding Example/Lemma 2.10.

PROPOSITION 2.17. Let L=(L,A,S) be a A-linking system and define A(L) as
above. Let feL. Then f is A(L)-decomposable.

Proof. Among all f for which the lemma fails to hold, choose f with P:=S; as large
as possible. Then P#S. Set P'=Pf and set A=A(L).

Let @ be a fully normalized £-conjugate of P (and hence also of P’), and let g, he
L with Q=P9=(P')". Thus, Ns(Q)eSyl,(N.(Q)). By Lemma 2.7 (b) and Sylow’s
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theorem, g and h may be chosen so that Ns(Q) contains both Ng(P)¢ and Ns(P')".
The maximality of P then implies that g and h are A-decomposable. Then ¢g—' and h~?
are A-decomposable via the inverses of words which yield A-composability for g and h.

Set f'=g 'fh, M=N;(Q), and R=Ng(Q). Then f'eM, and u:=(g, f',h~1)e
D via P, and I(u)=f. If f’ is A-decomposable then so is f, and therefore we may
assume that f=jf" and P=(@. That is, we are reduced to establishing the proposition
for the finite group M rather than the locality £. If P€ A then f is A-decomposable by
definition, so we may assume that this is not the case. Applying the Alperin—Goldschmidt
theorem to M, cy€Aut(P) is a composition cy=cg, o...oc,, with g, Ny (E;) for some
E;€cA(M). As P¢A, |P|<|FE;| for all . The maximality of P then implies that each g;
is A-decomposable, and hence also g:=g; ... g, is A-decomposable. Finally, z:=fg~'¢€
Cy(P)=Z(P), so f=zg is A-decomposable. O

PROPOSITION 2.18. Let (L£,S) be a locality via A, and let F:=Fs(L) be the asso-
ciated fusion system on S. Then the following properties hold:

(a) F is A-saturated, and if FCCA then F is saturated;

(b) for each PeA, the map Np(P)—Autz(P) given by f—cy is a surjective ho-
momorphism with kernel Cg(P);

(c) if PEA and P is fully normalized in F then Ng(P) is a Sylow p-subgroup of
Ne(P);

(d) if PeA and pcHomxz(P,S) then ¢p=cy for some feN-(P,S).

Proof. We first show the following:

(1) For each PEA there exists f €N, (P, S) such that Ns(P/) is a Sylow p-subgroup
of Np(P7).

By (L2), (1) holds for P=S (and for f=1). Among all P€A for which (1) fails,
choose P so that |S:P| is as small as possible. We are free to replace P with any
L-conjugate of P in S, so we may assume that |[Ng(P)| is maximal among all such
conjugates. Set R=Ng(P), and let R* be a Sylow p-subgroup of N (P) containing R.
Then R is a proper subgroup of R*, and hence also a proper subgroup of Ng-(R). By
the minimality of |S:P|, there exists an L-conjugate Q:=R/ of R such that Ng(Q) is a
Sylow p-subgroup of N, (Q). Without loss, we may replace f with fg for any g€ N.(Q)
since any such product fg is defined via (R, @, Q). By Sylow’s theorem, we may therefore
assume that Np«(R)¥ <Ng(Q). But Ng-(R)/ normalizes P/, and we thereby contradict
the maximality of |[Ng(P)|. Thus, (1) is proved.

Next, let P€A and ¢€Homz (P, S). By definition, ¢ is a composition ¢=¢10...0¢,,

where ¢; is given by conjugation by an element h; of £, and where

P(¢10...00;) < S (2)
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for all 4 with 1<i<n. Then the word w=(hy,...,hy) is in D via P, and Lemma 2.7 (c)
yields P¢=P" where h=II(w). Thus (d) holds, and one observes that point (b) follows
immediately from (d).

We may now complete the proof of (a) and (c). Namely, let PEA and let Q=P/
be an L-conjugate of P, as in (1), so that Ng(Q)€Syl,(N(Q). As Ng(P)! <N.(Q),
there then exists g€ Nz (Q) such that (Ng(P)f)I<Ng(Q). As cjocy,€F, we conclude
that @ is fully normalized in F, in the sense of Definition 1.2. Thus, F satisfies condition
(A) in Definition 1.4 for A-saturation. On the other hand, suppose that P itself is fully
normalized in F. Then, by (2), there exists h€ L such that Ng(Q)"=Ns(P) and with
Q"=P. This shows that Ng(P)eSyl,(N.(P)) (and thus (c) holds).

Set M=N,(P). By definition, each ¢ in Nz(P) extends to an F-homomorphism
which maps P to P. Then (d) implies that ¢=cy for some feM. Thus Fn,p)(M)=
Nz(P), so that F satisfies condition (B) in Definition 1.4 for A-saturation. This com-
pletes the proof that F is A-saturated.

Suppose that L is a centric linking system. Then A is the set of F-centric subgroups
of S, by definition. By Proposition 2.17, F is generated by the fusion systems Nz (P)
for P€A in this case, so by Definition 1.4, F is saturated. This completes the proof of
(a), and of the lemma. O

Recall the notion of normalizer from Lemma 2.7.

LEMMA 2.19. Let (L, S) be a locality via the set A of objects, let T be a subgroup
of S, and set Ap={Np(T)|T<PeA}.

(a) Ng(T) is a partial subgroup of L.

(b) If ArCA, then (N.(T),Ar) is an objective partial group.

(¢) If ArCA, and |Ng(T)|>=|Ns(U)| for every L-conjugate U of T in S, then
(Nz(T),Ns(T)) is a locality via Arp.

Proof. Let w=(f1, ..., fn)EW(N,(T)), and suppose that weD:=D(L) via a se-
quence (P, ..., P,) of objects. Then (P;_1,T)<Sy, for all i, by completeness, and then

(P4, T)f = (P, T).

Thus, T<Sy, and we may assume for the sake of simplicity that T'<<P; for all 7. Set
f=I(w). Then Lemma 2.7 (c) yields T =T, and so N (T') is closed under products. One
observes that if f€ N, (T) and 2€T, with (f~1, 2, f)€D via PEA, then (f,2~!, f~1)eD
via P*’. Since an analogous statement holds when x is replaced by 271, it follows that
N, (T) is closed under inversion, and so (a) is proved.

For the remainder of the proof, we may assume that A CA. Set

Dy = DAQW(NL(T))
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(where Dy is defined as in Definition 2.6). With w and (P, ..., P,) as in the proof of
(a), we may then replace P; with Np,(T'), and this shows that Dr is contained in the
subset DA, of W(N,(T)). The reverse inclusion is obvious, so (N (T'), Ng(T')) satisfies
the condition (O1) for objectivity. Any overgroup in Ng(T') of an element of Ar is again
in A, so the condition (02) is satisfied, and (N (T), Ar) is an objective partial group.
Thus, (b) holds.

Now assume further that 7' has been chosen so that |Ng(T")|>|Ng(U)| for each £-
conjugate U of T in S. In order to show that (Nz(T'), Ns(T')) is a locality via Arp, it
suffices to show that Ng(T) is maximal in the poset of p-subgroups of Nz(T'). Set R=
Ng(T), let Ry be a p-subgroup of N, (T) containing R, and set Ra=Npg, (R). As REA,
there exists f€ L such that Q:=R/ is fully normalized in Fs(L), by Proposition 2.18 (a).
Then Ng(Q) is a Sylow p-subgroup of N(Q), and so there exists g€ Nz (Q) such that
(R2)79<Ng(Q). But (Ry)79<Ng(T79), and the maximality condition on R then yields
R=Rjy and R=R;. This completes the proof of (c). O

Definition 2.20. Let (£, A,S) be a locality, and let TCA be a non-empty subset
such that T is both overgroup-closed in S and Fg(L£)-invariant. Set D=D(L), set

Dr:={weD|S, €T},

and let L|r be the set of words of length 1 in D|r, regarded as a subset of £. The
restriction of L to I' consists of L|r together with the restriction to D|r of the product

in £, and the restriction to £|r of the inversion in L.

LEMMA 2.21. Let (£, A,S) be a locality, and let T be a non-empty subset of A such
that T is both overgroup-closed in S and Fs(L)-invariant.

(a) Dir is the set Dr of Definition 2.6, and (L|r,T',S) is a locality.

(b) If L is a group M, then L|r is the locality Lr(M) in Example/Lemma 2.10.

Proof. Set M=L|r. For any we W, the condition that S,, be in I is the defining
condition for D|r, and in view of Lemma 2.14 (a) it is also the defining condition for
Dr. These subsets of W are therefore identical, and (M, T") satisfies the condition (O1)
for objectivity. Condition (02) is given by the assumption that I" is closed in Fg(L), so
(M,T) is objective. All members of I" are subgroups of S, and S is maximal in the poset
of p-subgroups of M since the corresponding statement holds in £. As L is finite, so is
M, thus M is a locality, and (a) holds.

Suppose that £ is in fact a group M, and set L=Lr(M). By definition, an element
g of M is in K if and only if SNS9€I’. The latter condition means that Sg:SﬂSt’fl,
so g€k if and only if S;€T’. Similarly, weD(K) if and only if S,,€I". This shows that

D(K)=Dr, and then (b) follows from (a). O
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We shall refer to the locality (L|r,T",S) as the restriction of £ to T

The following proposition gives two applications of completeness to localities.

PROPOSITION 2.22. Let L be a locality on S and let A€Q(L,S). Then the following
hold:

(a) Ewery subgroup of L is a A-local subgroup. That is, for any subgroup H of L,
there exists U€A such that H<N,(U).

(b) Every p-subgroup of L is conjugate to a subgroup of S.

Proof. (a) Let w=(hy, ..., h,) EW(H) be chosen so that the sequence (g1, ...,gn), in
which g;=h; ... h;, includes all of the elements of H. As H is a subgroup of £, we have
W(H)CD (all products in H are defined), and so weD. Thus, there exists PEA such
that P9 €A for all . Set U=(P% |1<i<n), which is a subgroup of S. As H={g;}!_,
U=(PH) and so HKN.(U). Here UEA as A is overgroup closed in S.

(b) Let @ be a p-subgroup of £. Then @ is finite, as £ is. By (a) there exists U€A
with Q< N, (U). By Proposition 2.18 (a) there is an L-conjugate V=U7 of U such that
Ng (V) is a Sylow p-subgroup of N (V). By Sylow’s theorem, there then exists g€ Nz (V)
such that Qf9< Ng (V). O

3. Homomorphisms and partial normal subgroups

Whenever M and M’ are partial groups, we write W for W (M) and W’ for W(M’).
Similarly for D and D’, for IT and II’, and for 1 and 1’. We shall make no such careful

distinction regarding the inversion maps for M and M’.

Definition 3.1. Let M and M’ be partial groups, let 5: M — M’ be a mapping, and
let 8*: W =W’ be the induced mapping. Then 3 is a homomorphism (of partial groups)
if

(H1) D3*CD’, and

(H2) (II(w))B=II'(wpF*) for all weD.

The kernel of (3 is the set Ker(f) of all ge M such that gG=1'. We say that (3 is an
1somorphism if there exists a homomorphism 3': M’— M such that 3o3 and ('c3 are
identity mappings.

LEMMA 3.2. Let 3: M— M’ be a homomorphism of partial groups. Then 15=1'
and (f~HB=(fB)"! for all feM.

Proof. Since 11=1, (H1) and (H2) yield 15=(11)8=(15)(15), and then 18=1’
by left or right cancellation. Since (f, f~*)€D for any f€M, by Lemma 2.3 (b), (H1)
yields (f3,(f~4)B)eD’, and then 18=(ff~1)3=(fB)((f~1)B) by (H2). Finally, since
18=1"=(fB)(fB)7!, left cancellation yields (f~1)3=(f3)"*. O
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LEMMA 3.3. Let B: M— M’ be a homomorphism of partial groups, and set N=
Ker(B). Then N is a partial subgroup of M, and f~NfCN for all feM. That is,
g7 €N whenever ge NND(f).

Proof. By Lemma 3.2, N is closed under inversion. If w is in W (AN)ND then the map
0% W—=W’ induced by § sends w to a word of the form (1’,...,1’). Then II'(ws*)=1’,
and thus II(w)€N. This shows that A is a partial subgroup of M. Now let feM and
let ge NND(f). Then

(f~hg9. )" =((f8)"",1",f8) (by Lemma 3.2),

so that
(gHB=1((f" 9, N)B)=I'(f3) "1, f3) =1". n

Definition 3.4. Let M be a partial group and let ' be a partial subgroup of M.
Then N is a partial normal subgroup of M if f='N fCN for all fe M. (That is, z/ €N
whenever xe NND(f).)

We may write N'<<M to indicate that A is a partial normal subgroup of M.

Definition 3.5. Let L=(L,A,S) and L'=(L', A, S) be localities having the same set
of objects. An isomorphism [§: L— L’ of partial groups is rigid (over S) if 3 restricts to
the identity map S—S.

LEMMA 3.6. Let (L£,A,S) and (L',A,S) be localities having the same set A of
objects, and let B: L—L' be a surjective homomorphism of partial groups. Suppose that

(1) Sy=S¢p for all feL, and

(2) Ker(8)=1.

Then ( is an isomorphism.

Proof. Let he £ and let f, g€ L with f3=gB=h. Then Sy=5S, by (1),s0 (f~*,g9)€D
via (Sf)7, and (f~1g)8=1. Thus f=g by (2), and S is a bijection.

Let w'=(hy,...,h,)€D(L’), set g;=h;7, and set w=(g1,...,gn). Then weD via
Swr by (1), and II(w)B=II'(w') as B is a homomorphism. Thus

' (w')B~" =T(w'(571)"))

and 87! is a homomorphism. O

LEMMA 3.7. Let L=(L,A,S) be a locality and let N be a partial normal subgroup
of L. Set T={PNN|PeA} and suppose that TCA. Then (N,T',SNN) is a locality.
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Proof. Let w=(f1,..., fn)€D via PEA. Then also weD via Q:=PNN, and hence
(N, T) is objective. Each member of T is a subgroup of T:=SNN, and N is finite, so it
only remains to show that 7' is maximal in the poset of p-subgroups of A, in order to
conclude that (M, T',T) is a locality.

Let R be a p-subgroup of N containing T. As T'<S, for each z€S, it follows from
the definition of partial normal subgroup (Definition 3.4) that TS. As Tel', S is
then a Sylow p-subgroup of the group N, (T'), and hence Ng(T)? < S for some ge N (T).
The definition of partial normal subgroup then yields Ng(T)I<N, so Ng(T)9=T and
Npr(T)=T. Thus R=T, as required. O

LEMMA 3.8. Let (L,A,S) be a A-linking system, and let 3 be a rigid automorphism
of L. Let (IKC,T',R) be a locality such that K is a partial subgroup of L, and such that
T'CA. Then B restricts to a rigid automorphism of (IC,T, R).

Proof. Let feK and set P=Ry. That is, P is the largest subgroup of R which is
conjugated by f into R (obtained by applying Proposition 2.11 to the locality K). Then
PeT by Proposition 2.11, and hence P€A. Since L is a A-linking system, one has
Cx(P)=C,(P)=Z(P). Now Proposition 2.17 implies that f is A-decomposable, where
A is the union of {R} and the set of K-essential objects in I". Thus f=II(w), where
w=(g1, ..., 9n) €ED(K), each g; normalizes some Q;€A, Q;=R,,, and P<S,,.

Since ( is rigid, each @Q; is f-invariant, and 3 then restricts to an automorphism
~; on each N (Q;) by Lemma 2.7 (b). But also 8 centralizes @Q;, and C(Q;)=Z(Q;).
Taking commutators in the subgroup Aut,(Q;)(8) of Aut(Q;), we then obtain

[Nc(Qi), Bl < Z(Qi) < N (Q:)-

We have thus shown that each of the groups Ni(Q;) is S-invariant. Then

fB=M(w))B =1(wf*) =T(g15, .., gn ) €K,

and so K is -invariant. The same holds for 371, so 3 restricts to an automorphism g
of K. As R<S, we have that Sk is rigid. O

LEMMA 3.9. Let M be a finite group, and let K<M be a subgroup. Let S be a
Sylow p-subgroup of M, set F=Fs(M), and let T be a non-empty F-invariant set of
subgroups of S, such that T' is overgroup closed in S. Let L:=Lr(M) be the locality
given by Example/Lemma 2.10, and set K=KNL. Then K is a partial subgroup of L,
and is a partial normal subgroup if K <M.

Proof. One observes first of all that C is closed under the inversion in M, which is
the inversion in £. Let w=(z1,...,2,) €D(L)NW(K). Then II(w)eLNK, and so K is a
partial subgroup of L.
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Now assume that K <M, let f€£ and let 2€/CND(f). Then 2/ €L and z/ €K, so
xf €. Thus K is a partial normal subgroup of M. O

Recall from Definition 2.16 the notion of L-essential subgroup.

LeEMMA 3.10. Let (£,A,S) be a A-linking system and let B be an endomorphism of
the partial group L such that (3 restricts to the identity automorphism on or' (Nz(R))
for each L-essential subgroup R<.S, and restricts to the identity automorphism also on
N;(S). Then 3 is the identity automorphism of L.

Proof. Let feL and set Q=Sy¢. Let A be the union of {S} and the set of all £-
essential subgroups of S. Then f is A-decomposable by Proposition 2.17. In particular,
f=H(w) for some w=(gi, ..., gn) €D such that g;€ N.(R;) for some R;€A. It is then
immediate from Definition 3.1 and from the hypothesis concerning 3, that f3=f. O

4. The Frattini lemma

This section develops two of the main computational tools that will enable the later
arguments. We obtain an analog of the Frattini lemma in Corollary 4.8, which shows
that if A/ is a partial normal subgroup of a locality £, then each element of £ may be
written as a product of an element f€N and an element g€ Nz (T'), where T=SNN. The
“splitting lemma” (Lemma ?7) refines the choice of f and g. We end with an important
application (Lemma 4.9) which provides a criterion for extending an automorphism of a
linking system in a finite group to an automorphism of the group itself.

The notation S; and Sy, defined in Proposition 2.11 and Lemma 2.14, will be
employed without further comment.

The following hypothesis (and notation) will be assumed throughout this section.

Hypothesis 4.1. There is given a locality L=(L, A, S) and a partial normal subgroup
N of L. Set T=SNN.

LEMMA 4.2. The following hold:

(a) T is strongly closed in Fs(L) and T is mazimal in the poset of all p-subgroups
of N;

(b) If PeA and zeN with P<S,, then PT=P*T;

(¢) If T=1, then Npr(P,S)=Cxn(P) for all PEA.

Proof. Let z€T and let g F:=Fg(L) such that z lies in the domain of ¢. As
¢ is a composition of restrictions of conjugation maps between objects, it suffices, in
proving (a), to consider only the case where z¢=x/ for some f€L£; and in that case we
have x¢€N. Thus z¢€SNN =T, and so T is strongly closed in F. Now let R be a
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p-subgroup of N containing 7. By Proposition 2.22 (b) we may choose R with R<S,
and then R=T. Thus (a) holds.

Next, let g€ PEA and let 7€ Nas(P, S). Then the word w= (27!, g,z,¢g71) is in D via
P, and then I(w)=z"129  =¢g~'. Thus II(w)eN'NS=T, and g* €¢T. In particular,
this proves (c), and it shows that P*<PT. Upon replacing (P, ) with (P* 2~1!), the
same argument shows that P<P*T, and this yields (b). O

Definition 4.3. Let LoA be the set of all pairs (f,P)eLxA such that P<Sy.
Define a relation 1 on LoA by (f, P)T(g,Q) if there exist elements xz€ Ny (P, Q) and
yENN(Pf, Qg) such that xg=fy.

This relation may be indicated by means of a commutative diagram

i

of conjugation maps, labeled by the conjugating elements, and in which the horizontal
arrows are isomorphisms and the vertical arrows are injective homomorphisms. The

relation (f, P)1(g, @) may also be expressed by
wi=(z,g,y ", fT)eDvia P and II(w)=1.

It is easy to see that 1 is a reflexive and transitive relation on LoA. We say that
(f, P) is mazimal in LA if (f, P)1(g, Q) implies that |P|=|Q|. As S is finite there exist
maximal elements in LoA. Since (f, P)T(f, Sy) for (f, P)eLeoA, we have P=S for every

maximal element (f, P). For this reason, we introduce the following terminology.
Definition 4.4. Let feL. Then f is T-mazimal in £ if (f, Sy) is maximal in LoA.
The following is the first main result of this section.
PRoOPOSITION 4.5. Let fe€L and suppose that f is T-mazimal. Then T'<Sy.
The proof requires two preliminary lemmas.

LEMMA 4.6. Let (g,Q),(h, R)€LoA with (g,Q)1(h,R) and suppose that T<R.
Then there exists a unique yeN with g=yh. Moreover,

(a) yENN(Q, R) and Q< Sy ny;

(b) if Np(Q7)€SyL,(Na(Q7)), then Nr(QY)€Syl,(Na(QY)).
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Proof. By the definition of 1, there exist elements u€ Ny/(Q, R) and ve Nxr(Q9, R")
such that (u,h,v™1, g71)€D via @, and such that IT(w)=1, as indicated in the diagram

R—"— Rh
Q—">Q
In particular, uh=gv. Since T< R, points (a) and (b) of Lemma 4.2 yield
T=T" Q'T=QT<R, and QIT=Q"T<R"

Then
wi=(u,h,o" ) eD via (Q,Q% Q" Q" =@, Q" ).
Set y=II(w). Then y:u(zfl)h_1 ENN(Q, R). Since (u, h,v= h~1 h) and (g,v,v™}) are
in D (as L is a partial group), we get yh=uhv~!=g. This yields (a), and the uniqueness
of y is given by right cancellation.
Suppose now that Np(Q9) €Syl (Nar(Q9)). As Np(Q¥)"=Nrp(QY), it follows from

Lemma 2.7 (b) that Nz (QY)€Syl,(Na(QY)). O
LEMMA 4.7. Suppose that f is T-mazimal and let y€Npr(Sy,S). Then
[TNSy|=1TN(Sp)?| and (f,Sp) Ty~ f, (S)).
In particular, y~'f is T-mazimal.
Proof. Set P=S;. Then PYT'=PT, by Lemma 4.2 (b). Thus
|PY: PYOT|=|PYT:T|=|PT:T|=|P: PNT],

and so |TNP|=|T'NPY|. The diagram

—1

pv 2t by

Jf [:

P—— pt
shows that (f, P)t(y~1f, PY). a

Proof of Proposition 4.5. Let f be f-maximal. Set P=S; and Q=P7, and sup-
pose first that Np(P)€eSyl,(Na(P)). Then Np(P)/ €Syl (Na(Q)), by Lemma 2.7 (b),
and there exists 2€ Na/(Q) such that N7 (Q)<(Np(P)F)*. Here (f,x)€D via P, so
(N7 (P)H)*=Nr(P)/®, and then (f, P)1(fz, Np(P)P). As f is t-maximal, we conclude
that Np(P)< P, and hence T'<< P. Thus T'<Sy if Np(P)€Syl,(Ny(P)). Assuming that
f provides a counterexample to Proposition 4.5, we conclude that

(1) Np(P)gSyl, (N (P)).



