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On the asymptotic behaviour of the number of
distinct factorizations into irreducibles

Franz Halter-Koch

Abstract. For an integral domain R and a non-zero non-unit a€ R we consider the number
of distinct factorizations of a™ into irreducible elements of R for large n. Precise results are
obtained for Krull domains and certain noetherian domains. In fact, we prove results valid for
certain classes of monoids which then apply to the above-mentioned classes of domains.

1. Throughout this paper, a monoid H is a multiplicative commutative and can-
cellative semigroup with unit element 1€ H. For any as,...,an € H, we denote by
[@1,...,am] the submonoid of H generated by ai,...,an,. We denote by H* the
group of invertible elements of H, and we use the notions of divisibility theory
in H as introduced in [6], § 6 or [9], ch. 2.14. A monoid H is called reduced if
H*={1}. By a factorization of an element a€ H\ H* we mean a relation of the
form a~wuy-...-u, where u;€ H are irreducible elements. Two such factorizations,
say a~uq-...-t, and a~uf-...-ul.,, are called not essentially different if r=r' and
Uq (i) ~u; for some permutation 0€&, and all i€{1,...,r}. We denote by f(a) the
number of essentially different factorizations of a. We shall be concerned with the
behaviour of f(a™) as n—oo. The corresponding question concerning merely the
lenghts of factorizations of o™ as n— oo has been dealt with in [1] and [5].

A monoid H is called an FF-monoid (finite factorization monoid) if 1<f(a)<oo
for all ac H\ H* ; see [8] for a detailed discussion. OQur main results are the following
two theorems.

Theorem 1. Let H be an FF-monoid, a€c H\ H*, and suppose that there exist
(up to associates) only finitely many irreducible elements ui, ..., u,, € H dividing
some power a™ of a. Let r be the mazimal number of Q-linearly independent vectors
(k1y ooy km) ENT such that u¥-....ukmela]. Then there exists a constant A€Qsg
such that
f(a") = An""1 4+ 0(n""?).
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Theorem 2. Let H be an FF-monoid, ac H\ H*, and suppose that there exist
infinitely many mutually non-associated irreducible elements ue H dividing some
power a™ of a. Then we have

f(a™)>»>n"

for every reN.

The proofs of these two theorems will be given in Section 5. They are based on
a general finiteness result for finitely generated monoids (Proposition 1) to be dealt
with in Section 4. In the following two sections we discuss arithmetical applications.

2. Let us call a monoid H an SFF-monoid (strong finite factorization monoid)
if, for any ae H\H*, there exist (up to associates) only finitely many irreducible
elements of H dividing some power a” of a. Thus in an SFF-monoid H Theorem 1
applies for all ac H\ H*.

Every Krull monoid is an SFF-monoid. More generally, every saturated sub-
monoid of a monoid- with nearly unique factorization is an SFF-monoid (see [5],
Proposition 2 and Corollary 1).

For an integral domain R, we denote by R*'=R\{0} its multiplicative monoid;
we study the arithmetic of R by means of the monoid R*. We call R an SFF-domain
if R* is an SFF-monoid. In an SFF-domain, every non-zero non-unit satisfies the
assumptions of Theorem 1.

If R is a Krull domain, then R® is a Krull monoid (cf. [7], Satz 5), and therefore
R is an SFF-domain. In general, a noetherian domain need not be an SFF-domain;
see the subsequently discussed example R=Z[\/—7|. Criteria for a noetherian do-
main to be an SFF-domain may be found in [5], Theorems 4, 5 and Corollary 2.

3. In this section we present four examples, two for each theorem.

Example 1. Let K be an algebraic number field, R its ring of integers, and
assume that the ideal class group G of R is an elementary abelian 2-group of rank
N>2. Let ¢, ...,cy beabasis of G, and let pg€cy-...-.cn, p1E€C€T, ..., PN €EC be prime
ideals. Then there exist elements u, ug, 4y, ...,uy € R such that (uv)=pop1-...-Pn
and (u;)=p2? for 0<i<n. Obviously, u, ug,...,uy are irreducible elements of R,
and they are (up to associates) the only irreducible elements of R dividing some
power u” of u. From the unique factorization into prime ideals we see that all
factorizations of u™ are of the form

u™ ~ uauguf-...-ufv, where n=a+20.
This implies

f(um) = {g]+1=g+0(1),
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and indeed, r=2 is the maximal number of linearly independent vectors in the
system

{(a’ﬁ’ 7/6) ENéV+2|aa/8€NO}'

Ezample 2. Let K be an algebraic number field, R its ring of integers, and
assume that the ideal class group G of R is cyclic of order N>2. Let ¢ be a
generating class of G, and let py, ..., py €c be distinct prime ideals. Let A be the set
of all vectors a=(ay, ...,an)ENY such that N=a; +...+ay. For any a€ A, there
is an irreducible element uq € R such that (uq)=p7*-...- P~ . We set a=uq,. 1H€ER,
and we use Theorem 1 to determine the asymptotic behaviour of f(a™). Obviously,
{ua o€ A} is a complete system of mutually not associated irreducible elements of
R dividing some power a” of a. The factorizations of a™ are of the form

a® ~ H u’;(a),
acA

where the exponent vectors (k(a))aca €Ny satisfy the relations

Z k(a)a;=n forallie{1,..,N}.
acA

By Theorem 1 we obtain
f(a™)=An""1+0(n""?),
where A€Q+q, and r is the maximal number of linearly independent vectors
(k(@))aca €NG'
satisfying the relations

