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1. Introduction

1.1. Wigner matrices and local statistics

The goal of this paper is to establish a universality property for the local eigenvalue
statistics for random matrices. To simplify the presentation, we are going to focus on
Wigner Hermitian matrices, which are perhaps the most prominent model in the field.
We emphasize however that our main theorem (Theorem 15) is stated in a much more
general setting, and can be applied to various other models of random matrices (such as

random real symmetric matrices, for example).

Definition 1. (Wigner matrices) Let n be a large number. A Wigner Hermitian
matriz (of size n) is defined as a random Hermitian nxn matrix M,, with upper triangu-
lar complex entries (;j:=&;;+7sj v—1, 1<i<j<n, and diagonal real entries &;, 1<i<n,
where

e for 1<i<j<n, &; and 7;; are independent identically distrubuted (iid) copies of
a real random variable ¢ with mean zero and variance %;

e for 1<i<n, &; are iid copies of a real random variable §~ with mean zero and
variance 1;

e &£ and 5 have exponential decay, i.e., there exist constants C' and C’ such that
P(|¢|>t9) <exp(—t) and P(|€|>t°)<exp(—t) for all t>C".

We refer to & and 5 as the atom distributions of M,, and to §;; and 7;; as the atom
variables. We refer to the matrix W,,:=M,, /\/n as the coarse-scale normalized Wigner
Hermitian matriz, and to A,:=M,~/n as the fine-scale normalized Wigner Hermitian

matrix.

Ezxample 2. An important special case of a Wigner Hermitian matrix is the Gaussian
unitary ensemble (GUE), in which £ and é are Gaussian random variables with mean
zero and variance % and 1, respectively. The coarse-scale normalization W,, is convenient
for placing all the eigenvalues in a bounded interval, while the fine-scale normalization
A, is convenient for keeping the spacing between adjacent eigenvalues to be roughly of

unit size.
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Given an nxn Hermitian matrix A, we denote its n eigenvalues by
A(A) ... <A (A),

and write M(A):=(A1(A), ..., \n(A4)). We also let uj(A),...,u,(A)eC™ be an orthonor-
mal basis of eigenvectors of A with Au;(A)=\;(A)u;(A); these eigenvectors u;(A) are
only determined up to a complex phase even when the eigenvalues are simple, but this
ambiguity will not cause a difficulty in our results, as we will only be interested in the
magnitude |u;(A)*X| of various inner products u;(A)*X of u;(A) with other vectors X.

The study of the eigenvalues \;(W,,) of (normalized) Wigner Hermitian matrices has
been one of the major topics of study in random matrix theory. The properties of these
eigenvalues are not only interesting in their own right, but also have been playing essential
roles in many other areas of mathematics, such as mathematical physics, probability,
combinatorics, and the theory of computing.

It will be convenient to introduce the following notation for frequent events depend-

ing on n, in increasing order of likelihood:

Definition 3. (Frequent events) Let E be an event depending on n.

e E holds asymptotically almost surely if(}) P(E)=1—o(1).

e FE holds with high probability if P(E)>1—-0(n"°) for some constant ¢>0.

e E holds with overwhelming probability if P(E)>1—0¢(n~°) for every constant
C>0 (or equivalently, if P(E)>1—exp(—w(logn))).

e E holds almost surely if P(E)=1.

Remark 4. Note from the union bound that the intersection of O(n®()) many events
with uniformly overwhelming probability, still has overwhelming probability. Unfortu-
nately, the same is not true for events which are merely of high probability, which will

cause some technical difficulties in our arguments.

A cornerstone of this theory is the Wigner semi-circular law. Denote by g the

semi-circle density function with support on [—2, 2],

if x| <2,
0, if |z| > 2.

(1) See §1.7 for our conventions on asymptotic notation.
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THEOREM 5. (Semi-circular law) Let M, be a Wigner Hermitian matriz. Then, for
any real number x,

1 x
2

n—oo N

in the sense of probability (and also in the almost sure sense, if the M,’s are all minors of
the same infinite Wigner Hermitian matriz), where we use |I| to denote the cardinality
of a finite set I.

Remark 6. Wigner [47] proved this theorem for special ensembles. The general ver-
sion above is due to Pastur [36] (see [1] and [2] for detailed discussions). The semi-circular
law in fact holds under substantially more general hypotheses than those given in Defini-
tion 1, but we will not discuss this matter further here. One consequence of Theorem 5
is that we expect most of the eigenvalues of W, to lie in the interval (—2+¢,2+¢) for

>0 small; we shall thus informally refer to this region as the bulk of the spectrum.

Several stronger versions of Theorem 5 are known. For instance, it is known (see

e.g. [3] and [4]) that asymptotically almost surely, one has
(woy=t(L s
X (W) =t(£)+0(n~7) (2)

for all 1<j<n and some absolute constant §>0, where —2<#(a)<2 is defined by

t(a)
a=: / Osc(x) d. (3)
-2

In particular we have
sup |Ai(My)|=2v/n (1+0(1)) (4)

1<i<n
asymptotically almost surely (see [4] for further discussion).
Theorem 5 addressed the global behavior of the eigenvalues. The local properties
are much harder and their studies require much more sophisticated tools. Most of the
precise theorems have been obtained for the GUE, defined in Example 2. In the next

few paragraphs, we mention some of the most famous results concerning this model.

1.2. Distribution of the spacings (gaps) of the eigenvalues of GUE

In this section M,, is understood to have the GUE distribution.
For a vector x=(x1, ..., T, ), with 21 <z ...<x,, define the normalized gap distribu-

tion S, (s;x) by the formula

1 .
Sn(s;x):= EHl <i<n:zi—2; <SH.
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For the GUE ensemble it is known [34] that

n—oo

lim ES, (s, A(A,)) = /0 (o) do, (5)

where A,,:=M,/n is the fine-scale normalization of M,,, and p(o) is the Gaudin distri-

bution, given by the formula

d2
p(s):= 752 det(I —K)r2(0,s)

where K is the integral operator on L?((0,s)) with the Dyson sine kernel

sinm(x—y)
K(z,y):=——"""=. (6)
(@) m(z—y)
In fact a stronger result is known in the bulk of the spectrum. Let [,, be any sequence

of numbers tending to infinity such that [, /n tends to zero. Define

~ 1 S Iy
Su(s;,u) = —|{1<i<n iz —2; < ——~ and |z;—nu| < : 7
(s, u) I { TN T —x; o) and |z; —nul QSC(U)H (7)
It is proven in [15] that for any fixed —2<u<2, we have
lim ES, (s; A(Ay),u) = / p(o) do. (8)
n—oo 0

The eigenvalue gap distribution has received much attention in the mathematics
community, partially due to the fascinating (numerical) coincidence with the gap distri-
bution of the zeros of the zeta functions. For more discussions, we refer to [13], [14], [29]

and the references therein.

1.3. k-point correlation for GUE

Given a fine-scale normalized Wigner Hermitian matrix A,, we can define the sym-
metrized distribution function g%"):R”%RJf to be the symmetric function on n vari-
ables such that the distribution of the eigenvalues A(A,,) is given by the restriction of
n!g%")(xl,...,xn)dxl ...dx, to the region {z1<...<x,}. For any 1<k<n, the k-point

correlation function Q%k)t R*¥ —+R* is defined as the marginal integral of g%n):

n! n
Q’Ezk)(x17"'7xk) ZM/R . Q;)(Z‘) dl’k+1...dl‘n.

In the GUE case, one has an explicit formula for g%n), obtained by Ginibre [23]:

—n/2 2 2
(). 7 11 2 _nte At
Qn (.7,') = Z’r(l2) 1<i<j<n |.’I}7] x]' eXp( 2’[7, ) (9)
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where Z (2)>0 is a normalizing constant, known as the partition function. From this

(k)

formula, one can compute g5’ explicitly. Indeed, it was established by Gaudin and

Mehta [35] that

( )(1'1,...,.’L‘k):det(Kn(l'i,LL'j))lgi’jgk, (10)

where the kernel K, (x,y) is given by the formula

Kn(:c,y%—\/lg—neX( xﬂ/)zh( ) <¢%>

and hy, ..., h,—1 are the first n Hermite polynomials, normalized to be orthonormal with

respect to exp(—z?)dr. From this and the asymptotics of Hermite polynomials, it was
shown by Dyson [16] that

A, QSC( )

t t
O nut—— k) _ o
oy’ | nu+ s ey DU =det(K (¢, t5))1<i,j<hs 11
b ( Qsc(u) Qsc(u) ( ( J)) j ( )

for any fixed —2<u<2 and real numbers ¢y, ..., t;, where the Dyson sine kernel K was
defined in (6).

1.4. The universality conjecture and previous results

It has been conjectured, since the 1960s, by Wigner, Dyson, Mehta and many others,
that the local statistics (such as the above limiting distributions) are universal, in the
sense that they hold not only for the GUE, but for any other Wigner random matrix also.
This conjecture was motivated by similar phenomena in physics, such as the same laws of
thermodynamics, which should emerge no matter what the details of atomic interaction.

The universality conjecture is one of the central questions in the theory of random
matrices. In many cases, it is stated for a specific local statistics (such as the gap
distribution or the k-point correlation, see [34, p.9] for example). These problems have
been discussed in numerous books and surveys (see [13], [14] and [34]).

Despite conjecture’s long and distinguished history and the overwhelming supporting
numerical evidence, rigorous results on this problem for general Wigner random matrices
have only begun to emerge recently. At the edge of the spectrum, Soshnikov [41] proved
the universality of the joint distribution of the largest k eigenvalues (for any fixed k),
under the extra assumption that the atom distribution is symmetric.
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THEOREM 7. ([41]) Let k be a fized integer and M,, be a Wigner Hermitian matriz,
whose atom distribution is symmetric. Set W, :=M,/n. Then the joint distribution of

the k-dimensional random vector
(A (W) =2)n23, .., (A (W) —2)n%/3)

has a weak limit as n— o0, which coincides with that in the GUE case. The result also

holds for the smallest eigenvalues \q, ..., Ak.

Note that this significantly strengthens (4) in the symmetric case. (For the non-
symmetric case, see [39] and [40] for some recent results).

Returning to the bulk of the spectrum, Johansson [28] proved (11) and (8) for
random Hermitian matrices whose entries are Gauss divisible. (See also the paper [5]
by Ben Arous and Péché, where they discussed the removal of a technical condition
in [28].) More precisely, Johansson considered the model M, =(1—t)'"/2M}4t/2M?
where 0<t<1 is fixed (i.e. independent of n), M} is a Wigner Hermitian matrix and
M? is a GUE matrix independent of M. We will refer to such matrices as Johansson

matrices.

THEOREM 8. ([28]) Formulae (11) (in the weak sense) and (8) (and hence (5)) hold

for Johansson matrices, as n—o0o. By “weak sense”, we mean that

. 1 i 123
lim 7/ ftq, ...,tk)gglk) (nu—i— ,...,nu—i—) dty ... dty
n—00 gsc(u)k RE ( Qsc(u) Qsc(u>

ey VR iy by <7<k
X f(tl tk)det(K(t t ))1< i<k dtl dtk
R

(12)

for any test function fecC.(RF).

The property of being Gauss divisible can be viewed as a strong regularity assump-
tion on the atom distribution. Very recently, Erdds, Schlein, Ramirez and Yau [17], [19]
have relaxed this regularity assumption significantly. In particular in [17] an analogue of
Theorem 8 (with k=2 for the correlation and l,, polynomial in n for the gap distribution)

is proven assuming that the atom distribution is of the form
vdr =exp(—V(z)) exp(—2z?) du,

where V(z)eC®, S0 |VI(2)|<C(1+22)* and v(z)<C’ exp(—da?) for some fixed , 4,
C and C’. Tt was remarked in [17] that the last (exponential decay) assumption can be
weakened somewhat.

Finally, let us mention that in a different direction, universality was established by
Deift, Kriecherbauer, McLaughlin, Venakides and Zhou [15], Pastur and Shcherbina [37],
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and Bleher and Its [6] for a different model of random matrices, where the joint distri-

bution of the eigenvalues is given explicitly by the formula

o (@, zn) =[] |z exn(=V (), (13)

1<i<j<n

where V is a general function and ¢, >0 is a normalization factor. The case V =x2
corresponds to (9). For a general V, the entries of the matrix are correlated, and so this
model differs from the Wigner model. (See [32] for some recent developments concerning
these models, which are studied using the machinery of orthogonal polynomials.)

One of the main difficulties in establishing universality for general matrix ensem-
bles lies in the fact that most of the results obtained in the GUE case (and the case in
Johansson’s theorem and those in [6], [15] and [37]) came from heavy use of the explicit
joint distribution of the eigenvalues such as (9) and (13). The desired limiting distri-
butions were proven using estimates on integrals with respect to these measures. Very
powerful tools have been developed to handle this task (see [13] and [34] for example),
but they cannot be applied for general Wigner matrices where an explicit measure is not
available.

Nevertheless, some methods have been developed which do not require the explicit
joint distribution. For instance, Soshnikov’s result [41] was obtained using the (com-
binatorial) trace method rather than from an explicit formula from the distribution,
although it is well understood that this method, while efficient for the studying of the
edge, is of much less use in the study of the spacing distribution in the bulk of the
spectrum. The recent argument in [19] also avoid explicit formulae, relying instead on
an analysis of the Dyson Brownian motion, which describes the stochastic dynamics of
the spectrum of Johansson matrices M, =(1—t)"/2M}+t'/2M?2 in the t variable. (On
the other hand, the argument in [17] uses explicit formulae for the joint distribution.)
However, it appears that their method still requires a high degree of regularity on the
atom distribution, whereas here we shall be interested in methods that do not require
any regularity hypotheses at all (and in particular will be applicable to discrete atom
distributions(?)).

1.5. Universality theorems

In this paper, we introduce a new method to study the local statistics. This method

is based on the Lindeberg strategy [33] of replacing non-Gaussian random variables

(%) Subsequently to the release of this paper, we have realized that the two methods can in fact be
combined to address the gap distribution problem and the k-point correlation problem even for discrete
distributions without requiring moment conditions; see [18] for details.
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with Gaussian ones. (For more modern discussions about Lindeberg’s method, see [§]
and [38].) Using this method, we are able to prove universality for general Wigner ma-

trices under very mild assumptions. For instance, we have the following result.

THEOREM 9. (Universality of gap) The limiting gap distribution (5) holds for Wigner
Hermitian matrices whose atom distribution £ has support on at least three points. The
stronger version (8) holds for Wigner Hermitian matrices whose atom distribution & has

support on at least three points and is such that the third moment E£3 vanishes.

Remark 10. Our method also enables us to prove the universality of the variance
and higher moments. Thus, the whole distribution of S, (s, \) is universal, not only its
expectation. See Remark 31.

THEOREM 11. (Universality of correlation) The k-point correlation (11) (in the weak
sense) holds for Wigner Hermitian matrices whose atom distribution £ has support on

at least three points and is such that the third moment EE3 vanishes.

These theorems (and several others, see §1.6) are consequences of our more general
main theorem below (Theorem 15). Roughly speaking, Theorem 15 states that the local
statistics of the eigenvalues of a random matrix is determined by the first four moments
of the atom distributions.

Theorem 15 applies in a very general setting. We will consider random Hermitian

matrix M, with entries §;; obeying the following condition.

Definition 12. (Condition C0) A random Hermitian matrix A, =((;;)1<s,j<n i said
to obey condition CO if

e the variables (;; are independent (but not necessarily identically distributed) for
1<i<j<n, and have mean zero and variance 1;

e (uniform exponential decay) there exist constants C, C'>0 such that
P(|Gij| > t9) <exp(—1) (14)

for all t>C" and 1<4, j<n.

Clearly, all Wigner Hermitian matrices obey condition CO. However, the class of
matrices obeying condition CO is much richer. For instance the Gaussian orthogonal
ensemble (GOE), in which ¢;; =N (0, 1) independently for all i<j and {;; =N (0, 2), is also
essentially of this form,(3) and so are all Wigner real symmetric matrices (the definition

of which is given at the end of this section).

(3) Note that for GOE a diagonal entry has variance 2 rather than 1. We thank Sean O’Rourke
for pointing out this issue. On the other hand, Theorem 15 still holds if we change the variances of the
diagonal entries, see Remark 16.
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Definition 13. (Moment matching) We say that two complex random variables ¢
and ¢’ match to order k if

ERe(¢)™Im(¢)' = ERe(¢)"Im((’)’

for all m, >0 such that m+I<k.

Example 14. Given two random matrices A,=((ij)1<i,j<n and A;L:(Cl{j)lgi,jgn
obeying condition CO, (;; and C{j automatically match to order 1. If they are both
Wigner Hermitian matrices, then they automatically match to order 2. If furthermore
they are also symmetric (i.e. A, has the same distribution as —A,,, and similarly for A/,

and —A;7 ), then (;; and (;; automatically match to order 3.
The following is our main result.