FUSION SYSTEMS AND LOCALITIES 77

Among all counterexamples to Proposition 4.5, choose f so that first |PNT| and then
| P| are as large as possible. Choose g€ N (Q, S) so that Q9 is fully normalized in Fg(L),
and set h=fg and R=P". As R=Q¥ is fully normalized we have Ng(R)€Syl,(N.(R)),
and then Np(R)eSyl,(Na(R)). Let (h=*, R)T (', Sps), where h' is t-maximal, and set
R'=S, and P'=(R')". Thus, there exist y, z€ N such that yh'=h"'z, RY<R/, and
P*<P’, as indicated in the diagram

Then (TNR)! <TNR'.

Suppose that T£R'. The conditions on the choice of f then yield (ITNR)Y=TNR’
and RY=R'. Since Nr(R)€Syl,(Nx(R)), we get N7(R)Y€Syl,(Na(R')), and so there
exists 1€ Ny (R') such that (N7 (R)Y)*=Nz(R’). Replacing y and k' with yz and =11/,
we then obtain Np(R)Y=Nr(R'). But then T<R' by (1), in any case, and then also
T<P.

Evidently (h, P)1((h')~, P’), so by Lemma 4.6 there exists §€ Ny (P, S) such that
h=g(h')~", P<S(g,m)-1), and Np(PY)eSyl,(Nar(PY)). Then Lemma 4.7 applies to
(f,P) and g, and yields the result that g~'f is t~maximal and Sj-1;=P%. Thus (1)
implies that T<PY, and then also T<P. O

Recall from Definition 2.18 (¢) that the partial group Nz (T') is a locality via the set
Ar of objects Qe A with Q<T.

COROLLARY 4.8. (Frattini lemma) Let L=(L, A, S) be a locality, let N be a partial
normal subgroup of L, and set T=SNN. Then L=NN.(T) as a product of partial
subgroups of L.

Proof. Let feL, set P=S, and choose (g,Q)€LA so that (f, P)T(g,Q) and so
that g is T-maximal. By transitivity of 1, we may take @=95,. Then T'<Q by Proposi-
tion 4.5, and then by Lemma 4.6 there exists y€ Ny (P, Q) with f=yg. Here ge N, (T)
by Lemma 4.2 (a). O

LEMMA 4.9. Let M be a finite group, let S be a Sylow p-subgroup of M, and let
K be a normal subgroup of M. Set F=Fs(M) and let T be a non-empty, overgroup
closed, F-invariant collection of subgroups of S. Let L:=Lr(M) be the locality given
by Ezample/Lemma 2.10, and let B be a rigid automorphism of L. Assume that the
following three conditions hold:

(1) QNKEeT for all Q€T
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(2) Cat(0,(M)) <O, (M)<K;
(3) T is a set of F-centric subgroups of S.
Set @={QNK|Q€T}, and set K=Ls(K). Then
(a) B restricts to a rigid automorphism » of K, and
(b) B extends to an automorphism of M if and only if » extends to an automor-
phism of K.

Proof. Set Y=0,(M) and let PeTI'. Since Cp(Y)<Y by (2), the Thompson Ax B
lemma [11, Theorem 5.3.4] implies that Cps(P) is a p-group. Then Cp(P)=C,(P)=
Z(P), as P is F-centric by (3). Point (a) then follows from Lemma 3.8. Further,
Proposition 2.17 yields

(4) every feL is a product II(fi,..., f), where f; is in a normalizer Nz (R;) for
some R;€T’.

Let (M, 3) be a counterexample to (b) with |M| as small as possible. Let Ky be
the subgroup of K generated by the subset K of K. Let ge¢ KNL. Then Sye€l’ and
SyNKe®, so ge K. Thus KNLCK. The reverse inclusion is given by the definition
of K, so K=KNL. Then K is a partial normal subgroup of £ by Lemma 3.10. Set
T=SNK and observe that for any h€ Ny (T) we have (h=1, g, h)€D via (S,NT)", and
hence g"€KC. Thus, K is Ny (T)-invariant, so also Ko is Njs(T)-invariant.

Set Mo=Npn(T)Ko and set Lo=Lr(My). We next show

(5) Ny (P)< M, for all PeT.

Among all P for which (5) fails to hold, choose P so that |P| is as large as possible.
Suppose that P is not fully normalized in F, and let P’ be a fully normalized F-conjugate
of P. Then Alperin’s theorem yields a sequence w=(gi, ..., g») of elements of M and a
sequence (R, ..., R,) of fully normalized F-centric subgroups of S, such that Py:=P<R;,
P;:=P919 LR, for all i, and P’=P™®)_ One may assume that n is minimal for these
conditions, and hence P;#R; for any i. The maximality of |P| in the choice of P then
yields Ny (R;) <My for all 4, and hence II(w)€ My. Without loss, then, we may assume
that P=P".

With P fully normalized in F we obtain N (P)€Syl,(Nk (P)). As Nk (P)JINy (P),

the Frattini lemma yields
Ny (P)= N (P)(Num(Nr(P))N N (P)). (%)

If T<P then (x) yields Np(P)<KoNp (T)=My, contrary to the choice of P. Thus
T«P, and hence Np(P)£P. Set Q=Np(P)P. Then Ny (Q)< M, by the maximality of
|P|, and then (x) again implies that Njy;(P)<My. This completes the proof of (5). Now
(4) yields LC My. Thus,

(6) Lo=L.
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Suppose next that Ky is a proper subgroup of K. Then KNMy=Ng(T)Ko=Kjy,
and so My is a proper subgroup of M. Since Lo=L, the minimality of | M| then yields an
extension of 3 to an automorphism ~ of My. The condition (2), together with Proposi-
tion 1.10 (c) then implies that y=c, is conjugation by some z€ Z(S). Since ¢, is also an
automorphism of M, we have an extension of 3 to an automorphism of M in this case,
so we conclude that Ky=K.

Let h,h€ K, let x,2€ Ny (T), and suppose that (h,z) and (h,Z) are in D(£L) with
hz=hz. Set P=S,NK and P=5;NK, and set Q=P" and Q=P". Then (h,z,z")eD
via P, and II(h, 2,7~ ')=h. It follows that P=P and that (h=',h)€D via Q. Then

(h= 1B, hB) = (h'h)B= (22~ ")s. ()

By hypothesis, there exists an extension 7 of s to an automorphism of K. It follows
from (kx) that there is a well-defined mapping v: M —M given by ~: ha (hn)(zf) for
he K and x €Ny (T).

In order to show that 7 is a homomorphism, it suffices to show that (hn)*?=(h*)n
for all he K and € Nps(T). As Ko=K we may write h as a product I g (hy, ..., hy,) with
h;€K. Then

(h™)n=(h{ .. k)= (R)n ... (hZ)n=(han)*” ... (han)™ = (han ... han)®? = (hn)*?,

as required.
We check that Ker(y)=1. Namely, if (hn)(z5)=1 with h and x as above, then
xENK(T) and zf=xn, and then hz=1 as 7 is injective. Thus ~ is injective, and is

therefore an automorphism of M. O

5. Filtrations

Recall that for any partial group M and subgroups X and Y of M, Ny(X,Y) is the
set of all feM such that XCD(f) and X/ CY. Write Hom(X,Y) for the set of all
conjugation maps cy: X =Y with fe Ny(X,Y).

Definition 5.1. Let S be a finite p-group, let F be a fusion system on S, and let
A be a non-empty, F-invariant collection of subgroups of S, closed with respect to
overgroups in S. Let £ be a partial group such that A is a set of subgroups of £, and
such that D(L£)=Dx in the sense of (O1) in Definition 2.6. Then £ is F-natural if
Hom/ (P, Q)=Homz(P, Q) for all P,Q€A.



80 A. CHERMAK

Definition 5.2. Let M be a finite group, let S be a Sylow p-subgroup of M, and
set F=Fg(M). Let I' be an F-invariant, overgroup-closed collection of subgroups
of S. Let L=Lr(M) be the locality given by Example/Lemma 2.10. (Equivalently,
by Lemma 2.20 (b), £ is the locality obtained by restricting the group M, itself viewed
as a locality on the set of all subgroups of S, to the set I.) Let Autg(£) be the set of
rigid automorphisms of £, and let v,7' €Auto(L). Then v and v are M-equivalent if

~v~ 1oy’ extends to an automorphism of the group M.
Notice that M-equivalence is in fact an equivalence relation on Autg(L).

Hypothesis 5.3. Assume given:

(1) a fusion system F on the finite p-group S;

(2) an F-natural locality (£, A, S);

(3) asubgroup T of S, fully normalized in F, and having the property that (U, V)€ A
for every pair of distinct F-conjugates U and V of T

(4) a finite group M such that T<IM, Ng(T)€Syl,(M), and Nx(T)=Fng ) (M);
and

(5) a rigid isomorphism \: Nz (T)—La, (M), where Ar is the set of all PEA such
that T<P (and where La,. (M) is the locality given by Example/Lemma 2.10).

Hypothesis 5.3 will be assumed throughout the remainder of this section. The sym-
bols W, D, and II will always refer to £, while II; denotes the multivariable product
in the group M.

LEMMA 5.4. Let U be an F-conjugate of T. Then the following hold:
(a) Np(U)eA for every object PEA such that U< P;
(b) There exists x€L such that T*=U and such that Ng (T)*=Ng(U).

Proof. (a) Let PeA with USP. If USP then there is nothing to prove, while
if U is not normal in P then Np(U) contains an L-conjugate of U9#U of U, where
geNp(Np(U)). As Homg (U, S)CHomg(U, S), UY is an F-conjugate of T, and then
Hypothesis 5.3 (3) yields (U, U%)€A. As A is overgroup closed in S, we obtain (a).

As T is fully normalized in F, there exists ¢y €¢Homz(Ng(U), S) such that Uyp=T.
Here Ng(U)€A by (a). As L is F-natural, ¢ is given by conjugation by an element
z'€L. Setting z=(2')"1, (b) follows. O

Let © be the set of all triples
0= ("t g,y)ELxMxL

which satisfy
(1) T<S,NSy, N, (T)*=Ng(T*), and Ng, (T)Y=Ngs(TV).
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Define a relation ~g on © as follows:

(2) (7', 9,9)~0 (271, 3,9) if

(i) T*=T%, TY=T7, and

(i) (zz=HA\-g=g-(gy~1)A (as elements of M).

Notice that (2) (ii) makes sense. Namely, taking U:=T*=T7% (by (i)), we get
(z,271)eD via (Ng,(T), Ns(U), Ns,(T)) by (1) and Lemma 5.4 (a), and hence we have
Tz~ 1eNg(T). Similarly, gy~ te N, (T).

One may depict the relation ~y by means of a diagram, as follows:

U T T V
(ml){ T(yyl)x
U T — T — V,

where V=TY=TY. As L is F-natural, the conjugation maps
Cp-1:8,-1— S and c¢y-1:5-1— S
are in F, and thus U and V are F-conjugates of T
LEMMA 5.5. ~q is an equivalence relation on ©.

Proof. 1t is evident that ~q is reflexive and symmetric. Let 6;=(z; L gi,vi)€0,
1<i<3, with 01 ~g0s~gf03. Then T**=T%3 and TY* =T"¥3. Notice that

1

(z3,25 ", 20,27 ") €D via Ng(U)%s

and
(y3, 95 Ly ur ) €D via Ng(V)¥s .
Then
(w321 A-g1 = (w325 A (w227 )N -g1 = (2325 )A-g2- (Y251 ) A
=93-(y3y2 A (y2yr A= g3 (ysyr A,
which completes the proof. O

Define a relation - from £ to ©, by taking f-(z~1, g,y) if
geIm(y), (27" g "' y)eD, and f=I(z"", A", y).

Let ~71 be the symmetrization of I, and let ~ be the weakest equivalence relation on
LUO containing the union of ~g and ~;. The ~-class C of an element §=(x~!, g,y) of
© may be denoted [x71, g, y].

The following lemma is immediate from the definition of ~.
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LEMMA 5.6. Let ¥ be a ~q-equivalence class in ©, let 0=(x~', g,y)€Y, and set
U=T* and V=TY. Then the pair (U,V) depends only on ¥, and not on the choice of

representative 6.

LEMMA 5.7. Let feL, and suppose that S; contains an F-conjugate U of T. Set
V=U/', and let Z=Z(f,U, V) be the set of all €O such that U=T*, V=TV and f~10.
Then the following hold:

(a) 2 is a ~g-class of O;

(b) If fEL and f~10 for some OEZ, then f=f.

Proof. As T is fully normalized in F, and since £ is F-natural, there exist elements
x,y€L such that both Ng(U)* " and Ng(V)¥ " are contained in Ng(T), and such that
T*=U and TY=V. Then (z, f,y~!)€D via Ns; (U)gfl, and the product h=xfy~! is an
element of Nz (T). Set g=h\. Then (z71,g,y)€l.

Set E=Ng,(U), and set A=E* ', B=A9, and F=E/. Then B=FY ', and each
of E, A, B and F is in A by Lemma 5.4 (a). Let ¥ be the ~g-class containing 6, and
let 6=(z1,7,5)€A. Then U=T7% and V=TY, by Lemma 5.6. By the definition of ©,
we have EF<Sz-1 and the group A:=FE%" is contained in Ns(T). Similarly, F<Sy-1
and B:=F7 ' <Ng(T). These facts, together with the rigidity of A, result in a sequence
of conjugation maps between objects in A, in which the conjugating elements are as

indicated in the following diagram:

21 wz ! A(iw’l)/\ g (g~ HA gy~ ! y )

As O~6, we have

and thus (x) yields
E x A— g N E Yy F

As A and B are in A, it follows that g=h\ for some h€ N (T). But also

f=M" hy) =0 e,z za ™ hyy gy hy) =@ za ™ hyyg)
=Tz~ (227X -g-(yg HNAT ) =1~ (@A g) =1~ b, ).
Thus f~160, and (a) holds. If f€£ with f~q60, then f=II(z"1 h,y)=Ff, and we have
(b). O

Let £ be the set (LUO)/~ of equivalence classes, and let £ be the set of all Ce L*
such that CNO#g.
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LEMMA 5.8. Let CeLt.
(a) If CNL=D then C is a ~g-class in O.
(b) If CNO=@ then C={f} for some feL.

Proof. This is immediate from the definitions of ~q and ~j. O

LEMMA 5.9. (a) Let f,geL. Then f=g if and only if f=g.
(b) If 0€0O and feL with f~0, then f~16.

Proof. (a) As fmzg, there is a sequence

(f:f();alaéhfla"'afn—179n7én7fn:g)

such that @; and 6; are in ©, f; is in £, and with f;_1~160;,~00;~1 f;. Then f;_1=f; by
Lemma 5.7 (b), and so f=g.
(b) Let 0€0O and feLl with f~6. Statement (a), together with Lemma 5.7 (a) and

Lemma 5.6, then yields a sequence
frabr~ fero~ frr0,=0,

and this proves (b). O

Define D{ to be the set of words w=(C1, ..., C,,) W (L{) such that, for some choice
of representatives (z; ', g;,y:) of the classes C;, the products y;x;. +11 are defined in £ and
lie in N, (T), 1<i<n. For such a word w, and such a choice of representatives, set

wo = (glv (ylxgl))‘ag% ceey (ynflmr_y,l))‘vgn)

We now wish to define a mapping II}: D¢ — L] by taking
H(J)r(w):[xl_laHM(wO)ayn] (*)

Of course, we will define I} (@) to be [1,1,1].
LEMMA 5.10. There is a well-defined mapping II):D§— LY, given by (*).

Proof. By induction on word-length, we need only show that IIj is well defined on
words w=(C1, Ca)eD{ of length 2. Let D(w) be the set of all pairs (61,62)€Cq xCs,
where Gi:(xi_l, i, i), such that (y1,z5;')€D and T =T%2. That is, D(w) is the set of
all (01, 02) for which it is possible to form a “product” as in (x). The problem is to show
that [z, g1-(y125 1)\~ ga, y2] is independent of the choice of representatives 6; €C;.

Fix (01, 02)€D(w) and set Up=T*1, U1 =T¥*=T*2 and Uy=T"2. Suppose first that
C;NLAZ for both i=1 and i=2, and that (f;, fo)€D, where f; is the unique element
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(see Lemma 5.8 (b)) of C;NL. Set v=(f1, f2), set E1=N(g ys. (U1), and set E():(El)fl_1
and Fy=(E;)f2. Then v€D via Fy. Using the definition of ©, one observes that

Ari=(Bo)™ <Ns(T) and  By:=(A)" =(E)" .
Similarly, one has
Ap:=(E1)™ <Ns(T) and By:=(A1)% = (Ep)" .

Thus, the groups A; and B; are in A, and g;-(y125 ')A\ g2 €Im(N). Setting h;=g; A1,
one then has (hl,ylxgl, h2)€D via Ay, and

(21" 91 (y1m3 A -g2,y2) ~1 fifa.

The result is independent of the choice of (61, 02) €D (w), so the lemma holds in this case.
Thus, we may assume that no such pair (fi, f2) exists.

We now aim to show that (Uy, Uy, Us) is independent of the choice of (61, 02) €D(w).
This is given by Lemmas 5.6 and 5.8 (a) if C;NL=@ for both i=1 and i=2. Suppose next
that ChNL=@#CyNL. Here Cy uniquely determines (U, U;), and then U; =T"2 since
Y115 ENL(T). Setting Up=(U;)/2 for fo€ConL, it follows from Lemma 5.9 (a) that,
again, (Up, Uy, Us) depends only on (C7, Cs) and not on the choice of representatives. The
next case, where C1NL#EI=C5NL, evidently yields the same result. By assumption, we
have v=(f1, f2)¢D, and so S, ¢A. There is then a unique L-conjugate Uy of T with
Uo<S,. Set Uy=(Up)”* and Uy=(U;)*2. Then each U; is an L-conjugate of T; and
(Up, Uy, Us) is uniquely determined by (C1, Cs), as desired.

Let (01,02)€D(w), with 0;=(Z; ', g, 7). The result of the preceding paragraph,
taken with Lemmas 5.7 (a) and 5.8 (a) then yields 6;~f;. The definition of ~q then

yields the commutative diagram

Us

—1 —1

Y1 Ta 92 Y2
U T T
J"Q th
— U T——T ——Us.
zt g1 Y1 L z7! g2 Y2 2

(Here ri:(xia’c;l))\ and h;=(y;7; ")A.) The “middle” portion of this diagram leads at

once to a commutative diagram in M as follows:

—1
g1 (y1z3 )X g2

T
Tll hy
T

g1 (123 )N 92

g2 ho

N———H~
N———H
N+——H
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The result is a diagram

U x] T s (wo) Y2 U,
o
b T T 2
which establishes that II§ is well defined. O

Let u=(f1,..., fn) €W and let v=(C1,...,C,)EW(L}). We shall write urv to in-
dicate that f;€C; for all i. Write D§ND for the set of all veD{ such that there exists
ueD with u~wv.

LEMMA 5.11. II¥ and II agree on D{ND.

Proof. Let w=(C4,...,Cp)~(f1, ..., fn) be in D{ND, and let 6;=(x; ', g;, y:) €C; be
chosen so that f;~16;. Let (Uy,...,U,) be the sequence of L-conjugates of T' given by
T* =U;_; and TY =U;. As C;~f;, we have g;€Im(\), and (I’i_l, (g)A"1, ;) is in D via
a subgroup of Ng, (U;—1). This shows that when w is viewed as an element of D, one
has Up< Sy Setting Py=Ng, (Up), we get Py€ A by Lemma 5.4 (a), and weD via P.

Set h;=(g;)A\~!, and set

V= (xflv hlvylv ...,iEr_Ll, hnvyn) and Vo = (hlvylxgla seey yn71$7_117 hn)

Set Pi:Pgl'”fi. Then Lemma 5.4 (a) implies that veD via Py, since each P;_; is a
member of A contained in Sy, NNg(T). Then also vo€D via (Py)* ', and since also
voEW (N, (T)), the isomorphism A: Nz (T)— L, (M) sends II(vg) to Ips(wo), where

wo = (91, A@123 ), oo, W12, 1), Gn)-
‘We now obtain
I3 (Ch,y ooy Cn) = [ g (w0 ), Y] R TL(f1, ey fn)

since (27", TI(vo), ) ED (via Py). This yields the lemma. O

By Lemmas 5.8 and 5.9 (a), we may identify £} and £ with their images in £*
via &. Set Lo=LiNL and L£1=L\Ly. Thus, £ is the disjoint union of £} and £1. Set
D*=D/UD. By Lemma 5.11, there is a “product”

" =TI UIL: D" —s £*
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whose restriction to D¢ is II], and whose restriction to D is II. Set 1*=[1,1,s,1] (or

equivalently, via &, 17 =1). We now define an “inversion map” on L} by

[ foyl— [y~ el

(That this is indeed a well-defined involutory bijection of £§ will be shown in the proof
of Lemma 5.12, immediately below.) We extend the inversion on £} to all of LT in the

obvious way, by forming the union with the inversion on L.

LEMMA 5.12. LT, with the above product, identity element and inversion, is a partial
group.

Proof. That Dt contains £* as words of length 1 is immediate from the definition,
as is the fact that uecveD™ implies u, v€D™'. Thus Definition 2.1 (1) holds for £*. That
IT* restricts to the identity map on £*, and that IT* is multiplicative is immediate from
the definition of II*, and so points (2) and (3) of Definition 2.1 hold for £*. It remains
to check that inversion is well defined and that £* satisfies Definition 2.1 (4).

