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Rademacher chaos: tail
estimates versus limit theorems

Ron Blei and Svante Janson

Abstract. We study Rademacher chaos indexed by a sparse set which has a fractional
combinatorial dimension. We obtain tail estimates for finite sums and a normal limit theorem as
the size tends to infinity. The tails for finite sums may be much larger than the tails of the limit.

1. Introduction and results

A (homogeneous) Rademacher chaos is a random variable of the type

(1.1) S= Z @iy igTiy - Tigs
1< .. <ig

where d>1, a;, ,, are real or complex numbers and r;. 7. ... is a sequence of in-
dependent random variables with the symmetric two-point distribution P(r;=1)=
P(r;=—1)=1. (For example, ; could be the classical Rademacher functions [19),
defined on [0,1] (with the usual Lebesgue measure) by r;(z)=1-2b; when z€[0, 1]
has the binary expansion 0.b1bs..., but it is often more convenient to let r; be de-
fined on the Cantor group Z$°. For our purposes, the choice of r; does not matter.)
Equivalently, S is a linear combination of the Walsh functions of the type r;, ...7;,.

We will consider only finite sums (1.1), so there is no problem of convergence,
and all moments of S are finite.

We are interested in two related properties of the random variables S: the tail
behaviour, i.e. the size of the probabilities P(|S|>z) for large x, and the size of the
L% norms ||S||,=(E|S|?)'/4 for large q. For convenience, we define S=5/||S||2; thus
ES=0 and Var S=E|S52|=1.

Bonami’s hypercontractive inequality [4] implies that every S in (1.1) satisfies

1/2
Z |aix...i4|2> B Q.>_2

11 <...<ig

(1.2) ||S||qs<q—1>d/2n5||2=<q—1)d/2(

or, equivalently, ||§Hq§(q-1)d/2, g>2. (See also [1], [2]. [10] and [12].)
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In general, this estimate is best possible. up to a constant depending on d but
not on ¢. For example, it is easily seen that a;, ;,=1 for 1<i;<...<ig<n (and 0
otherwise) yields an $=.,, that after suitable normalization converges, as n—oc, to
a (Hermite) d-degree polynomial in a Gaussian random variable; see Example 3.2. It
thus follows that for some ¢(d)>0 and every ¢>2. ||S||,>c(d)(¢—1)%/?||S||2 provided
n is large enough. (See e.g. [10, Chapter XIII].)

In this paper we study Rademacher chaos (1.1) where most coefficients a;,. ;,=
0 so that we really only sum over an indexing set which is combinatorially sparse
in the sense of [2, Chapters XII and XIII]. In this case. Bonami’s hypercontractive
inequality (1.2) can be improved, precisely reflecting the sparsity of the indexing
set.

We first recall some definitions [2, Chapter XIII}, which we modify and adapt
to our purposes in this paper.

For FCN% and a>0, define

Ur(s)=max {|FN({A; x...x Ag)|: 4; CN.

Aj|<s. j=1,....m},

and v Fn(A Aqg)
N
gy 2y (P
s>1  § Ar.....Aq (max |Aj|>
1<j<d

In [2, Section XIIL.4], the combinatorial dimension of a set F CN¢ is defined
to be

v
(1.3)  dim F =limsup l_o_gﬁ(s) =sup {a:dp(a)=o}=inf {a:dp(a) <oo}.
s

s—soo 1

In this paper, we consider sequences of index sets Fy C[N]?, where [N]=
{1,..., N}, and adopt the definition below. Because we want to consider only non-
empty index sets, we consider sequences starting at some index Ny>1; this allows
for some empty Fi for smaller NV that we ignore.

Definition. A sequence Fy C[N]¢, N=Ny, No+1. ..., has combinatorial dimen-
sion « if there exist positive constants C; and C5 such that for all N> Ny,

dpy(a) <C1,
(i-e. |FNﬂ(A1 X ... ><Ad)|§C'1(max1§j§d |Aj|)a), and
|Fn| > CaN©.

We write dim {Fn }=c.
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Given a set FCN? we define Fy=FN[N]¢ 1In the present paper, we de-
fine dim F=dim {Fy} when the latter exists (and leave the dimension undefined
otherwise).

Remark 1.1. Note that this is a stricter definition than (1.3); there are sets F
with no dimension in the present sense, but it is easily seen that when the dimension
exists in the present sense, it coincides with (1.3).