THEOREM 15. (Four moment theorem) There is a small positive constant co such
that for every 0<e<1 and k=1 the following holds. Let

My, = (Gij)igijsn  and M= (Cl)1<ij<n

be two random matrices satisfying CO. Assume furthermore that (;; and (;, 1<i<j<n,
match to order 4, and that (; and (;, 1<i<n, match to order 2. Set A,:=M,/n and

Al =M \/n, and let G:R¥—R be a smooth function obeying the derivative bounds
|VIG(x)] < n (15)

for all 0<5<5 and x€RF. Then, for any en<iy<...<ip<(1—¢)n and for n sufficiently
large depending on e and k (and the constants C and C’ in Definition 12), we have

‘EG()\ll (An)v ey )‘lk (An))_EG()‘ll (A;z)v ey )‘Zk (A;L))| <no . (16)

If (i and C{j only match to order 3 rather than 4, then there is a positive constant C
independent of ¢y such that the conclusion (16) still holds provided that one strengthens
(15) to

|VIG(x)| <n~CIco

for all 0<j<5 and z€R*.

The proof of this theorem begins in §3.3. As mentioned earlier, Theorem 15 asserts
(roughly speaking) that the fine spacing statistics of a random Hermitian matrix in the
bulk of the spectrum are only sensitive to the first four moments of the entries. It may
be possible to reduce the number of matching moments in this theorem, but this seems
to require a refinement of the method; see §3.2 for further discussion.
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Remark 16. Theorem 15 still holds if we assume that the diagonal entries ¢;; and (};
have the same mean and variance, for all 1<{i<n, but these means and variances can be
different at different i. The proof is essentially the same. In our analysis, we consider the
random vector formed by non-diagonal entries of a row, and it is important that these
entries have mean zero and the same variance, but the mean and variance of the diagonal

entries never play a role. Details will appear elsewhere.

Remark 17. In a subsequent paper [46], we show that the condition
en<iy <...<ip<(1—e)n

can be omitted. In other words, Theorem 15 also holds for eigenvalues at the edge of the

spectrum.
Applying Theorem 15 to the special case when M), is GUE, we obtain the following.

COROLLARY 18. Let M, be a Wigner Hermitian matriz whose atom distribution &
satisfies E€3=0 and E§4:%, and let M, be a random matriz sampled from GUE. Then,
with G, A, and A, as in the previous theorem, and n sufficiently large, one has

[BG(Aiy (An), ooy iy, (An)) =BG (A, (A7), o Aiy (A7) <™. (17)

In the proof of Theorem 15, the following lower tail estimate on the consecutive
spacings plays an important role. This theorem is of independent interest, and will also

help in applications of Theorem 15.

THEOREM 19. (Lower tail estimates) Let 0<e<1 be a constant, and let M, be a
random matriz obeying condition CO. Set A, :=M,+/n. Then, for every cy>0, and for
n sufficiently large depending on €, ¢y and the constants C' and C' in Definition 12, and
for each en<i<(1—e)n, one has Ai11(An)—Ai(An)=n" with high probability. In fact,
one has

P(Aip1(An)—Ai(An) <n ) <n™
for some ¢1>0 depending on ¢y (and independent of ¢).

The proof of this theorem begins in §3.5.

1.6. Applications

By using Theorems 15 and 19 in combination with existing results in the literature for
GUE (or other special random matrix ensembles), one can establish universal asymptotic
statistics for a wide range of random matrices. For instance, consider the ith eigenvalue
Ai(M,,) of a Wigner Hermitian matrix. In the GUE case, Gustavsson [26], based on [11]
and [42], proved that A; has Gaussian fluctuation:
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THEOREM 20. (Gaussian fluctuation for GUE [26]) Let i=i(n) be such that i/n—c,
as n—o0, for some 0<c<1. Let M, be drawn from the GUE. Set A, :=M,+/n. Then

4—t(i/n)? N(An)—t(i/n)n

2 v/ logn

in the sense of distributions, where t(-) is defined in (3). More informally, we have

—N(0,1)

i 2logn
i (M, %t(—) N0, ——F—F—r ).
= ()N (0. )
As an application of our main results, we have the following.

COROLLARY 21. (Universality of Gaussian fluctuation) The conclusion of Theo-
rem 20 also holds for any other Wigner Hermitian matriz M, whose atom distribution
¢ satisfies E€3=0 and E§4:%,

Proof. Let M,, be a Wigner Hermitian matrix, and let M/, be drawn from GUE. Let
1, ¢ and t be as in Theorem 20, and let ¢y be as in Theorem 19. In view of Theorem 20,

it suffices to show that
P\(A) el )—n <P\ (A,) e) <SP\ (A) €l )+n~ (18)

for all intervals I'=[a,b], and n sufficiently large depending on i and the constants C

and C’ in Definition 1, where
I, := [a—nfc"/lo, b—i—n*‘:"/lo] and I_:= [a—l—n*q’/lo, b—niCO/lO].

We will just prove the second inequality in (18), as the first is very similar. We
define a smooth bump function G:R—R* equal to 1 on I~ and vanishing outside I,.
Then we have

P(A\i(4n) € I) SEG(Ai(A4n))

and
EG(\(A)<P(N(AL) ).

On the other hand, one can choose G to obey (15). Thus, by Corollary 18, we have
[BG(Ai(4n)) —EG(X(A})) <n™,

and the second inequality in (18) follows by the triangle inequality. The first inequality
is similarly proven using a smooth function which is 1 on /_ and vanishes outside I. [
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Remark 22. The same argument lets one establish the universality of the asymp-
(M,,) in the bulk of the
spectrum of a Wigner Hermitian matrix for any fixed k (the GUE case is treated in [26]).

totic joint distribution law for any k eigenvalues \;, (M), ..., Ai,

In particular, we have the generalization

€l forall 1<j < k) (19)

n

P(\;, (AL) e l; _ for all 1<j<k)+O0p(n")
(N, (A
(A, (A

J

<P\ )
<P\ yel,, forall 1<j<k)+O0,(n")

!/
n

for all iy, ...,4; between en and (1—e)n for some fixed >0, and all intervals Iy, ..., I,
assuming n is sufficiently large depending on € and k, and I; - CI;CI; , are defined as

in the proof of Corollary 21. The details are left as an exercise to the interested reader.

Another quantity of interest is the least singular value

on(My):= inf [N\ (M,)]

1<ign

of a Wigner Hermitian matrix. In the GUE case, we have the following asymptotic

distribution.

THEOREM 23. (Distribution of least singular value of GUE [1, Theorem 3.1.2], [27])
For any fixred t>0, and M, drawn from GUE, one has

P(an(Mn) < 2%) —>exp(/0t %x) dm)

as n—o00, where f:R—R is the solution of the differential equation

()2 A = )X = F+(f)?)=0
with the asymptotics

f(t)——f—ﬁ—ﬁJrO(t‘*) ast—0
o w2 g8 '

Using our theorems, we can extend this result to more general ensembles:

COROLLARY 24. (Universality of the distribution of the least singular value) The
conclusions of Theorem 23 also hold for any other Wigner Hermitian matriz M, whose
atom distribution & satisfies EE>=0 and E§4:%.
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Proof. Let M,, be a Wigner Hermitian matrix, and let M,, be drawn from GUE.
Let Ny be the number of eigenvalues of W) in an interval I. It is well known (see [1,
Chapter 4]) that

Ny = / 0ee() dz+O(log ) (20)

asymptotically almost surely (cf. (2) and Theorem 20). Applying this fact to the two
intervals I=[—o0, £t/2y/n ], we conclude that

P astosmr ) € (~5 7257z ) ) ol

for either choice of sign +. Using (18) (or (19)) (and modifying ¢ slightly), we conclude
that the same statement is true for M,,. In particular, we have
n/2+(logn)?
P(on(M, )>L = Y PN )<—L and A1 (M, )>L +o(1)
n n 2\/ﬁ , 1 n 2\/5 1+ n 2\/’5 ’

i=n/2—(logn)

and similarly for M/,. Using (19), we see that

t t
Pl ) (M . (M __
()\Z( n) < NG and A;(M,,) > 2\/ﬁ>
4 4
<P </\,-(M;L) < —ﬁm—%/w and A1 (M) > m—n—co/w) +0(n~%)
and
P A (M,) < _ and A;(M,,) > __t
7 n 2\/5 3 n 2\/ﬁ
4 4
> ) / _ _,,—co/10 ) / —co/10 ) —co
/P<)\Z(Mn)< W n and )\Z+1(Mn)>72\/ﬁ+n ) O(n™)

for some ¢>0. Putting this together, we conclude that

P (O'n(Mé) > % —n—co/w) +o(1) <P (Un(Mn) > 2\%)

t

2vn

and the claim follows. O

<P (an(MZL) > +nco/1°> +o(1),

Remark 25. A similar universality result for the least singular value of non-Hermitian
matrices was recently established by the authors in [45]. Our arguments in [45] also used
the Lindeberg strategy, but were rather different in many other respects (in particular,
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they proceeded by analyzing random submatrices of the inverse matrix M, !). One conse-
quence of Corollary 24 is that M,, is asymptotically almost surely invertible. For discrete
random matrices, this is already a non-trivial fact, first proven in [9]. If Theorem 23
can be extended to the Johansson matrices considered in [28], then the arguments below
would allow one to remove the fourth moment hypothesis in Corollary 24 (assuming that

¢ is supported on at least three points).

Remark 26. The above corollary still holds under the weaker assumption that the
first three moments of £ match those of the Gaussian variable; in other words, we can

omit the last assumption that E&*= %. Details will appear elsewhere.

Remark 27. By combining this result with (4), one also obtains a universal distribu-
tion for the condition number o1(M,,)/0, (M) of Wigner Hermitian matrices (note that
the non-independent nature of o1(M,) and o,(M,) is not relevant, because (4) gives
enough concentration of o1 (M,,) that it can effectively be replaced with 2y/n). We omit
the details.

Now we are going to prove the first part of Theorem 9. Note that in contrast to
previous applications, we are making no assumptions on the third and fourth moments
of the atom distribution £. The extra observation here is that we do not always need to
compare M, with GUE. It is sufficient to compare it with any model where the desired
statistics have been computed. In this case, we are going to compare M,, with a Johansson
matrix. The definition of Johansson matrices provides more degrees of freedom via the
parameters t and M}, and we can use this to remove the condition of the third and fourth

moments.

LEMMA 28. (Truncated moment matching problem) Let & be a real random variable
with mean zero, variance 1, third moment E€3=as and fourth moment E&*=a4<oo.
Then as—a3—120, with equality if and only if & is supported on ezactly two points.
Conversely, if ay—a3—120, then there ezists a real random variable with the specified

moments.

Proof. For any real numbers a and b, we have
0 <E(E2+aé+b)? = ay+2aaz+a42b+b°.

Setting b:=—1 and a:=—a3, we obtain the inequality oy —a3 —1>0. Equality only occurs
when E(£2—a3£—1)2=0, which by the quadratic formula implies that ¢ is supported on
at most two points.

Now we show that every pair (a3, ay) with ay —a%—1>0 arises as the moments of a

random variable with mean zero and variance 1. The set of all such moments is clearly
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convex, so it suffices to check the case when as—a3—1=0. But if one considers the
random variable ¢ which equals tan @ with probability cos? # and — cot § with probability
sin® @ for some *%TF<9<%TI’, one easily computes that ¢ has mean zero, variance 1,
third moment —2 cot 20 and fourth moment 4 csc260—3, and the claim follows from the

trigonometric identity csc? 260=cot? 26+1. O

Remark 29. The more general truncated moment problem (i.e. the truncated version
of the classical Hamburger moment sequence problem, see [12] and [30]) was solved by
Curto and Fialkow [12].

COROLLARY 30. (Matching lemma) Let & be a real random variable with mean zero
and variance 1, which is supported on at least three points. Then & matches to order 4
with (1—t)1/2¢' +41/2¢¢ for some 0<t<1 and some independent & and &g of mean zero

and variance 1, where =N (0,1) is Gaussian.

Proof. The formal characteristic function
Eexp(sf) =Y ﬁEfj
§=0

has the expansion

1+ 3%+ tags®+ Fass'+0(s°).
By Lemma 28, we have that ay—a%—1>0. Observe that ¢ will match to order 4 with
(1—t)1/2¢' +1/2¢ if and only if one has the identity

12,1, .3, 1 4
1+58"+g5a3s "+ 55048

= (1+3(1-0)s2+2(1-1)*2ahs® + L (1-1)2a)s?) (1+ 3 ts? + Lts') +0(s),
where o and o) are the moments of ¢’. Formally dividing out by 1+%t52+ét54, one
can thus solve for af and ¢ in terms of ag and a4. Observe that, as t—0, aj and o)

must converge to as and ay, respectively. Thus, for ¢ sufficiently small, we will have

aly—(a)?—=1>0. The claim now follows from Lemma 28. O

Proof of the first part of Theorem 9. Let M, be as in this theorem and consider (5).
By Corollary 30, we can find a Johansson matrix M/, which matches M,, to order 4. By
Theorem 8, (5) already holds for M),. Thus it will suffice to show that

ES, (5; M(An)) = ES, (s; A(A))+o(1).
By (7) and linearity of expectation, it suffices to show that

P(Air1(An) = Ai(An) <5) =P\ 1(A7) —Ni(A47,) < s)+o(1)
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uniformly for all en<i<(1—¢)n, for each fixed e>0. But this follows by a modification of
the argument used to prove (18) (or (19)), using a function G(z, y) of two variables which
is a smooth approximant to the indicator function of the half-space {(x,y):y—x<s} (and
using Theorem 19 to errors caused by shifting s); we omit the details. The second part
of the theorem will be treated together with Theorem 11. O

Remark 31. By considering
P(Xit1(An) = Ai(An) < s and Aj41(An) —A;(4An) <),
we can prove the universality of the variance of S, (s, ). The same applies for higher

moments.

The proof of Theorem 11 is a little more complicated. We first need a strengthening
of (2) which may be of independent interest.

THEOREM 32. (Convergence to the semi-circular law) Let M,, be a Wigner Hermit-
ian matrix whose atom distribution & has vanishing third moment. Then, for any fized

¢>0 and >0, and any en<j<(1—¢)n, one has
A (W) :t(%)w(n*l“)

asymptotically almost surely, where t(-) was defined in (3).

Proof. It suffices to show that

N (W) € {t(l> —n_1+c,t<i) +n—1+c:|

n n

asymptotically almost surely. Let M/ be drawn from GUE, and thus the off-diagonal

entries of M,, and M, match to order 3. From (20) we have

v ()2 () + 0]

asymptotically almost surely. The claim now follows from the last part of Theorem 15,

letting G=G(\;) be a smooth cutoff function equal to 1 on

(G- oG]

and vanishing outside
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Proof of Theorem 11. Fix k and u, and let M,, be as in Theorem 11. By Corol-
lary 30, we can find a Johansson matrix M, whose entries match M,, to order 4. By

Theorem 8 (and a slight rescaling), it suffices to show that the quantity

/ F(try oo tr) 0¥ (nuAtty, ..., nuty) dty ... diy, (21)
Rk

only changes by o(1) when the matrix M, is replaced by M., for any fixed test function f.
By an approximation argument, we can take f to be smooth.

We can rewrite the expression (21) as

> B (An)—nu, Ny (Ag) —nu). (22)

Applying Theorem 15, we already have
Ef(\i, (An)—nu, ..., i, (An) —nu) =Ef(N\;, (A]) —nu, ..., A, (Al) —nu)+0(n~)

for each individual iy, ...,4; and some absolute constant cg>0. At the same time, by
Theorem 32, we see that asymptotically almost surely, the only i1, ..., ix which contribute
o (22) lie within O(n¢) of t~*(u)n, where ¢>0 can be made arbitrarily small. The claim

then follows from the triangle inequality (choosing ¢ small enough compared to ¢g). O

Proof of the second part of Theorem 9. This proof is similar to the one above. We
already know that P(A;+1—\;<s) is basically the same in the two models (M,, and M)).
Theorem 32 now shows that after fixing a small neighborhood of u, the interval of indices

1 that involve fluctuates by at most n°, where ¢ can be made arbitrarily small. O

Remark 33. In fact, in the above applications, we only need Theorem 32 to hold for
Johansson matrices. Thus, in order to remove the third moment assumption, it suffices
to have this theorem for Johansson matrices (without the third moment assumption).
We believe that this is within the power of the determinant process method, but do not

pursue this direction here.

As another application, we can prove the following asymptotic for the determinant
(and more generally, the characteristic polynomial) of a Wigner Hermitian matrix. The

detailed proof is deferred to Appendix A.

THEOREM 34. (Asymptotic for determinant) Let M,, be a Wigner Hermitian matriz
whose atom distribution € has vanishing third moment and is supported on at least three

points. Then there is a constant ¢>0 such that

P (|log |det M,,|—log v/n!| > n'~¢) = o(1).



RANDOM MATRICES: UNIVERSALITY OF LOCAL EIGENVALUE STATISTICS 145

More generally, for any fixed complex number z, one has

°(

where the decay rate of o(1) is allowed to depend on z.

nlogn
2

2
tog ldet (M~ i) =22~ [ gyl dy\ >0t ) o),
-2

Remark 35. A similar result was established for iid random matrices in [44] (see
also [10] for a refinement), based on controlling the distance from a random vector to a
subspace. That method relied heavily on the joint independence of all entries and does
not seem to extend easily to the Hermitian case. We also remark that a universality result

for correlations of the characteristic polynomial has recently been established in [24].