Let =(x7!,g,y)€0 and set 6~ 1=(y~1,g~!,x). The conditions on x (immediately
following Lemma 5.4) which define 6 as being in © are that T<.S, and that T*<S and
Ng, (T)*=Ng(T?); and these are the same conditions on x that are required in order
that #~! be in ©. The analogous set of conditions applies to y, by symmetry, so we
obtain §~1€0. Now let 0=(z1, f,7)€0, with ~¢f. Thus T*=T7%, TY=TY, and

(Zz ") A-g=g-(Jy ")\ (%)

The condition (x) concerns multiplication in the group M, where inversion and straight-

forward manipulation yields
gy A g =g~ (@ N

This shows that #~1~¢0~'. Now suppose that f€L£ and that f~; f. This means that
geIm(N), (z71 gA""y)eD, and f=M(z~",gA~!,y). Then f~'=I(y~', g~ '\~ !, z) by
Lemma 2.2 (f), and so =1~ f~1. This completes the verification that there is a well-

defined mapping [v7", g,y [y~ 97"

,x] on ~-classes, and which agrees with the inver-
sion map from £ on £iNL. Evidently, this inversion map on £* is then an involutory
bijection. One readily verifies that u~teu€D* if u€ D", and that then IT*(u~tou)=1".

Thus Definition 2.1 (4) holds for £*, and L is a partial group. O

Let A" be the union of A and the set of subgroups P of S such that P contains an
F-conjugate of T. We now have a candidate, in the partial group L%, for a locality whose
set of objects is A*. In order to establish the conditions (O1) and (O2) for objectivity
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in Lemma 2.5, it must be shown that if A is an object in A*, and C'eL* with A<,
then either C€L or else C is of the form [z7!, g,y] with T®=A and TY=AC. This is
not immediate, since the statement “A®<S” merely says that for each a€A, we have
(C~' a,C)eD* and a®€S. The following lemma addresses this issue.

LEMMA 5.13. Let =(z71,g,9)€0, let C be the ~-class of 0, and let A be an
F-conjugate of T such that A®<S.

(a) If O=feL, then ALSs.

(b) If CNL=@, then A=T" and A°=TV.

Proof. (a) Let a€ A and set b=a®. Set P=S; and Q=P/. Then (a~1, f,b)€D via
(P2, P,Q,Q"), since a and b are elements of S, and similarly (a, f) and (f,b) are in D.

Set w=(C"1,a,C). As weD™", we have also (a,C)€D™ and the axioms for a partial
group (Definition 2.1) yield

I (a,C)=T"((C)ew) =ITI" (C, II* (w)) =T (C, b).
(In particular, (C,b)eD™*.) Since
I (C~ 1 a,C)=b=TI(f1, f,b)=T1"(C~*,C,b)
by Lemma 5.11, left cancellation and Lemma 5.11 again yield II(a, f)=II(f,b). Then

f:H(a_l, a, f) :H(a_l, fsb),

by Lemma 2.2 (e). Since conjugation by a~!fb carries P® to Q°, we conclude that
P2<Sy. That is, P*=P, and then (f~',a, f)€D (via Q). Apply Lemma 5.11 to get
a’=b in the partial group £. Thus a€ Sy, and (a) holds.

(b) Here C is a ~g-class by Lemma 5.8 (a). Set U=T* and V=TV, and recall
that U and V depend only on C, by Lemma 5.6. Again let a€A and set b=a®. As
(C71,a,C)eD", it follows that (C~1,a,C)eD* via (V,U,U,V), and thus a€Ng(U).
Similarly, b€ Ng(V)). Then, by (1) in the definition of ©, both a®  and b¥  are in
Ns(T).

Set w=(a"tz7!,1,2a®)EW(L), and observe that weD via Ng(U), and that also
weD™ via (U, T,T,U). In particular, we get a~1 D:=[a" 127!, 1,7, za?]. The representa-
tives (y~1, 971, 2) of 71, (a7 o™t 1, 2a?) of D, and (271, g,y) of C have the property

that II*(C~!, D, C) may be given in terms of these representatives. That is, we have

-1

I (C 'a,C)=10"(C"",D,C)=[y ", g7 (zaz Vg, y] =[y~ ", (& )%,y],
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since the products z(a~*2z~!) and (za?)x~! are defined in £ and lie in Nz (T). As a®=b,

we then have
by~ (a” )% y).
The reader may verify that y~1(y,1ar,1) and that

-1

vi= ((17 1M7y)’ (yila (az )g7y)’ (yila Ia, 1)) € D+a

and further that

Then, appealing to Lemma 5.9 (b), we get

1

(lvby_171) ~1 v ~1 (17 (am_l)g7 1)'

Now (1,b% ,1)~g(1,(a® )9,1) by Lemma 5.7 (a). A glance at the diagram following
the definition of ~o will now convince the reader that b¥  =(a® ')9. Thus (A? )I=

Byfl, and we obtain a sequence of conjugation maps (between subgroups of S) as follows:

_ =1
UA— e 25 S vB.

Since C'¢ L, it follows that UA¢ A, whence A=U and B=V. This completes the proof
of (b). O

The following two theorems, along with proposition Proposition 1.10 above, form

the foundation for our proof of the main theorem.

THEOREM 5.14. Assume Hypothesis 5.3 and let A* be the union of A and the set
of subgroups P of S such that P contains an F-conjugate of T. Then (LT, AT,S) is
an F-natural locality. Moreover,

(a) the isomorphism A: Np(T)—La, (M) extends in a unique way to an isomor-
phism AT: N+ (T)—M of groups, such that

(271 g, y] A" =Ta (271N, g, 90 (*)
for any x,ye N, (T);
(b) if L is a A-linking system and Cp(T)<T, then L is a AT -linking system.

Proof. Let w=(CY,...,Cp) W (L) and (U, ..., U, ) €W (A), with US", =U; for all
i, 1<i<n. Suppose first that Uy (and hence each U;) is an L-conjugate of T. Then
Lemma 5.13 implies that weD{. On the other hand, if Up€A then each U; is in A, and
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weD. Thus, either way, we get weD™, so that (£, A") satisfies condition (O1) in the
Definition 2.6 of objectivity.

We next check that £* is F-natural. For P and @ in A we have Hom,+ (P, Q)=
Homg (P, @) by construction, and therefore Hom,+ (P, Q)=Homz(P, Q) in this case.
Now let U and V be L-conjugates of T, and let C€N,+ (U, V). If Cxf for some feL
then U/ =V; and since cy: S§y— S is an F-homomorphism we conclude that cc:U—V is
an F-homomorphism. On the other hand, suppose that C€£L*\ L, and let (z~ 1, g,y)€C.
Then Lemma 5.13 yields 7% =U and TY=V. Here Fn(r)(M)=Nz(T) by hypothesis, so
each of ¢, cgy -1, and ¢, is an F-homomorphism, and then so is cc. Thus Hom,+ (U, V) C
F, and LT is F-natural. Then also £ satisfies condition (O2) for objectivity, and so
(L*,AT) is an objective partial group.

By definition, S is the unique maximal member of A*. Since N +(S)=N,(95), it
follows that also S is maximal in the poset of finite p-subgroups of L, and so L satisfies
conditions (L1) and (L2) in Definition 2.9. As £ and M are finite, so is the set © of
triples (71, g,y), and thus £ is a locality.

Set H=N;+(T) and K=N.(T). Let C=[z"',g,y|/€H. Then z,yeK, and we
have C=[1,(z7*X)g(y\),1]. Because of this, it is now readily verified that there is a
well-defined mapping A\*: H—M given by C— (z71\)g(y)), that A\* coincides with A
on K, and that A* is a homomorphism of groups. Suppose that C€Ker(A*). Then
(7 N)g(yA) =141, so g=(zy~1)A€Im(N), and then (z71, g7, y)~11. Thus Ker(\*)=1,
and A1 is then an isomorphism since M is finite. The uniqueness of A" is immediate
from condition (x), so (a) holds.

Suppose next that £ is a A-linking system and that Cp(T)<T. Let Ue A" with
U¢A. Then there is a unique F-conjugate Uy of T contained in U, and hence we
have N+ (U)<Np+(Up). As L* is F-natural, there exists C€L* such that (Up)“=T.
Conjugation by C' induces an isomorphism of N+ (Uy) with N+ (T'), and hence with M.
Since Cps(X)<X for any p-subgroup X of M containing T, it follows that C,+(U)<U.
By construction, N +(P)=N,(P) for Pe€A, so we conclude that £* is a A*-linking
system. Thus (b) holds. O

We also write £*(\) for the locality constructed by Theorem 5.14, in order to em-
phasize its dependence on the isomorphism A: Nz (T)—La,(M). In the same vein, we
may write £} () for the partial subgroup £ of L£*.

THEOREM 5.15. Assume Hypothesis 5.3, and let A" be the union of A and the set
of all subgroups of S which contain an F-conjugate of T.

(a) Let L* be a locality via the set AT of objects, let L' be the restriction of L* to
A, let B: L= L be a rigid isomorphism, and let Bp: Np(T)— Nz (T) be the isomorphism
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induced by restriction of §. Assume that there is given an isomorphism p: M — N« (T) of
groups, such that p restricts to the identity map on Ng(T'). Let po be the restriction of u
to La, (M), and set \=PBrouy*. Then there exists a unique isomorphism 3*: L (\)— L*
such that 3% restricts to 3 on L and to X op on Np+x)(T).

(b) Let (L,A,S) and (L', A,S) be localities having the same set A of objects, let
B: L—L be a rigid isomorphism, and let Br: No(T)— N (T) be the rigid isomorphism
given by restriction of B. Further, let \: Ne(T)—Lan (M) and X: Ng(T)—La, (M) be
rigid isomorphisms, and let uo be the automorphism A~ toBroXN of La, (M).

(i) There exists an isomorphism [T: LT(AN)—(L)T(N) extending B if and only if
o extends to an automorphism p of M.

(ii) Let p be an extension of po to M. Then there is a unique isomorphism
BTLTA) — (L) (N)

having the property that 3% restricts to 3 on L and to AXouo((N)*)™1 on N+ (T).
Moreover, 07 is then given explicitly on L£(\) by

27! g,y — [ 8, g, y ol

for (z71,g,y)€0.

(c) Suppose that there exists a rigid isomorphism Ng(T)—La, (M), and that all
rigid automorphisms of La.(M) are M-equivalent (as in Definition 5.2). Then, up to
rigid isomorphism, there exists a unique locality (L*, AT, S) whose restriction to A is L,

and having the property that Np«(T) is equal to M.
We now prove the points (b), (a) and (c) of Theorem 5.15, in this order.

Proof of Theorem 5.15(b). Set N=N,(T) and N'=N,.(T). Let O be the subset
of L'x M x L' defined by the conditions immediately following Lemma 5.4, but now with
respect to \'. In order to avoid confusion, we shall distinguish the relations ~g, ~; and
~ in the two cases, by the following sort of notational device. Thus, for example, if

=(x7',g,y) and ¢=(z7', g, ¥) are in ©, then we shall write

prod (el N)

1

to indicate that the products Zz~' and gy~ ! exist, and are elements of N’, and satisfy

the condition

@z )N -g=g-(gy~ )N
The expressions “f~16 (rel X')”, and “f~6 (rel \')” should be understood similarly.
The relations ~g, ~1, and ~ on © will be provided with a corresponding “rel \” in order

to lend emphasis to this distinction.
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Set po=A"toBreX and assume that ug extends to an automorphism u of M. Let
« be the mapping on © given by

a: (:c*l,g,y) — ((iﬂﬂ)il,gﬂayﬂ)

Since f is rigid, T8=T, and from this it is easily verified that Im(a)C©’. There is an
obvious inverse to «, so in fact « is a bijection © —0'.

We claim that a sends ~g-classes (rel A) to ~p-classes (rel \'). Namely, let § and
6 be elements of ©, written in the usual way, and assume that §~g0 (rel ). Setting

1

a=Zxr~! and b=gy~!, we then have (a)\)-g=g-(b\) in M. Applying p, we obtain

(aB)N -gu=gp-(bB)N,

and thus ((x8)71, g, yB8)~o ((Z3) L, gu, yB) (rel X'). This proves the claim.

Now let f€ L, and suppose that f~16 (rel \). That is, suppose that there exists he N
with g=h), that (=1, h,y)€D, and that f=I(x"', h,y). Then ((zB)~, h3,yB8)eD’
and fA=II'((xB)~1, hB3,yB3). Since (hB)N =gu, we conclude that o sends ~;-classes (rel
A) into ~q-classes (rel \'). By Lemmas 5.8 and 5.9, any =s-class C' relative to A is either
a ~p-class or is of the form {f}UX, where X is the set of all #€© such that f~;6. Since
the same is true for ~-classes relative to \’, we conclude that o respects the ~-relations
relative to A and \.

Set LY¥=L*(A) and (L£")*=(L)*(N), and similarly define £ and (£;)*. Thus «
induces a mapping

v: 53 — (56)+7 (+)

*
2™ gyl — [(@B) 7", g,y
and fy=fp for all f€L such that f~10 for some 0. Since L% is the union of £ and
L, a extends to a mapping
LT — (LN,

which restricts to the identity map on L. Further, since all of the above arguments can
be carried out with o~! in place of o, 7 is a bijection.

We next show that v is a homomorphism of partial groups. Set D(A\)=D((L")" (X)),
and similarly define D()\). Let II" and (II')* be the corresponding products. Let
w=(Cq,...,Cp)ED(N) and set Q=S,,. If @ contains no L-conjugate of T, then C;€L
for all 4, wy*=wp*, and hence (II")* (wvy*)=(II* (w))y. On the other hand, suppose that
Q contains an L-conjugate of T. Then C;=[z;", g;,y;] for some (x; ', g:,5:)€0O, and
I, (9) =[(18)~, Tas (o), g 3], where

up = (g1, (Y125 ) BN s ey (Yn—12, 1) BN, ).
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One observes that ug=wou*, where

Wo = (917 (ylxgl))‘a ) (yn—lxgl)/\agn)’

and hence (II')* (wy*)=(1I"(w))y, and v is a homomorphism. Since the roles of (£, \)

and (L', \') can be reversed, v is then an isomorphism, and ~ is rigid since 3 is rigid.
Set N*=N;+(T) and (N')*=N)+(T), and suppose that there is given an

isomorphism o: LT (A\)—(L")T(N\) such that o restricts to § on £. Let op: Nt —(N')*

be the isomorphism induced by o. Then pg extends to the automorphism
v=\""teope(N)"

of M, and this completes the proof of (b) (i). In order to obtain (b) (ii), one need only
observe that the formula (%) defines the unique mapping L£*(A\)g—L"(\)o which, in
union with [, defines a homomorphism §*: £+ —(L£')* which restricts to 8 on £ and to
AMopo((A)F)"Lon N*. O

Proof of Theorem 5.15 (a). Let N: Npi(T)—La, (M) be the restriction of p=! to
N/ (T). To simplify the notation, we shall write £(A) for £+ (\), and £'(X’) for (L) (N).
Set L7=N,(T) and L(A)7=N,(\(T), and similarly define £7. and £'(X")r. Also, set
L5=Ng«(T), and let po: Lo, (M)— Ll be the restriction of pu.

Suppose first that Theorem 5.15 (a) holds in the case where L=L" and where 3 is
the identity map on £. We shall show that Theorem 5.15 (a) then holds in generality.
Thus, taking (£’, \’) in the role of (£, \), the assumed special case of Theorem 5.15 (a)
yields an isomorphism ¢: £L'(\)— L* such that ¢ restricts to the identity on £’ and to
(N)Fop on L'(N)r.

Since A\=0rop, ! by hypothesis, we have

A reBreN = poe B e Bropg  =ide,, (M).

Thus A\~1ofBro) extends to the identity automorphism of M. By Theorem 5.15 (b)
(proved above) there then exists an isomorphism v: £L(A)— £'(\") whose restriction to £
is 3, and whose restriction to L(\)7—£L'(\) is ATo((N)*)~. Now set 3"=~o¢p. Then
G* restricts to §: L— L', and on L(\)r to

(Ao ((W))THe((N) o) = ATop.

Thus, g+ fulfills the requirements of the statement of Theorem 5.15 (a). The uniqueness
of B* subject to the given conditions follows in the usual way (for example, as in the

proof of uniqueness in Theorem 5.15 (b)), and is omitted.



FUSION SYSTEMS AND LOCALITIES 93

We assume for the remainder of the proof that £L=L' and that § is the identity
automorphism of £. Then also S is the identity automorphism of L7, and A\~!'=p.

Let =(271,g,y)€0. Then (z7!, gu,y) €D* via the object T, and one checks that
the product IT*(z~', gi,y) in £* remains unchanged when 6 is replaced by any @ such
that 0~¢6. In some detail: let §=(z~', g, %) with O~f. Then T*=T? by Lemma 5.6.
Since po=A"1, we get

Suppose next that f€L with f~16. Then g=h\ for some h€ N (T), (=1, h,y)€D,
and f is equal to the product 2~'hy in £. This yields

(2=, g, y) =T (2 hyy) = f,

since (3 is the identity automorphism of £. Now Lemma 5.9 (b) implies that IT* (2=, g, )
depends only on the ~-class of 8, and we have a well-defined mapping ~vo: L —L* given
by

0 [z gyl — I (27, gpe, y)

and which restricts to the identity map on £J/NL. One also observes that
27!, g,y =Tl (27X, g,9A)

for [z~ 1, g, y] €N+ (T).
We now define the mapping ~: LT —L* to be the union of the identity map on L
and 7g. Notice that if C=[z71,g,y]€ N+ (T), then

CA'=(z""AgyA) and (z7'N-gyNp=1 (", g, y).

Thus the restriction of v to N+ (T') is ATop.
We next show the following fact:
(1) Let CeL™, set f*=C=, and let a€S. Then

*

eSS < af" €S and «®=0a'".

The proof is as follows. First, let C=[z7!, g,y]€L{\ L, and let (U, V) be the pair
of F-conjugates of T, uniquely determined by C, such that U=T7T" and V=TY. Then
U* '=T=T9=VVY . For any acU we then get

a€ = (@)1 = (((a* ) = ((a* )y =a (+)
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as Cy=IT*(z~', gu,y), where the second and third equalities follow since y is rigid.

More generally, we find that (x) holds for Ce L} and any a€Sc. Namely, if CNL=
{f} and a€Sy, then a=ay and f=fv, and hence a®=a’=(a')y=a/7=a®".

One observes that (1) and (%) may be read “in reverse”. Namely, if f*€L*, and
[*=C~ with CeL{\ L, then af” =a® for any a€S such that /" €. Finally, in the case
where C'e LT with CNL#D, there is really nothing to show since S<L. Thus (1) holds.

We may now show that v is a homomorphism of partial groups. Namely, let v* be
the map W(L")—=W|(L*) induced by v. Let weD™, set X=.,,, and suppose first that
XeA. Then weD(L) via X, and w=w~v*. On the other hand, suppose that X ¢ A. Then
w=(C1, ...,Cy), where C;€L{, and there is a uniquely determined sequence (Uy, ..., U,)
of F-conjugates of T such that U&I:Ui for all ¢ from 1 to n. Set f=C;y and set
w*=(ff, ..., [¥). Then (1) yields Uifj*lei for all 4, and thus w*e€D*. The verification
that

I (") = (IT* ()7,

and thus that v is a homomorphism, is now a formality. We treat the case n=2 in
detail; and for this it suffices to consider the case where w=(C4,C2)€D{, since the
restriction of v to £ is the identity map. Let 6;=(z; ', g;, ;) €Cy, with (y1, 25 ") €D and
with y125 ' € N (T). Then IT* (w) =[x, g1- (Y175 )\~ ga, ya), and

I (w)y=1* (27", (g1 (123 A -g2)p, y2) =TT (27, grpe (ya s ) A gops, y2)
= H*(mfl,gl,u-ylxgl “Golt, Y2) = H*(xl’l, g1, Y1, xr;l, G214, Y2),

where the last equality is obtained by observing that (1) implies that

(‘rilvglﬂ7y1a $§1792M7y2) S D*.

Now

I (27 gy, 5 Y gop y2) = 1T (27 (g1 )y, 75 H(gap)ye) = IT¥ (w*).

The case w=(C4, ...,C},) with n>2 differs in no essential way from the case n=2, so the
above argument establishes that v is a homomorphism.

The next step will be to show the following fact:

(2) For each P,QeA", the mapping vp.g: Ne+ (P, Q)—Ng+ (P, Q) is surjective.

Of course, we may assume that Nz« (P, Q) is non-empty. If PEA then Q€A and
vp,o=0pq is bijective. So assume that P¢A. Then P contains a unique £-conjugate
U of T, and hence U<P. Let f*€N-(P,Q) and set V=U/". By Lemma 5.4 (b), there
exist elements z,y€L with T%=U and TY=V, and such that Ng (T)*=Ng(U) and
Ng,(T)!=Ng(V). Then (z,f*,y~')eD* via T, and we set h*=II*(z, f*,y~'). Then
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(=Y 2, f*,y~ 1, y)eD* via U, so f*=II"(x~1, h*,y) by Definition 2.1 (3). Moreover, we
have h* € Nz« (T). Now [z, h*u~!,y] is mapped to f* by «, and so (2) holds.

Next, we show

(3) Ker(y)=1.

As 7y|g=id, the set of non-identity elements of Ker(v) is contained in £J. Let
C=[z71,g,y]€Ker(y), and let U and V be the conjugates of T associated with C' by
Lemma 5.6. Then 1*=Cy=II*(2"1, gu, y), and (1) implies that U=V =T. Hence

C=[1,2""\-g-y\, 1] € N+ (T).

Since p is injective, we conclude that C=1%, and thus (3) holds.

