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O n  a c l a s s  o f  D i o p h a n f i n e  e q u a t i o n s  

B y  LARS FJELLSTEDT 

HURWITZ [1] 1 has  s t ud i ed  the  D iophan t ine  equa t ion  

x~ + ~ + . . .  + ~ = x . =l x~ . . .  ~ .  (1) 

F o r  n = 2 more  genera l  equa t ions  of this  t y p e  have  been  i nve s t i ga t e d  b y  BAR- 
~ . s  [2] and  MILLS [3, 4]. This p a p e r  deals  wi th  t he  equa t ion  

(X~ "~ a.:) 9" -~ 6 = x .  x I x 2 - . .  •n, (2) 
i=1 

where  t he  number s  a~ a n d  c are  r a t iona l  in tegers ,  c >  0. W e  show t h a t  wi th  
some a l t e ra t ions  the  m e t h o d  used b y  Hul~WlTZ on equa t ion  (1) also appl ies  to  
e q u a t i o n  (2). The  resul t s  ob ta ined  are  analogous  to  those  of Hln~WiTZ. 

W e  no te  t h a t  if a n y  of the  po lynomia l s  

(xi + at) 2 + c = 0 

is reducible ,  equa t ion  (2) is so lvable  for eve ry  va lue  of x. S imi l a r ly  if the re  
exis ts  a so lu t ion  in  which  one a t  leas t  of t he  n u m b e r s  xl, x 2 . . . . .  x~ is zero. 

I n  the  following l ines we consider  only  solu t ions  in  which  the  numbe r s  
x 1, x~, . . . ,  x~ are  a l l  4: 0. 

S t a r t i n g  f rom a so lu t ion  
A = (x, x 1, x~ . . . . .  xn) 

we can f ind  a new so lu t ion  A (k) in t he  following way.  I n  (2) we solve for  xk. 
Since the  equa t ion  considered is of the  second degree  and  since i t  is sa t i s f ied  
b y  xk, the  o ther  roo t  is 

I 

X k ~ X  " X 1 "** X k - 1 X k + l " "  xn--2 a k - - X k .  (3)  

I t  is obvious  t h a t  x~ is an  integer.  Thus  

A(k)= (x, zl . . . . .  zk-1, x~, z~+l . . . . .  xn) 

is a so lu t ion  of (2). The  solut ions A (k), k =  1, 2 . . . . .  n a re  sa id  to  be  associated 
with  t h e  so lu t ion  A.  

1 Numbers in brackets refer to the bibliography at the end of this paper. 
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A sequence of solut ions  A~, A~ . . . . .  of (2) with the  p r o p e r t y  t h a t  e v e r y  solu- 
t ion  is assoc ia ted  wi th  the  preceding  one forms a chain o] solutions. I t  is e v ide n t  
t h a t  x has  t h e  s ame  va lue  for  eve ry  so lu t ion  in  a chain.  

The  n u m b e r  

~ [ x i l  i = 1 , 2  . . . . .  n 

is cal led the  weight of the  solut ion (x, xj . . . . .  xn). 
A so lu t ion  of weight  h is sa id  to  be /undamental if t he  weight  of all  t he  

solu t ions  assoc ia ted  with i t  is _-> h. 
A f u n d a m e n t a l  solut ion is sa id  to  generate t he  chain  to  which i t  belongs.  
W e  have  the  fol lowing re su l t :  

T h e o r e m  I .  Every solution o/ (2) 

(X, Xl, X2, . . . ,  Xn) 

with Xl, x 2 . . . . .  x n all ~-0, belongs to a chain generated by a [undamental solution. 

P r o o f .  Suppose  t h a t  a so lu t ion  A of (2) is no t  fundamen ta l .  Then  i t  has  
an assoc ia ted  so lu t ion  whose weight  is less t h a n  the  weight  of A.  I f  the  new 
solu t ion  is n o t  f u n d a m e n t a l  we can r epea t  the  process.  Since the  weight  is a 
n a t u r a l  n u m b e r  we m u s t  f ind a f u n d a m e n t a l  solut ion af te r  a f in i te  n u m b e r  of 
s teps .  