Let us now go beyond the model of Wigner Hermitian matrices. As already men-
tioned, our main theorem also applies for real symmetric matrices. In the next para-

graphs, we formulate a few results that one can obtain in this direction.

Definition 36. (Wigner symmetric matrices) Let n be a large number. A Wigner
symmetric matriz (of size n) is a random symmetric matrix M, =(&;;)1<i,j<n Where for
1<i<j<n, &; are iid copies of a real random variable £ with mean zero, variance 1, and
exponential decay (as in Definition 1), while for 1<i<n, &; are iid copies of a real random
variable £ with mean zero, variance 2 and exponential decay. We set W,,:=M,, /\/n and
Ay =M,+/n as before.

Ezample 37. The Gaussian orthogonal ensemble (GOE) is the Wigner symmetric
matrix in which the off-diagonal atom distribution £ is the Gaussian N(0, 1), and the
diagonal atom distribution ¢’ is N(0, 2).

As remarked earlier, while the Wigner symmetric matrices do not, strictly speaking,
obey Condition CO, due to the diagonal variance being 2 instead of 1, it is not hard to
verify that all the results in this paper continue to hold after changing the diagonal vari-
ance to 2. As a consequence, we can easily deduce the following analogue of Theorems 9
and 11.

THEOREM 38. (Universality for random symmetric matrices) The limiting gap dis-
tribution and k-correlation function of Wigner symmetric real matrices with atom vari-
able o satisfying Ec®=0 and Ec*=3 are the same as those for GOE. (The explicit
formulae for the limiting gap distribution and k-correlation function for GOE can be

found in [1] and [34]. The limit of the k-correlation function is again in the weak sense.)

The proof of Theorem 38 is similar to that of Theorems 9 and 11 and is omitted.
The reason that we need to match the moments to order 4 here (compared to lower
orders in Theorems 9 and 11) is that there is currently no analogue of Theorem 8 for the
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GOE. Once such a result becomes available, the order automatically reduces to those in
Theorems 9 and 11, respectively.

Finally let us mention that our results can be refined and extended in several direc-
tions. For instance, we can handle Hermitian matrices whose upper triangular entries
are still independent, but having a non-trivial covariance matrix (the real and imaginary
parts need not be independent). The diagonal entries can have mean different from zero
(which, in the case when the off-diagonal entries are Gaussian, corresponds to Gaussian
matrices with external field and has been studied in [7]) and we can obtain universal-
ity results in this case as well. We can also refine our argument to prove universality
near the edge of the spectrum. These extensions and many others will be discussed in a
subsequent paper.

1.7. Notation

We consider n as an asymptotic parameter tending to infinity. We use X <Y, Y>> X,
Y=0Q(X) or X=0(Y) to denote the bound X <CY for all sufficiently large n and for
some constant C. Notation like X <Y, or X =04 (Y), means that the hidden constant
C' depend on another constant k. X=0(Y"), or Y =w(X), means that X/Y —0 as n—oc;
the rate of decay here will be allowed to depend on other parameters. The eigenvalues
are always ordered increasingly.

We view vectors x€C" as column vectors. The Euclidean norm of a vector x€C" is

defined as ||z||:=(2z*z)'/2. The Frobenius norm ||A||r of a matrix is defined as
| A||r = trace(AA*)'/2
Note that this bounds the operator norm
[Allop := sup{|| Az| : ||| = 1}

of the same matrix. We will also use the following simple inequalities without further

comment:

IAB|[r <[[Allp[Bllop and  |[Bllop < [ Bllr,

and hence

IAB|[r <[ Al BllF-
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2. Preliminaries: Tools from linear algebra and probability
2.1. Tools from linear algebra

It is useful to keep in mind the (Courant-Fisher) minimax characterization of the eigen-

values

Ai(A) =minmax u* Au
VooueV

of a Hermitian nxn matrix A, where V ranges over the i-dimensional subspaces of C",
and u ranges over unit vectors in V.

From this, one easily obtain Weyl’s inequality:
Ai(A)—=||Bllop < Ai(A+B) < Ai(A)+|Bllop- (23)
Another consequence of the minimax formula is the Cauchy interlacing inequality:
Ai(An—1) < Ni(An) < Aig1(An—1) (24)

for all 1<i<n, where A, is an nxn Hermitian matrix and A,,_; is the top (n—1) x (n—1)

minor. In a similar spirit, one has
Ai(A) KN (A+B) < Ait1(A)

for all 1<i<n, whenever A and B are nxn Hermitian matrices with B being positive

semi-definite and of rank 1. If B is instead negative semi-definite, one has
Ai(A) < Ait1(A+B) < Ait1(4).
In either event, we conclude the following.

LEMMA 39. Let A and B be Hermitian matrices of the same size, with B of rank 1.
Then, for any interval I,
INi(A+B)—Ni(A)| <1,

where Ni(M) is the number of eigenvalues of M in I.
One also has the following more precise version of the Cauchy interlacing inequality.

LEMMA 40. (Interlacing identity) Let A, be an nxn Hermitian matriz, let A, _1 be
the top (n—1)x (n—1) minor, let an, be the bottom right component, and let X €C"~!
be the rightmost column with the bottom entry an, removed. Suppose that X is not

orthogonal to any of the unit eigenvectors u;(An—_1) of An,_1. Then we have

C i An) X2
j; A (An_1)—=Ni(A) = A= Ai(An) (25)

for every 1<i<n.
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Proof. By diagonalizing A, _; (noting that this does not affect either side of (25)),
we may assume that A,,_;=diag(A(An-1), ..., \n—1(An—1)) and that u;(A,_1)=e; for
j=1,...,n—1. One then easily verifies that the characteristic polynomial det(A,, —AI) of

A, is equal to

n 1

= 3)

when A is distinct from Ai(A,-1),..., \n—1(An—1). Since u;(A,_1)*X is non-zero by
hypothesis, we see that this polynomial does not vanish at any of the A;(A,_1). Substi-
tuting A;(A,) for A, we obtain (25). O

The following lemma will be useful to control the coordinates of eigenvectors.

An:(a X ) and (x)
X An—l v

be, respectively, an nxn Hermitian matriz, for some a€R and XeC" !, and a unit

LEMMA 41. ([21]) Let

eigenvector of A, with eigenvalue \;(Ay,), where x€C and v€C"~ . Suppose that none
of the eigenvalues of A,_1 is equal to \;(A,,). Then

(Bt )

where uj(An—1) is a unit eigenvector corresponding to the eigenvalue A;(A,_1).

Proof. By subtracting A;(A)I from A, we may assume that \;(A)=0. The eigenvec-
tor equation then gives
xX+A,_1v=0,

and thus
v=—zA" X.

Since ||v'||?+]|z|?=1, we conclude that
(14475 X)) =1

As
1472, X1 = Z—'“J )X

n 1)2

the claim follows. O
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The Stieltjes transform s,(z) of a Hermitian matrix W is defined for complex z by

the formula

It has the following alternative representation (see e.g. [2, Chapter 11]).

LEMMA 42. Let W=((;j)1<i,j<n be a Hermitian matriz and let z be a complex

number which is not in the spectrum of W. Then we have

1 1
ﬁ; Cok—z—a;(Wi—2I)"tay’
where Wy, is the (n—1)x(n—1) matriz with the k-th row and column removed, and
ar€C"~ 1 is the k-th column of W with the k-th entry removed.
Proof. By Schur’s complement,

1
Cer—2z—a;(Wi—zI)"tay

is the kth diagonal entry of (W —zI)~!. Taking traces, one obtains the claim. O

2.2. Tools from probability

We will make frequent use of the following lemma, whose proof is presented in Appen-

dix B. This lemma is a generalization of a result in [44].

LEMMA 43. (Distance between a random vector and a subspace) Let

X = (517 7677,) eC”

be a random vector whose entries are independent with mean zero, variance 1, and are
bounded in magnitude by K almost surely for some K >10(E|{[*+1). Let H be a subspace

of dimension d and mg be the orthogonal projection onto H. Then

t2
P(|llmn (X)) -V | >1) < mexp(—w).

In particular, one has
|78 (X)) = Vd+O(K log n)

with overwhelming probability.
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Another useful tool is the following theorem, which is a corollary of a more general

theorem proven in Appendix D.

THEOREM 44. (Tail bounds for complex random walks) Let 1< N<n be integers,
and let A=(ai;)1<i<N,1<j<n be an N xXn complex matriz, whose N rows are orthonormal

in C", obeying the incompressibility condition

sup |a| <o (26)
1<i<N
1<5<n

for some 0>0. Let (1,...,(, be independent complex random variables with mean zero,
variance E|(;|? equal to 1, and obeying E|(;|><C for some C=1. For each 1<i<N, let

S; be the complex random variable
Sii=Y_aii(;,
j=1

and let S be the CN -valued random variable with coefficients Sy, ..., Sn .

e (Upper tail bound on S;) For t>1, we have
P(|S;| > t) < exp(—ct®)+Ca

for some absolute constant ¢>0.
e (Lower tail bound on S) For any t<v/N, one has

B LN/4] s
P(S|<t) <Ol —= +CN*t 70.
<o) e

3. Overview of the argument

We now give a high-level proof of our main results, Theorems 15 and 19, contingent on

several technical propositions that we prove in later sections.

3.1. Preliminary truncation

In the hypotheses of Theorems 15 and 19, it is assumed that one has the uniform expo-
nential decay property (14) on the coefficients (;; in the random matrix M,,. From this

and the union bound, we thus see that

sup |Gij| < (logn)“*!
1<i,5<n
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with overwhelming probability. Since events of probability less than, say, O(n=1%0) are
negligible for the conclusion of either Theorem 15 or 19, we may thus apply a standard

truncation argument (see e.g. [2]) and redefine the atom variables (;; on the events where

their magnitude exceeds (logn)©*!, so that one in fact has
sup |Gij < (log ) “*! (27)
1<i,j<n

almost surely. (This modification may affect the first, second, third and fourth moments
of the real and imaginary parts of the (;; by a very small factor (e.g. O(n™1?)), but
one can easily compensate for this by further adjustment of the (;;, using the Weyl
inequalities (23) if necessary; we omit the details.) Thus we will henceforth assume that
(27) holds when proving both Theorems 15 and 19.

Remark 45. If one only assumed some finite number of moment conditions on (;;,
rather than the exponential condition (14), then one could only truncate the |(;;| to be
of size n/“0 for some constant Cy rather than polylogarithmic in n. While several of
our arguments extend to this setting, there is a key induction on n argument in §3.5
that seems to require |(;;| to be of size n°}) or better, which is the main reason why our
results are restricted to random variables of exponential decay. However, this appears to
be a largely technical restriction, and it seems very plausible that the results of this paper
can be extended to atom distributions that are only assumed to have a finite number of

moments bounded.

For technical reasons, it is also convenient to make the qualitative assumption that
the ¢;; have an (absolutely) continuous distribution in the complex plane, rather than
a discrete one. This is so that pathological events such as eigenvalue collision will only
occur with probability zero and can thus be ignored (though one of course still must deal
with the event that two eigenvalues have an extremely small but non-zero separation).
None of our bounds will depend on any quantitative measure of how continuous the (;;
are, so one can recover the discrete case from the continuous one by a standard limiting
argument (approximating a discrete distribution by a smooth one while holding n fixed,

and using the Weyl inequalities (23) to justify the limiting process); we omit the details.

3.2. Proof strategy for Theorem 15

For sake of exposition let us restrict attention to the case k=1. Thus we wish to show that
the expectation EG()\;(4,,)) of the random variable G(\;(A)) only changes by O(n=¢)
if one replaces A,, with another random matrix A/, with moments matching up to fourth
order off the diagonal (and up to second order on the diagonal). To further simplify the
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exposition, let us suppose that the coefficients (,, of A,, (or A]) are real-valued rather
than complex-valued.

At present, A/, differs from A,, in all n? components. But suppose we make a much
milder change to A,,, namely replacing a single entry (pq\/n of A, with its counterpart

[’,q\/ﬁ for some 1<p<qg<n. If p#q, one also needs to replace the companion entry
Capv/M=Cpg/n with (; \/n=C(,,/n, to maintain the Hermitian property. This creates
another random matrix A,, which differs from A,, in at most two entries. Note that A4,,
continues to obey Condition CO, and has matching moments with either A4,, or A/ up
to fourth order off the diagonal, and up to second order on the diagonal.

Suppose that one could show that EG(\;(A4,)) differed from EG();(4,,)) by at most
n~27% when p#gq, and by at most n”' 7%, when p=g. Then, by applying this swapping
procedure once for each pair 1<p<¢<n and using the triangle inequality, one would
obtain the desired bound |[EG(\;(4,,))—EG(X;(4]))|=0(n"°).

Now let us see why we would expect EG(\;(A4,,)) to differ from EG(\;(A,)) by such
a small amount. For sake of concreteness let us restrict attention to the off-diagonal
case p#q, where we have four matching moments; the diagonal case p=gq is similar but

one only assumes two matching moments, which is ultimately responsible for the n=1=¢

error rather than n=2%,

Let us freeze (or condition on) all the entries of A,, except for the (p,q) and (g,p)
entries. For any complex number z, let A(z) denote the matrix which equals A,, except
at the (p, ¢q) and (g, p) entries, where it equals z and z, respectively. (Actually, with our

hypotheses, we only need to consider real-valued z.) Thus it would suffice to show that

EF(CpqV/n) =EF(Gyv/n)+0(n"27%) (28)

for all (or at least most) choices of the frozen entries of A,,, where F(2):=G(\;(A(z))).
Note from (27) that we only care about values of z of size O(n'/2+o(1)),

Suppose we could show the derivative estimates

dl

g T (R) =0 ot (29)
z

for I=1,...,5. (If z were complex-valued rather than real-valued, we would need to
differentiate with respect to the real and imaginary parts of z separately, as F' is not
holomorphic, but let us ignore this technicality for now.) Then, by Taylor’s theorem

with remainder, we would have

1
F(2)=F(0)+F'(0)z+..+  FW(0)z* +O(n= 0ol ),
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and so in particular (using (27))
1 - C o
F(Gpgv/n) = F(0)+F'(0)Gpqv/n+ .. FU(0)G, (Vi) 4+0(n ™5/ Oe0)rolt))

s : —5/24+0(co)+o(1) — —2—
and similarly for F'(¢,,/n). Since n /2+0(e0)+o(1) O (n=27%) for n large enough and
¢p small enough, we thus obtain the claim (28) due to the hypothesis that the first
four moments of (,, and Cz/zq match. (Note how this argument barely fails if only three
moments are assumed to match, though it is possible that some refinement of this ar-
gument might still succeed by exploiting further cancellations in the fourth-order term

4 4 4

FOO), (i) /4L)

Now we discuss why one would expect an estimate such as (29) to be plausible. For
simplicity, we first focus attention on the easiest case [=1. Thus we now wish to show
that F’(2)=0(n~1T0(0)+o()) By (15) and the chain rule, it suffices to show that

L, — O(n—1+0(co)+o(1)
7 Ai(A(2)) =0(n ).

A crude application of the Weyl bound (23) gives

which is not good enough for what we want (although in the actual proof, we will take
advantage of a variant of this crude bound to round z off to the nearest multiple of n =19,
which is useful for technical reasons relating to the union bound). But we can do better

by recalling the Hadamard first variation formula:

d

TN(AG) = ui(A2)" A ()i A(2)),

where we recall that u;(A(2)) is the ith eigenvector of A(z), normalized to be of unit

magnitude. By construction, A’'(z)=epe;+eqe;, where ei,...,e, are the basis vectors

of C™. So to obtain the claim, one needs to shcfw that the coefficients of u;(A(z)) have
size O(n~1/2+°() This type of delocalization result for eigenvalues has recently been
established (with overwhelming probability) by Erdds, Schlein and Yau in [20], [21], [22]
for Wigner Hermitian matrices, assuming some quantitative control on the continuous
distribution of the (p4. (A similar, but weaker, argument was used in [45] with respect
to non-Hermitian random matrices; see [45, §4 and Appendix F].) With some extra care
and a new tool (Lemma 43), we are able to extend their arguments to cover the current
more general setting (see Proposition 62 and Corollary 63), with a slightly simpler proof.