Since S, €A for all he L', it is immediate from (2) that v is surjective, and from (1)
that Sy=S¢, for all feL. Then (3) and Lemma 3.6 imply that v is an isomorphism,
and hence a rigid isomorphism by construction. Thus, it remains only to establish the
uniqueness of v, subject to the conditions that v|o=id, and that 7|y, ry=A*ep. Let
v': LT —L* be another such isomorphism. Then, for any C=[z"1, g,y] €L, we get

C>\/ = ([:E_17 1M7 1][1797 1][17 1]\/[>y]))\/ :H*($_17gu7y) :C>\u

and this completes the proof. O

Proof of Theorem 5.15 (c). Assuming that there exists a rigid isomorphism
Nﬁ(T) —>£AT(M)’

Theorem 5.14 yields the existence of a locality (£*, A™,S) with the required properties,
and Lemma 5.5 (b) implies that £* is rigidly isomorphic to some £ (\). Assuming further
that all rigid automorphisms of L4, (M) are M-equivalent, Theorem 5.15 (b) yields the
uniqueness of £* up to rigid isomorphism. That is, Theorem 5.15 (¢) holds, and the proof

is complete. O

This completes the proof of Theorem 5.15.
It will be convenient, for the applications in the next two sections, to state a corollary

concerning a special case of Theorem 5.15.

COROLLARY 5.16. Assume Hypothesis 5.3, and let (L*, AT, S) be a locality such
that the restriction of L* to A is equal to L, and with Ng«(T)=M. Let 3 be a rigid
automorphism of L and let \:=pr be the automorphism of N (T) given by restricting (3.

(a) There exists a unique rigid isomorphism a: LT (XN)—L* such that (3 is the re-
striction of a to L, and such that \* is the restriction of o to Ntz (T).

(b) B extends to an automorphism of L* if and only if A extends to an automor-
phism of M.



96 A. CHERMAK

Proof. The locality £* is rigidly isomorphic to a locality of the form L£*()\), by
Theorem 5.15 (a) (and with p being the identity automorphism of M). Then also The-
orem 5.15 (a) yields an isomorphism a: £1(\)— L* with the properties required in point
(a). Point (b) is then given by Theorem 5.15 (b). O

Definition 5.17. Let (L£,A,S) be a locality with fusion system F=Fg(L). Let
{A;}N, be a sequence of subsets of A, and let {R;}Y, be a sequence of subgroups
of S, such that each R; is fully normalized in F. Then (A;, R;)Y, is an F-filtration of
A if the following conditions hold:

(1) Ro is weakly closed in F, and Ay is the set of overgroups of Ry in S;

(2) For i>0, A, is the union of A,;_; and the set R; of subgroups of S which contain
an F-conjugate of R;;

(3) For any U,VeR;, (U, V)eR,;_1 if and only if U#V;

(4) A=Ap.

LEMMA 5.18. Let (L£,A,S) be a locality, let F=Fs(L) be its fusion system, and let
REA be weakly closed in F. Then there exists an F-filtration F=(A;, R;)N, for L,

such that Ro=R, and such that, for all i>0, R; is of maximal order among subgroups of
S in Az\Az—l

Proof. Take Ry=R and let Ay be the set of all overgroups of R in S. Then Aq
is F-invariant as R is weakly closed in F. Now let m be an index with 1<m<N.
Suppose that A,,_1 has been given, and that A,,_; is F-invariant and overgroup closed
in S, and that A,,_1#A. Choose Q€A\A,,_1 so that |Q| is as large as possible, and
let R,, be a fully normalized F-conjugate of (). Define A,, to be the union of A,,_;
and the set of subgroups of S which contain an F-conjugate of R,,. Then A,, is F-
invariant and overgroup closed, so the process may be iterated until arriving at an index
N with Axy=A. The points (1), (2), and (4) of Definition 5.17 are given at once by this

construction, while point (3) is immediate from the maximality in the choice of R,,. O

6. The reduction to FF-pairs

Our aim in this section is to establish the main theorem, modulo a result (Proposi-
tion 6.10) on localities in finite groups. In order to state that result (to be proved in the
following section), we begin by reviewing some notions from finite group theory.

For any finite p-group P, the set of elements z € Z(P) such that zP=1 is a character-
istic subgroup of P, often denoted Q1 (Z(P)), but which we shall write as Zp. A p-group
V is elementary abelian if V=Zy. Equivalently, V is elementary abelian if V' is the

underlying group of a finite-dimensional vector space V over the field I, of p elements.
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Let A be a group, and let D be a group on which A acts (from the right). Then [D, A]
is by definition the subgroup of D generated by the set of commutators [g,a]=g 'a"1ga,
with geD and a€ A. If [D, A]<Cp(A), one says that A acts quadratically on D, and one
also expresses this condition by writing [D, A, A]=1.

We begin with two elementary (and well-known) results.

LEMMA 6.1. Let D be an abelian p-group admitting action (from the right) by a
group X, and set V=Zp. Let A be the set of elements a€X of order p such that
[D,a,a]=1, and suppose that G=(A). Then [D,G|<V.

Proof. Let geD, let a€ A, and set h=[g,a]. Then heCp(a), and so h=h"" for all
integers k. Thus,

2

h=g"lg"=(g") """ =..=(9g

a"’l)fl a”.

One then observes that h?=¢~1¢%", and then h?=1 since a?=1.
As D is abelian, we have [g,a] "'=[g~!, a], and [g1 92, a]=[g1, a][g2, a] for all g1, g2 € D.
Thus
V>{lg,a]|g€ D and a€ A} =D, G|. O

LEMMA 6.2. Let X be a finite group, let S be a Sylow p-subgroup of X, and let D
be an abelian p-group. Assume that there is given an action X —Aut(D) of X on D.
Set V=Zp, and set
W = [V, 0P(X)|Cy (X)/Cy (X).

Then the following hold:

(a) Cp(S)<[D,0P(X)|Cp(X).

(b) Suppose that X=KS, where K <X is generated by elements that act quadrati-
cally on D. Then Cp(S)=Cy(S)Cp(X).

(c) Suppose that [Cw (S), X]=1. Then [Cp(S), X]=1.

Proof. As X=0P(X)S, there exists a right transversal {1, ...,2,} for S in X such
that each z; is in OP(X). Thus Q={Sz1,..., Sz, } is the set of right cosets of S in X, and
each z€X defines a permutation of €2, by right multiplication. That is, (Sx;)z=Sx; for
some j. Let geCp(S), and set

Then h"=h for all x€ X, while also

h=g"lg, 1] ...[9, 2] = g"d,

where de[D,OP(X)]. As (p,7)=1 and D is a p-group, we get h"*=gd"™ for some n, and
thus g=d~"h"€[D,O0?(X)]Cp(X). That is, point (a) holds.
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We continue the preceding setup in order to prove the following:
if [Cy(S),X]=1 then [Cp(S), X]=1. (%)

Suppose by way of contradiction that [Cy (S), X]=1 but that [Cp(S), X]#1. The
element g in the proof of (a) may then be chosen so that g¢ Cp(X) and with g? €Cp(X).
Then gP#1. As (g*)P=(g*)P=gP for all z€ X, we get hP=g¢P" (where h is defined as in
the proof of (a)), and then hP#1 as r is relatively prime to p. Set Dy=(dP|de D). We
may assume that D=(g*), so Dy=(gP)=(hP) is cyclic. Then D=V (h), and

Cp(5)=Cv(S)(h) =Cp(X).

This contradiction completes the proof of (k).

Now suppose that [Cw (S), X]=1. Applying (a) with V in the role of D, we ob-
tain Cy (S)<[V, X]|Cy(X). Then [Cy(S), X]<Cy(X) by the definition of W, and so
[Cv(S),0P(X)]=1. As X=0P(X)S, (c) is proved.

Finally, assume the hypothesis of (b). Then OP(X)<K, and [D,OP(X)]<V by
Lemma 6.1. Thus (a) yields Cp(S)<Cp(X)V, and so

Cp(8)=Cp(S)NCp(X)V =Cp(X)(Cp(S)NV)=Cp(X)Cv(S),

and (b) holds. O

Definition 6.3. Let M be a finite group, let S be a Sylow p-subgroup of M, and set
Y=0,(M). Then M is p-reduced, and (M, S,Y) is a reduced setup, if

Cu(Y)Y, Cs(Z(Y))=Y and O,(M/Cu(Z(Y)))=L1.
LEMMA 6.4. Let (M,S,Y) be a reduced setup, and set D=Z(Y), V=_Zy, and
G = M/Cu (Z(Y)).

Let A be an abelian p-subgroup of G. Then V=_Zp, and the following facts hold:
(a) CM(D)ZCM(V)
(b) If A acts quadratically on V', then A is elementary abelian. In particular, if A

acts quadratically on D, then A is elementary abelian.

Proof. Evidently V=2p, and Cp;(D)<Cp(V)<IM. But also OP(Cy (V) <C (D),
by [11, Theorem 5.3.10]. Thus, the image of Cps (V) in M/C)s(D) is a normal p-subgroup
of M/Cy(V), and then, since M is p-reduced, we obtain point (a). Point (b) is given
by [13, statement 9.1.1 (c)]. O
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The following result shows how to isolate a reduced setup from any finite group M
such that Ca(Op(M))<Op(M).

LEMMA 6.5. Let M be a finite group with Cp(Op(M))<O,(M), and let S be a
Sylow p-subgroup of M. Then there exists a unique largest (with respect to inclusion)
subgroup D of Z(O,(M)) such that Z(S)<D<M and such that O,(M/Cp(D))=1.
Moreover, the following hold for Y:=Cg(D), H:=Ny(Y), and F:=Fs(M):

(a) (H,S,Y) is a reduced setup;

(b) Y is strongly closed in F.

Proof. We aim first of all to define subgroups Y; and Dy, of S, for all k>0, with the
following properties:

(1) Yy is strongly closed in F, and Chs(Yy)<Yi;

(2) D=2(Yx)<M.

The conditions (1) and (2) are satisfied by Yy:=0,(M) and Dy=2Z(Yy). We shall
define Yy and Dy for k>1, in the following recursive way. Take Y to be the preimage
in S of Op(M/Cpr(Dg-1)) and take Dy=Z(Y}). We now check that conditions (1) and
(2) hold for Y, and Dy under the asssumption that they hold for Y;_; and Dy_1.

As Dp_1<M, also Cpy(Dy—1)<M, and then Cps(Dy—1)P<<M where P is defined
to be the preimage in S of O,(M/Cprn(Dy—1)). As P is a Sylow p-subgroup of the
normal subgroup Cps(Dg_1)P of M, P is strongly closed in F. Again as P is Sylow in
Chrr(Dg—1)P, we have Cs(Dj—1)<P, and so Y1 <P. As Cp(Yi—1)<Yi—1, we obtain
Cr(P)<P, and Z(P)<Z(Yy—1)=Dy—1. Here M=Cp;(Dy—1)Np(P) by the Frattini
lemma, so Z(P)<M. Thus (1) and (2) hold, where Y, =P and D=Z(P).

Since M is finite, there exists n minimal subject to D,=D, 1. Set D=D, and
Y=Y, 1. Then Cs(D)<Y and D=Z(Y), so Y =Cg(D) is a Sylow p-subgroup of Cy;(D).
The Frattini lemma yields M =Cp;(D)H, where H=N;(Y"). Also,

YCu(D)/Cu(D) = O0p(M/Cp (D)),

so as Y <Cy (D) we have O,(M/Cy(D))=1. Since M=Cp(D)H, we get M/Cp (D)=
H/Cu (D), so also O,(H/Cu(D))=1. As Op(H)Cu(D)/Cu(D)<O,(H/Cu(D))=1, it
follows that O,(H)<Cgs(D)=Y, so O,(H)=Y. Since Cyx(Y)<Y by (1), (H,S,Y) is
then a reduced setup.

We now establish the uniqueness and maximality of D. Thus, let U be a subgroup
of Z(Yp) such that Z(S)<U <M and such that O,(M/Cp(U))=1. It will suffice to show
that U< D. Assuming otherwise, we have [U,Y]#1. Since O,(M/Cy(U))=1, we have
U<Z(O,(M)). That is, UKDy, and so there is a largest index n such that U<D,,.
Then Cp(U)Yn+1/Cum(U) is a non-identity normal p-subgroup of M/Cy(U), contrary
to Op(M/Crp(U))=1. We conclude that U< D, as required. O
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In what follows, the group H=Ny;(Y) in the preceding lemma will be called the
reduced core of M with respect to S.

We next review the definition of a certain characteristic subgroup of an arbitrary
finite p-group S, and of some terms related to it. All of the themes, and much of the
terminology and notation that will be introduced here, have their origin in early work of
John Thompson, and they have been of fundamental importance to the p-local viewpoint
in finite group theory ever since.

Let d(S) be the maximum, taken over all abelian subgroups A of S, of the numbers
|A]. As in [20], we take A(S) to be the set of all abelian subgroups A of S such |A|=d(5),
and we set

J(5) = (A(5)) (%)

Notice that J(.5) is the unique subgroup of S which is isomorphic to J(S). Because
of this, the operator J has the following inheritance property: If R is a subgroup of S and
J(S)<R, then J(S)=J(R). In particular, J(S) is weakly closed in any fusion system
on S. One observes that J(S) has the further property that it is centric in any fusion

system on S.

Remark. The tendency in the last thirty years or more has been to define A(S) to
be the set of elementary abelian subgroups of S of maximal order, and then to define
J(S) by the formula (x). But the formulation that we have chosen is the one which is
needed for the task at hand.

Let G be a finite group, let D be a finite abelian p-group, and suppose that there is
given a faithful group action (from the right, as always) of G on D. An abelian p-subgroup
A of G is an offender (on D, in G) if |A||Cp(A)|=|D|. An offender A is non-trivial if
A#1, and A is a best offender if |A||Cp(A)|=|B||Cp(B)| for every subgroup B of A. A
quadratic offender is an offender A such that [D, A, A]=1. Write Ap(G) for the set of
best offenders in G on D, and set Jp(G)=(Ap(G)).

We shall most often be interested in the situation where D is a normal abelian p-
subgroup of a finite group M, and where G=M/Cp;(D). In this case, we say that (G, D)
is an FF-pair if O,(G)=1 and Jp(G)=G. The structure of FF-pairs in the case that D
is elementary abelian is analyzed in [15], using the CFSG (the classification of the finite
simple groups), and the preceding terminology is adapted from [15].

LEMMA 6.6. Let D be a finite abelian p-group and let G be a finite group acting
faithfully on D.

(a) BEwery non-trivial offender in G (on D) contains a non-trivial best offender.

(b) Ewvery non-trivial best offender in G contains a non-trivial quadratic best of-

fender.
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(¢) If A is a best offender in G, and U is an A-invariant subgroup of D, then
A/CA(U) is a best offender in No(U)/Ca(U) on U.

Proof. Statement (a) is a triviality: If A%1 is an offender on D, one has only to
choose a subgroup B#1 of A so as to maximize |B||Cp(B)|, in order to obtain a best
offender on D.

Point (b) is essentially given by the Timmesfeld replacement theorem [21]; but here
it must be noted that in the hypothesis of Timmesfeld’s theorem the groups D and A
are assumed to be elementary abelian. A one-page proof of this result (with the extra,
but in fact extraneous, hypothesis concerning D and A) is given as [9, Theorem 2]. At
no point in the proof is the extra hypothesis used.

The argument for (c) is again a case of asking the reader to check a very short proof
(about half a page) in which there is an extraneous hypothesis as mentioned in the proof
of (b). In this case, the relevant result is [14, Lemma 2.5 (c)]. O

LEMMA 6.7. Let M be a finite group, let SE€Syl,(M), let D be a normal abelian
p-subgroup of M, and set G=M/Cp (D). Let A€ A(S), and set Y=Cg(D). Then the
following facts hold:

(a) the image of A in G is a best offender on D;

(b) J(S)£Y < J(S)#J(Y)=Jp(G)#1.

Proof. We provide the standard argument for the convenience of the reader. Let A
be the image of A in G, and suppose that A is not a best offender on D. Thus, there
exists a subgroup B<A such that

(1) [BIICo(B)|> 4] |ICo(A)].

Let B be the preimage of B in A, and set B*=Cp(B)B. Then,

(2) Cp(D)=Ca(D).

As Ac A(S) we have Cp(A)=DNA, and then also DNA=Cp(B)NA. Thus,

(3) Cp(B)NA=DNA=Cp(A).

‘We now obtain

|B*|=[Cp(B)||B|/|Cp(B)NB]
=|Cp(B)||B||CE(D)|/|Cp(B)NB
>|Cp(B)||B||Cr(D)|/|Cp(B)NA|
>[Cp(A)||A]|Ca(D)|/ICp(B)NA| by (1) and (2)
=[Cp(A) |A]|Ca(D)|/ICp(A)] by (3)
=[Cp(A)[A]/|Cp(A)]

=|A].
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This contradicts the maximality of | A| among the abelian subgroups of S, and completes
the proof of (a). Point (b) follows from (a) and from the inheritance property of the

J-operator, mentioned above. O

This completes the background material for this section. The next result lists some
criteria for extending rigid automorphisms of localities within finite groups to automor-

phisms of the groups themselves.

LEMMA 6.8. Let M be a finite group, let S€Syl, (M), set X=0,(M), and assume
that Cp(X)<X. Set F=Fs(M), and let T' be a non-empty, F-invariant, overgroup-
closed set of subgroups of S, such that X <Q for all Q€. Set L=Lr(M).

(a) Suppose that M=Cy(Z(X))S. Then L is the unique F-natural T-linking sys-
tem, up to a unique rigid isomorphism. In particular, the identity automorphism is the
unique rigid automorphism of L.

(b) Let H be the reduced core of M with respect to S, set Y=0,(H), and let T'y
be the set of all Q€T such that Y <Q. Let v be a rigid automorphism of L, let vy be
the restriction of ~ to Lr, (H) (see Lemma 3.9), and suppose that vy extends to an
automorphism of H. Then v extends to an automorphism of M.

(¢) Set D=Z(X) and assume that Cp;(D)/X is a p'-group. Assume also that there
exists QET such that M=Cp(D)Npy(Q), and an automorphism ~ of L such that ~
restricts to the identity automorphism of Nas(Q). Then ~y is the identity automorphism
of L.

Proof. (a) Let M be a minimal counterexample, and choose an F-filtration
(T, Th)R=o

for T, with Ty={S} (see Definition 5.17). Let Lj be the restriction of £ to I'y. Then
Lo=Np(S). Since Z(S5)<Z(X), we have Z(S)<Z(M), and then Proposition 1.10 (b)
shows that for any F-natural Ag-linking system KCg, there is a unique rigid isomorphism
Ko—Ly.

Let n be the largest index such that £,, is unique up to a unique rigid isomorphism,
in the preceding sense. Then, without loss of generality, we may assume that n=N—1.
Let I be an F-natural I'-linking system, and let K,, be the restriction of K to I';,. There
is then no loss of generality in taking K,=L,. Set T=Ty, and set Kr=Nx(T) and
Lr=N(T). Observe that

O7 (N3 (T)) S OP(M) < Car (2(X)) < Car (Z(T)).

Thus, the hypothesis of Lemma 6.8 (a) holds with Ny (T) in place of M, and with
I7:={QeT|T<Q} in place of I'. As M is a minimal counterexample, we conclude
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that the identity automorphism of L is the unique rigid automorphism of Lp. Now
Theorem 5.15 (b) yields a rigid isomorphism ~: —£. Since « restricts to the identity
automorphism on £,, and on Ny, (T'), 7 is uniquely determined, by Corollary 5.16 (a).

(b) Set E=Z(Y') and note that M =C);(E)H by Lemma 6.5. Let Sz be an extension
of vy to an automorphism of H. Then Sy =c, for some z€ Z(S), by Proposition 1.10 (c).
Now let 8 be the automorphism ¢, of M. In order to complete the proof of (b) it suffices
to show that (3 restricts to v on L. Both ¢, and ~ restrict to the identity map on Cjs(E)S,
by (a). Set X=Cr (D). Then K is a partial normal subgroup of £ by Lemma 3.9, and the
Frattini lemma for localities (Corollary 4.8) yields the result that each fe€L is a product
f=gh, with g€ and he H. Thus

fy=(gh)y=(g7)(hy) =g(hB) = gh® = (gh)* = f* = [ 3,

as required.

(c) Let Ag be the set of L-essential subgroups of S (see Definition 2.14), and set
A=A(U{S}. By hypothesis, each member of I" contains X, so Cj;(P)<P for all PeT.
By Proposition 2.17, each f€L is A-decomposable, so in order to prove (c) it suffices to
show that + restricts to the identity map on OP (Nps(P)) for each Pe Ay, and to the
identity map on Ny (S).

Fix PeA, and set N=0P (Np;(P)) (or N=Ny;(S) if P=S). Suppose first that
Q<P and let ge N. By hypothesis, g=g1g> (where the product is taken in M), and
where g1 €Ny (Q) and go€Chrr (D). Then Q92=Q9< P (and thus (g1, g92)€D(L) via P).
As Cp(D)/X is a p'-group, and X <Q, it follows that Q92=@Q), and thus N< Ny (Q).
Since ~ restricts to the identity map on Ny (@), there is no more to prove in this case.
In particular, we have shown that 7 restricts to the identity map on Ny, (S).

We are now reduced to the case where P€Ag, and where Q% P. Then Ng(P)£P.
On the other hand, Ng(P)Cu(D)<Ca(D)N, and thus No(P)Cn(D)P/Cyn (D) is anon-
identity normal p-subgroup of N/Cn (D), properly containing Cn(D)P/Cx(D). Since
N/P has a strongly p-embedded subgroup, it follows that N/Cxn (D) is a p-group. Thus
N=Cn(D)Ng(P), and point (a) implies that « restricts to the identity map on N. O

LEMMA 6.9. Let F be a constrained fusion system on S, let M be a model for F, let
H be the reduced core of M with respect to S, and set Y =0,(H). Suppose that there is
giwen an F-natural T-linking system (L,T',S) such that Y €T, and such that O,(M)<P
for all PeT. Suppose also that there is given an isomorphism : No(Y)—H of groups,
such that ( restricts to the identity map on S. Then (3 extends to an isomorphism
L—Lp(M).

Proof. AsY is weakly closed in F, by Lemma 6.5 (b), Lemma 5.18 implies that there
is an F-filtration F=(A;, T;)Y, of T, in which Ay is the set of overgroups of Y in S. For
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each k, 1<k<N, let £;, be the restriction of £ to I'y, and set My=Lr, (M). As YeT,
( is an isomorphism Lo—Mp=H. Let n be the largest index such that g extends to
an isomorphism G,,: L, —+M,. Thus n>0, and we may assume that n<N as otherwise
there is nothing to prove. There is then no loss of generality in assuming further that
n=N-—1.