> k(o)(a—01)=0, (i=2,..,N).

acA

These N —1 relations are linearly independent: Indeed, if Ag,..., Ay €Q are such
that

N
Z)\i(ai—al) =0 foralla€ A,
i=2

then the vectors @=(0,...,0, N,0,...,0)€.A show that A;=...=Ay=0. This implies

2N-1

r:#A—N+1:< N

)—N—i—l.
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Ezxample 3. We consider the multiplicative monoid H={1}U2N. The irre-
ducible elements of H are the numbers u=2 mod 4, H is an FF-monoid, and any
two factorizations of an element a€ H\ {1} have the same length. For an odd prime
number p, we consider the element a=2p. The irreducible elements of H dividing
some power a™ of a are the elements u,=2p* for a €Ny, and the factorizations of
a™ are of the form

n .
a"zH(Qp"i), where n=a3+...4ap,
i=1

whence they correspond bijectively to the partions of n, which implies

@) =)~ ;e {ny/ 5 )

see [11], Theorem 6.10 and [12], §2.7.

Ezample 4. We consider the ring R=Z[+/—7] which is the simplest example of
a noetherian domain not being an SFF-domain. We shall prove the estimate

n 1 2n
£f(2") > EGXP{M/ —:—3—},

which is substantially stronger than Theorem 2.
For i>1, the elements

ui:2(1+\/—__7)i and aizz(l_ﬁ)i

2 2

are irreducible in Z[v/—7], and the elements 2, u;, @;(i>1) are (up to associates) the
only irreducible elements of Z[/—7] which divide some power 2" of 2 in R (to see
this, consider the factorial ring Z[(14+/=7)/2], where 2=(1++/=7)/2-(1-v/=7)/2).
The factorizations of 2" in Z[/=7] are of the form

n—2

2" =2%. H (uiﬂi)o"’ y

i=1
where o, ai,...,a,_9 €Ny are the solutions of the equation

n—2

* n=a+Z(i+2)ai;

i=1
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consequently, f(2") is the number of solutions (@, a1, ..., n—2) ENP"! of (*). The
partition function p(n) counts the number of solutions (o, ag, ..., atn—2) ENB of the
equation

n=a+2ao+3a1+...4+na,_o

(see [11], Lemma 6.12), and therefore
[n/2) ‘
p(n)= Y £(2"7%) <nf(2"),

=0

by [11], Theorem 6.10 and [12], §2.7.

which implies

4. The following finiteness result is of interest in itself

Proposition 1. Let H=[ay,...,a;] be a finitely generated torsion-free monoid
and F:H—Ny a function with the following properties:

(1) F(zy)=F(z)+F(y) for all z, yeH ;

(2) 1=F(a1)<F(az)<...<F(ay).
For neNy, we set

A, =#F(n)=#{z€ H|F(z)=n}.

Let
r=dimq Q®Q(H) >1

be the torsion-free rank of a quotient group Q(H) of H. Then we have

S A1 = 0
nZ:oAnt B (1—t)(1—td2)-...-(1—tdr)’

where f(t)eQ[t], f(1)#0 and ds,...,d.€N. In particular, there is a constant
A€Q-~o such that

Ap=An""140(n""?).

The proof of Proposition 1 depends on two Lemmata; the first one belongs to
commutative algebra, the second one is of combinatorial nature.

5-935212 Arkiv for matematik
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Lemma 1. Let
R=EP Rn=k[z1,..., 7]

n>0

be a graded domain, where Ro=k is a field, z1,...,z:€R are homogeneous ele-
ments, 0#x1€Ry and r=tr.deg(R/k)>1. Then there exist homogeneous elements
zh, ...,z €R such that x1, xh, ..., .. is a transcendence basis of R/k, and R is inte-
gral over k[z1,x},...,z.]. The Poincaré series of R is of the form

- 0
Z(dlmk R )" = (l_t)(l—-td2)-...-(1—td')’

n=0

where f(t)€Qt], f(1)#0 and dy,...,d,€N.

Proof. See [13],§6. O

Lemma 2. Let dy,...,d, be positive integers such that ged(dy,...,d,)=1 and
lem(dy, ...,d.)=deN. Let f(t)eQ]t] be a polynomial, f(1)#0, and set

f(®)
(1—tdr)-...-(1—tdr

)=2Ant"eQ[[t]].

Then there exist polynomials Py, ..., Py.1€Q[z], all of degree r—1 and with lead-
ing coefficient f(1)[dy...-d-(r—1)!]7! such that A,=P,(n) for all sufficiently large
n=v mod d and 0<v<d. In particular,

A f)
1 = .
o 1 dy-dp(r=1)!