Also, z ranges over uncountably many possibilities, so one cannot apply the union bound
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to each instance of z separately; instead, one must perform the rounding trick mentioned
earlier.
Now suppose we wish to establish the {=2 version of (29). Again applying the chain

rule, we would now seek to establish the bound

d2

T3 N(A()) =0(n2rOl ), (30)

For this, we apply the Hadamard second variation formula

d2

T M(AR) = —2ui(A(2)) A" (2) (A(2) =M (A D) ™ (aga)) - A (2)us(A(2)),

where 7, (4(z))+ is the orthogonal projection onto the orthogonal complement ui(A(2))*
of u;(A(2)), and (A(2)—N;(A(2))I)~! is the inverse of A(z)—\;(A(z)) on that orthogonal
complement. (This formula is valid as long as the eigenvalues \;(A(z)) are simple, which
is almost surely the case due to the hypothesis of continuous distribution.) One can

expand out the right-hand side in terms of the other (unit-normalized) eigenvectors

u;j(A(2)), j#i, as

L Aoy =2y A AU
dz i(A(2)) = Ai(A(2))
J#i

By using Erdés-Schlein-Yau type estimates, one expects |u;(A(z))*A’(2)u;(A(z))| to be
of size about O(n~1+°()) while from Theorem 19 we expect |\;(z) —\;(z)| to be bounded
below by n~¢ with high probability, and so the claim (30) is plausible (one still needs to
sum over j, of course, but one expects A;(z)—A;(z) to grow roughly linearly in j and so
this should only contribute a logarithmic factor O(logn)=0(n°")) at worst). So we see
for the first time how Theorem 19 is going to be an essential component in the proof of
Theorem 15. Similar considerations also apply to the third, fourth and fifth derivatives
of A\;(A(z)), though as one might imagine the formulae become more complicated.

There is however a technical difficulty that arises, namely that the lower bound
X (A(2) = Ai(A(2))| =m0

holds with high probability, but not with overwhelming probability (see Definition 3
for definitions). Indeed, given that eigenvalue collision is a codimension-2 event for
real symmetric matrices and codimension-3 for Hermitian ones, one expects the failure
probability to be about 72 in the real case and n =3 in the complex case (this heuristic
is also supported by the gap statistics for GOE and GUE). As one needs to take the union

bound over many values of z (about n!% or so), this presents a significant problem.
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However, this difficulty can be avoided by going back to the start of the argument and
replacing the quantity G(X\;(z)) with a “regularized” variant which vanishes whenever
Ai(z) gets too close to another eigenvalue. To do this, it is convenient to introduce the

quantity

QA =2 T SaEE = 1 AG -AED

this quantity is normally of size O(1), but becomes large precisely when the gap be-
tween \;(A(z)) and other eigenvalues becomes small. The strategy is then to replace
G(M\i(A(2))) by a truncated variant G(\;(A(z)), @:(A(2))) which is supported on the re-
gion where Q; is not too large (e.g. of size at most n°), and apply the swapping strategy
to the latter quantity instead. (For this, one needs control on derivatives of Q;(A(z))
as well as on \;(A(z)), but it turns out that such bounds are available; this smoothness
of @); is one reason why we work with @Q; in the first place, rather than more obvious
alternatives such as inf;.; |A;(A(2))—Ai(A(2))|.) Finally, to remove the truncation at
the beginning and end of the iterated swapping process, one appeals to Theorem 19.
Notice that this result is now only used twice, rather than O(n?) or O(n!%) times, and
so the total error probability remains acceptably bounded.

One way to interpret this truncation trick is that while the “bad event” that @Q;
is large has reasonably large probability (of order about n~%), which makes the union
bound ineffective, the @); does not change too violently when swapping one or more of
the entries of the random matrix, and so one is essentially faced with the same bad event
throughout the O(n?) different swaps (or throughout the O(n!%) or so different values

of z). Thus the union bound is actually far from the truth in this case.

3.3. High-level proof of Theorem 15

We now begin the rigorous proof of Theorem 15, breaking it down into simpler proposi-
tions which will be proven in subsequent sections.

The heart of the argument consists of two key propositions. The first proposition
asserts that one can swap a single coefficient (or more precisely, two coefficients) of a

(deterministic) matrix A, as long as A obeys a certain “good configuration condition”.

PROPOSITION 46. (Replacement given a good configuration) There exists a positive
constant Cy such that the following holds. Let k=1 and £1>0, and assume that n is
sufficiently large depending on these parameters. Let 1<i1<...<ip<n. For a complex
parameter z, let A(z) be a (deterministic) family of nxn Hermitian matrices of the
form

A(z) = A(0)+zepe, +Zeqe,,
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where e, and e, are unit vectors. We assume that for every 1<j<k and every z,
with \z|<n1/2+51, whose real and imaginary parts are multiples of n=C1, the following
properties are satisfied:

¢ (Eigenvalue separation) For any 1<i<n with |i—i;|>n°*, we have
[Ai(A(2)) = Ai; (A(2) Z ™ i—iy]. (31)

e (Delocalization at i;) If P;;(A(z)) is the orthogonal projection onto the eigenspace
associated with \;; (A(z)), then

1P, (A(2)epll, [P (A(2))eq|| <n~H2Her, (32)
o For every a=0,
1P, 0 (A(2))epl, 1P, o (A2))eq | < 2°/2n /2 Her, (33)

whenever Pj; o is the orthogonal projection onto the eigenspaces corresponding to eigen-
values \;(A(z)) with 2*<|i—ij|<2%FL.
We say that A(0),ep,eq is a good configuration for i1, ..., if the above properties

hold. Assuming this good configuration, then we have
EF(¢) =EF(¢)+0(n”rH1/2000), (34)
where
F(2) :=G(Ai, (A(2)), -, Aiy. (A(2)), Qi (A(2)), -, Qi (A(2)))
with
G=GM\iys s Mips Qiyy ooy Qi)

being a smooth function from R xR’j—)R that is supported on the region

Qi17"'7 Qlk g nt

and obeys the derivative bounds
|VIG| < nt

for all 0<5<5, and ¢ and ¢’ are random variables with |C|,|¢'|<n'/?*e1 almost surely,
which match to order r for some r=2,3,4.

If G obeys the improved derivative bounds
IVIG| < n~C9e

for 0<j<5 and some sufficiently large absolute constant C, then we can strengthen
n~(r+0/240(e1) g (34) to n~(HD/2=e,
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Remark 47. The need to restrict z to multiples of n=¢", as opposed to all complex
z in the disk of radius n'/2*¢1 is so that we can verify the hypotheses in the next
proposition using the union bound (as long as the events involved hold with overwhelming
probability). For Cy large enough, we will be able to use rounding methods to pass from
the discrete setting of multiples of n=¢* to the continuous setting of arbitrary complex
numbers in the disk without difficulty.

We prove this proposition in §4. To use this result, we of course need to have the

good configuration property holding often. This leads to the second key proposition.

PROPOSITION 48. (Good configurations occur very frequently) Let e,61>0 and
C,Cy,k=21. Let en<ir<...<ix<(l—e)n, let 1<p,q<n, let ey,...,e, be the standard
basis of C™ and let A(0)=((ij)1<i,j<n be a random Hermitian matriz with independent
upper-triangular entries and |<ij|<n1/2(logn)c for all 1<, j<n, with (pq=C(4p=0, but
with (;; having mean zero and variance 1 for all other i and j, and also being dis-
tributed continuously in the complex plane. Then A(0),e,, eq obey the good configuration
condition in Theorem 46 for i1,...,1; and with the indicated values of €1 and Cy with

overwhelming probability.

We will prove this proposition in §5.

Given these two propositions (and Theorem 19) we can now prove Theorem 15. As
discussed at the beginning of the section, we may assume that the (;; are continuously
distributed in the complex plane and obey the bound (27).

Let 0<e<1 and k>1, and assume that ¢ is sufficiently small and C; sufficiently
large. Let M, My, Gij, Cijys An, AL, G, i1, ...,k be as in Theorem 15.

We first need the following lemma.
LEMMA 49. For each 1<j<k, one has Q;,;(A,)<n® with high probability.
Proof. For brevity, we omit the variable A4,. Fix j, and suppose that Q;, >n®.
Then
3 e
i, [Ai =iy |2
and so, by the pigeonhole principle, there exists an integer 0<m<logn such that

1
Z ESYE

am|i—ij|<2mt1

> 27"/ 2pc0,

which implies that

Nijpom =X, | K25/ An70/2 or |\ Lam — N\, | < 23/ Ap 0/,
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It thus suffices to show that
P(|As;42m = Ay, | <29/ An70/2) <o

uniformly in m (and similarly for A;, _om ), since the logn loss caused by the number of
m’s can easily be absorbed into the right-hand side.

Fix m. Suppose that [A;; om —\;; |<23™/4n~%/2; then expressing the left-hand side
as Zi:o_ I(Aij+k+1 —Ai;+&) and using Markov’s inequality, we see that

Aijkt1— Aij 1k K nco/?

for >2" values of k, and thus

2m—1
o /d e 1 e
P(|As;42m = Ay, | <274 70/%) < Eom Y IOt =iy <),
k=0
and hence, by linearity of expectation,
;2
P(|Aijram — Ay, | <2540 0/%) < om D PO k=i k<02,
k=0

The claim now follows from Theorem 19. (There is a slight issue when 2™ ~n, so that
the index i;+k may leave the bulk; but then one works with, say, A;,;am-1—A;; instead
of Aij+2m _Aij ) O

Remark 50. One can also use Theorem 60 below to control all terms in the sum

with [i—i;]>>(logn)C" for some C’, leading to a simpler proof of Lemma 49.

Of course, Lemma 49 also applies with A,, replaced by A/ .
Let G:R* xR¥ - R be the function

k
G s Ny Qs o0 Qi) 1= Gy e M) [ (@),
j=1

where n(x) is a smooth cutoff function vanishing outside the region x <n which equals 1

for z<in®. From (15) and the chain rule, we see that
V7G| < n
for j=0,...,5. Also, from Lemma 49, we have

|EG(/\’L'1 (An)a ) /\ik (An)) _Eé(Ah (An)7 ) /\ik (An)’ Qil (An)7 ) Qlk (ATL))| <n~¢
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for some ¢>0, and similarly with A,, replaced by A/,. Thus (by choosing ¢y small enough)
to prove (16) it will suffice to show that the quantity

EG\i, (An), o Mi (An), Qiy (An), oy Qi (AR)) (35)

only changes by at most %n‘cﬂ when one replaces A,, by A.

As discussed in §3.2, it will suffice to show that the quantity (35) changes by at most
in~27% when one swaps the (,q entry with 1<p<g<n to Cpq (and (g with (7)), and
changes by at most %n’lﬂo when one swaps a diagonal entry (p, with Cz/m' But these
claims follow from Propositions 48 and 46. (The last part of Proposition 46 is used in
the case when one only has three moments matching rather than four.)

The proof of Theorem 15 is now complete (contingent on Theorem 19 and Proposi-
tions 46 and 48).

3.4. Proof strategy for Theorem 19

We now informally discuss the proof of Theorem 19.

The machinery of Erdds, Schlein and Yau [20], [21], [22], which is useful in particular
for controlling the Stieltjes transform of Wigner matrices, will allow us to obtain good
lower bounds on the spectral gap A;(An)—Ai—1(A,) in the bulk, as soon as k> (logn)<’
for a sufficiently large C’; see Theorem 60 for a precise statement. The difficulty here
is that k is exactly 1. To overcome this difficulty, we will try to amplify the value of k
by looking at the top left (n—1)x(n—1) minor A,,_; of A,,, and observing the following

“backwards gap propagation” phenomenon:

If Mi(An)—XNi—i(Ay) is very small, then N\j(Ap—1)—Ni—k—1(An—1) will also be small
with reasonably high probability.

If one accepts this phenomenon, then, by iterating it about (logn)®" times, one can
enlarge the spacing k to be of the size large enough so that an Erdés—Schlein—Yau type
bound can be invoked to obtain a contradiction. (There will be a technical difficulty
caused by the fact that the failure probability of this phenomenon, when suitably quan-
tified, can be as large as 1/(logn)®™), and thus apparently precluding the ability to get
a polynomially strong bound on the failure rate, but we will address this issue later.)

Note that the converse of this statement follows from the Cauchy interlacing prop-
erty (24). To explain why this phenomenon is plausible, observe from (24) that if
Xi(Ap)—Xi—k(Ay) is small, then A\;(A4,)—Ai—g—1(A,_1) is also small. On the other

hand, from Lemma 40 one has the identity
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where X is the rightmost column of A,, (with the bottom entry (,,+/n removed).

One expects |uj(A,—1)*X|? to have size about n on average (cf. Lemma 43). In
particular, if A;(A,)—Xi—g(An—1) is small (e.g. of size O(n~°)), then the j=i—1 term
is expected to give a large negative contribution (of size >n!*¢) to the left-hand side
of the identity (36). At the same time, the right-hand side is much smaller, of size
O(n) or so on average; so we expect to have the large negative contribution mentioned
earlier to be counterbalanced by a large positive contribution from some other index.
The index which is most likely to supply such a large positive contribution is j=1%, and
so one expects A;(A,—1)—Ai(A,) to be small (also of size O(n™¢), in fact). A similar
argument also leads one to expect A\j_r(An)—Ai—k—1(A,) to be small, and the claimed
phenomenon then follows from the triangle inequality.

In order to make the above strategy rigorous, there are a number of technical diffi-
culties. The first is that the counterbalancing term mentioned above need not come from
j=i, but could instead come from another value of j, or perhaps a “block” of several
J put together, and so one may have to replace the gap \;(An—1)—Ni—k—1(An—1) by a
more general type of gap. A second problem is that the gap A;(An—1)—Ai—g—1(An—_1)
is going to be somewhat larger than the gap A;(A,)—Xi—r(A,), and one is going to be
iterating this gap growth about (logn)?™) times. In order to be able to contradict The-
orem 60 at the end of the argument, the net gap growth should only be at most O(n®)
for some small ¢>0. So one needs a reasonable control on the ratio between the gap for
A, _1 and the gap for A,; in particular, if one can keep the former gap to be at most
(1+1/k:)0((1°g”)0'9) times the latter gap, then the net growth in the gap telescopes to
((log n)OM)O((egm)™®) "which is indeed less than O(n°) and thus acceptable. To address
these issues, we fix a base value ng of n, and for any 1<i—I<i<n<ng, we define the
regularized gap

)‘i+ (An) */\i_ (An)

inf —
1<i- <i—I<i<iy<n minf{iy —i_, (log ng)©1 }(egno

Gilmn = Y091 (37)

where C1>1 is a large constant (depending on C) to be chosen later. (We need to
cap i, —i_ off at (logng)®* to prevent the large values of i, —i_ from overwhelming the
infimum, which is not what we want.)

We will shortly establish a rigorous result that asserts, roughly speaking, that if the
gap Giin+1 is small, then the gap g; 41, is also likely to be small, and thus giving a
precise version of the phenomenon mentioned earlier.

There is one final obstacle, which has to do with the failure probability when g; i »+1
is small but g; ;41 is large. If this event could be avoided with overwhelming proba-
bility (or even a high probability), then one would be done by the union bound (note
that we only need to take the union over O((logn)°(")) different events). While many
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of the events that could lead to failure can indeed be avoided with high probability,
there is one type of event which does cause a serious problem, namely that the inner
products u;(A,—1)*X for i_<j<i. could be unexpectedly small. Talagrand’s inequal-
ity (Lemma 43) can be used to control this event effectively when i, —i_ is large, but
when i, —i_ is small the probability of failure can be as high as 1/(logn)¢ for some ¢>0.
However, one can observe that such high failure rates only occur when g; ;41,, is only
slightly larger than g¢;;,+1. Indeed, one can show that the probability that g;;n41 is
much higher than g; ;11 , say of size 2 g, ; ,+1 or more, is only

ooy )
(logn)*

(for reasonable values of m), and in fact (due to Talagrand’s inequality) the constant ¢ can
be increased to be much larger when [ is large. This is still not quite enough for a union
bound to give a total failure probability of O(n~¢), but one can exploit the martingale-
type structure of the problem (or more precisely, the fact that the column X remains
random, with independent entries, even after conditioning out all of the block A4,,_1) to
multiply the various bad failure probabilities together to end up with the final bound
of O(n=°).

3.5. High-level proof of Theorem 19

We now prove Theorem 19. Fix ¢ and ¢g. We write ig and ng for ¢« and n, respectively.
Thus

eng <ip < (1—€)ng

and the task is to show that |\, (An,)—Aig (Ang—1)|=ng © with high probability. We
may of course assume that ng is large compared to all other parameters. We may also
assume the bound (27), and that the distribution of the A,, is continuous, so that events
such as repeated eigenvalues occur with probability zero and can thus be neglected.

Let C be alarge constant to be chosen later. For any [ and n with 1<i—Il<i<n<ng,

we define the normalized gap g; 1 by (37). It will suffice to show that
Gig. 1o SN (38)

with high probability. As before, let ui(A4,),...,un(A4,) be an orthonormal eigenbasis
of A,, associated with the eigenvalues A1(A4,), ..., \n(A,). We also let X,,€C™ be the
rightmost column of A4,,1; with the bottom coordinate (,+1,n+1+/n removed.

The first main tool for this is the following (deterministic) lemma, proven in §6.
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LeEmMA 51. (Backwards propagation of gap) Let %no <n<ng and lgﬁsn be such

that
Giglin+1 <0 (39)

for some 0<d<1 (which can depend on n), and such that
Giod+1,n = 2" Gig 1n+1 (40)
for some m>=0 with
2L 52, (41)

Then, one of the following statements hold:
(i) (Macroscopic spectral concentration) There exist iy and i_, 1<i_<iy<n+1,
with i, —i_>(logn)“1/2, such that

iy (Ant1) = Ai (A1) <6 exp((log n)*) (i —i-).