Set M=Lp(M). Then Cp(Op(M))<O,(M) as M is a model for the constrained
fusion system F=Fg(M). Since each P€I' contains O, (M), by assumption, M is then
a I-linking system. Set T=Tn, K=Ny(T), X={Pecl',,|T<P} and K=Lx(K). As
Tel, both N.(T) and K are models for Fyg () (K), so Proposition 1.10 (b) yields an
isomorphism 7: Nz(T)— K which restricts to the identity map on Ng(T). We may
therefore apply Theorem 5.15 (a) with K in the role of M, and find that there are rigid
isomorphisms A and X from N (T) to K such that £ and M are rigidly isomorphic to
L(A\) and L*()), respectively. Moreover, \ is given explicitly as Broy~!, where Br is
the restriction of 3, to N, (T), while X" is the composition fre¢, where ¢ is the identity
map on K.

Let a be the rigid automorphism A~!o )\ of K. By Theorem 5.15 (b), it suffices to
show that a extends to an automorphism of K in order to conclude that 3 extends to
an isomorphism £— M.

Since T¢Iy, we have Y £T, so T< Ny (T)T, and then Ny (T)T €T, by the construc-
tion of F. Thus « restricts to an automorphism «g of Ni(Ny (T)T) which centralizes
Ng(T), and then Proposition 1.10(c¢) yields ag=c, for some z€Z(Ng(T)). We now
observe that Ny (T)=Ng(T)NCs(D) is a Sylow subgroup of Ck (D), and hence

K =Cg(D)Nk(Ny(T))=Ck(D)Nk (Ny(T)T)
by the Frattini lemma. By Lemma 3.9, Cx (D) is a partial normal subgroup of X, and
evidently Ng(T)NCx(D)=Ny (T'). The Frattini lemma for localities (Corollary 4.8) then
yields

K =Cx(D)Ni(Ny (T)) =Cx(D)Nk (Ny (T)T),
since Nic(Ny (T))=Ni(Ny(T)T), and since Ny (T)Te€X.

Let C be the locality L5(Cx(D)Ng(Y)). Then the identity automorphism of C is
the unique rigid automorphism of C by Lemma 6.8 (a). In particular, the restriction ay
of a to C is the identity automorphism, and so ¢, induces oy on C. By Corollary 4.8,
each fek is a product gh taken in K, where g€ Cx.(D) and h€ Ni (Ny (T)). Since YT
we have zeCy (Y)=D, and so

fa=(gh)a= (gar)(hao) = gh* = (gh)* = f*,
and thus a extends to the automorphism ¢, of K. As remarked earlier, this suffices to

complete the proof. O
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Let (M,S,Y) be a reduced setup, and set D=Z(Y) and V=Zy. Recall from
Lemma 6.4 (a) that Cp(V)=Cu (D). Set G=M/Cpr(V), and recall that, for any sub-
group K of G, Jp(K) is defined to be the subgroup of K generated by the best offenders
in K on D, and similarly for Jy (K). For the remainder of this paper, whenever such a
setup is given, and whenever H is a subgroup of M, we write J(H, D) for the preimage
in H of Jp(H/Cg(D)). We define J(H, V') analogously, relative to Jy (H/Cg(V)).

The proof of the following proposition will be postponed to the next (concluding)

section.

PROPOSITION 6.10. Let (M, S,Y) be a reduced setup and set D=Z(Y). Let T be
the set of all overgroups @ of Y in S such that J(Q,D)#Y, and assume that S€T". Set

L=Lr(M) and let v be a rigid automorphism of L. Then v extends to an automorphism
of M.

PROPOSITION 6.11. Let M be a finite group, and assume that Proposition 6.10 holds
for all reduced setups (M',S’,Y") with |M'|<|M|. Let S be a Sylow p-subgroup of M,
and let X be a normal p-subgroup of M with Cp(X)<X. Set Y=0,(M), F=Fs(M),
D=Z(Y), and let T be an F-invariant, overgroup-closed collection of overgroups of X
in S such that
Qel = J(Q,D)eTl.

Assume that J(S,D)€l. Then every rigid automorphism of Lr(M) extends to an au-
tomorphism of M.

Among all pairs (M, T") for which Proposition 6.11 fails, choose one so that first | M|
is as small as possible, and then so that | X| is as large as possible. Set L=Lr(M), and
fix a rigid automorphism = of £ such that v has no extension to an automorphism of M.
Set V=27p.

FacT 6.12. X=Y, and Y ¢T.

Proof. f YT then Lr(M)=M, and the conclusion of Proposition 6.11 holds triv-
ially. Thus Y ¢I'. Now suppose that X is a proper subgroup of Y, and let I'y be the set
of all Q€T such that Y<Q. The maximality of |X| in the choice of (M,T") then implies
that every rigid automorphism of Lr, (M) extends to an automorphism of M. Let vy
be the restriction of v to Lr, (M) and let 5 be an extension of vy to an automorphism
of M.

Let Q€T'. Then QY €Ty and Nj (Q) <N (QY), so v and § agree on N (Q) for all
QeT. By Lemma 3.8, § restricts to an automorphism Sy of L1 (M), and now Lemma 3.10
shows that Bgov is the identity automorphism of Lr(M). Thus, 8 is an extension of 7

to an automorphism of M. O
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Fact 6.13. (M, S,Y) is a reduced setup. In particular, Cps(D)=Cu (V).

Proof. Suppose this is false, let H be the reduced core of M with respect to S, set
R=0,(H), and set Ly=Lr(H). If ReT then Ly=Np(R)=H, and then v extends to
an automorphism of M by Lemma 6.8 (b). We conclude that R¢T', and hence no member
of I" is contained in R.

Let I'r be the set of all products RP with PeI'. Thus, I'r also has the usual
meaning. Namely, I'r is the set of members @ of I' such that R<(). We note that since
R=0,(H) and H is reduced, we have R=Cg(Z(R)). For Qel'r write J(Q, Z(R)) for
the preimage in @Q of Jz(g)(Q/R). Since Y <R, and since J(Q, D)€l for all Q€T by
hypothesis, Lemma 6.6 (¢) implies that J(Q, Z(R))€lg for each Q€l'r. Since R¢I'g,
by the preceding paragraph, the hypothesis of Proposition 6.11 is fulfilled with (H,T'g)
in place of (M, T"). Here H is a proper subgroup of M as (M, S,Y) is not a reduced setup,
so we conclude that the restriction vz of v to Lr, (H) extends to an automorphism of H.
We appeal again to Lemma 6.8 (b) and conclude that 7 extends to an automorphism of M,
contrary to our choice of (M, ). Thus, (M, S,Y) is reduced, and then Cp(D)=Cp(V)
by Lemma 6.4 (a). O

FacT 6.14. M=J(M, D).

Proof. Set K=J(M, D). So K is the preimage in M of the subgroup of M/Cy(D)
generated by best offenders on D, and thus K JIM. Set Sy=SNK and let ® be the set
of all Q€T with Q@<.Sy. Then ® is F-invariant. Since Q€I implies J(Q, D)€T, by the
hypothesis in Proposition 6.11, we get @NSye® for all Q€. In particular, Sy P since
(by hypothesis) S€T. Then ® is a non-empty, overgroup-closed collection of subgroups
of Sy.

Set K=L4(K). Then  restricts to a rigid automorphism s of K, by Lemma 3.8.
Assume now that K#M, and set Xo=XNK. The hypothesis of Proposition 6.11 is
satisfied with (K, Sp, Xo, Fs,(K),®) in place of (M, S, X, F,T"), and hence, by the min-
imality of |M| as a counterexample to Proposition 6.11, s extends to an automorphism
A of K. But then v extends to an automorphism of M by Lemma 4.9, and contrary to
the choice of (M,T"). Thus M=K. O

Let @ now denote the set of all subgroups P of S such that Y <P and such that
J(P,D)#Y. If ®=T then Facts 6.12-6.14 yield the hypothesis of Proposition 6.10, and
then Proposition 6.10 yields an extension of v to an automorphism of M. Thus I is a
proper subset of ®. Choose T€®\T so that

(1) T is fully normalized in F,

(2) |J(T, D)| is as large as possible subject to (1), and

(3) |T| is as small as possible subject to (2).
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Fact 6.15. Y is a proper subgroup of T, and Ny (T) is a proper subgroup of M.

Proof. By assumption, Y <T', and since ®#I" we know that Y#7T. Then T«Y, and

so T is not normal in M. O

Fact 6.16. The following statements hold:
(a) T:J(TvD);
(b) if P and P’ are distinct F-conjugates of T, then (P, P'YeT.

Proof. Since T€® we have J(T, D)#Y, and therefore J(T, D)€® by definition. As
J(T, D) has a fully normalized F-conjugate, point (a) then follows from the minimality
condition (3) in the choice of T. Then also P=J(P, D) for any F-conjugate P of T.
For F-conjugates P and P’ of T, the definition of the “J(-, D)”-operator then yields
(P,P"y=J((P,P"), D). For P#£P' we get |J((P, P'), D)|>|J(T, D)|, and then (b) follows
from condition (2) in the choice of T. O

Set Mpr=N(T), set R=Ng(T), and let I'* be the union of I' and the set of sub-
groups of S which contain an F-conjugate of T. Let I'r be the set of all QeI with
T<Q<R, and set Lr=N,(T). Thus,

L1 =Ng(T)=Lr, (Mr).

FAcT 6.17. Let v be the restriction of v to Lp. Then ~vr does not extend to an

automorphism of Mr.

Proof. Suppose yr extends to an automorphism of M. Then Corollary 5.16 (b),
with M7 in the role of M and with « in the role of 3, yields an extension of v to an
automorphism of M. Thus, as (M,~) is a counterexample to Proposition 6.11, no such

extension of v exists. O
Let H be the reduced core of My with respect to R, set X=0,,(H), and set U=Z(X).
Thus H=N);,.(X), and the Frattini lemma yields

MT:C]WT (U)H (*)

Set H=Ng,(X). Then C,,(U) is a partial normal subgroup of L7 by Lemma 3.9, and
then Corollary 4.8 yields

ﬂTZCET (U)H (**)

Fact 6.18. Let B be the restriction of vp to H. Then B does not extend to an
automorphism of H. In particular, X ¢T.
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Proof. If 3 extends to an automorphism of H, then vy extends to an automorphism
of My, by Lemma 6.8 (b), and contrary to Fact 6.17. Thus no such extension of 3 exists.
If XeT then H=Ny(X)=Ng(X)=H, so we conclude that X ¢T". O

Proof of Proposition 6.10. Since H is a proper subgroup of M by Fact 6.15, the
minimality of M in the choice of a counterexample to Proposition 6.11 implies that the
conclusion of Proposition 6.11 holds with (H,T'x) in place of (M,T"). This contradicts
Fact 6.18, and so the proof is complete. O

LEMMA 6.19. Let M, S, Y=X, D, F, and I be as in Lemma 3.10, and assume that
Proposition 6.10 holds for all reduced setups (M',S',Y") with |M'|<|M|. Then every
F-natural T-linking system is rigidly isomorphic to Lr(M).

Proof. Set L=Lr(M) and let £’ be any other F-natural I'-linking system. Set To=
J(S, D) and set Lo=N,(Tp) and L{=N,/(Tp). Then Ly and L are isomorphic groups,
via an isomorphism which restricts to the identity map on S, by Proposition 1.10 (b).

Let Ty be the set of overgroups of Tp in S. Among all groups T3 €T'\T'g such that
T; is fully normalized in F, choose T} so as first to maximize |J(T7, D)| and then so as
to minimize |Ty|. Then Ty =J(T1, D) and, as in the proof of Fact 6.16 (b), we find that
any two distinct F-conjugates P and P’ of T} generate a member of I'y. Let I'; be the
union of I'y and the set of subgroups X of S such that X contains an F-conjugate of 77,
and then iterate this procedure, so as to obtain an F-filtration F=(T';, Ti)ﬁio of I'. Let
L; and L] be the restrictions of £ and £’ to I';, and let n be an index such that there
exists a rigid isomorphism £, =L . Then n<N, or else there is nothing to prove. Set
T=T,+1, and set A=T,,.

Set £=L,, and Kyr=Ny(T'), and similarly define £’ and /.. Then

Kr=Lar(Nu(T)),

and L1 is rigidly isomorphic to K*(¢), where ¢ is the identity automorphism of Cr, by
Theorem 5.15 (a). But also, £, ; is rigidly isomorphic to (K')*(\) for some rigid isomor-
phism X\: Kr— L. (N (T)), again by Theorem 5.15 (a). Now, by Theorem 5.15 (b) (i), it
suffices to show that all rigid automorphisms of L, (N (T)) extend to automorphisms
of Ny (T), in order to complete the proof.

Set Mr=Nuy(T), Yr=0,(Mr), Dr=Z(Yr), and set R=Ng(T). Then R€A by
Lemma 5.4 (a). Thus J(R,D)#T, by construction of the filtration F. Then, again
by construction of F, we get J(R,D)eA. If J(R,D)<Yr then we have Yr€A and
L, (Mr)=Mrp. Since there is nothing to prove in that case, we may assume that
J(R,D)<Yr. Then also J(R,Dr)£Yr, by Lemma 6.6 (c). In fact, the preceding ar-
gument shows that J(Q, Dy)£Y7 for any Q€A. We may then apply Proposition 6.11,
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with (M7, R, A) in place of (M, S,T'), in order to conclude that all rigid automorphisms
of La,(Mr) extend to automorphisms of My, and to thereby complete the proof. O

Recall from Definition 2.9 that a locality (£, A, S) is a centric linking system if it is
a A-linking system, where A is the set of all Fg(L£)-centric subgroups of P. Recall also
from Proposition 2.18 (a) that if £ is a centric linking system then Fg(L£) is saturated.

On the other hand, let F be a given saturated fusion system on S. By an F-centric
linking system we mean a centric linking system (£, A, S) such that F=Fg(L). Thus,
A is the set of F-centric subgroups of S if £ is an F-centric linking system.

Assume now that the main theorem is false. We express this as a hypothesis, as

follows.

Hypothesis 6.20. Proposition 6.10 holds, and F is a saturated fusion system on the
p-group S such that one of the following conditions hold:

(i) There exists no F-centric linking system on S;

(ii) There exist F-centric linking systems on .S which are not rigidly isomorphic.

Set Xo=J(S), and define Ay to be the set of all overgroups of Xy in S. Then Ay
is closed under F-conjugation since J(S) is weakly closed in F, and since J(S)=J(Q)
for all Q€. As remarked earlier, it is immediate from the definition of J(S) that
J(S)eFe, and hence AgCFe.

Now suppose that Ag#F¢, and let X=X be the set of all X €F°\Aj such that X
is fully normalized in F. Among all X €Xj, choose X so that

(1) d(X) is as large as possible,

(2) |J(X)| is as large as possible (subject to (1)),
(3) J(X)eFe, if possible, (subject to (1) and (2)), and

(4) subject to conditions (1)—(3), | X| is as small as possible if J(X)eF°, and oth-
erwise | X| is as large as possible.

Set X1 =X, and define A; to be the union of Ay and the set of subgroups of S which
contain an F-conjugate of X;. If Aj#F°¢ we then repeat the above procedure, taking
X4 to be the set of all X €F¢\A; such that X is fully normalized in F, and choosing

Xo€X, according to the rules (1)—(4). By iteration, we arrive at a sequence of pairs
F=(4;, X)L,

where Ax=F¢. Recall now the notion of F-filtration from Definition 5.17.

LEMMA 6.21. F is an F-filtration of F¢. Moreover, each X; may be chosen so that
J(X;) is fully normalized in F.
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Proof. As Xy is weakly closed in F, point (1) of Definition 5.17 holds, while points
(2) and (4) (with F¢ in the role of A) hold by construction. Assuming now that F is not
an F-filtration of F¢, we conclude that point (3) of Definition 5.17 fails to hold. There
is then a smallest index n such that there exist F-conjugates P and P’ of X:=X,, such
that P#P" and (P, P'Y¢ A, _1.

Set Q=(P,P’). Then d(Q)=d(X), and |J(Q)|=|J(X)|, and thus J(P)=J(Q)=
J(P"). If J(P)eF€ then X=J(X) by the minimality condition in (4). But in that case
we also obtain P=J(P) and P'=J(P’), and so P=P’, contrary to the hypothesis. Thus
J(X)¢Fc. But then P=Q=P’ by the maximality condition in (4), and again contrary
to the hypothesis. Thus, F is an F-filtration of F¢. The second part of the lemma follows

from Lemma 1.7. O

LEMMA 6.22. Let n be an index with 1<n<N. Suppose that J(X,) is F-centric
and let QEA,,—1 with X, <Q. Then J(Q)EA, 1.

Proof. Suppose this is false, and let n be the smallest index for which the lemma
fails. Set X=X, and set A=A,_;. As J(X) is F-centric, by assumption, condition
(4) in the choice of X implies that X=J(X). If d(Q)>d(X), or if d(Q)=d(X) but
J(Q)>J(X), then J(Q)€A by the maximality conditions (1) and (2) in the choice of X.
So, we conclude that J(Q)=J(X), and then J(Q)=X.

As Q€ A, there exists an index m with 0<m <n such that @) contains an F-conjugate
U of X,,. Then the construction of F yields d(U)>d(X). But d(U)<d(Q)=d(X), so
in fact d(U)=d(X). Similarly, we obtain |J(U)|=|J(X)|, and hence J(U)=2J(X). Here
J(U) is F-centric by condition (3) in the construction of A,,, so U=J(U)=J(X)=X.

This is contrary to m<n, and completes the proof. O

By Proposition 1.10 (a), there exists a model My for the fusion system Nz(Xj),
and My may then be viewed as an F-natural Ap-linking system. Any two such linking
systems are rigidly isomorphic by Proposition 1.10 (b), so there is a largest index n such
that there exists an F-natural A,, linking system, and such that all such linking systems
are rigidly isomorphic. By Hypothesis 6.20, we have n<N. Set A=A,,, and let £ be the
unique (up to rigid isomorphism) F-natural A-linking system.

Set X=X,,11, set R=Ng(X), let Mx be a model for Nz(X), and let H be the
reduced core of Mx with respect to R. Set Y=0,(H), and set D=Z(Y). In view of

Lemma 6.21, we may assume that J(X) is fully normalized in F.

LEMMA 6.23. Suppose that Y¢A, and let Ax be the set of all PEA with X 4P.
Then the following hold:
(a) Ax is the set of all subgroups Q of R, properly containing X, and such that

J(Q)#X;
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(b) X=J(X)=J(Y);
(c) R=Ns(Y)eA:
(d) Y is fully normalized in F, and H is a model for Nz(Y).

Proof. Let @ be a subgroup of R containing X, and suppose that Q¢A. The
condition (1) in the choice of X then yields d(X)=d(Q), and thus A(X)CA(Q) and
J(X)<J(Q). Now Lemma 6.22 will complete the proof of (a), once it is shown that
J(X) is F-centric.

Set B=Cg(J(X)). Then B is X-invariant, and

Np(X)=Cr(J(X)) < Cr(Z(X)) <Cr(D)=Y,
and thus Np(X)=Cy(J(X)). But J(X)=J(Y) as Y¢A, and so
Np(X)=Cy (J(Y)) <J(Y) < X.

Thus B< X, and since J(X) is fully normalized in F, we conclude that J(X) is F-centric.
Then X=J(X) by condition (4) in the choice of X. This completes the proof of (a) and
of (b).

Suppose that R¢A. Then J(R)=J(X)=X, by (a) and (b). Then

Ns(R)< Ns(J(R))=Ns(X)=R,

and therefore R=S. Hence X=J(S5), and Y €Ay, contrary to Y¢A. Thus, ReA. We
have Y<R by Lemma 6.5. Since Ng(Y)<Ng(J(Y)) and J(Y)=X, we conclude that
R=Ng(Y), completing the proof of (c).

Let geHomg(R,S) be chosen so that Y':=Y¢ is fully normalized in F, and set
X'=X¢. Then Ng(Y')<Ng(X') by (b), and since X is fully normalized it follows that
|Ns(Y")|<|R|. Thus Ng(Y')=R¢, and so Y is fully normalized in F. Point (d) then

follows from Lemma 1.11. O
LEMMA 6.24. YeA.

Proof. Suppose that Y¢A. We check that the hypothesis of Proposition 6.11 (and
hence also of Lemma 6.19) holds, with the role of (M,S,Y,Fs(M),T') being taken by
(Mx,R,X,Nr(X),Ax). First, Cpr, (X)<X as Mx is a model of the constrained fu-
sion system Nz(X). Next, by Lemma 6.23 (a), Q€Ax implies that J(Q)%X, while
Lemma 6.23 (b) implies that X=J(X) (and therefore that J(X) is F-centric). Then,
Lemma 6.22 yields J(Q)€Ax, and so J(Q, Z(X))€Ax by Lemma 6.7 (b). In particular,
J(R,Z(X))eAx, and so the claim has been verified. Since we are assuming Proposi-

tion 6.10, we are free to apply Lemma 6.19 to the setup with Mx; and so L, (Mx) is
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the unique Fa, (Mx)-natural linking system, up to rigid isomorphism. Then all rigid
isomorphisms Nz (X)—La, (Mx) are Mx-equivalent, by Theorem 5.15 (b). Now The-
orem 5.15 (c) applies with Mx in the role of M, and we conclude that there exists an
F-natural A, ;-linking system, and that any two such are rigidly isomorphic. This

contradicts the maximality of n. O
LEMMA 6.25. YEA.

Proof. Suppose that YEA. Then YeAx as X<Y. Set H=La (H). Then
H=Ny(Y)=H,

and therefore every rigid automorphism of H is in fact an automorphism of H. Hence
Lemma 6.8 (b) applies, with Mx in the role of M, and so every rigid automorphism
of Lp, (Mx) extends to an automorphism of Mx. That is, all rigid automorphisms of
LA, (Mx) are Mx-equivalent. As in the proof of Lemma 6.25, we conclude via (b) and
(c¢) in Theorem 5.15 that there exists an F-natural A, 1i-linking system, that any two

such are rigidly isomorphic, and thereby contradict the maximality of n. O

With Lemmas 6.24 and 6.25 we now have a contradiction to Hypothesis 6.20. This
contradiction provides a proof of the main theorem modulo Proposition 6.10. Thus, in

order to complete the proof of the main theorem, it remains to prove Proposition 6.10.