Proof (following a suggestion of R. Tichy; a weaker result is in [3], 2.6). We
start with a preliminary remark of general nature. For € C and m€N, we consider
the binomial series

m—1

(1—at)™™ = i <”+m_1) a"t™ € C[{].

n=0

For a polynomial g(t)=co+cit+...4+cst* €Q[t] we obtain

98 g
Tatyr ~ 25"
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where, for n>s,

> n—v+m-—-1\ ., n
Bn-——X_:C,,( 1 )a =Q(n)a

and

Q(z) = (grfl“__ll)), 2y eCle]

Now we are well prepared for the proof of Lemma 2. We set

8

1ty (1-tt) = (1-t)"- [Ja-¢& ),

=1
where 1,&;,...,&,€C are distinct d-th roots of unity, and 1<r;<r forall je{1,..., s},
since ged(ds, ..., dr)=1. We use the partial fractions decomposition in the form

ft) _ o)~ £
(1—tdr). ... (1—tdr)  (1—t)" +; (1—§j"1t)7‘j ’

where fo(t)€Q]t], fo(1)#0 and fi(t), ..., fs(t)€Clt]. Now we expand the fractions
into power series and obtain from the formulas derived above:

An=Qo(n)+)_ Q;(n)&;™

j=1
for all sufficiently large n, where
fo(l) i (&) i
Qo(z)= - 1) 1y and Q)= " ”) 14+.. eClz].

Since fle, the factors .fj'" depend only on the residue class of n modulo d. Ob-
serving r; <r, A, €Q and

fOa-9r fQ)
(1)_L1(1—td1)-....(1—tdr) T di-..d,

the assertion follows. [

Proof of Proposition 1. Since H is torsion-free, the monoid ring R=Q[H] is a
domain by [6], Theorem 8.1, and clearly r=tr. deg(R/Q). We make R into a graded

ring by setting
R=R,, whereR,= P Qz;
n>0 z€F—1(n)

since A,=#F"!(n)=dimq R,, the result follows from Lemma 1 and Lemma 2. [

Next we show how Proposition 1 implies factorization properties.
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Proposition 2. Let H=[ui,...,un] be a finitely generated reduced monoid,
1¢{u1,...,um} and l#a€H. For neNy, we set

An=#{(k1, ... k) ENT |uft-...oufm =am ],

Let v be the mazimal number of Q-linearly independent vectors (k1,..., km) NG
such that u¥-...-ukm €[a]. Then there exists a constant A€Qsg such that

Ap=An""1+0(n"72).

Proof. For meN, we write the elements of NJ* in the form k=(ky,..., kn).
For k, k'eN{*, we define k<k' by k;<k for all je{l,...,m}. Then (N7*,+,<)
becomes an ordered additive monoid, and we shall use the fact that every non-empty
subset M CIN7* has only finitely many minimal points, cf. [2], Theorem 9.18. The
set
P={keNP | uf.  .ukr o]}

is a submonoid of N{* with the property that m, n€I', m>n implies m—nerl.
Therefore T' is generated by the minimal points of I'\{0}, say k¥, ... k®. We
define F:I'—> Ny by

Fk)=n ifuf.  .ufm=q";

Proposition 1 implies the assertion. [

5. Proof of Theorem 1. Passing from H to H/H*, we may assume that H is
reduced. Then there exist only finitely many irreducible elements wy, ..., %,, in H
dividing some power a™ of a. The result follows by applying Proposition 2 to
[t1, ..., U], since

f(a’n) z#{(kla ey km) € N(T)n |u’f1 ufnm :a"}'

Proof of Theorem 2. We may again assume that H is reduced. Since H is
an FF-monoid, every power a™ of a is divisible by only finitely many irreducible
elements of H. Therefore, by assumption, there exists a sequence (u;);>1 of irre-
ducible elements of H and there exist sequences 1<mj;<mzs<... and 1<n;<nqs<...
such that u;, ..., um, are all irreducible elements of H dividing a™:. For i>1, set

T = {(ky oo ki, ) €NJ¥ |0kt i € [a] ),

and denote by r; the maximal number of Q-linearly independent vectors in I'; ; then

we obtain i
f(a") > #{kel; [uf . cum =a"} > nmi?
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by Proposition 2. If (ki,...,km, )€, then (kq,..,kn,;,0,...,0)€l(1; however,
there exist elements k€T, 1, such that k;>1 for some m;<j<m;;1, and there-
fore r; 41 >7;. Now the assertion follows. [

Remark. It is possible to give a proof of Proposition 2 using geometrical meth-
ods instead of those of commutative algebra (Lemma 1). These geometrical proofs
either rely upon [10], Ch. VI, §2, Theorem 2, or on the combinatorial ideas outlined
in [4]. In both cases it is rather difficult to prove that A is a rational (and not only
a real) number and to give a precise description of the exponent r. However, we
do not know of a proof of the (stronger) Proposition 1 without using commutative
algebra.
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