. . . . 1 . . . . 1

+ -y 9 N- X X 5 bl

(ii) (Small inner products) There are iy and i_, 3en<i_<io—I<ig<i,<(1—3e)n
with i, —i_<(logn)“1/2, such that

Y ) Xl < g (42)

m/2 0.01"
- 2m/2(logn)

(iii) (Large coefficient) We have

‘Cn—&-l,n-l-l | P n0'4'

(iv) (Large eigenvalue) For some 1<i<n-+1, one has

nexp(—(logn)%-9
Mi(Ar)| > O Cogn) )

(v) (Large inner product in bulk) There exists %Engig (1—1—105)71 such that

N nexp(—(logn)2-96
|U1(An) X'n‘2> ( 6(1/2 ) )
(vi) (Large row) We have
n? exp(—(log n)%-%9)

1X0ll? >

51/2

(vii) (Large inner product near iy) There exists Tlosngig(l—l—loa)n, satisfying
li—io|<(logn)©", such that

s (An)* X2 > 2/ 21 l0g )05
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Remark 52. In the applications, é will be a small negative power of n. The main bad
event here is (i) (and to a lesser extent (vii)); the other events will have a polynomially
small probability of occurrence in practice (as a function of n) and so can be easily
discarded. The events (ii) and (vii) are more difficult to discard, since their probability
is not polynomially small in n, if m is small. On the other hand, these probabilities
decay exponentially in m, and furthermore are independent in a martingale sense, and
this will be enough for us to obtain a proper control. The exact numerical values of the
exponents such as 0.9, 0.95, 0.8, etc. are not particularly important, though of course
they need to lie between 0 and 1.

The second key proposition bounds the probability that each of the bad events

(i)—(vii) occur, proven in §7.

PROPOSITION 53. (Bad events are rare) Suppose that %n0§n<n0 and lg%{—:n, and
set §:=ny > for some sufficiently small fized 3¢>0. Then, the following facts hold:

(a) The events (i), (iii), (iv), (v) and (vi) in Lemma 51 all fail with high probability.

(b) There is a constant C" such that all the coefficients of the eigenvectors u;(A,)
for %sngjg (1—%5)11 are of magnitude at most n~'/?(log n)cl with overwhelming prob-
ability. Conditioning A,, to be a matriz with this property, the events (ii) and (vii) occur
with a conditional probability of at most 27> +n~%*.

(¢) Furthermore, there is a constant Cy (depending on C', »x and C1) such that if
1>C5 and A, is conditioned as in (b), then (ii) and (vii) in fact occur with a conditional
probability of at most 27*™(logn) ™21 +n=%.

Let us assume these two propositions for now and conclude the proof of Theorem 19.

We may assume that cy is small. Set %::1—10(:0. For each ng— (logng)2“t <n<ny,
let E, be the event that one of the eigenvectors u;(A,) for sen<j<(1—3e)n has a
coefficient of magnitude more than n=1/2(logn)®", and let Ey be the event that at least
one of the exceptional events (i), (iii)—(vi), or E, hold for some n— (logng)*“* <n<ny.
Then, by Proposition 53 and the union bound, we have

P(Eq) <ny /. (43)
It thus suffices to show that the event
Gio 1o S n~19% and E§
is avoided with high probability.

To bound this, the first step is to increase the parameter [ from 1 to Cs, in order to

use Proposition 53 (c). Set 2m::ng/02. From Proposition 53 (b), we see that the event
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that E,, fails, but (ii) or (vii) hold for n=ng—1, [=1 and some i_ and i,, occurs with
probability O(27*™+n;*). Applying Lemma 51 (noting that nalo"ch), we conclude
that

P(giy.1.n0 <np 0% and ES) <P(gig 2.m0—1 <2™ng 0% and ES)+0(277™ +ny *).
We can iterate this process Cs times and conclude that

—10 —-10
P(gig.1,n0 <o and E§) <P(giy.cot1,n0—C < 2027”710 * and Ef)

+O(Co27 7™ +Cyng *);

substituting in the definition of m, we conclude that

—10 . -9 - —x%/2C
P(giml,no < g * and ES) < P(gio,cz-l‘l,no—cz <nO * and E6)+n0 </ i

So it will suffice to show that

2
—95¢ —x”/2C
P(giy.cot1,n0—0, <ng ~* and Eg) <ny .

By Markov’s inequality, it suffices to show that

2

EZ 2 1(ES) <ni, 44
0 0

no—Cz

where, for each ng— (logng)“* <n<ng—Cs, Z, is the random variable
Zy, :=max{min{g;, ny—n+1n,0}, nag"}.
Indeed, we have

P(giy,Cot1,n0—Cs < ngg" and ES) <P(Zn,-c, :ngg" and Ef)

< nag;ﬁ/zEfo/z I(Eg),

no —Cz

whence the claim.

We now establish a recursive inequality for EZ, 2I(Eg). Let n be such that
no— (logng)¢* <n<ng—Cy. Suppose we condition A, so that E, fails. Then, for any
m>0, we see from Proposition 53 (¢) that (ii) or (vii) hold for I=n¢—n and some _
and i,, with (conditional) probability at most O(27*™(logn) 2“1 +n=%). Applying
Lemma 51, we conclude that

P(gio,nO*n,nJrl <0 and Gio,no—n+1,n 2 2mgi07n0*nyn+1 and E((): | An)

<27 (logn) 21 40",



RANDOM MATRICES: UNIVERSALITY OF LOCAL EIGENVALUE STATISTICS 165

Note that this inequality is also vacuously true if A,, is such that E, holds, since the
event E§ is then empty.
Observe that, if Z,>2™Z, 1 for some m >0, then

m
Gio,no—n,n+1 <4 and YJio,no—n+1,n =2 Gio,no—n,n+1-

Thus
P(Z,>2"Z, 41 and E§| A,) < 277" (logn) 21 4n =7,

or equivalently
P(an:l/Q >2mx/2Z x/2 and E8|An)<<27xm(10gn)7201 +TL7%.

Since we are conditioning on A,,, Z, is deterministic. Also, from the definition of Z,,,

this event is vacuous for 2™ >n8%, and thus we can simplify the above bound as

P(Z,7[?>27%/?Z-%/? and E§| A,) <3-27%"(logn)~2C1.

Now we multiply this by 27*/2 and sum over m >0 to obtain
E(Z, [{*1(EG) | An) < 2,7/ (14 (log m) =41 7),
Undoing the conditioning on A,,, we conclude that

EZ, 7{*I(E§) < (1+(logn)~ 1 =D)EZ, */2.

Applying (43) (and the trivial bound Z;%/2<n9”2/2), we have
EZ, 7{*L(Ef) < (1+(logn) =% =) BZ, */*L(Eg) +n /",
Iterating this, we conclude that

x/2 —a/2 —x 8
EZ,, /c I(EG) <2EZ, /L(logno)olJ (E§)+ng ™ (45)

On the other hand, if E§ holds, then by (i) we have

’)\no L(logno)t | )\ﬁﬂ*L(logno)clJ’<naxexp<(1ogn)095>(l —i.)

v

whenever 1<i_<i—(log n0)01/2<i<z’+ <n. From this we have

—/2
Gio. (o8 m0)1 | + 1m0 (log no)©1 | Mg s
and hence
Zny—|(logno)e1] =g

Inserting this into (45), we obtain (44) as required.
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4. Good configurations have stable spectra

The purpose of this section is to prove Proposition 46. The first stage is to obtain
some equations for the derivatives of eigenvalues of Hermitian matrices with respect to

perturbations.

4.1. Spectral dynamics of Hermitian matrices

Suppose that A;(A) is a simple eigenvalue, which means that \;(A4)#\;(A) for all j#i;
note that almost all Hermitian matrices have simple eigenvalues. We then define P;(A) to
be the orthogonal projection onto the 1-dimensional eigenspace corresponding to A;(A).
Thus, if u;(A) is a unit eigenvector for the eigenvalue A;(A), then P;(A)=u;(A)u;(A)*. We
also define the resolvent R;(A) to be the unique Hermitian matrix inverting A—\;(A)I
on the range of I —P;(A), and vanishing on the range of P;(A). If uj(A4),...,u,(A) form
an orthonormal eigenbasis associated with A1(A),...,A\,(A4), then we can write R;(A)

explicitly as

1 *
R4V 7
J#i
It is clear that
Ri(A-\I)=1-P,. (46)

We also need the quantity
1
Qi(A):=Ri(MNF =) 5
i A=Al

By (23), each eigenvalue function A—X;(A) for 1<i<n is continuous. However, we
will need a quantitative control on the derivatives of this function. The first observation
is that A; (as well as P;, R; and @Q;) depends smoothly on A whenever that eigenvalue is

simple (even if other eigenvalues have multiplicity).

LEMMA 54. Let 1<i<n and let Ay be a Hermitian matriz which has a simple eigen-
value at A\;(Ag). Then X\;, P;, R; and Q; are smooth for A in a neighborhood of Ag.

Proof. By the Weyl inequality (23), A;(Ag) stays away from the other A;(Ag) by a
bounded distance for all Ay in a neighborhood of Ag. In particular, the characteristic
polynomial det(A—M\I) has a simple zero at \;(A) for all such A. Since this polynomial
also depends smoothly on A, the smoothness of A\; now follows. As A—\;(A)I depends
smoothly on A, has a single zero eigenvalue, and has all other eigenvalues bounded away
from zero, we see that the 1-dimensional kernel ker(A—\;(A)I) also depends smoothly
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on A near Ay. Since P; is the orthogonal projection onto this kernel, the smoothness of
P; now follows.

As A—)\;(A)I depends smoothly on A, and has eigenvalues bounded away from zero
on the range of 1—P; (which is also smoothly dependent on A), we see that R; (and
hence Q;) also depends smoothly on A. O

Now we turn to more quantitative estimates on the smoothness of A\;, P;, R; and Q);
for fixed 1<i<n. For our applications to Proposition 46, we consider matrices A=A(z)
which are parameterized smoothly (though not holomorphically, of course) by some com-
plex parameter z in a domain QCC. We assume that \;(A(z)) is simple for all z€,
which, by the above lemma, implies that \;:=\;(A(z)), Pi:=P;(A(2)), Ri:=R;(A(2))
and Q;:=Q;(A(z)) all depend smoothly on z in Q.

It will be convenient to introduce some more notation, to deal with the technical
fact that z is complex rather than real. For any smooth function f(z) (which may be

scalar, vector, or matrix-valued), we use

V0= (e ).

ORe(z)!0Im(z)m—!

=0

to denote the mth gradient with respect to the real and imaginary parts of z. (Thus,
V™ f is an (m+1)-tuple, each of whose components is of the same type as f; for instance,
if f is matrix-valued, so are all the components of V™ f.) If f is matrix-valued, we define
[V™f|lF to be the 2 norm of the Frobenius norms of the various components of V™ f,
and similarly for other norms.

‘We observe the Leibniz rule

k k—1
VE(f9) =Y (V) (VE g = F(VE) +(VE g+ Y (V" H)«(VF ™), (47)
m=0 m=1

where the (k+1)-tuple (V™ f)x(VF~™g) is defined as

miriljm} I k—1 8k_mf amg k
') \m—1") ORe(z)" 0Im(z)™~" ORe(z)! ="' Olm(z)k—m=1+1" ) _ -

I’=max{0,l+m—k}

The exact coefficients here are not important, and one can view (V™ f)*(Vk~™g) simply
as a bilinear combination of V™ f and V*~™g. Note that (47) is valid for matrix-valued
f and g as well as scalar f and g. For a tuple (A4, ..., 4;) of matrices, we define

trace(Ay, ..., 4;) := (trace(Ay), ..., trace(4;)).

We can now give the higher-order Hadamard variation formulae.
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PROPOSITION 55. (Recursive formula for derivatives of \;, P; and R;) For any

integer k=1, we have

k k—1
Vk)\i:Ztrace((VmA) «(VE=™P) P, Z (V™) *trace((VF~™P;) P;) (48)
m=1

and
VEP, = —R;(VFA)P,— P;(VFA)R;
k—1
=Y [R((VA) = (VAN *(VETP) P,
& SRV R (VA (v DR] )
k—1
+ (V™P)*(VF™P)(I-2P;).
Furthermore,
k—1
(V¥R P = (V™ R)*(VF~™Py) (50)
m=0
and
k—1
(VER)(I=P)=—(V*P)Ri= Y (V"R (V¥ A)—(V*""\)D)R;, (1)
m=0
and thus
k—1
(VER) =—(V*P)R;— > (V" R)* (V™ A) = (VE" X)) R;
k—1 " (52)
=3 (V"R *(VF"P).
m=0

Proof. Our starting point is the identities
NP =AP, (53)
and
P,P;=P;. (54)
We differentiate these identities & times using the Leibniz rule (47) to obtain
k—1 k

(VEX)Pi+ > (VMA)#(VETP) = > (VM A)«(VE™ Py (55)

m=0 m=0
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and
k—1

(VEP)P+Pi(VEP)+ Y (V" P)*(VF"P) = (VFP). (56)

m=1
Multiplying (55) by P; and taking traces, one obtains (48) (the m=0 terms cancel because
of (53), which implies that trace(A(V™P;)P;)=\; trace((V™F;) P;)).
We next compute V*P; using the decomposition

VEP, = P, (V*P) P+ (I—P)(V*P)(I—P)+(I—P,)(V*P)Pi+P,(VFP)(I-P;). (57)

Multiplying both sides of (56) by P; (on the right) and using the identity P,P;=F;,

we get a cancelation which implies that

E

-1
P(VFP)P, = (V™ P)«(VF™P,) P;. (58)

3
Il

Repeating the same trick with I —P; instead of P;, we have

)= _(V"P)«(V*""P)(I-P,). (59)

k—
m=1

(I=P)(V*P)(I

This gives two of the four components of V¥P;. To obtain the other components,
multiply (55) on the left by I—P; and notice that the (I—P;)(V*\;)P; term vanishes

because of (54). Rearranging the terms, we obtain

k—1
(I—P)(A—X) J(V™A)— (V7NN D) (V5" P) — (I-P;)(VF A) Py

m:l
Applying R; on the left and P; on the right and using (46), we get
k—1
(I-P)(VFP) P =— Z Ri((V™A)— (V™)) (V" P,)P;—R;(VFA)P,.

m=1

By taking adjoints, we obtain
k—1
Pi(V*P) ==Y P(VFP) (V" A)— (V" A)) R — Pi(VFA)R;.
m=1

These, together with (57), (58) and (59), imply (49).

We now turn to R;. Here, we use the identities (46),

RL(A—)\II)ZI—PL and R,PZ:O
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Differentiating the second identity k times gives (50). On the other hand, differentiating
the first identity k& times gives

k-1

(VER)(A=NI) =—(VFP)= > (V"R (V¥ A) = (VF " \) D);
m=0
multiplying on the right by R;, we obtain (51), and then (52) follows. O

We isolate the k=1 case of Proposition 55, obtaining the Hadamard variation for-

mulae:
V; =trace(VAP;) (60)

and
VP =—R(VA)P,—P(VAR,. (61)

4.2. Bounding the derivatives

We now use the recursive inequalities obtained in the previous section to bound the
derivatives of \; and P;, assuming some quantitative control on the spectral gap between
A; and other eigenvalues, and on the matrix A and its derivatives. Let us begin with a

crude bound.

LEMMA 56. (Crude bound) Let A=A(z) be an nxn matriz varying (real)-linearly
in z (thus VFA=0 for k>2), with

IVA[lop <V

for some V>0. Let 1<i<n. At some fixed value of z, suppose we have the spectral gap

condition

A (A(z)) = Ai(A(2)[ =7 (62)

for all j#i and some r>0 (in particular, A\;(A(2)) is a simple eigenvalue). Then for all
k>1 we have (at this fixed choice of z)

|V | < VEriE,
IV*P;|lop <& VFr—,
V¥R |op < VFr—F=1,

|VFQi| < nVFr=F=2,

63
64
65

(
(
(
(66

)
)
)
)
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Proof. Observe that the spectral gap condition (62) ensures that

[ Rillop < = (67)

S|

We also observe the easy inequality
[trace(BP;)| = |trace(P;B)| = |trace(P,BE;)| < || B|lop (68)

for any Hermitian matrix B, which follows as P; is a rank-1 orthogonal projection.

To prove (63) and (64), we induct on k. The case k=1 follows from (60), (61), (67)
and (68); and then, for k>1, the claim follows from the induction hypotheses and (48),
(49), (67) and (68).

To prove (65), we also induct on k. The case k=0 follows from (67). For k>1, the
claim then follows from the induction hypothesis and (52).

To prove (66), we use the product rule to bound

k k
IVFQil < Y [trace((V™ Ro)+ (V" Ri)| < Y V™ Rillopl| V¥ Rillop,
m=0 m=0
and the claim follows from (65). O

This crude bound is insufficient for our applications, and we will need to supplement
it with one that strengthens the spectral condition, and also assumes a “delocalization”

property for the projections P, and Pjg relative to the perturbation A.