7. The main theorem

Our aim in this section is to give a proof of Proposition 6.10, using the classification of
the finite simple groups (CFSG). As was pointed out at the end of the preceding section,
this will complete the proof of the main theorem.

We continue using the terminology and notation relating to FF-pairs. In particular,
it is important to recall that our definition of J(P), for a p-group P, is given in terms of
abelian (and not elementary abelian) subgroups of P of maximal order.

For ease of reference, we restate Proposition 6.10, as follows.

PROPOSITION 7.1. Let (M,S,Y) be a reduced setup, and set D=Z(Y). Let T be
the set of all overgroups @ of Y in S such that J(Q, D)#Y, and assume that SET. Set

L=Lr(M), and let v be a rigid automorphism of L. Then v extends to an autormorphism
of M.

Among all pairs (M, ~) satisfying the hypothesis of Proposition 7.1, and such that ~

does not extend to an automorphism of M, fix (M, ) so that |M]| is as small as possible.
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We note that proposition Proposition 6.11 may then be applied to groups of order less
than |M]|.

Set F=Fs(L), and recall the definition of F-essential subgroup of S, from Defini-
tion 2.14.

LEMMA 7.2. Let A be the union of {S} and the set of Fs(L)-essential subgroups
of S, and set Mo=(Npy(Q)|Q€A). Then My=M. In particular, there exists no proper
subgroup of M which contains the partial subgroup L of M.

Proof. Suppose that Mj is a proper subgroup of M. We first show

(1) LC M.

Indeed, in order to establish (1) it suffices, by Proposition 2.17, to show that
Cp(P)<Pforall Pel. But Cy(P)SCp(Y)=D=Z(Y) as (M, S,Y) is a reduced setup.
Thus (1) holds.

Since L=Lr(M) we have also L=Lr(Mp). We now claim that the hypothesis of
Proposition 6.11 is fulfilled with (My,Y,T') in the role of (M, X,A). Set Yo=0,(My),
Dy=Z(Yy), and D=Z(Y). Then Y <Yy, and so Dy<D. We must show that J(Q, Dy)€T
for each Qel’. Set M=M/Cy (D). Since Q€T we have J(Q,D)#Y, and so there
exists A with Y <A<Q such that the image A of A in M is a best offender on D. By
Lemma 6.6 (c), Aut4(Dy) is a best offender on Dy, so J(Q, D)Cq(Do)<J(Q, D). Thus
J(Q, Do) €T, as required.

Now Proposition 6.11 yields an extension of v to an automorphism 8 of M. Then
B=c, for some z€Z(S) by Proposition 1.10 (c), and ¢, is then also an extension of 7 to
an automorphism of M. O

In what follows, set V=2Zy. That is, V is the subgroup (to be regarded as a vector
space over the field F,, of p elements) of D consisting of those elements x€D such that
aP=1. Set G=M/Cp;(D), and recall from Lemma 6.4 (a) that also G=M/Cp (V).

LEMMA 7.3. G is generated by quadratic best offenders on D, and any quadratic

best offender on D is also a quadratic best offender on V.

Proof. Let Gy be the subgroup of G generated by the set of all subgroups A of G
such that A is a quadratic best offender on D. Let My be the preimage of Gg in M,
and set So=SNMy. Then Y <O,(My). The reverse inclusion holds since My<<M, so
Y=0,(M).

Let Q€T and set P=QNSy. Here Y=Cgs(D)<Sp, and the image @ of @ in G
contains a best offender on D, so by Lemma 6.6 (b) there is a non-trivial quadratic best
offender Eg@ The preimage B of Bin S is contained in P, by the definition of My, so
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}37&1. Now let ® be the set of all subgroups @NSy of Sy with Q€. Thus,
®CT. (%)

Let IC be the partial normal subgroup MyNL of L, as given by Lemma 3.9. Then
Lemma 3.10 gives K the structure of a locality X=Lqg(Mp). Further, the hypothesis of
Lemma 6.19 holds with (M, So, ') in the role of (M, S,T'). By Lemma 4.9 (a), -y restricts
to an automorphism g of I, and if My#M then 7 extends to an automorphism 3y of
My by Lemma 6.19. Then ~ extends to an automorphism of M by Lemma 4.9 (b),
contrary to the hypothesis, and completing the proof. O

Any group that acts faithfully and quadratically on an elementary abelian p-group
is itself elementary abelian, by [13, statement 9.1.1 (c)]. For that reason the preceding
lemma effects the transition from “abelian offenders on abelian p-groups” to “elementary
abelian offenders on vector spaces over IF),” that is needed in order to apply the results
of Meierfrankenfeld and Stellmacher [15, Theorems 1 and 2] on FF-pairs.

The set of all non-identity subgroups X of G such that X=[X, G] is a poset, with
respect to inclusion, consisting of normal subgroups of G. Define X to be the set of
minimal elements of this poset. The elements of X are the J-components of G. The
product of the set X of J-components is then a normal subgroup of GG, henceforth to be
denoted by Gy. Set V=Z7y and set

W =[V,Go]Cv(Go)/Cv (Go).

For any X eX set Wx=[W, X] and Vx=[V, X].

It will turn out that for each X e€X, either X is quasisimple, or p€{2,3} and X
is isomorphic to the commutator subgroup of SLa(p) (a group of order 3 if p=2, and
a quaternion group of order 8 if p=3). It will be convenient to set up some further
notation, in order to accomodate such solvable J-components. Thus, let X, be the set
of all subgroups X of G such that X is a direct factor of G, X =SLy(p) (with p=2 or
p=3), [X, X]€X, and |Vx|=p?. Let X* be the union of X, and the set of non-solvable
J-components of G. The elements of X* will be referred to as the J*-components of G.
Set G§=(X*).

THEOREM 7.4. The following statements hold:

(a) Each J*-component of G is normal in G.

(b) G§ is the direct product of the J-components of G.

(¢) Let ASG be a best offender on V. Then A is a best offender on every A-

invariant subspace of V and on every A-invariant subspace of W.
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(d) If A<G is a best offender on V, and X €X, then Ca(X)=Ca(Vx)=Cx(Wx),
and either [X, A]=1 or [X, A]=X.

(e) W is the direct sum of its subspaces Wx for X €X*, and [V, X1, X2]=0 whenever
X1 and X5 are distinct members of X*.

(f) G=GoR where R is the image of S in G.

Proof. See [15, Theorem 1]. We remark that points (a)—(e) are “elementary” in that
they are proved without appealing to the CFSG. O

In Theorem 7.5 and Proposition 7.6 we sum up the remaining parts of the general
FF-module theorem in the form that will be needed here, and eliminate some special

cases. As in [15] we write U(") for the direct sum of r copies of a module U.

THEOREM 7.5. Suppose that G has only one J*-component. Then one of the fol-
lowing holds (where q is a power of p):

(1) G is a linear group SL,(q), and W is a direct sum U @ (U*)®) | where U is a
natural module for G and U* is the dual of U. Moreover, if both r and s are non-zero
then n>4.

(2) G is a classical group (unitary, symplectic, or orthogonal) in characteristic p,
and W is a direct sum U") of natural modules for G. Specifically,

(i) G=Spy,(q) (n=>2);

(ii) G=SUpn(q) (n=4);

(i) p is odd, G=Qa,11(q) (R>2);
(iv) G=05,,(¢) (n=3); or

(v) p=2, G=05,(q) (n=3).

(3)

3) p=2, G is a symmetric group of degree n>=5, and W is a natural module for G.

Proof. Let R be the image of S in G. In the list of groups and their modules given
by [15], all but the three types listed above are eliminated by Lemma 7.2. In detail: by
[15, Theorem 2], Gy is either a group of Lie type in characteristic p or an alternating
group. If Gy is of Lie type in characteristic p then, in the cases other than the above
three, [15] states that either R contains a unique quadratic best offender A or that
G'=Spin,(q) and that W is a spin module of order ¢®. In the case of a unique quadratic
offender A, it follows from Lemma 6.6 (b) that the image in G of the normalizer in M
of any object in I" is contained in Ng(A). Since every element of £ is a product of
elements of normalizers of objects, by Proposition 2.17, it follows that £ is contained in
the proper subgroup Cy;(D)Nys(B), where B is the preimage of A in S; and we thereby
obtain a contradiction to Lemma 7.2. In the case where G2Spin,(q), it is pointed out

in [15, Theorem 2] that every quadratic best offender A has the same commutator space
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on W. Then L is contained in the M-stabilizer of that subspace, and so in either case
we contradict Lemma 7.2.

Finally, if Go=G is an alternating group, then [15] (see Proposition 7.6 immedi-
ately below) says that R contains a unique quadratic best offender, leading again to a

contradiction to Lemma 7.2. O

PROPOSITION 7.6. Suppose that G is a symmetric group Sym(n) (n>5), and that
W is a natural module for G. Let R be the image of S in G. Then every offender in G
on W is a best offender, and one of the following holds:

(1) n is odd, and each offender A is generated by transpositions;

(2) n is even, and for any quadratic offender A< R, there exists a set {t1,...,tx} of
pairwise commuting transpositions in R such that one of the following holds:

(a) A=(t1, ..., tx);

(b) n=2k and A={t1ta,....,t1—1t;) X (ti41, ..., L) for some | with 1<I<k;

(c) n=2k and A={(t1l2, s182) x (ts,...,tx), where s1 and s are commuling transpo-
sitions distinct from t1 and ta, and where Supp(sise)=Supp(t1ta);

(d) n=8=|A|=|W/Cw(A)|, and A acts regularly on the standard G-set.

Moreover, if A is a quadratic offender and |A|>|W/Cw (A)|, then n is even, and

A is generated by the set of all transpositions in R.
Proof. See [15, Theorem 2]. O
LEMMA 7.7. G has a unique J*-component.

Proof. Suppose this is false, let K:=K; be a J*-component of G, and let K, be the
product of the .J*-components other than K. Let K; be the preimage of K; in M. Then
K; is S-invariant by Theorem 7.4 (a). Set W;=Cyw (K;). Then W, is S-invariant, as is
Crn (W), Set M;=Cp(W;)S. Then M;=K;S by Theorem 7.4 (e).

Set L;=Lr(M;), and set L=Lr(M). Further, define C; to be the set of all geL
such that [W;, g]=1. Then C; is a partial subgroup of £, and in fact a partial normal
subgroup since each W; is M-invariant. Since I' is S-invariant, an element g of M is in
Ly if and only if g=hs for some heCy;(W3) such that Sg€l’, and thus £;=C;S. Also,
for any heC; we have hyeC;, since 7y centralizes V' by rigidity. Thus £; is a y-invariant
locality contained in L. Let v; be the restriction of v to £;.

We have M;=K;S by Theorem 7.4 (e), so M; is a proper subgroup of M. We may
then apply Proposition 6.11 with (M;,Y") in place of (M, X), and thereby conclude that
~; extends to an automorphism 3; of M;. Then §; centralizes S, and since Cp (V)<Y it
follows from Proposition 1.10 (c¢) that §; is conjugation by z; for some z; € Z(S5).

Set D;=[D, K;]. Then Z(S)<Cp(K;)D; by Lemma 6.2 (a), and we may therefore

take z;€D;. We now claim that z; centralizes K5 (and by symmetry of argument, that 2o
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centralizes K;). To prove the claim, we recall that [W, K] centralizes K5. Observe also
that Dy is Ko-invariant, since K1 IM. Set V1=V ND; and set Uy =[V1, K1]/Clv, k) (K1)
Then Uy is M-isomorphic to Wy, and so [Uy, K3]=1. We now apply Lemma 6.2 (¢) with
Dy, V1, and K> in place of D, V, and X, and conclude that [Cp, (S), K2]=1. Thus,
[21, K2]=1 as claimed, and similarly [z9, K;]=1.

Since M =M; M=K K>S it now follows that g extends to the automorphism c,, ,,
of M. This contradicts the choice of (M,~), and completes the proof. O

LEMMA 7.8. Let T be a subgroup of S, such that T is weakly closed in F and
properly contains Y. Let T'" be the union of T' and the set of subgroups P of S such
that T<P. Then v extends to an automorphism of Lp+(M).

Proof. Set ®=T'", K=L¢(M), LT=N,(T), and let I'r be the set of all Q€T such
that T<Q. Then Lr=Lr,.(Ny(T)) since T<S,, for all weD(L)NW (N (T)).

Let H be the reduced core of N (T) with respect to S, set Yr=0,(H), and set
Dr=Z(Yr). Also, set H=N.(Yr), let yr be the restriction of v to L7, and let i be the
restriction of v to H. Recall that Yr is weakly closed in Nx(T') by Lemma 6.5. Then,
since T is weakly closed in F, it follows that also Yr is weakly closed in F. If Ypel'
then H=H by Lemma 2.3 (c), and 7 is an automorphism of H. On the other hand,
suppose that Y7r¢T', and let R be the set of all ReT containing Yr. Since J(Q,V)eT
for all Q€Tl', by Lemma 6.6 (c), it follows that J(R,V)£Yy for any RER. Setting
Vr=Q1(Dr), Lemma 6.6 (c) yields also J(R, Vr)#Yr for RER. Similarly, J(S, D)<Y,
and then J(S, Dr)#Yr. Thus, the hypothesis of Proposition 6.11 is satisfied with (H, R)
in place of (M,T), and we conclude that n extends to an automorphism of H. Thus,
in any case, 7 either is, or extends to, an automorphism of H, and then Lemma 6.8 (b)
implies that y7 extends to an automorphism Sr of Ny (T).

Since T is weakly closed in F, it is vacuously true that any pair of distinct F-
conjugates of T' generates a member of I'. Then Theorem 5.15 (a) implies that v extends
to an automorphism ( of K, such that 3 restricts to v on £ and to Sr on Nj(T'). This
yields the lemma. O

Definition 7.9. Let S be the image of S in G, and let Q be the set of all non-identity
subgroups U of S such that N5(U)€Syl,(Ng(U)) and such that Ng(U)/U has a strongly
p-embedded subgroup. We say that G has an essential splitting if there exists a subgroup
H of G having the following properties:

(1) No(3)<H;

(2) Op(H)#1 and O,(H) is weakly closed in F5(G);

(3) For each UeQ, either O (Ng(U))<H or OF (Ng(U)) centralizes Cy (U).

PROPOSITION 7.10. G has no essential splitting.
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Proof. Suppose this is false, and let H be a subgroup of G satisfying conditions
(1)-(3) in Definition 7.9. Set B=0,(H), and let B be the preimage of B in S. Then we
have that B=SNCy;(D)B is a Sylow p-subgroup of Cy;(D)B, and it follows that B is
weakly closed in F:=Fg(M).

Let ¥ be the union of I and the set of overgroups of B in S. By Definition 5.17
there is an F-filtration F=(3;, ;)Y of ¥ with Ry=B, and with the property that R;
is fully normalized in F, and of maximal order subject to R;¢¥%;_1 (1<i<N). Thus, X
is the set of overgroups of B in S, and Yy=2X.

Set K=Lyx(M) and let IC; be the restriction of K to X;, as in Example/Lemma 2.10.
Thus Ko=Np(B). Let o be an extension of v to an automorphism of I, as given
by Lemma 7.8, and let o; be the restriction of ¢ to K;. Then oy=0c, while gg is a
rigid automorphism of the group Nj/(B). Since H contains the image of S in G, we
have S< Ny (B), and then Proposition 1.10 (¢) yields og=c, (conjugation by z) for some
z€Z(S). If also o is given on all of K by z-conjugation, then ~ is given by z-conjugation
on L, and v extends to the automorphism ¢, of M. Since (M,~) is a counterexample
to Proposition 7.1, we conclude that the largest index m such that o,,=c, is smaller
than N.

Set R=R,11, L=Np(R), and let X be the subgroup of L generated by CL(Z(S))
together with the set of all N, (P) as P varies over the set of proper overgroups of R in
Ng(R). Each such P is in X, by the construction of F. The restriction of o1, to L (see
Lemma 3.8) acts on X, and opoc,-1 centralizes a set of generators for X, so o, acts
as ¢, on X. If X=L then Theorem 5.15 (a) implies that 0,,+1 is given by ¢, on all of
Kom+1, contrary to the choice of m. Thus X#L, and hence X/R is strongly p-embedded
in L/R. Moreover, we now have [Z(S), O (L)]#1.

For any subgroup E of L, let E be the image of E in G. Then L#X as Cr(D)<X.
Then X /R is strongly p-embedded in L/R, and then condition (3) in Definition 7.9 says
that either O (L)< H or [Cy (S), 0" (L)]=1. Suppose O? (L)<H. As B<R; for all i,
where B is weakly closed in F, it follows that LNy (B), and hence o5, =c,. Again,
Theorem 5.15 (a) implies that o,,41=c. on K,,41, contradicting the choice of m. Thus,
O"' (L) centralizes Cyy (S), and then O (L) centralizes Z(S) by Lemma 6.2 (c). Then
also OP'(L) centralizes Z(S).

Set C=Lx(Cy(Z(S))). Then C is the set of all feK such that [Z(S5), f]=1, and
thus C is o-invariant. Since |C|<|L|, Lemma 6.19 applies and yields an extension of
o to an automorphism o* of Cp;(Z(S)). Then o* is the identity automorphism, by
Proposition 1.10 (¢), and thus oy, is the identity automorphism of L. Hence o, =c,, and

we again have a contradiction via Theorem 5.15 (a). O

In the remaining arguments, whenever X is a subgroup of M we write X for the
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image Cp(D)X/Car (D) of X in G.

LEMMA 7.11. Assume that G is one of the classical groups that appear in Theo-
rem 7.5. Then either G has an essential splitting in the sense of Definition 7.9, or

G=SLa(q) (q being a power of p).

Proof. In Theorem 7.5 it is given that W is a direct sum of copies of the natural
G-module U, or that G=SL,(q) (n>4) and W is a direct sum of copies of U and its
dual U*. Then Cg(Cw(95)) is equal to either C(Cy(S)) or, in the exceptional case,
to Cq(Cuy(S))NCq(Cy~+(S)). Since the definition of essential splitting depends only on
G, and on the subgroup Co(Cw(S)) of G, we may therefore assume, for the sake of
simplicity, that W =U or, exceptionally, that W=U@U*. In either case, write Wy for
the subspace U of W.

Set Go=|G, G] if p=2 and G=05,,(¢), and otherwise set Go=G. Let T be the Sylow
p-subgroup S of G, set To=TNGy, let P be the set of minimal parabolic subgroups L
of Gy over Ty such that Cy (Tp) is not L-invariant, and set H=(P)T. Let Q be the set
of all subgroups @ of T such that N7 (Q)€Syl,(Ng(Q)) and such that Ng(Q)/Q has a
strongly p-embedded subgroup. Set K=Cq(Cw (T)). It will then suffice to show

(a) Op(H) is weakly closed in Fr(G), and if G#SLa(q) then O,(H)#1;

(b) there exists a parabolic subgroup K* of Gg such that O (K*)T< K <K*T;

(c) for each Qe Q, either Ng(Q)<H or O (Ng(Q)) centralizes Cy (T).

Indeed, only (a) and (c) are needed, but (b) will play a role in obtaining these points.

We note at the outset that |G/Go|<2 and that p=2 if |G/Go|#1.

Set K*=Ng,(Cw (Tp)). If W is irreducible then Cy (Tp) is a 1-dimensional subspace
of W, and K* is a maximal parabolic subgroup of Gy over Ty. On the other hand, if
W is reducible, so that G=SL,,(q) with n>4, then K* is the parabolic subgroup of Lie
corank 2 obtained as the intersection of the two maximal parabolic subgroups L; and Lo
such that L;/O,(L;)=GL,_1(q). Then O (K*) centralizes Cyr(Tp) and we obtain (b).
Further,

(1) either there is a unique minimal parabolic subgroup X of Go over Ty not con-
tained in K*, or there are two such (to be denoted X; and X5). In the latter case, X1 Xo
is a group, and OP (X1 X3)/0, (X1 X2)22SLy(q) x SLa(q).

Set Hy=HNGy. Then (1) shows that either G=G( and H is a parabolic subgroup
of G; or else G£Gy, H=HyT, and Hy is a minimal parabolic subgroup of Gy. Set
P=0,(H) and set Py=PNGy. By Lemma 1.12, P, is weakly closed in Fr,(Go). As
H=N¢g(Py)=N¢g(P), P is weakly closed in F:=Fp(G). If H=G then Gy is itself a
minimal parabolic subgroup of Gy, since the exceptional case where Hy is not a minimal

parabolic subgroup occurs only when the Lie rank of Gy is greater than that of Hy. In
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the list of groups under consideration from Theorem 7.5, only SLa(gq) has Lie rank equal
to 1, so (a) holds.

Let Qe Q, set N=Ng(Q) and No=NNGy. Also, set E=0? (N), Ey=ENGy, and
Qo=QNGy. In proving (c¢) we may assume that [Cy (T'), E]#0.

As N/Q has a strongly p-embedded subgroup we have @=0,(N). Suppose that
N<Gy. Since N7(Q)€Syl,(Na(Q) by the definition of Q, a theorem of Borel and Tits
[12, Theorem 3.1.3] implies that Ng,(Q) is a parabolic subgroup of G over Tp. Thus
N/Q is a group of Lie type, as is E/Q. The only groups of Lie type having a strongly
p-embedded subgroup are those of Lie rank 1, so N is a minimal parabolic subgroup
of Gy. Since [Cy(T), E]#0, we have [Cy(Tp), E]#0, and thus N is either the unique
minimal parabolic subgroup over T which does not normalize Cy(Tp), or N is one of
the two such minimal parabolic subgroups given by (1). Thus N<H, and we have (c) in
this case. We have thus reduced the proof of (c) to the case where G#Gyp, so p=2 and
G=03,(q) for some sign ¢.

Suppose next that Q@Q<Go. Then O2(Ny)<O2(N)=@Q, so the Borel-Tits theorem
implies that Ny is a parabolic subgroup of Gy over Ty. Let K be an overgroup of @ in
N such that K/Q is strongly embedded in N/Q, and set Ko=KNGy. Then |Ky/Q)| is
divisible by 2 since Nr,(Q)<K, and hence Ky/Q is strongly embedded in Ny/Q. As
in the preceding paragraph, it follows that Ny is a minimal parabolic subgroup over Tg,
and Ny is then the unique minimal parabolic subgroup over T, which does not normalize
Cw (Tp). Then No< H, and since N=NyT where T<H, (c) holds in this case. We may
therefore assume that Q£ G.