To solve (2) comple t e ly  we have  only  to  de te rmine  the  f u n d a m e n t a l  solut ions.  
Our  ma in  resu l t  will be t h a t  the  n u m b e r  of d i f ferent  f u n d a m e n t a l  so lu t ions  is 
f ini te  and  fu r the rmore  we will give inequal i t ies  for these  solut ions.  

I f  (x, x I . . . . .  xn) is a solut ion of (2) in which the  number s  x~,, x~ . . . . . .  x~r are  

nega t ive ,  (x, Ix l l ,  ]x~l . . . . .  I x . I )  is obv ious ly  a solut ion of the  equa t ion  de r i ve d  
f rom (2) b y  changing  signs for  % ,  a,  . . . . . .  a ,  r. F u r t h e r m o r e  i t  is clear  t h a t  if we 

can p rove  for th is  new equa t ion  t h a t  t he  n u m b e r  of d i f ferent  f u n d a m e n t a l  solu- 
t ions is f ini te ,  t he  same resu l t  holds  for (2). Hence  we suppose  in  t he  sequel  
t h a t  al l  t he  number s  xl, x ~ . . . . .  x~ are  > 0 .  

I f  t he  weight  of the  so lu t ion  A is no t  g rea te r  t h a n  t h a t  of A (k), we ge t  
f rom (3) on mul t ip l i ca t ion  with  xk 

x~ x~ + x~ + 2 ak xk = x ~ x~. 
i l l  

F r o m  (2) we see t h a t  xk and  x~ have  the  same sign a n d  therefore  

2x~ + 2akxk <=X f i  X, (4) 
iffil 

for k = 1, 2 . . . . .  n. 
L e t  us consider  t he  express ion 

(X" X 1 X 2 ' ' "  Xk_ 1 X k + l ' ' "  X n -- 2 (X k ÷ a k ) )  2 = X 2 X 2 " ' "  Z2k_l X2k+l "'" X 2 *~ 

+ 4 [ x ' x l x 2 " " x ' (  i+a~t-(x~+ak)2]xe/ 
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which  can  be  wr i t t en  

x" x 1 x~""  xn - 2 (x~ + a~ xk) = xl  x2""  xn ~/x ~ : -  4tk 
where  

(5) 

(1-t-ak~[~(x~÷a')2÷c] ~=1 
, x~. (6) 

~k ~ 2 2 . 2 ; 2  
X l  X2 •. 

i = ] ,  2 . . . . .  n .  {7) 

F o r  some index  ~ we have  

o r  

where  

F r o m  (5) we ge t  on add i t i on  

Tbg~ '=1 ~ X,--~ '=1 ~ (x~ + a,x,)= ,=1 ~-[ x,. (iffil ~ ] / ~ ) '  

(n - 2) x x~ + 2 T = x,.  
t=1 ' = 1  '=  

T= ~ (x~a~+a~)÷c. 

(s) 

W e  dis t inguish  two cases according  as T is g 0 or  > 0. 
Suppose  f irst  t h a t  T =< 0. Then  we ge t  f rom (8) 

(n-2)x>= ~ ~/x-~-4t,. 
i=1 

As is eas i ly  seen, i t  is suff icient  to  consider  t he  case tg > 0. I n  fact ,  if t < 0 we 
m u s t  have  t, < 0  for al l  i .  I t  t hen  follows f rom the  l e f t - hand  side of (5) t h a t  

xk (ak + xk) < 0, /c = 1, 2 . . . . .  n. 

This ,  however ,  means  t h a t  xk < l akl  for a l l  k. 
I f  t ,  is = 0 ,  we m u s t  have  t~:<t, for  al l  i. Thus  we ge t  as b e f o r e  xk<:[ak[. 
On squar ing  and  in t roduc ing  t ,  i n s t e a d  of t, we ge t  

n2~>_- ( n -  1 )x  2. 