LEMMA 57. (Better bound) Let A=A(z) be an nxn matriz varying real-linearly
in z. Let 1<i<n. At some fized value of z, suppose that \i=MX;(A(z)) is a simple

etgenvalue, and that we have a partition

I=Pi+) Pa,
acJ

where J is a finite index set (not containing i) and P, are orthogonal projections onto
invariant subspaces for A (i.e. onto spans of eigenvectors not corresponding to \;). Sup-
pose that, on the range of each P,, the eigenvalues of A—N\; have magnitude at least T,

for some ryo>0; equivalently, we have
1
[ Ri Pallop < —
Ta

Suppose also that we have the delocalization bounds

HPaAPBHF <veqcs (70)
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for all a, e, some v>0 and some c, =1 satisfying the strong spectral gap condition

<L (71)

for some L>0. Then at this fized choice of z, and for all o, BE€J, we have

|VEN | < LF— 1ok, (72)
1Pi(V* P) Pi|| << LEO", (73)
|Pa(VEB) Pl p = |Pi(VF B) Po |l < %L’Hv’“, (74)
1Pa (V¥ P,) Pyl < jzjg Lk=2 (75)
for all k=1, and
|P,(VFR;) Pi|| P <5 LF 10", (76)
[Pa(VER) Pill = | Pi(V* Ri) Pa || < %Lkv’“, (77)
1Pa(V*Re) Pyl 22 L (78)

for all £=0.

We remark that we can unify the bounds (73)—(75) and (76)—(78) by allowing « and
0 to vary in JU{i} rather than J, and adopting the conventions that r;:=1/L and ¢;:=1.

Proof. Note that the projections P; and the P, are idempotent, and all annihilate
each other and commute with A and R;. We will use these facts throughout this proof
without further comment.

To prove (72)—(75), we again induct on k. When k=1, the claim (72) follows from
(60), (68) and (70), while (73)—(75) follow from (61) and (70). (For (75) we in fact obtain
that the left-hand side is zero.)

Now suppose inductively that k>1, and that the claims have already been proven
for all smaller values of k.

We first prove (72). From (48) and the linear nature of A, we have

k—1
IVEN| < [trace((VA)«(VE1P) Py) |+ Z V™| [trace((VF~™P;) P;)|.

m=1

From (68) and the inductive hypothesis (73), we have

[trace((VE=™P) P;)| < LF~mok—™
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for any 1<m<k—1, and thus, by the inductive hypothesis (72), we see that

k—1
> VA trace((VF"P) Py)| < LF 1ok,

m=1

Next, by splitting (VA)*(VF~1P;,)P; as

> (VAP (VF ' P)P;

acJu{i}

and using (68), we have

[trace((VA)«(V* ' RP)P) < Y IIP(VA)Pallr | Pa(V* T P) P -
acJUu{i}

Using (70) and the inductive hypotheses (73) and (74), we thus have

trace((VA)«(V* 1 P)Py)| < vLF 1ok 1 4 Z Ve 2 LE=2yk1,

aelJ Ta
Applying (71), we conclude (72) as desired.
We now prove (73). From (49) (or (58)) we have
k—1
IP(VEP)Pil|p <k Y | PA(V™Py)«(V*""P) Py .
m=1

We can split

1PV P (V" P)Pille <k Y [PV P)Pallr | Pa(VF ™ P) P .

acJUu{i}

Applying the inductive hypotheses (73) and (74), we conclude that

k—1
||Pz(vkpz)R||F < Z Lmmekfmkam+Z Cijflvmciakamflkam;
m=1 aeJ Ta Ta

bounding one of the 1/r, factors crudely by L and then summing using (71), we obtain
(73) as desired.
Now we prove (75). From (49) (or (59)), we have
k—1
1Po(V*P) Pslle <k D [Pal(V ™ Po)*(VE ™ P) Py
m=1
k-1

<k Y > PN PP p | Py (VETP) Py .
m=1~yeJu{i}
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Using the inductive hypotheses (74) and (75), we obtain

||P (vk Pﬁ||F<<k Z Lm 1 o™ Lk—m—lvk—m

m=1 Ta e
+ Cac’y Lm72vm C’Ycﬁ Lk7m72vk7m.
o Taly rT3
Bounding one of the 1/r, factors crudely by L and applying (71), we obtain (75) as
desired.
Finally, we prove (74). Since P, (V¥ P;)P; has the same Frobenius norm as its adjoint
P,(V¥P,)P,, it suffices to bound || P, (V*P;)P;||r. From (49), we have

k—1
1Po(V*P) Bill e <k [ R Pa(VA)(VF T PO P e+ Y [V Al | RiPa(VE 7 By) P,
m=1
and hence, by (69),
=
|Pa(V* P) Pyl 7 < *||P (VA) (V- 1P)PlvaL* D VTPV PP
m=1

From the inductive hypotheses (72) and (74), and crudely bounding 1/r, by L, we have

k—1
IV Ni| | Pa(VE"™P) Pi|| p < . Ca ph=tyk,

«

1
O‘ml

Moreover, by splitting

|Pa(VA) (V¥ P)Pilp < Y [Pa(VA) P r || Ps(VE ' P) P,
BeJu{i}

and using (70) and the inductive hypothesis (74), we have

1
—HP (VA)*(VE1P) P, ||F<<k(’uc LFlh 14y jvcacﬁ B ph=2yh— 1)
T
BeJ

Applying (71), we obtain (74) as required.

Having proven (72)—(75) for all k>1, we now prove (76)—(78) by induction. The
claim is easily verified for k=0 (note that the left-hand sides of (76) and (77) in fact
vanish, as does the left-hand side of (78), unless a=4), so suppose that k>1 and that
(76)—(78) have been proven for smaller values of k.
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We first prove (76). From (50) we have

k—1
IP(VER)Pil|lp <k Y | PA(V™Ry)#(V* " P Pil|

m=0

k—1
<k Y. Y. PV R)Pallp | Pa(VF TP P £
m=0 e JU{i}

Applying (73), (74) and the induction hypotheses (76) and (77), we conclude that

k—1
HP’L(kaZ)PZ”F <k Z Lm+1’0mLk_mUk_"L+Z C£L7rbv7rLC£Lk—m—lvk—m;
Ta Ta
m=0 acJ
crudely bounding one of the 1/r, factors by L and using (71), we obtain the claim.

Similarly, to prove (77), we apply (50) as before to obtain

k—1

1Po(V*R:) Pill e <k Y [PV Re)*(VE " P) Byl
m=0
k—1

<k Y Y PV R)Psl|r || Ps(VE TP Bl
m=0 geJu{i}

applying (73), (74) and the induction hypotheses (77) and (78), we conclude that

k—1
| Po(VER) Py || < Z cfaLmmek_mvk_m—&—Z CaCh pm—1ym B h—m—1,k=m
Ta Tal T
m=0 geg @B s
Again, bounding one of the 1/rg factors by L and using (71), we obtain the claim.
Finally, we prove (78). From (51), we have

1P2(V* Ri) Pyl < | Pa (V) Ri Py 4 | Pa (V1 Ri) % (VA) Ry Ps| o
k—1
+ 3 IVETN | Pa (VR Ri Ps | -

m=0

As R;P3=P3R;Pg has a norm of at most 1/r3, we conclude that

1 1 _
1Pa (V" Ri) Psl P < aHPa(VkPi)PﬁHFJraHPa(Vk "Ri)«(VA)Ps|

k—1
1 —m m
+%Z\V’“ Aol | Po (V" R;) Ps || -

m=0
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From (72), the crude bound 1/rg<L and the induction hypothesis (78), we have
1= CaC
— N VRN 1Pa (VR Pyl p <~ LE T,
T3 m—0 Talp
From (75) and 1/rg<L, we similarly have
1 « —
A Pa(VEP) Pyl i SR LA,
T3 Talp

Finally, splitting

1P (VF R« (VA Psr < Y [Pa(VF T R | 2112, (VA) Pl
yeJU{i}

and using the induction hypotheses (77) and (78), and (70), we obtain

| Po(VETIR) % (VA) Ps | p <, C—aLk_lvk_lv%—i—Z %Lk_zvk_lvq%,

T Tal
@ ~eJ T

and thus, by (71),
[Pa(VE T Ry (V A) Pl < ciﬁLkilvk'

Putting all this together, we obtain (78) as claimed. O

We extract a special case of the above lemma, in which the perturbation only affects

a single entry (and its transpose).
COROLLARY 58. (Better bound, special case) Let A=A(z) be an nxn matriz de-
pending on a complex parameter z of the form

A(2) = A(0)+ze e +Zege,

for some vectors e, and eq. Fir an index 1<i<n. At some fized value of z, suppose

that \i=X;(A(z)) is a simple eigenvalue, and that we have a partition

I=P+Y  Pa,
aelJ
where J is a finite index set and P, are orthogonal projections onto invariant subspaces
for A (i.e. onto spans of eigenvectors not corresponding to \;). Suppose that on the
range of each P,, the eigenvalues of A—\; have magnitude at least ry, for some 7,,>0.

Suppose also that we have the incompressibility bounds

HPaez)”v ||Pa€q|| < Wd}x/Q
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for all ae JU{i} and some w>0 and d,>1. Then, at this value of z, and for all k>1,

we have
d k—1
|Vk)\i| <Lk < Z 7"a> w2k (79)
act ¥
and
da k42
|kaz| <Lk (Z ’I‘) ka (80)
acJ ¢

for all k=0.

Proof. A short computation shows that the hypotheses of Lemma 57 are obeyed
with v replaced by O(w?), ¢, set equal to d(lj/z, and L equal to O(EQEJ da/ra). From
(72), we then conclude (79). As for (80), we see from the product rule that

k
IVFQi| <& Y [trace((V™R:) (V" R;))|

m=0

which we can split further, using the Cauchy—Schwarz inequality, as

k
IVEQil <k > D IPa(V™Ri) Pyl p || Pa (V™ R;) Pyl .
m=0 «,BeJU{i}

Applying (76), (77) and (78), we conclude that

2 2.2
C C _
\VRQ;| < LET20k + E —‘;Lkvk—i— E —; B pk=2k,
acJ a a,BeJ "a

Bounding one of the factors of 1/r, in the first sum by L, and 1/r,rg in the second sum
by L?, and using (71) and the choices for v and L, we obtain the claim. O

4.3. Conclusion of the argument

We can now prove Proposition 46. Fix k>1, r=2,3,4 and ¢; >0, and suppose that C;
is sufficiently large. We assume that A(0), e, eq, i1, ..., i, G, F, ¢ and ¢’ are as in the
proposition.

We may of course assume that F(zp)#0 for at least one zg with |zo| <n'/?*¢1, since
the claim is vacuous otherwise.

Suppose we can show that

V™M F(z) =0(n~m+0E) (81)
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for all |z|<n'/?*¢1 and 0<m<5. Then, by Taylor expansion, one has

F(¢)=P(¢,0)+0(n~(rth/2+0()y),

where P is a polynomial of degree at most r whose coefficients are of size at most n?1),

Taking expectations for both F({) and F(¢’), we obtain the claim (34) when ¢ and (’
match to order r. A similar argument gives the improved version of (34) at the end of
Proposition 46 if one can improve the right-hand side of (81) to O(n~"=C"me1) for some
sufficiently large absolute constant C’.

It remains to show (81). By up to five applications of the chain rule, the above

claims follow from the following lemma.

LEMMA 59. Suppose that F(zy)#0 for at least one zo with |zo| <n'/?*%1. Then
|Vk)\ij (2)| <pn® k0% and \Vinj (2)] < oo (k2 =k
for all z with |z|<n'/?>Te and all 1<j<E<10.
Proof. Fix j. Since F(z9)#£0, we have
Qi,;(A(20)) <n'. (82)

For a technical reason having to do with a subsequent iteration argument, we will

replace (82) with the slightly weaker bound
Qi (A(20)) <2n°. (83)
By the definition of @;, we have, as a consequence, that
I\ir(A(20)) = i, (A(20))| > n= =1/ (84)

for all i'#1;.
By the Weyl inequalities (23), we thus have

Ao (A(2)) =N, (A(2))| > n—=2/2

whenever |z—zo|<n~17%1,

From Lemma 56, we conclude that
V™A (A(2)| <m peL(m+1)/2 (85)

and
IV™Qi, (A(2))] K nH M F2/ 2 (86)
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for all m>1, whenever |z—zg|<n~ . In particular, from (83) and the fundamental

theorem of calculus, we have
Qi;(A(z)) <n® (87)

for all such z.
Note that, by setting C; sufficiently large, we can find z such that |z—zg|<n =121
and |z| <n'/?te1 and such that the real and imaginary parts of z are integer multiples of
~C1. Then (32) and (33) hold for this value of z. Applying Corollary 58, we conclude
that
logn ga k—1
k 21k, —k
IVENi; (2)] <k n™"n (Z% 7“a>
and
logn oo \k+2
vkO, <, ek, —k s
75, (M < (30

for all k>1, where r, is the minimal value of |A\;—\;;| for [i—i;[>2%. Note that

logn

2¢ 1

— < _—
o;oro‘ #Zl] [Ai = A |

At the same time, from (87) we have
g
Z B i_)\ <nt.

From the Cauchy—Schwarz inequality, this implies that

> 1«
i#i Xi=As|

1—i|<n®1
li—ij]<

while from (31) we have (with room to spare)

1 3
— KN,
2 uon

i
limij|=ne1
and thus
logn .
2 361
—Kn
T
a=0 ¢
Hence

VAN, (2)] <, n®Fn~F  and |Vinj(z)\<<;€n581(k+2)7f’C
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for all k>1. Combining this with (85) and (86), we conclude that
IVEA, (2)] < n®HFn "

and
IVEQi, (2)] < n®=1 -2 =k (88)

for all z with |z —zp|<n =Tt and all 0<k<10.

This establishes the lemma in a ball B(zg,n~172¢1) of radius n =721 centered at 2.
To extend the result to the remainder of the region {z:|z|<n'/?*41}, we observe from
(88) that Q;, varies by at most O(n~'9) (say) on this ball (instead of 1.9 we can write
any constant less than 2, given that e; is sufficiently small). Because of the gap be-
tween (82) and (83), we now see that (83) continues to hold for all other points z; in
B(z,n~172%1) with |z;|<n'/?*41. Repeating the above arguments with zy replaced by
21, and continuing this process, we can eventually cover the entire ball {z:|z|<n'/?*1}
by these estimates. The key point here is that at every point of the process (83) holds,
since the length of the process is only n3/2+3¢1 while in each step the value of Q;; changes
by at most O(n=199). O

The proof of Proposition 46 is now complete.

5. Good configurations occur frequently

The purpose of this section is to prove Proposition 48. The arguments here are largely
based on those in [20], [21] and [22].

5.1. Reduction to a concentration bound for the empirical spectral

distribution

We will first reduce matters to the following concentration estimate for the empirical
spectral distribution (ESD).

THEOREM 60. (Concentration for ESD) For any €,6>0, any random Hermitian
matriz My, =((ij)1<i,j<n whose upper-triangular entries are independent with mean zero
and variance 1, such that |(;;| <K almost surely for all i and j and some 1<K <nl/?—¢,
and for any interval I in [—2+¢,2—¢| of width |I|>K?(logn)?®/n, the number of eigen-

values Ny of Wy,:=M,/\/n in I obeys the concentration estimate

NI—n/QSC(x)dx <on||
I

with overwhelming probability.

In particular, Ny=0.(n|I|) with overwhelming probability.
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Remark 61. Similar results were established in [20], [21] and [22] assuming stronger
regularity hypotheses on the (;;. The proof of this result follows their approach, but also
uses Lemma 43 and a few other ideas which make the current more general setting pos-

sible. In our applications we will take K =(logn)°™)

, though Theorem 60 also has non-
trivial content for larger values of K. The loss of K2(logn)?" can certainly be improved,
though for our applications any bound which is polylogarithmic for K=(logn)°™ will

suffice.

Let us assume Theorem 60 for the moment. We can then conclude a useful bound

on eigenvectors (which will also be applied to prove Theorem 19).

PROPOSITION 62. (Delocalization of eigenvectors) Let €, M, Wy, (;; and K be as
in Theorem 60. Then for any 1<i<n with \;(W,)€[—2+¢,2—¢], if u;(W,,) denotes
a unit eigenvector corresponding to A\;(W,), then with overwhelming probability each
coordinate of u;(M,) is O-(K?(logn)?°/n'/?).

Proof. By symmetry and the union bound, it suffices to establish this for the first
coordinate of u;(W,,). By Lemma 41, it suffices to establish a lower bound

fj (o) VXVAP
=1 n 1 )\1(Wn)) EKQ(logn)QO

with overwhelming probability, where W,,_; is the bottom right (n—1)x(n—1) minor
of W,, and X€C"! has entries (;; for i=2,...,n. But by Theorem 60, we can (with
overwhelming probability) find a set JC{1,...,n—1} with |J|>>.K?(logn)?° such that
INj(Wh—1)—Ni(Wy) | < K2 (logn)?° /n for all n€J. Thus it will suffice to show that

ZWJ n—1) X‘2>>E|J|
JjeJ

with overwhelming probability. The left-hand side can be written as |7z X||?, where
H is the span of all the eigenvectors associated with .J. The claim now follows from
Lemma 43. O

We also have the following minor variant.