Set R=0,(N¢,(Qo)). Then R is E-invariant, as is Nr(Qo). Hence Ngr(Q)<Q@
as @=0,(N), and thus R=Qy. By the Borel-Tits theorem, Ng,(Qo) is a parabolic
subgroup of Gy over Tj.

Suppose Qo=1. Then |@Q|=2 and O3(Cq,(Q))=1. Hence [4, statement 8.7] implies
that Eg=Spa,—2(q). But Eg=FE/Q in this case, so Ey has a strongly embedded subgroup.
This yields n=2, whereas Theorem 7.5 (2) excludes O5(q). Thus Qo#1, and Ng,(Qo) is
a proper parabolic subgroup of Gj.

Set L=02 (N, (Qo)), and set L=L/Qo. The Levi decomposition for N (Qo) yields

a direct product decomposition

L:le...xik,

where each L; is a (possibly disconnected) group of Lie type, and where each L; is

Q-invariant. We choose such a decomposition so as to maximize k. Then
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and each C. (@) has even order. But Eg~F /@, so Eohasa strongly embedded subgroup.
We conclude that k=1.

Suppose that Ng,(Qo) is disconnected. Then L is a direct product of two factors
(each of them a group of Lie type) which are interchanged by @, and F is isomorphic
to each of the factors. Thus E=SL, (q) as E has a strongly embedded subgroup, and
N¢,(Qo) is a product of two minimal parabolic subgroups, with root system of type
Aj x Ay acted on non-trivially by T'/Tp. But there is a unique minimal parabolic subgroup
X over Ty which does not normalize Cy(Tp), and hence Ng,(Qo) normalizes Cy (Tp).
Hence [Cy (Th), Eo]=1 and [Cy(T), E]=1, contrary to the choice of Q. We conclude that
N¢,(Qo) is a connected parabolic subgroup, and moreover, X =N¢g,(Qo).

From the discussion in [12, §2.7] on the relation between classical groups and groups
defined as groups of Lie type, it now follows that N¢g,(Qo) is contained in the stabilizer
of a singular j-space U for some j>1, and that L/Qo acts as SL;(¢) on U. Let t be
an IFg-transvection in 7" on U. Then ¢ centralizes every singular Typ-invariant subspace
of U, so [L,#]<02(L)=Qp. Since Ey<L, Qo(t) is then an E-invariant subgroup of T.
But @ is the unique largest Ey-invariant subgroup of T, so @ is the unique largest
Ep-invariant subgroup of T', and thus Q=Q(t). Then @ is L-invariant, and so L=EFj.
Again, as Ey/Qo has a strongly embedded subgroup, we conclude that L/Qo has Lie
rank 1, and thus Eg=0% (X). As H=XT we obtain E=EyT<H. Further, we now have
H=N¢(Qo), and so N<H. This completes the proof of (c). O

Remark. The group Sym(8) is well known to be isomorphic to Of (2), by means of a
quadratic form on the natural irreducible Sym(8)-module preserved by Sym(8). Thus, the
preceding lemma applies to the case where G=Sym(8) and W is the natural irreducible

module.

LEMMA 7.12. Suppose that p=2, and suppose that G=Sym(n) is a symmelric group,
with n>=5, and that W is isomorphic to the natural irreducible G-module over Fy. Then

n=8, and W is a natural module for G.

Proof. We assume throughout that n#8. Let Q={1,2,...,n} be the standard G-set,
and let Go=Alt(n) be the subgroup of index 2 in G. Let V be the natural permutation
module for G, identified with the set 2 of subsets of Q (where addition is given by
symmetric difference of subsets). Let W be the submodule of V consisting of subsets of
Q of even order, and let Z be the 1-dimensional submodule {2,0} of V. By definition,
WW if n is odd, and W%W/Z if n is even.

Recall the notation V=04 (D). We now write V=V, xVy, where V1 <Cy(G), and
where V4 is a G-submodule of V' chosen to be as small as possible subject to V=V,Cy (G).

Thus, Vj is indecomposable for G. We claim that Vj is isomorphic to a G-submodule
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of V or of ‘7/Z . Indeed, by an elementary calculation [1, p.74, Exercise 3] we have
|H (Go, W)|=1 if n is odd, |[H'(Go, W)|=2 if n is even, and V indecomposable for Gy
if n is even. The claim follows in a straightforward way from this exercise, and from
the observations made in the preceding paragraph. In particular, transpositions in G are
transvections on V{, and hence also on V.

Set K=Cp(Cw(S)) and let K be the image of K in G. Then K<Cjy/(Cp(9))
by Lemma 6.2 (c). By Lemma 3.8 there is an automorphism g of Lr(K) given by
restricting . Since |K|<|M|, and since best offenders on D are also best offenders
on Cp(02(K)) by Lemma 6.6 (¢c), we may apply Lemma 6.19 with (K,S,O02(K),T) in
the role of (M,S,Y,T"). Thus vk extends to an automorphism of K. As [Z(S5), K]=1,
Proposition 1.10 (c) yields

(1) The identity map on K is the unique extension of v to an automorphism of K.

Let 7 be the set of subgroups T" of S such that Y <7, and such that T is generated
by a transposition. For any subgroup P of S set

Pr=(TeT|T<P)Y.

Set R=Sr, set Ry=RNMj, where M is the preimage of Alt(n) in M, and set H=
Nar(R). Then H=Ny;(Ry), and H22™ xSym(m), where m is the greatest integer <in.
If the set {R, Ry} contains all of the quadratic best offenders on D contained in S,
then every member of T" contains Ry, and then £L=Lr(M)=H, contrary to Lemma 7.2.
Thus there exists a quadratic best offender A<S with A¢{R, Ro}. As n#8 by assump-
tion, Proposition 7.6 implies that |[W/Cy (A)|=|A| and that A contains a transposition

t. Notice that
[W/Cw (A)|<|V/Cy(A)|<|D/Cp(A). (%)

Since A is a best offender on D, and hence also on V by Lemma 6.6 (c), we conclude that
the inequalities in (*) are equalities, and hence that D=Cp(A)V. Then Cp(A)Cy(t)
has index 2 in D, and thus |D/Cp(t)|=2. Since G is generated by n—1 transpositions,
we conclude that |D/Cp(G)|<2"~!, and hence

(2) D=Cp(G)V.

Further, since |D/Cp(t)|=2, the preimage in S of any subgroup of (7) generated
by transpositions is in I'. Thus

(3) TCT, and Q7 €T for any Q€T such that Ny (Q)£H.

Notice that (3) yields Oz(H)€T, so H=N,(02(H)), and then ~ restricts to an
automorphism of H. By Proposition 1.10 (c), y|g=c, for some z€Z(S), and where of
course ¢, is also an automorphism of M. Replacing v with yoc; !, we may assume

(4) ~ restricts to the identity automorphism on H.
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Suppose that n=2m is even, let Q€T with Ny (Q)£H, and let Qo be a fully nor-
malized F-conjugate of Q7. As H is m~transitive on 7, Qg is in fact an H-conjugate of
Q7. Set X=Nn;(Qo). Then X=(2¥xSym(k))x Sym(n—2k), where k is the number of
transpositions in Q. Since n is even it follows from [8, Lemma 2.8] that X is generated
by its subgroups XNH and XNK. Since Cx (D)< K, we then have X=(XNH, XNK).
Let vx be the restriction of v to X. Then (1) and (5) imply that vx induces the identity
map on X. Here Ny (Q7)=X" for some h€ H. We have (h~1,z,h)eD(Lr(M)) via Q1
for each z€ X, so y restricts to the identity on Njs(Q71) by (5). Since Np(Q)< Ny (Q7)
we conclude that ~ restricts to the identity map on Ny (Q). Thus 7 is the identity auto-
morphism of £ in the case where n is even, and we may therefore assume that n=2m+1
is odd.

Let G be a subgroup of G such that S<Gy, and with G12Sym(2m). Let M; be
the preimage of G1 in M and set £1=Lr(M;). Then L, is y-invariant by Lemma 3.8.
Let 71 be the restriction of v to £;. Then M;=(H, K) (again by [8, Lemma 2.8]). The
hypothesis of Proposition 7.1 holds with M; in place of M, so the minimality of |M]|
implies that v; extends to an automorphism £y of Mj. Then (1) and (5) imply that 3,

is the identity automorphism.

Now let G2 be a subgroup of G such that Go=Sym(m)xSym(m-+1), and such that
SNG2€Syly(Gy). Let My be the preimage of Gy in M, set So=SN My, and let T'y be the
set of all subgroups @ of Sy with Q€I'. One observes that R< M, so ['s is non-empty.
Set Lo=Lr,(Ms). Then Ly is y-invariant by Lemma 3.8. Let 2 be the restriction of 7 to
Lo. As |Ms|<|M|, Lemma 6.19 applies with (Ms, S2,T'3) in the role of (M, S,T'), yielding
an extension of 5 to an automorphism fy of My. Then fy=c, for some ue€Z(S3). Asn
is odd, and as remarked above, we have H!(G,W)=0. Thus V may be identified with
W xCy(G). As G is generated by n—1 transpositions, it follows that |D/Cp(G)|=2""1
and that D=W xCp(G). Thus, we may take ue W.

Recall that €2 denotes the standard G-set. We may then take GG to be the stabilizer
in G of n, and we may take Gy to be the stabilizer in G of the partition (A, Ay) of
Q, where A;={1,...,m}. Identify W with the set of even-order subsets of Q. As /3
is the identity map on M, ¢, centralizes M;NM>, and it follows that ¢, is either the
identity map on Mj or that ¢, is given on My by taking u=Q\{n}. In either case, the

-1
u

automorphism ¢, of M induces §; on M; (i=1,2). Replacing v with yec we may

assume that both 81 and (s are identity maps.

We now argue as we did in the case where n is even, taking an arbitrary Q €T, taking
Qo to be a fully normalized F-conjugate of Q7, and setting X =Ny;(Qo). As before, we
have X =2(2% xSym(k)) x Sym(n—2k), and now X is generated by its subgroups XNG}
and XNGy. Thus X=(XNM;, XNM,). As each 3; is an identity map, the restriction
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vx of v to X is the identity map on X. Since Np(Q)< Ny (I'r), and Ny (Q7) is an
H-conjugate of X, it follows as in the case where n is even that v restricts to the identity
map on Njp(Q). Thus, v is the identity automorphism of £, and we have obtained a
contradiction to the assumed non-existence of an extension of v to an automorphism
of M. O

Proof of Proposition 7.1. By Lemma 7.7, G has a unique J-component, and Theo-
rem 7.5 then yields the possibilities for the structure of G and for the action of G on W.
Recall that (M,~) is a counterexample to Proposition 7.1. By Lemma 7.12; if G is a
symmetric group Sym(n), and W is its natural irreducible module, then n=8. Since
Sym(8)=0{ (2) via a quadratic form on the natural irreducible module for Sym(8) (see
the remark following Proposition 7.10), Proposition 7.10 and Lemma 7.11 imply that G
is a symmetric group Sym(n) with n#8 and with W being the natural module—or else
that G=SL2(g). Thus, we have only the case where G=SL2(¢q) and (by Theorem 7.5)
W is the natural SLa(g)-module left to consider. But in this last case, G has a strongly
p-embedded subgroup N¢(S), and hence Cys(D)Nys(S) is a proper subgroup of M con-
taining Lr(M). This contradicts Lemma 7.2, and thus the proof of Proposition 7.1 is
complete. O

Proof of the main theorem. As pointed out at the beginning of this section, Propo-
sition 7.1 provides the remaining step required for the proof of Proposition 6.10. Then
Proposition 6.11, and Lemmas 6.21-6.25—which were proved under the assumption that
Proposition 6.10 holds—yield a contradiction to the presumed non-existence or non-
uniqueness of a centric linking system £ whose fusion system Fg(L) is a given saturated
fusion system. O

Appendix A.

In [16], Bob Oliver and Joana Ventura introduced a category T of “transporter systems”
and isomorphisms of transporter systems. Part of the structure of any given transporter
system consists of a functor p: 7 —F, where 7 is a category and where F is a fusion sys-
tem on a finite p-group; and one says that the given transporter system is a “transporter
system on (or over) F”. The category T has a full subcategory T¢ of “centric linking
systems” whose definition is far different from the one given in Definition 2.9 here. The
aim of this section is to show that transporter systems are the “same” as localities, that
the two definitions of centric linking systems are essentially equivalent, and to obtain the

following result.
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THEOREM A. Let F be a saturated fusion system on a finite p-group S. Then there
exists a centric linking system T over F (in the sense of [16] or [7]), and T is unique

up to isomorphism of transporter systems.

In this way we will establish that our main theorem yields existence and uniqueness
of “centric linking systems” in either sense of this term. In order to do this, we first
review the definitions in [16].

Let S be a finite p-group and let X be a collection of subgroups of S with SeX.
There is then a category 7x(S) whose set of objects is X, and whose morphism-sets are
given by

Morzy (5)(P, Q) = Ns(P, Q)

for P,QeX. Composition is given by multiplication in S.
Here is the definition of transporter system from [16], but with the notions of left and
right composition reversed from their original meanings, in order to maintain consistency

with our policy of taking all categories in the right-handed sense.

Definition A.1. Let F be a fusion system over a finite p-group S. A transporter
system associated with F is a non-empty finite category 7, together with a pair of
functors

Ton(T)(S) T F

satisfying the following conditions:

(A1) Ob(T)COb(F), and Ob(T) is closed under F-conjugacy and overgroups. Also,
¢ is the identity on objects and p is the inclusion on objects.

(A2) For each P,QQ€Ob(T), the kernel

BE(P) ¥ Ker[op : Auts(P) — Autr(P)]

acts freely on Mory (P, Q) by left composition, and gp ¢ is the orbit map for this action.
Also, E(Q) acts freely on Morz (P, @) by right composition.

(B) For each P,QeOb(T), epq: Ns(P, Q)—Morr (P, Q) is injective, and the com-
position ppgeep,g sends g€ Ng(P, Q) to c;€Hom#(P, Q).

(C) For all peMorr (P, Q) and all g€ P, the diagram

¢
—

P
EP(Q)J,
P ¢

—

O

eq(g”)

%

O

commutes in 7, where ¢’ is the image of g under o(¢).
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) Es(S)GSyIP(AutT(S)).
(IT1) Let ¢p€lsor(P,Q), and let P<IP<S and Q<Q<S be such that
¢~ loep(P)op <eq(Q).

Then there exists p€Morz (P, Q) such that ep 5(1)edp=geoc 5(1).
If moreover F is saturated, Ob(7)=F¢, and E(P)=Z(P) for all objects P, then T

is a centric linking system.

Definition A.2. Let T=(T,e,0) and T'=(7",&',¢') be transporter systems over a
fusion system F on S, with Ob(7)=O0b(7"). An isomorphism T —T' (of transporter
systems) consists of an invertible functor a: 7 —7" (of categories) such that, in right-hand

notation, eca=¢" and acg'=p.
Let L=(L,A,S) be a locality over S. Set

T =Cat(L,A)
(as defined in Remark 2.8 (1)) and let F be the fusion system Fg(L£) on S, generated by
the conjugation maps between objects. There is a functor

e Ia(S)—T
for which eop: A—ODb(7) is the identity map, and where each

ep,@: Ns(P, Q) — Morr (P, Q)
is an inclusion map. There is also a functor
0T —F

such that pon: A—Ob(F) is the inclusion map of A into the set of all subgroups of
S, and such that op(¢) is the conjugation map cg: P—(Q, where g is the unique ele-
ment of £ such that ¢=(g, P, Q). (See the discussion in Remark 2.8 (1)). We note that
the functoriality of ¢ depends on condition (O2) in Definition 2.6 of “objective partial

groups”.
PROPOSITION A.3. (a) Let L=(L,A,S) be a locality. Then the diagram
Ta(S) ——T ——F (+)

of categories and functors is a transporter system, and if L is a centric linking system in
the sense of Definition 2.9, then T is a centric linking system in the sense of [7] or [16].

(b) Let L=(L,A,S) and L'=(L',A,S) be localities having the same set A of ob-
jects, and let B: L—L' be a rigid isomorphism. Define (T ,e,0) as above, and define
(T7,¢',0") in the analogous way. There is then an isomorphism T —T' of localities,
given on objects by P+ P and on morphisms by (f, P,Q)—(f3,P,Q).
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Proof. (a) By the definition of 7, A=Ob(7T), and then also ACODb(F) as A is
a set of subgroups of S. Since F is generated by the conjugation maps cy: P—() with
fENL(P,Q), where P,Q €A, condition (O2) in Lemma 2.5 implies that A is closed under
F-conjugacy. Since A is overgroup closed by Definition 2.9, we then have (Al).

Let P,Q€A and define E(P) and E(Q) as in (A2). Since left and right cancellation
holds in £, by Lemma 2.2, E(P) acts freely on Mors (P, Q) by left composition, and
E(Q) acts freely by right composition. Let (f, P,Q) and (g, P, Q) €Mors (P, Q) lie in the
same fiber of the map pp g: Mory (P, Q)—Homz(P, Q). Then the conjugation maps c;
and ¢, from P to Q are equal. Set P'=P/(=P9) and regard c,—: as a map from P’ to P.
Then cj,-1=cgocy-1 is the identity map on P, so that fg~'€E(P). This shows that
each fiber of gp ¢ is contained in an orbit of E(P). The reverse inclusion holds since

orq(hf)=o(hf)=o(h)o(f)=1o(f)

for any he E(P). Thus (A2) holds.

Condition (B) follows immediately from the definitions of the functors € and . The
commutativity of the diagram in (C) is no more than the observation that if (f, P,Q)€
Mor7 (P, Q) and g€ P, then g/ is defined (via Pf), and g7 =g(o(f))€Q. Condition (I)
is given by the hypothesis, in Definition 2.9, that S€A, so it only remains to establish
(IT). Here N.(P) is isomorphic to Autz(P) via the map g—(g, P, P) for PEA. Let
P, P,Q,QeA, with PP and Q<Q, and let fe£ with P/=@Q. Then ¢y induces an
isomorphism Nz (P)— N7 (Q). If (P)cy=Q then the T-isomorphism (f, P, Q) extends to
the 7-isomorphism (f, P, Q). Thus (II) holds, and 7 is a transporter system.

Now suppose that L is a centric linking system in the sense of Definition 2.9. That
is, assume that A is the set of all F-centric subgroups, and that Cz(P)<P for all P€A.
Then F is saturated, by Proposition 2.18 (a), and E(P)=Z(P) for all P€A,s0o T is a
centric linking system in the sense of [16]. Thus (a) holds.

(b) Let 7, 7', and 3: L—L' be as given. Let a: 7 —7' be the pair of maps, given
on Ob(7)=A by P+~ P, and on morphisms by (f, P,Q)—(f3, P,Q). That « is then a
functor is immediate from the fact that (3 is a homomorphism which sends each subgroup
P of S to P. The invertibility of « is immediate from the invertibility of 3, and it is
trivially verified that eca=¢’ (in right-hand notation). In order that ao g’ be equal to o
it is necessary and sufficient that each conjugation map cy: P—@Q with P, Q€A be equal
to the conjugation map c¢g. Thus, let x€ P. Then zf€Q, so ¥ €S, and then

ol = (xf)ﬁz (Iﬂ)fﬁ — P,

Hence c¢y=cyp as required, and (b) holds. O
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COROLLARY A.4. Let F be a saturated fusion system on a finite p-group S. Then

there exists a centric linking system (T, e, 0) whose fusion system is F.

Proof. The main theorem provides a centric linking system (£, A,S) in the sense
of Definition 2.9, with F=Fg(L), and then Proposition A.3 (a) provides the required

centric linking system in the sense of [16]. O

For the remainder of this appendix, let
TAS) ——=T 2 F

be a transporter system. Set tpo=ecp (1), write tp for ep(1), and observe that ¢p is
the identity element of Auts(P) by Definition A.1(C). The morphisms ¢p g are called
inclusion morphisms, and condition (B) implies that ¢ sends inclusion morphisms in 7
to inclusion maps in F. Whenever P<P'<S and Q<Q'<S are in Ob(7), and whenever

is a commutative square in 7, we say that ¢ is a restriction of ¢’ (and sometimes write
¢'|p,o=¢); or we may say that ¢ is an extension of ¢. Some of the results that follow
can be found in [18, §24]. Most notably, point (a) of Lemma A.8 (and which is the key
point of this appendix) appears to be prefigured in [18, Remark 24.12].

The following lemma collects what are for our purposes the key properties of 7,
established in [16].

LEMMA A.5. The following statements hold:

(a) All morphisms of T are both monomorphisms and epimorphisms in the categor-
ical sense. That is, we have left and right cancellation for morphisms in T .

(b) For every ¢€Morr(P,Q), and every Py, Qo€Ob(T) such that Py< P, Qo<Q,
and o(¢) maps Py into Qq, there is a unique ¢o€Mory(Py, Qo) such that ¢o=9¢|p,.q,-
In particular, every morphism in T is the composition of an isomorphism followed by an
inclusion morphism.

(¢) Let ¢ and ¢’ be T-homomorphisms P—Q, and let Py and Qo be objects of
T with Py<P and Qo<Q. Suppose that o(¢) and o(¢') map Py into Qo, and that
Ol Py,@o=9"|Py,@o- Then ¢p=¢'.

(d) Let P, P, Q and Q be objects of T, with PP and Q<Q. If ¢cMorr(P,Q)
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is an extension of ¢€lsor(P,Q), then the square

L}Q

P
ep(a:)J eq(z(e(#)))
P—25Q
commutes for all x€P.
Proof. Three of these points are given by the following results in [16]: (a) by

Lemma 3.2 (b) and Lemma 3.8, (b) by Lemma 3.2 (¢), and (d) by Lemma 3.3.
For the proof of (c): write ¢ for ¢|p, g,, and hence also for ¢'|p, g,. Then

Ly, P =1o1gQy.0 =tpy,Pod,

and (c) follows from left cancellation. O

LEMMA A.6. Let ¢o: Ph—Qq, ¢»: P—Q, and ¢': P'—Q' be T-isomorphisms, and
suppose that both ¢ and ¢’ are extensions of ¢o. Then the following statements hold:

(a) P=P’ if and only if Q=Q’;

(b) There is a unique extension of ¢g¢ to a T-isomorphism ¢1: PONP'—=QNQ’, and

each of ¢ and ¢ is an extension of ¢1.