S u b s t i t u t i n g  in this  i n e q u a l i t y  t he  express ion for  t ,  g iven  b y  (6) we f ind  

[( )( )] a~ ~ (x, + a,) 2 + c -  (2;. + a.) 2 ~ ( ~ -  1) - -  H x~. n' 1 + ~  ,-1 - x~,=l  (9) 

W e  now dis t inguish  two  cases according as  a ,  is > 0 or  ~ 0. I f  a~ ~ 0 we ge t  
f rom (9) 
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Suppose now t h a t  (xm + am)2 ~ (x, + a~) ~, i ~: lz. 
Then  we have  

n * [ ( n -  1) (aS + 1) + c] > ( n -  1) 

If  on the  o ther  h a n d  a t > 0  we have 

Here  either 

2 2 
Xp X m 

n ] X2 n 
n 2 ( n - - l )  e s + a , x ~ x  ' (am+ 1)zm +c  > (n-- 1) ~ YI z~. 

Xp = p t -  

'ffil 1 

(10) 

However ,  in bo th  cases we have the  inequal i ty  

X n 2 
YIx~. ~ [(n-1)(aL+l)+la, l+c]. (11) 
~-1 X~Xm n -  1 

Comparing with (10) we find t h a t  if T ~ 0 ,  (11) is a lways true. 
We tu rn  now to  the case T > 0 ,  and  s tar t  with a few observations.  I f  

(x~ +a~x,) is g 0 ,  we mus t  have x,~_ ~ la~l. Thus we can assume t h a t  this 
'=1 $~1 
sum is > 0. F r o m  (2) it follows t h a t  we have ei ther  

o r  

I f  (12) is t rue  

(x~ +atx,) g ~ (alx,+a~)+c (12) 
i=1 I-1 

(x~ + a~ x~) > ~. (a, xi + a~) + c. (13) 
tffil i = l  

~ x~_ ~ a~-t-c, 

and  thus  all the  numbers  x~ are bounded.  I f  on the  o ther  hand  (13) is t rue  
we deduce f rom (8) and  (7) 

(n -  1)x>=n V~-4tl , .  
On squaring we get  

2 n - 1  - -  X 2" 
n ~ t~ _>- 4 

We now proceed exact ly  as in the  case T - 0 .  The result  is 

x i~i 4 n  2 
z~-xm ,ol z, _-< 2 n  - 1 [(~ - 1) (a~ + 1) + l a ,  I + c]. (14) 
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Combining this inequal i ty  with our  previous results we have t h a t  every funda-  
menta l  solution of (2) satisfies the  inequal i ty  

x ~ 4 n  2 
x~ < [(n - 1) a 2 + a +  n - 1 + c] = C, (15) 

XgXm i~1 = 2 n - - 1  

where a = m a x  l a, l- 
The following theorem is an immedia te  consequence of (15): 

T h e o r e m  2. The number o/di]/erent ]undamental solutions (chains o] solutions) 
is /inite. 

(15) gives at  once an  upper  bound  for x. Fu r the rmore  it is possible to  deter- 
mine explicit bounds  for all the x~. I n  fact, the  following inequal i ty  is easily 
derived f rom (4) : 

i~=g, m 

Since, according to (15), the  p roduc t  

1 I~I x~ 
Xt~ Xm i=l 

is bounded  the same is t rue  for the  sum ~ (x~ + a~) 2. 
t#g, m 

I n  fact,  we have  

(x~ + a~) 2 < (C + a) 2 + (n - 3) (a + 1) ~. 
t4.u, m 

Thus  we have for x, x~, i = 1 ,  2 . . . . .  n the inequalities 

x~_C, 

[xi] < V ( C + a ) 2 +  (n -  1 ) ( a +  1 ) ~ + c + a .  

Equa t ion  (2) with c < 0 m a y  be t rea ted  in the same way  as when c > 0. How- 
ever, ihe details are more complicated. I shall re turn to  this case in a following 
paper .  
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