COROLLARY 63. The conclusions of Theorem 60 and Proposition 62 continue to
hold if one replaces a single diagonal entry Cpp of M, by a deterministic real number
x=0(K), or if one replaces a single off-diagonal entry (pq of M, by a deterministic

complex number z=0(K) (and also replaces (g by Z).
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Proof. After the indicated replacement, the new matrix M/ differs from the original
matrix by a Hermitian matrix of rank at most 2. The modification of Theorem 60 then
follows from Theorem 60 and Lemma 39. The modification of Proposition 62 then follows
by repeating the proof. (One of the coefficients of X might now be deterministic rather
than random, but it is easy to see that this does not significantly impact Lemma 43.) [

Now we can prove Proposition 48. Let ¢, 1, C, C1, k, i1,...,%, p, ¢ and A(0)
be as in that proposition. By the union bound, we may fix 1<j<k, and also fix the

~C1. By the union bound

|z| <n'/2*e1 whose real and imaginary parts are multiples of n
again and Corollary 63 (with K =(logn)®), the eigenvalue separation condition (31) holds
with overwhelming probability for every 1<i<n with |i—j|>n®', as does (32) (note that
|Pi;(A(2))epl| is the magnitude of the pth coordinate of a unit eigenvector u;, (A(z))
of A(z)). A similar argument using Pythagoras’ theorem gives (33) with overwhelming
probability, unless the eigenvalues A;(A(z)) contributing to (33) are not contained in the
bulk region [(—2+4¢")n, (2—¢’)n] for some €’>0 independent of n. However, it is known
(see [25]; one can also deduce this fact from Theorem 60) that \;(A(z)) will fall in this
bulk region with overwhelming probability whenever %gngié(l—%s)n, if & is small
enough depending on e. Thus, with overwhelming probability, a contribution outside
the bulk region can only occur if 2¢>>.n, in which case the claim follows by estimating
|Pi;,a(A(2))epl| crudely by [ley||=1, and similarly for ||P;; o(A(2))eq]|. This concludes

the proof of Proposition 48 assuming Theorem 60.

5.2. Spectral concentration

It remains to prove Theorem 60.
Following [20], [21] and [22], we consider the Stieltjes transform

1< 1
(2= ; N (Wa)—2

of W,,, together with its semi-circular counterpart

s@= | T @) de

2 T—2
(which will be computed explicitly in (107)). We will primarily be interested in the
imaginary part

n

(s (o4 T)= >

i=1

n
PO, —aE " (89)

of the Stieltjes transform in the upper half-plane n>0.
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It is well known that the convergence of the empirical spectral distribution of W,, to
0sc(x) is closely tied to the convergence of s, to s (see [2], for example). In particular,
we have the following precise connection (cf. [21, Corollary 4.2]), whose proof is deferred

to Appendix C.
LEMMA 64. (Control of Stieltjes transform implies control on ESD) Let

11
0-""n

and L,e,5>0. Suppose that one has the bound
sn(2)—s(2)| <9, (90)

with (uniformly) overwhelming probability for all z with |Re(z)|<L and Im(z)>n. Then
for any interval I in [—L+¢e, L—e| with

1
|| > max{277, g log 5},

one has

‘Nln/gsc(x) dz| <. on|l]|
I

with overwhelming probability.

In view of this lemma, it suffices to show that for each complex number z with
Re(2)<2—1¢c and Im(z) 2n:=K?(logn)'?/n, one has

[sn(2) —s(2)| < o(1)

with (uniformly) overwhelming probability.

Fix z as above. From (107), s(z) is the unique solution to the equation

1 p—
s(z)+z

s(z)+ 0, (91)
with Im(s(z)) >0. The strategy is then to obtain a similar equation for s, (z) (note that
one automatically has Im(s,(z))>0).

By Lemma 42, we may write

S|

Sn(z) =

- 1
; Cen/Vn—z=Yy’ (92)

where
Y. = aZ(Wn,k —Zl)ilak,
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Wiy i is the matrix W,, with the kth row and column removed, and ay, is the kth row of
W,, with the kth element removed.

The entries of aj, are independent of each other and of W), , and have mean zero

and variance 1/n. By linearity of expectation we thus have, on conditioning on W, ,

1 1
E(Yy | Whi)= - trace(Wnﬁk—zI)_l = (1—n> Snk (%),

where

1o 1
Sn,k(z) = o1 ; )\Z(W,nJc)—Z

is the Stieltjes transform of W), ;. From the Cauchy interlacing law (24), we have
1 1 1 1
)= (13 st =05 [ 57 00) =0 (55)

E(Yi | W) = sn(z)—l—O(W). (93)

and thus

We now claim that a similar estimate holds for Y}, itself.

PROPOSITION 65. (Concentration of Y;) For each 1<k<n, one has

Yk_sn(z)JrO( L >

logn

with overwhelming probability.

Assume this proposition for the moment. By hypothesis, (xr/\/n<K//n<n¢

almost surely. Inserting these bounds into (92), we see that

n

1 1
Sn(z)‘f'ﬁkz:lm—o

with overwhelming probability (compare with (91)). This implies that with overwhelming
probability either s, (z)=s(z)+0(1) or that s,(z)=—z+0(1). On the other hand, as
Im(s,(z)) is necessarily positive, the second possibility can only occur when Im(z)=o0(1).
A continuity argument (as in [20]) then shows that the second possibility cannot occur
at all (note that s(z) stays a fixed distance away from —z for z in a compact set) and
the claim follows.
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5.3. A preliminary concentration bound

It remains to prove Proposition 65. We begin with a preliminary bound (cf. [22, Theo-
rem 5.1]).

PROPOSITION 66. For all ICR with |I|>K?(logn)?/n, one has
N < 7’L|I|

with overwhelming probability.

The proof, which follows the arguments from [22], but using Lemma 43 to simplify
things somewhat, is presented in Appendix C.

Now we prove Proposition 65. Fix k, and write z=x+nv/—1. From (93), it suffices
to show that

1
Yi—E(Y | Wn,k)ZO(l )
ogn

with overwhelming probability. Decomposing Y}, as in (114), it thus suffices to show that

Z e re () o

with overwhelming probability, where R;:=|u;(W,, x)*ar|*—1/n.
Let 1<i_<i, <n, then

i+ .
dim(H
> Rj=|Puar|*~ n( ),

j=i_

where H is the space spanned by the w; (W, )* for i_ <j<i,. From Lemma 43 and the

union bound, we conclude that with overwhelming probability

ZR

J=i_

\/z+ Klogn—i—K2 logn) (95)

By the triangle inequality, this implies that

i | Prasl? < iy —i N Vip—i_ Klogn+K?(logn)?
— n n ’
j=i_

and hence, by a further application of the triangle inequality,

Z |R]|<< i_)+K2(logn)? (96)

n
J=i_
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with overwhelming probability.

Since n>K?(logn)?/n, the bound (95) (together with Proposition 66) already lets
one dispose of the contribution to (94) where |\;(W,, ;) —2|<K?(logn)!®/n. For the
remaining contributions, we subdivide into O((logn)?) intervals {j:i_<j<i,} such that

in each interval

1
<IANWhp)—z| < | 1+ —+5
@< (W)=l € (14 goiss Ja

for some a> K?(logn)'®/n (the value of a varies from interval to interval). For each such

interval, the function

1
A (W k) = (z+nv—1)
has magnitude O(1/a) and fluctuates by at most O(1/a(logn)?) as j ranges over the
interval. From (95) and (96) we conclude that

i R; ’<< Vi =i Klognt K2(logn)? | i, —i.
= Aj(Wh i) —(z+nv-1) an an(logn)?

with overwhelming probability. By Proposition 66, we have that i, —i_<an with over-

whelming probability. Thus,

i R; ‘ < Klogn N 1
=i Aj (W) = (z+nv/=1) van  (logn)*

with overwhelming probability. Summing over the values of a (taking into account the

lower bound for a) we obtain (94) as desired.

6. Propagation of narrow spectral gaps

We now prove Lemma 51. Fix ig, [ and n. Assume for contradiction that all of the
conclusions fail. We will always assume that ng (and hence n) is sufficiently large.
By (37), we can find 1<i_<ip—I1<ig<iy<n+1 such that
. . . n 0.9
Aiy (A1) = Xi_ (Ans1) = gig i minfi, —i_, (logng)* posm0)
If i, —i_>(logn)“1/2, then conclusion (i) holds (for n large enough), so we may assume
that
iy —i_ < (logn)“/2. (97)
We set

0.9

L=\, (Ang1) =i (Ans1) = Gig pnpr (i —i ) 108N (98)
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In particular (by (39) and (97)) we have

L < §exp((logn)%oh). (99)

i

We now study the eigenvalue equation (25) for i=i_, which we rearrange as
- |uj(An)*Xn|2

D e Famsams N (A
= Xj(An) =i (Any1) e M (Aprt) N (A T Omttmtt = Ai (An)-

j=t 1

Observe that

‘“J An *Xn|2 1 2
> — (A X7
Z )\ z (An+1) L Z ‘u.]( ’I'L) ’Il|

Since conclusion (11) fails, we have

i |u3( ")*Xn‘z S n(ip—i_)
Nj(An) =i (Aps1) ~ 2m/2L(log n)0-01"
On the other hand, since conclusions (iii) and (iv) fail, we have

0.95)

nexp(—(logn) n(ip—i-)
|@n41,n+1 =i (Ant1)] < 5172 = 2m/2+1 L (log )00l

due to the bounds i, —i_>1, (41) and (99). By the triangle inequality, we thus have

Z |uj (An)* Xn|? S n(iy—i-)
el Xi (Ant1)=XNj(An) ~ 2m/2+1 L(logn)0-01
Note that all the summands on the left-hand side are non-negative. By a dyadic partition
and the pigeonhole principle (using the convergence of the series 1/1?), we can thus find

k>1 such that

wi(A,)* X2 n(iy—i_
Z i (Zl( ))—)\-|(A ) > 2m/2L(k;(l ))0.01' (100)
1< <i_ 7_ n+1 ¥l n ogn
2k—1gi_—j<2k
In particular, 28~ 1 <i_.
Let us first suppose that 2¢=1>(logn)“1/2. Then, by the failure of conclusion (i),

we have
Ai (Apt1)—XNi(4,) > g4 exp((log 71)0'95)2]“_1

for all j in the summation in (100), and thus (by (41), (99) and the trivial bounds
iy —i_21 and k=0O(logn))

> [ (An)* X |2>>M51/4 exp((log n)%9%)2k~ 1>>”—2k. (101)
1<y<io 2m/2Lk2 1 61/2
2k—1j_ —j<2k
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On the other hand, from the failure of conclusion (v), we have

nexp(—(logn)°-96)
5172

Juj (An) X < (102)

for %Osngjg (17%05)71. This already contradicts (101) when the range of summation

_ L
10

when (101) approaches the edge, which only occurs when 2¥>>en. But in this case we

in (101) is contained in the bulk region %Osn <j< (1 s)n. The only remaining case is

note from Pythagoras’ theorem and the failure of conclusion (vi) that

- . n? exp(—(logn)**°)
D fui(An) X, |? < 5172 ;
j=1

leading again to a contradiction with (101). We may therefore assume that
k-1 < (logn)cl/z7

and thus k=0(C1 loglogn).
By the failure of conclusion (vii), we now have |u;(4,)*X,|?<2™/?n(logn)’® for

all j in the summation in (100); we conclude that

5 1 s
1<j<i_ Ai(Ans1)=Aj(An) ~ 2mL(logn)0-82°
2k—1Lj_ —j<2k

C1/2

If we set i__:=i_—2%"1 we conclude that 0<i_—i__<(logn) and

T_—1__

Ao (Api1) =i (4,)<2™ L(logn)®2.

Ty —1_

An analogous argument, starting with i=4, in (25) instead of i=i_ and reflecting all the

indices, allows us to find i, with 0<i,, —i, <(logn)©*/? such that

i—iy

)\i++ (An)—Ai+(An+1) <2m - i L(logn)0'83.
+_ —_
Summing, we have
iy (An) =i (An) < L(1+2™a(logn)®t), (103)
where
Tyr—0__
a=———-—1.

i —i_
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Note that (1+a)(i;—i_)=i,,—i__<(log N)°*, and so, by (37) and (40),

)\i++(An)_)\i77(An) oM .
(1+a)(logN)0'9 (i+_i_)(10g N)0-9 = Giolnt1-

Combining this with (103) and (98), we conclude that
1+2ma(log TL)O'84 > 2m(1+a)(10g N)o.g’

and hence
1+a(logn)?84 > (14q)tes M)*?

But this contradicts the elementary estimate (1+a)®*>14za for a>0 and z>1, and

Lemma 51 follows.

7. Bad events are rare

‘We now prove Proposition 53. Let the notation and assumptions be as in that proposition.

We first prove (a). The truncation assumption (27) ensures that the events (iii),
(v) and (vi) from Proposition 51 are empty for n large enough. The event (i) fails with
overwhelming probability, due to Theorem 60. The event (iv) fails with overwhelming
probability because of the well-known fact that the operator norm of A, is O(n) with
overwhelming probability (see e.g. [1]; there are many proofs, for instance one can start
by observing that || Ay, |lop <2sup, ||A,z||, where z ranges over a i-net of the unit ball,
and use the union bound followed by a standard concentration of measure result, such
as the Chernoff inequality). This concludes the proof of (a).

Now we prove (b) and (c) jointly. By (27) and Proposition 62, we can find C’ such
that all the coefficients of the eigenvectors u;(A4,,) for %Engjg (1 — %E)n are of magnitude
at most n=/2(logn)C" with overwhelming probability.

Let us first consider (vii), in which we will be able to obtain the better upper bound
of 27#m272C1n for the conditional probability of occurrence (and thus establishing (b)
and (c) simultaneously for (vii)). If 2™>(logn)®® for some sufficiently large C3, then
the desired bound comes from (27) and Lemma 43. (In fact, the Chernoff bound would
suffice as well, and the event fails with overwhelming probability.) Now suppose instead

that 2 <(logn)®™M). We wish to show that
P(|S;| > 2"/%(logn)*®) <277 (log n) ">, (104)
where S; €C is the random walk

Si = Cnt1wi1+. .+ Canp1Win (105)
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and wj1,...,w;, are the coefficients of u;(A,), which by hypothesis have magnitude
O(n='2(logn)®") and square-sum to 1.
Observe that S; has mean zero and variance 1. Applying Theorem 44 and (27), we
conclude that
P(1Si] > 1) < exp(—ct?)+n~ 12 (log n) 0D

for any t>1 and some absolute constant ¢>0, which easily yields (104) in the range
2™ < (logn) O,

The consideration of (ii) is similar. Write the left-hand side of (42) as |7 (X,)]l,
where H is the span of the u;(A,) for i_<j<i,. Applying (27) and Lemma 43, we
obtain the claim when i, —i_>(logn)®® for sufficiently large c3 (in fact (ii) now fails
with overwhelming probability), so we may assume instead that i, —i_<(logn)°®. In

this case, the event (ii) can now be expressed as

. SN2
Sl < g (106)

m/4(log 1)0-005’
where S§eCi+~i- is the random vector with components S; defined in (105).

From the orthonormality of the u;(A,), we see that S has mean zero and has co-

variance matrix equal to the identity. Applying Theorem 44 again, we see that

t (et 1/2,-3 o@
)1/2> +n~ / t~ (logn) ().

P(|S] <
(|1S] t)<<0((z+—i_

Applying this with
_ (i)'
T 2m/4(10g n)0.005’
and using the fact that i, —i_>1>C5 by hypothesis, one concludes that (106) occurs
with probability
<<O(Zm/4(10gn)0.005)—6’2/4+n—1/223m/4(10gn)O(l)’

which proves the claim as long as Cs is large and 2™ <n'/1%0, But the case 2™ >n'/100
then follows by noting that the probability of the event (106) is non-increasing in m. The
proof of Proposition 53 is now complete.

Appendix A. Concentration of determinant

In view of the standard identity

2 1
/ log |y|osc(y) dy = —3

-2
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(which can be verified for instance by applying contour integration to a branch cut of
(4—22)'/21og z around the slit [—2, 2]; see also Remark 67 below) and Stirling’s formula,
it suffices to prove the latter claim.