Proof. (a) Suppose that P=P’. Let € Np(P,), and let y and ¢’ be the images of x
under o(¢) and o(¢'), respectively. Then Lemma A.5 (d), with ¢ in the role of ¢, yields

Po " oep ()00 =, (¥) =€, (¥).

As eq, is injective, by condition (B), we get y=y’, and thus o(¢) and o(¢’) agree on
Py:=Np(Py). Let Q1 be the image of P, under o(¢). By Lemma A.5(b), there is a
restriction ¢1: Py —Qq of ¢ and a restriction ¢j: Py =@, of ¢', and Definition A.2 (c)
implies that ¢;=¢/. Replacing ¢y by ¢ in (a), and applying induction on the index of
Py in P, we obtain Q=@ as desired. On the other hand, if Q=@Q’ then we obtain P=P’
by working with ¢y ', ¢~', and (¢')~".

(b) Set P,=PNP’" and Q1=QNQ’. Then ¢ and ¢' have restrictions ¢; and ¢/ to
Py which, in turn, restrict to ¢g. Then (a) implies that ¢; and ¢} are 7-isomorphisms
P, — @1, and Lemma A.5 (c) yields ¢;=¢]. O

Define a relation 1 on the set Mor(7) of morphisms of 7 by ¢1¢' if ¢ is an extension
of ¢. That is, ¢1¢’ if ¢: P—Q and ¢': P'— Q' with P<P’, Q<Q’, and with
Lpprod = ¢oig,qr-

We may write also ¢’ ¢ for ¢1¢'.
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LEMMA A.7. The following statements hold:

(a) The relation 1 induces a partial order on Iso(7T).

(b) The relation 1 respects composition of morphisms. That is, if ¢1T¢" and Y1,
and the compositions ¢ob and ¢' o)’ are defined, then (dorh)T (¢ o0)’).

Proof. The transitivity of the relation 7 is easily verified. Suppose that both ¢1¢’
and ¢l ¢’, where ¢€lsor (P, Q) and ¢’ €Isor (P, Q). Then P=P’, Q=Q’, tp pr=tp, and
tQ,q'=tq. Further, tp¢/=¢o1o and then ¢'=¢ since tp and i are identity morphisms
in 7. Thus (a) holds.

Suppose that we are given ¢1¢’ and 11, with ¢otp and ¢’'o1)’ defined on objects
P and P’ respectively. Set @Q=P¢ and R=Q, and set Q'=P'¢’ and R'=Q'+)’. The
following diagram, in which the vertical arrows are inclusion morphisms, adequately
demonstrates that goipteg o1)':

R

LT

P——Q——R.

This yields (b). O

Let = be the equivalence relation on Iso(7) generated by the restriction of 1 to
isomorphisms. Let £ be the set Iso(7)/= of equivalence classes. For ¢€Iso(7) we write

[¢] for the equivalence class containing ¢.

LEMMA A.8. Let feL.

(a) There is a unique mazimal ¢€f with respect to T, and ¢~' is then mazimal
in [p~'].

(b) fNIsor(P,Q) has cardinality at most 1 for any P,Q€Ob(T).

Proof. Let ¢: P—(@Q be maximal in f with respect to 1. Suppose that there exists
¢': P'—(@Q’ in f such that ¢ is not an extension of ¢’. Then ¢’ may be chosen so that
there exists ¢g: Po— Qo in f with ¢g1¢d and ¢p1T¢’. Among all such pairs (¢, ¢g), choose
one so that | Pyl is as large as possible. Then Lemma A.6 (b) implies that Pp=PNP’ and
Qo=QNQ". It follows that Np/(Py) <P, and so we may replace ¢’ by the restriction of
¢’ to Np/(Py)—Ng/(Qo). That is, we may assume that Py<<P’ and Qo <Q".

Let A: Aut7(Py)—Aut7(Qo) be the isomorphism induced by conjugation by ¢o.
Set Pi=Np(Fy) and Q1=Ng(Qo). Also, set P"=(P;,P’) and Q"=(Q1,Q’). Then
Lemma A.5 (d) implies that A maps ep,(P") onto £p,(Q"”). By condition (II) in Defini-

tion A.1, there is an extension of ¢¢ to a 7-isomorphism P’ —@Q", and the maximality of
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Py then yields P’ <P. Thus P'<P, and we have a contradiction. Hence f has a unique
maximal element ¢.

Set p=¢~ ! and let ¥/14). Then 1): Q— P for some @ containing @ and some P
containing P. Then ¢!, so ¢=1)~' and 1»=1). Thus ¢! is maximal in its =-class,
and (a) holds.

In order to prove (b), let ¥, ¢’ € fNIsor (P, Q). Then both ¢ and v’ are restrictions
of a single ¢€ f, by (a). Now Lemma A.5 (b) implies that ¥=1'. O

Define D to be the set of words w=(f1,..., fn) EW(L) such that there exists a
sequence (@1, ..., ¢ ) of T-isomorphisms with ¢; € f;, and a sequence (P, ..., P,) of objects
of 7 with ¢;: Pi_1— P, for all i. We also say that weD via (P, ..., P, ), or via Py. Define

II.D— L

by setting II(w)=f, where f is the unique maximal element of [¢10...c¢,] given by
Lemma A.8 (a). That II is well defined follows from Lemma A.7(b) and an obvious
induction on the length of w. Set 1=[is], and for any f€L let f~! be the equivalence

class of ¢!, where ¢ is the unique maximal member of f.

PRrOPOSITION A.9. L, with the above structures, is a partial group. Moreover, the
following statements hold:

(a) For any g€S, [es(g)] is the set of all epo(g) such that P9=Q, and s(g) is
the maximal member of its class;

(b) [es] is the set of all tp, PEOB(T), and g is the maximal member of its class;

(c) For any ¢€lso(T), [¢p~1] is the set of inverses of the members of [¢)].

Proof. We first check that £ is a partial group. Of course £ is non-empty since 7 is
non-empty. For any f€L and any representative ¢ of f, f is a 7-isomorphism between
objects of 7, so the word (f) of length 1 is in D. Now let w=(f1, ..., f») be in D. Clearly,
any prefix u=(f1, ..., fr) and any suffix v=(fg+1, ..., fn) of w is in D, so Definition 2.1 (1)
holds for £. By definition II(f)=f for f€ L, so Definition 2.1 (2) holds. Definition 2.1 (3)
is a straightforward consequence of associativity of composition of isomorphisms in 7,
and of the definition of II.

Lemma A.8(a) implies that the inversion map frf~! is an involutory bijection.
Now let u=(f1,..., fn)€D via (Pp,..., P,), and set u~'=(f;1, ..., f{*). Then u~'eD
via (Pp, ..., Py), so u"toueD. One obtains a representative in the class II(u"tou) via a
sequence of cancellations <;S,;1 ¢ of representatives ¢, € f;, so [I(u~tou) is the equivalence
class containing tp,. Since tp,Tts, and since 1=[v5] by definition, we get II(u~tou)=1.
Thus Definition 2.1 (4) holds in £, and £ is a partial group.
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We now prove (a). Let P< P’ and Q<Q' in Ob(7), and let g be an element of S
such that P9=Q and (P’)9=Q’. The functoriality of ¢ yields

epp(1)oep g (9) =crq(9) =crq(9)ocq.q (1),

which means that epg(g)tep.g/(g). In particular, we get epg(g)tes(g). In order
to complete the proof of (a), it now suffices to show that for any ¢€lsor (P, Q) with
es(g)=¢, we have p=¢cp g(g).

Suppose this is false, and let o=(¢1, ..., ¢») be a sequence of 7-isomorphisms with
o=¢1, €5(g9)=0¢n, and with either ¢;T¢d;11 or ¢;lp;+1 for all i with 1<i<n. Among
all (¢, P, Q) with ¢#epg(g) and e5(g)=¢, choose (¢, P, Q) so that the length of such a
chain o is as small as possible. Set ¥y=¢5. Then y=ex y(g), where X and Y are objects
of 7 with X9=Y. Suppose ¢T1. Applying the functor p to the commutative diagram

ex,v(9)

Lp,xl J(LQ,Y
[

P———0Q,

and applying condition (B) in Definition A.1 to ¢(ex,y(g)), we conclude that o(¢) is
the restriction of ¢4 to the homomorphism o(¢): P—Q. In particular, we get P9=Q),
so that also epg(g) is a restriction of ex,y(g). Then Lemma A.5 (a) yields ¢=cpq(g),
contrary to assumption. On the other hand, if ¢4, then ¢=ep(g) by Lemma A.6,
again contrary to assumption. This completes the proof of (a), and then (b) is the special
case of (a) given by g=1.

Let f=[¢] be an equivalence class, with ¢ maximal in f. One checks (by reversing
pairs of arrows in the appropriate diagrams) that if ¢ is a 7-isomorphism, and v is a
restriction of ¢, then the 7-isomorphism 1~ is a restriction of ¢~1. Point (c) follows

from this observation. O

In view of Proposition A.9 (a), there is no harm in writing g to denote the equivalence
class [eg(g)], for g€S.

LEMMA A.10. Let ¢: Z—W be a T -isomorphism which is mazimal in its =-class.
Let X and Y be objects of T contained in Z, and let U and V be the images of X and
Y, respectively, under o(¢). Suppose that there exist elements g and g’ in S such that

the following diagram commutes:

X
EX,Y(Q)J/
Y

lx,u
RNy

J/EU,V(Q/) (*)
dly,v

— V.
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Then geZ, and ¢’ is the image of g under o(¢).

Proof. Let ¢ be the composition (in right-hand notation)
¢ =ez0,2(97 ") by o (9)-

Thus, ¢’ €lsor(Z9, W9'), and the commutativity of (x) yields ¢|y =¢'|y. Hence, p=¢,
and the maximality of ¢: Z—W implies that Z9<Z and W9 <W. That is, gENg(Z)
and ¢'€ Ng(W). There is then a commutative diagram as follows:

72w

ez(g)l lsw(g’)
]

Z—W.

Condition (I) in Definition A.1 implies that there is an extension of ¢ to a 7 -isomorphism
(Z,g)—(W,¢"), and the maximality of ¢ then yields g€Z and ¢’€W. Condition (C) in
Definition A.1 implies that ¢’ is the image under o(¢) of g. O

Set A=Ob(T).

COROLLARY A.11. Let feL and let PEA with the property that, for all x€P,
(f~Y oz, f)eD and TI(f~',x, f)€S. Let Q be the set of all such products TI(f~1, z, f).
Then Q€A and there exists e f such that ¥ €lsor (P, Q).

Proof. As (f~',z, f)€D, there exist U, X, Y,V €A and representatives 1/ and 1) of
f such that

. )
U xSy Ly

is a chain of 7-isomorphisms, and where the middle arrow in the diagram is indeed
ex.y(x) by Proposition A.9 (a). Since II(f~1,z, f)€S, there exists 2’ €S such that ¢~ 1o
exy(x)op=epy(z'). Let ¢: Z—W be the maximal element of f. Then Lemma A.10
implies that x€Z, and 2’ is the image of z under g(¢). In particular, we have P<Z and
Q< W, and we may therefore take X =Y =P and U=V =Q), obtaining 1) €lsor (P, Q). O

LEMMA A.12. Let 1p: P—Q be a T-isomorphism, and let f=[¢] be the equivalence
class of 1. Then P<D(f), and PT=Q in the partial group L.

Proof. For any ge P, we have the composable sequence

-1
0 ® p ep(9) P ¢ p

of T-isomorphisms, so (f~1, g, f) is in D, and PCD(f). By Definition A.1(C),

U leep(g9)ev=eq(g’),
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where ¢’€@. The class [eq(¢)] is the same as [eg(¢")] by Lemma A.8 (a); and we recall
that we have introduced the convention to denote this class simply as ¢’. Thus ¢/ =¢’,
and so P/ CQ. The conjugation map gr+g/ is injective by Example 2.4 (c), so P/ =Q,

as required. O

PROPOSITION A.13. (L,A,S) is a locality, and if (T ,e,0) is a centric linking sys-
tem (in the sense of [7] and [16]) then L is a centric linking system in the sense of
Definition 2.9.

Proof. First, £ is a partial group, by Proposition A.9. In order to show that
(L, A) is objective, let w=(f1,..., fn)E€D. By definition, there exist representatives 1;
of the classes f;, and a sequence (Py,..., P,) of objects of 7, such that each v; is a
7T -isomorphism P;_1— P;. Then Pf_ 1=P; for all i, by Lemma A.12. Conversely, given
w=(f1, ..., fn) EW, and given (Py, ..., P,)W(A) with P/, =P, for all 4, it follows from
Corollary A.11 that weD. Thus, (£, A) satisfies condition (O1) of Definition 2.6. Con-
dition (O2) is given by Corollary A.11, so (£, A) is objective. That is, condition (L1) for
a locality holds. Also, since 7 is finite by Definition A.1, £ is finite.

The mapping Autz(S)—Nz(S) given by ¥—[¢] is a homomorphism, as follows
from Lemma A.7. It is surjective by the definition of £, and injective by Lemma A.8 (b).
As e5(5) €Syl (Aut7(9)), by Definition A.1(I), we conclude that S€Syl,(N.(S)), and
hence S is maximal in the poset of p-subgroups of £. That is, (L2) holds for £, and thus
L is a locality.

Now suppose that (7,¢,0) is a centric linking system. That is, suppose that
A=0b(7) is the set F¢ of F-centric subgroups of S, and suppose for each object P
that Z(P)=Ker(gp). Let u:Auty(P)—N,(P) be the mapping ¢+—[¢]. Then u is a
homomorphism by Lemma A.7 (b). Let ¢p€Ker(u). Then [¢]=[ts], so ¢Tts, and then
¢=up by Proposition A.9(b). That is, ¢ is the identity element of Auts(P), and thus
Ker(u)=1. Now let fe N, and let ¥ € f be the maximal element. Then ¢ restricts to
a 7T -automorphism ¢ of P by Corollary A.11, so u is surjective, and hence an isomor-
phism. Since Z(P)=Ker(op)=Caut, (P), we conclude that Cr(P)=Z(P), and hence £

is a centric linking system in the sense of Definition 2.9. O

Let ¢: P—@Q be a morphism in 7 (and not necessarily a 7-isomorphism). Let Qg
be the image of P under the homomorphism o(¢). Then, by Lemma A.5 (b), there is a
well-defined restriction ¢o=¢|p,q, of ¢ to a T-isomorphism P— Q.

LEMMA A.14. There is a functor n: T —Cat(L, A) such that 1 is the identity map
on the set of objects, and such that

np,q: Morr (P, Q) — Morcay(z,a) (P, Q)
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is the mapping ¢— (f, P,Q), where f is the =-class of the T -isomorphism ¢o: P—Qo,
and where Qg is the image of P under o(¢).

Proof. Let ¢: P—(@Q and ¢: Q— R be composable morphisms in 7, let Qp be the
image of P under o(¢), and let Ry be the image of Qg under g(¢)). The restrictions
09| py.0, and Y1=1vY|q, r, are then composable T-isomorphisms. Set §=¢go1)1. Then
the product [¢o][t)1] of =-classes is defined in £, and is equal to [f], by Lemma A.7 (b).

Set f=[¢o] and g=[¢1]. Thus [0]=Ffg, so (f,P,Q)-(9,Q, R)=(fg,Q, R) in Cat(L,A).
This shows that n is a functor. O

LEMMA A.15. There is a functor &: Cat(L,A)—=T such that £ is the identity map
on the set of objects, and such that

£p,q: Morcat(z,a) (P, Q) — Morz (P, Q)

is the mapping (f, P, Q)—¢|p protpr g, where ¢ is the mazimal element in the =-class f.

Moreover, £ is invertible, and its inverse is 7.

Proof. Let (f,P,Q) and (g,Q, R) be composable morphisms in Cat(£,A), and let
¢ f and ¥€g be maximal. Then the composition £(f, P,Q)<£(g, @, R) is defined in 7,

as the following calculation shows:
E(f? Pa Q)of(g7 Q7 R) = (¢|P,Pf OLPf,Q)O(w|Q7Qg O[’QQ,R)
=¢|pproY|ps proctpis giolQe,R (%)
= ¢|P,pf °¢|pf’Pfg °lpfg R-

Set o=¢|p prov|ps pro. Then fg=[6], by the definition of the product in L. Let 6 be
the maximal element of fg. Then 6y=0|p prs, and (*) then yields

§(f7 PvQ)OE(ganR) :9|P,PfQOLPf9,R:£(fg>P7 R)

Thus, £ is a functor.

Set P'=P/. By Corollary A.11, there exists y€ f such that y=¢|p pr. The functor
0: T —F sends Morz (P, P') to Homgz(P, P'), so P/ is the image of P under o(). Then
also P/ is the image of P under o(¢), since o(7) is a restriction of the homomorphism
0(¢) by Definition A.1(C). We now note that

n(&(f? P7 Q)) :n(¢|P,PfOLPf7Q)'

By the definition of 1, n(£(f, P,Q)) is then (f’, P,Q), where f’ is the =-class of the 7-
isomorphism ¢|p ps. That is, f’'=f, and the composition £ followed by 7 is the identity
functor on Cat(L, A).
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In the other order: consider £(n(6)), where §: A— B is an arbitrary 7-morphism.
Let By be the image of A under o(f). Then 7n(0)=(h, A, B), where h=[0y] and where
0o: A— By is the restriction 6|4 p,. Applying & to (h, A, B) yields the 7-morphism €',

where

! *
0" =0"|a,B,°tBy.B)

and where 6* is the maximal element in the =-class h. Maximality of 6* yields 6y16*,
and then 6*| 4 p,=6p. Now Lemma A.5 (b) yields #’=80, and thus 7 followed by & is the
identity morphism on 7, completing the proof. O

We are now able to prove Theorem A, and to thereby translate the main theorem

into the language of [7] and [16].

THEOREM A. Let F be a saturated fusion system on the finite p-group S. Then,
up to isomorphism of transporter systems, there exists a unique centric linking system
(T,e,0) over F.

Proof. Existence is given by Corollary A.4. Now let (7 ,¢,0) and (77,€’, ¢') be cen-
tric linking systems over F in the sense of [16]. Set (£, A, S)=(Iso(7)/=,0b(7),S), and
similarly define (£’; A’,S). Then A=A’ is the set of F-centric subgroups of S. By Propo-
sition A.13 both £ and £’ are F-centric linking systems in the sense of Definition 2.9,
so the main theorem yields a rigid isomorphism (: L—£’. Then Proposition A.3 yields
an isomorphism (*: Cat(L, A)—Cat(L’, A) of categories. We now apply Lemmas A.14

and A.15 to obtain a sequence

T " Cat(L, A) —2 s Cat(c!, A) ——

of isomorphisms. Let a: 7 —7" be the composition. It now remains to show that (in right-
hand notation) eca=¢" and ac o' =p, in order to conclude that « fulfills the requirements

of Definition A.2 for an isomorphism of transporter systems.

Let 0: Ta(S)—Cat(L, A) be the functor which is the identity map on the set A of
objects, and which sends € Ng(P, Q) to (z, P,Q). Let o: Cat(L, A)—F be the functor
which is the inclusion map A—Ob(F) on objects and which sends (f, P, Q) to cy: P—Q.
Define 0’ and ¢’ with respect to Cat(£’, A) in the analogous way. We now check that

the following diagram of categories and functors (in which “=" indicates the identity
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functor) commutes:

TA(S)

TA(S) =———=="1Ta(S)

6J{ J&’ J{e'
r 8" 3

€J/
T —" 5 Cat(L, A) —— Cat(L/,A) —— T
| L]
F F F F.
Note that, by Lemma A.15, & is the inverse of a corresponding 7', so by symmetry it

will suffice to check the two left-hand squares and the middle squares in this diagram for
commutativity. Note also that all the arrows in the diagram act trivially on objects, so
the problem is to check for commutivity when the arrows are applied to morphisms. We
shall write all mappings to the right in the following calculations.

We first consider the two middle squares. Given € Ng(P, @), one obtains

(zép,Q)B" = (z, P,Q)B" = (28, P,Q) = (z, P, Q) =xdp q,
since 0 is the identity on S. Also, given a morphism (f, P,Q) in Cat(L, A), one obtains

((f,P,Q)B")o" = (fB, P.Q)o" =cyp: P = Q] =[cy: P = Q] = (f, P,Q)o,
since ¢yg=cy on any subgroup of Sy, again by the rigidity of 5. Thus Jof*=¢" and

B*oo’'=0.

Next, in order to show that eon=4, we need to verify that (zepg)n=(z, P,Q) for
r€Ng(P,Q). By definition, n maps zepg to ([¢o], P,Q), where ¢q is the restriction
xzepp- of xzepg. Since x€S, the maximal element of [¢g] is zeg, and [zeg] is (by the
convention established earlier) the element x of £. Thus gon=9.

Finally, let ¢: P—Q be a 7-morphism and set ¢o=¢p, p/, where P’ is the image of
P under (¢)p. Applying neo to ¢ we obtain cs: P—@Q, where f=[¢]. Then P'=P/
by Lemma A.12. For any z€ P, Definition A.1(C) yields ¢, 'cxepodg=a'ep/, where z’
is the image of  under (¢o)o. Thus, conjugation cy: P— P’ is, by the definition of the
product II in £, given by

x=[xep]— [pp Lowepogp] = [t'ep] =12,

and this shows that ((¢o)n)o=(¢o)o. But ¢p=¢goips o, where (tp g)n=(1,P’,Q), and
where (1, P/, Q)o is the inclusion map P’ C(Q. Functoriality of n and o then yields that
(¢)(noo) is just (pg)e followed by inclusion. Since also g sends inclusion morphisms
to inclusion maps, the result is that (¢)(neo)=(¢)e. This completes the proof that
the big diagram commutes, and hence that a: 7 —7" is an isomorphism of transporter

systems. O
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