Fix z; we allow implied constants to depend on z. We of course have
n 1 n
log |det(M,, —zI/n)| = Z log |\;(M,)—zv/n|= 3N log n+z log [A\; (W), —2)|,
j=1 j=1

so it will suffice to show that

’iél"”w”)‘z"/

2
log Iy =lsc(4) dy‘ <n
2

asymptotically almost surely for some ¢>0. Making the change of variables y=t(x),
where ¢ is defined in (3), it suffices to show that

—C
<n

1 & !
'nzlogxan)—a— | 1oglt@) 2l s
j=1 0

asymptotically almost surely for some ¢>0.
From Theorem 11 (with k=1), we have

inf |\;(W,,)—z|>n"?
J

asymptotically almost surely (because the expected number of eigenvalues in the interval
[z—n~2,24+n"2] is 0(1)). From this (and (4)) we conclude that

sup log |\;(W,,) —z| = O(log n)
J
asymptotically almost surely. Thus, the contribution of all j with [t(j/n)—Re(z)|<n™¢
will be negligible for any fixed £>0, and it suffices to show that

1 1 ‘

n > log W(Wn)—z|—/ log [¢(z)— 2| dz| <n~¢

" 1<j<n 0
[t(j/n)—Re(z)|>n—<

asymptotically almost surely.
By (2), we see that with probability 1—o(1), one has \;(W,,)=t(j/n)+O0(n=?%) for
all 1<j<n and some absolute constant §>0, where —2<#(a)<2 is defined by (3). By
Taylor expansion, we thus have asymptotically almost surely that
t(i) —z
n

log |A; (W) —2| log +O(n~""?)
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for all 1<j<n with [t(j/n)—Re(z)|>n'"¢, if € is chosen sufficiently small depending

on 0. The claim then follows (for € small enough) by approximating

1
/ log |t(z)—z| dx
0

by its Riemann integral away from the possible singularity at Re(z).
Remark 67. The logarithmic potential
2
| togly=sloctu) dy
-2

for the semi-circular distribution can be computed explicitly as

z—\/22—4)+10 ’\/z2—4—|—z
crvaz—1) T 2

where v/22—4 is the branch of the square root of z?>—4 with cut at [—2,2] which is

asymptotic to z at infinity; this can be seen by integrating the formula

)

2 1
/ 10g|y_Z|Qsc(y) dy:2Re<

-2

21 —z+vz2—4
QSC(y) dy: - 5

107
2 Yy—=z 2 ( )

for the Stieltjes formula for the semi-circular potential, which can be easily verified by

the Cauchy integral formula.

Appendix B. The distance between a random vector and a subspace

The prupose of this appendix is to prove Lemma 43. We restate this lemma for the

reader’s convenience.

LEMMA 68. Let X=(&1,...,£,)€C™ be a random vector whose entries are indepen-
dent with mean zero, variance 1, and are bounded in magnitude by K almost surely for
some K>10(E[¢|*+1). Let H be a subspace of dimension d and 7y be the orthogonal
projection onto H. Then

t2

In particular, one has
st (X) | = Vad+O(K log )

with overwhelming probability.
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It is easy to show that E||7y(X)||?=d, so it is indeed natural to expect that with
high probability 7z (X) is around v/d.

In a previous paper [44], the authors proved Lemma 68 for the special case when ¢&;
are Bernoulli random variables (taking values 1 with probability half). This proof is
a simple generalization of one in [44] (see also [45, Appendix E]). We use the following
theorem, which is a consequence of Talagrand’s inequality (see [45, Theorem E.2], [31],
or [43]).

THEOREM 69. (Talagrand’s inequality) Let D be the unit disk {z€C:|z|<1}. For
every product probability p on D™, every conver 1-Lipschitz function F:C"—R and

every >0,

2
W F—M(F)| >r><4exp(—71°6),

where M(F) denotes the median of F.

Remark 70. In fact, the result still holds for the space Dy x...xD,,, where the D,’s

are complex regions with diameter 2.

An easy change of variables reveals the following generalization of this inequality: if
1 is supported on a dilate K-D" of the unit disk for some K >0, rather than D" itself,
then for every >0 we have

,],,2
W F=M(F)| 7)< 4exp<16K2). (108)

In what follows, we assume that K >g(n), where g(n) is tending (arbitrarily slowly) to
infinity with n. The map X+ |7y (X)] is clearly convex and 1-Lipschitz. Applying (108),

we conclude that

t2
P (|l (X)| = Ml (X)))] > ) <4exp<—16K2) (109)

for any ¢t>0. To conclude the proof, it suffices to show that
| M (Jms (X)) — V| <2K. (110)

Let P=(pjx)i<j,k<n be the nxn orthogonal projection matrix onto H. We have
that trace(P?)=trace(P)=>__, pii=d and |p;;|<1. Furthermore,

ma(X)P= D pi&&=> pulslP+ D pi&és.
1=1

1<i,5<n 1<i#j<n
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Consider the event &, that |7y (X)|>vd+2K. Since this implies that
|mar (X))? > d+4KVd+4K2,

we have

P(&) < P(Zpii@IQ > d+2Kx/&> +P<

i=1

Z Pii&i&j

1<i#j<n

> 2K\/&> .

Set S1:=>""" | pii(|&]?—1). Then we have, by Chebyshev’s inequality,

E(|51]%)

q1&)% > < > < ——".
P(anm /d+2Kx/E>\P(|Sl|/2Kﬁ)\ e

=1

On the other hand, by the assumption on K,

B[S =) piE(&F -1 =) pi(Bl&G['-1) <D piK =dK.

i=1 i=1 =1

Thus,
E|Si? 1 1
<=«

4dK? S K 10

P(|S1]|>2KVd) <

Similarly, set So:=|3", ; pi;&i&;|. Then we have ES3=3", [pi;|*<d. So again, by

Chebyshev’s inequality,
d 1

P >2K <—<—.
(52 V) 4dK? 10

It follows that P (&, )<}, and so M (|7 (X)||)<Vd+2K. To prove the lower bound,
let £ be the event that ||z (X)||<vd—2K and notice that

P(E)<P(ru(X)? <d—2KVd)<P(S; <d—KVd)+P(Sa > KVd).

Both terms on the right-hand side can be bounded by % by the same argument as above.

The proof is complete.

Appendix C. Controlling the spectral density by the Stieltjes transform

In this appendix we establish Lemma 64 and Proposition 66.
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Proof of Lemma 64. From (90) we see that, with overwhelming probability, one has

for all —L<x<L which are multiples of n 1%, From (89), one concludes that

n

1

n
<1,
n ; n?+[Ni(W,) —|?

and we thus have the crude bound
N« nn

whenever IC[—L, L] is an interval of length |I|=7. Summing in I, we thus obtain the
bound
Ny < |In (111)

with overwhelming probability whenever I C[—L, L] has length |I|>%. (One could also
invoke Proposition 66 for this step.)
Next, let I C[—L+e, L—¢| be such that |I|>2n, and consider the function

F(y):=n""" 3" E

= w(P+ly—al?)’

n=100|

where the sum ranges over all z€1 that are multiples of n~1%. Observe that

iiF(Ai(Wn))—nmoiIm< Z sn(x+nﬁ)>

xzel
n=100|g

and

/RF(y)Qsc(y)dyzn_mO}TIm< Z s(x+77\/—71)>

xel
n—100|g

With overwhelming probability, we have s, (z+nv—1)=s(z+nv/—1)+0(6) for all z in
the sum, by hypothesis, and hence

n

S FOuW) = [ Plols) du+0(119).

=1

1
n
On the other hand, from Riemann integration, one sees that

= —77 xT nflo .
Fw= [ o o0 ™)
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One can then establish the pointwise bounds

1

Fyy< —————+n"1°
WS T it i
when y¢ 1 and dist(y, I)<|I|,
n|{| -10
F A
W) < Gty 12 "

when y¢ 1 and dist(y, I)>|1|, and (since n/7(n?+|y—=z|?) has integral 1) in the remaining
case

Fly)=1+0 )+0w),

1
(1+dist(y, I¢)/n

Using these bounds, one sees that

/RF(y)@sc(y) dy:/lgsc(y) dy+0<nlog |£I>

and a similar argument using Riemann integration and (111) (as well as the trivial bound
Ny <n when J lies outside [—L, L]) gives

1 — 1 I
— ZF(AZ(Wn)) =—N;+0, (77 log ||)
n im1 n n

Putting all this together, we conclude that

I
N; :n/gsc(y) dy+0:(on|I|)+0: (nn log 77>'
I

The latter error term can be absorbed into the former, since

n 1
11> Llog =,
1] 51085

and the claim follows. O

Proof of Proposition 66. By the union bound it suffices to show this for

K?(logn)?

[|=n:=
n

Let « be the center of I. Then, by (89), it suffices to show that the event that

Ny >=Cnn (112)



RANDOM MATRICES: UNIVERSALITY OF LOCAL EIGENVALUE STATISTICS 197

and

Im(s, (z+nvV-1))>C (113)

for some large absolute constant C, fails with overwhelming probability.
Suppose that we have both (112) and (113). By (92) we have

1 n
2=

using the crude bound [Im(1/z)|<1/[Im(z)|, we conclude that

Im((kk/ﬁ(xinﬁ)yk> ’ ¢

[
gt [n+Im(Y)| -

At the same time, by writing W, 5, in terms of an orthonormal basis u;(W,, 1) of eigen-

functions, one sees that

| (Wo i) *ag|?
Y. = . , 114
2 W) e V) e
and hence )
n— . Wn * 2
Im(Yk;)>T]Z |U]( 7k7) a’kl

2 P O (W) — )

On the other hand, from (112) we can find 1<i_<i, <n with i, —i_>nn such that
Ai(Wp)el for all i <i<i,. By the Cauchy interlacing property (24), we thus have
Ai(W i) €I for i_<i<i,. We conclude that

1 1
m(Yi)>= > |uj(Wn,k)*ak|2:HHPHkakHQ,

1 <J<ig

where Py, is the orthogonal projection onto the (i; —i_)-dimensional space Hj, spanned

by the eigenvectors u; (W, x) for i_ <j<i,. Putting all this together, we conclude that

n

1 n

w2 P O

On the other hand, from Lemma 68 we see that || Pp,ax|?*=0(n) with overwhelming
probability. (One has to take the union bound over all possible choices of i_ and i,, but
there are only O(n?) such choices at most, so this is not a problem.) The claim then
follows by taking C' sufficiently large. O
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Appendix D. A multidimensional Berry—Esseen theorem

In this section, we prove Theorem 44. We will need the following multidimensional

Berry—Esséen theorem, which is a generalisation of [45, Proposition D.2].

THEOREM 71. Let N,n>1 be integers, let vy, ...,v, ECN be vectors, let (q, ..., ¢, be
independent complez-valued variables with mean zero, variance E|(;|*=1 and the third

moment bound
sup E|G[°<C (115)

1<ign

for some constant C>=1. Let S be the CN -valued random variable

S = i ’UZCZ
i=1

We identify CV with R*N in the usual manner, and define the covariance matrix M of

S to be the unique symmetric 2N X 2N real matriz such that
u* Mu:=E|Re(u*9)|? (116)

for all ueCN =RV,
Let G be a Gaussian random variable on R2N=CN with mean zero and with the

same covariance matric M as S, and thus
u*Mu=E|G-ul*=E[Re(u*9)|
for all ueR?"=C" (where u-v=Re(v*u) denotes the dot product on R*N). More explic-
itly, G has the distribution function
1 . "M lx
- expl-z=
(2m)"(det M) 172 P 2

if M is invertible, with an analogous limiting formula when M is singular. Then, for

) dxl d(ﬂQN

any >0 and any measurable set QCR*N=CV, one has

P(SeQ) <P(GeQuUI.Q)+0 (CN3/253 > |vj|3>, (117)
j=1
and similarly
P(S€Q) >P(GeQ\a€Q)—O<CN3/25—BZ |vj|3), (118)
j=1

where
0:Q:={z e R*N : dist oo (z, 0Q) <&},

00 is the topological boundary of Q and dists, is the distance with respect to the £

metric on RN,
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Remark 72. The main novelty here, compared with that in [45, Proposition D.2], is
that the random variable ¢; is not assumed to be C-normalized (which means that the
real and imaginary parts of (; have covariance matrix equal to half the identity). For
instance, some of the ¢; could be purely real, or supported on some other line through

the origin, such as the imaginary axis.

Proof. We obtain the result by repeating the proof of [45, Proposition D.2] with
some proper modification. For the readers convenience, we present all details.

It suffices to prove (117), as (118) follows by replacing  with its complement.

Let : R—R™* be a bump function supported on the unit ball {x€R:|z|<1} of total
mass wazl, let U, n: F®—R* be the approximation of the identity

and let f:R™—R*" be the convolution

f@)= [ Wental—y)d, (19)

where 1gq is the indicator function of Q. Observe that f equals 1 on Q\0.{2, vanishes
outside QU and is smoothly varying between 0 and 1 on 9.€Q. Thus it will suffice to
show that n
[Bf(S)~Ef(G)| < ON*/272 ) "o, |*.
j=1

We now use a Lindeberg replacement trick (cf. [33] and [38]). For each 1<i<n, let
g; be a complex Gaussian with mean zero and with the same covariance matrix as (;,
and thus

ERe(g;)? =ERe((;)?, EIm(g;)? =EIm(¢;)?

and
ERe(g;)Im(g;) = ERe((;)Im(¢;).

In particular g; has mean zero and variance 1. We construct the g1, ..., g, to be jointly

independent. Observe from (116) that the random variable
G114 ... 4 gnvy, € CN

has mean zero and covariance matrix M, and thus has the same distribution as G. Thus,

if we define the random variables

Sj = <11}1+...+<j1}j +gj+1Vj+...+9gnvn € (CN,
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we have the telescoping triangle inequality
ES(S)~Bf(G)| <Y [BF(S;)~Ef(S;-1)]. (120)
j=1

For each 1<j<n we may write
Sj = S;—-FCj’Uj and Sj,1 = S;-—l—gj’l}j,
where
S; = <11}1+...+Cj_1’0j_1 +gj+1vj+...+gnvn.

By Taylor’s theorem with remainder, we thus have

3
F85) = Pay (Re(). () +0 (16 sup 310059 (o "T)- 940l ) - 121)
reR™ =0

and

3
F(85-1) = PeyRe(g5). ) +0 Il sup 3 oy 9 (03 ~1) 91+ 1(0)] ),
&R k=0
(122)
where PS; is some quadratic polynomial depending on S;, and v; and v;v/—1 are viewed
as vectors in R*V. A computation using (119) and the Leibniz rule reveals that all
third partial derivatives of f have magnitude O(¢~3), and so, by the Cauchy—Schwarz

inequality, we have
3
D1 V) (v =1)-V)?F f ()| < Juy PN/,
k=0

Observe that ¢; and g; are independent of S;-, and have the same mean and covariance
matrix. Subtracting (121) from (122) and taking expectations using (115), we conclude
that

[Ef(8;)~Ef(Sj-1)| < Clo; PN*/2e72,
and the claim follows from (120). O

Remark 73. The bounds here are not best possible, but are sufficient for our appli-

cations.

Now we are ready to prove Theorem 44.
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Proof of Theorem 44. We first prove the upper tail bound on S;. Here, the main

tool is the N =1 case of Theorem 71. The variance of S; is

n
E[S;P = lai|* =1, (123)

j=1
since the rows of A have unit size. Thus, the 2x2 covariance matrix of S; is O(1). Let
G; be a complex Gaussian with mean zero and the same covariance matrix as S;. By

Theorem 71, we have

N n
P(|S;|>t) <P(|G| 2t—6\/§)+0<053 SN |aij|3>

i=1 j=1

for any £€>0. Selecting e:= L

15> and using the fact that G has variance 1, we conclude
that

N n

P(1s:|> 0 <expl-c?)+0( XDl

i=1 j=1
and the claim follows from (26) and (123).
Now we prove the lower tail bound on S , using Theorem 71 in full generality. Observe

that for any unit vector u€ CV =RV one has
E|u*S|> =E|u*A|* =1,

by the orthonormality of the rows of A. Thus, by (116), the operator norm of the

covariance matrix M of S has operator norm at most 1. On the other hand, we have
trace(M) =E|S|? = || A||% = N.

Thus, the 2N eigenvalues of M range between 0 and 1 and add up to N. This implies

that at least %N of them are at least %, and so one can find a {%N J -dimensional real
subspace V of R?N such that M is invariant on V and has all eigenvalues at least % onV.
Now let G be a Gaussian in R?VM =C" with mean zero and covariance matrix M.

By Theorem 71, we have

N n
P(|S|<t)<P(|G| < t+5\/2N)+O(CN3/25‘3 SN |aij|3)

i=1 j=1

for any €>0. By (26) and (123) we have

N n
szij‘SgNO’.

i=1 j=1
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Setting 5::t/\/ﬁ, we conclude that
P(|S] <t) <P(|G| <2t)+O0(CN*30).
Let Gy be the orthogonal projection of G onto V. Clearly
P(|G|<2t) <P(|Gv|<2t).

The Gaussian Gy has mean zero and covariance matrix at least $ /v (i.e. all eigen-
values are at least i) By applying a linear transformation to reduce the covariance, we
see that the quantity P(|Gy|<2t) is maximized when the covariance matrix is ezactly
i[v. Thus, in any orthonormal basis of Gy, the L%NJ components of Gy, g1, ..., g|N/2]s
are independent real Gaussians of variance . If |Gy/|<2t, then g%—l—...—&-ng/QJ <42, and
thus (by Markov’s inequality) g2 <8t?/N for at least | 1N | of the indices i. The number
of choices of these indices is at most 2LV/2) and the events ¢g?<2t?/N are independent
and occur with probability O(t/v/N ), so we conclude from the union bound that

P(|Gv|<2t) < O(t/\/ﬁ)LN/q

and the claim follows. O
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