If the cardinalities of Fy are uniformly bounded, then dim { Fy }=0; otherwise
1<dim {Fn}<d (if dim {Fn} exists at all). We are mainly interested in the case
1<dim {FN}<d

Let A%={(i1,...,i4):1<i;<...<ig<oc} and A‘fV:Adﬂ[N]d. We will in the
sequel consider only FCA? and Fy CA%; this is not essential, but restriction to
ordered sets of indices is convenient when we study sums (1.6).

It is proved in [2, Chapter XIII] that for every a€[1,d]. there exist sets F' CA?
of combinatorial dimension « (also in the stricter sense used here). Such sets can
always be constructed by a random procedure: for rational a>1 and d such that
da is an integer, it is also possible to use the following deterministic construction.

Ezxample 1.2. (Minimal fractional Cartesian products {2, Section XIII.1 and
p. 493].) Fix arbitrary integers d>3 and 1<m<d, and let {Si, ..., Sq} be a cover of
(d] consisting of m-subsets of [d], such that every i€ [d] appears in exactly m elements
of Si,...,Sg; Le., Ule S;=[d], |Sj|=m, and for every ic[d], |{j:i€S;}|=m.

We employ the following notation: if X is a set, y=(y1,...,y4) €X¢ and SC[d],
then

sy = (yi:i € S).

For an integer N>d™, let n be the greatest integer such that n<NY™_ Fix a
one-to-one map ¢ from [n]™ into [N], and consider

(14) Fi = {(p(ms,K), .. p(ms, X)) sk € []).

In order to obtain a subset of A%, for the purposes of this paper, we modify this
set to

(1.5) Fn={(i1,...,ia) €A% : (ig1, ... ,ipa) € F% for some permutation o}.

We call the sequence {Fy} a fractional Cartesian product.

We further say the the fractional Cartesian product is disconnected if [d} can
be partitioned into two disjoint non-empty subsets 77 and 75 such that each S; is
a subset of either T3 or T, and connected otherwise.

The archetypal case is d=3, m=2, S;={1.2}, So={1.3} and S3={2,3}. This
gives a connected fractional Cartesian product.
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Claim. dim {Fy}=dim{F}}=d/m.

Proof. We verify the claim in the archetypal case d=3, m=2 only. The general
case is similar; see [2, Corollary XIIL.16].

Let 1<s<N be an integer, and let A, B and C be arbitrary subsets of [N].
Then,

FiN(AxBxC)= 3 Lalolkr k) 1n(o (k. k) 1e(p(ha, b)),
ki .ko.ksz€n]

A three-fold application of the Cauchy-Schwarz inequality yields

1/2 1/2
Fenaxsxols( X uatth)) (X tateh)

k1.k2€[n] k1.k3€[n]
1/2
(X teleliak))
kg.kge[n]
< AP2BI )2,

which implies ¥ py (s)<s%? and thus U, (s)<6s%/2. In the opposite direction,

Fy|z 1831 = () 2z’ z N2 O

Remark 1.3. Again, the definition differs slightly from [2]; there the fractional
Cartesian product is defined on an infinite set (n=oc in (1.4)).

Remark 1.4. Note that the function ;> appears in the definition of a fractional
Cartesian product only because we let the indices be integers in this paper. We
might avoid ¢ by changing the notation slightly: for example, for the case d=3.
m=2, we could equivalently write (1.9) below as Sy=)_
754, 1<J, are independent Rademacher variables.

i<3‘<k§nri§rikr§k? where

It is shown in [2] (e.g., Corollary XIII.29; see Remark 1.9 below) that if FC A4
(finite or infinite), and S is a Rademacher chaos

(16) S= Z Qiy o igTiy - Tigs

(1.7) ISy < Kdp(a)'2g°/?|ISll2.  ¢21.
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where K < oo depends only on the ambient dimension d. In particular, if dim { Fy } <
d, the exponent in (1.2) can be improved, with d replaced by the combinatorial
dimension.

These norm estimates lead to tail estimates by the customary procedure: If
(1.7) holds and dr(a)<oo, then for any x>0 and ¢>1, by Markov’s inequality,

P(S|> ) <z UE|S| =S¢ < (=7 Cg*/)".
where C=Kdp(a)!/2. Taking q=(z/C)%/ *e~! (if 2>Ce®/?). we obtain
(18) P(|5] 2 7) < e7*9/? = exp(—ea®).

for a constant ¢>0 depending on d, a and dp(a) only.

The norm and tail estimates above are in fact sharp, in a sense made precise
below. (Cf. [2, Corollary XIII.29].) For simplicity, we will consider only the case
where a;, ;, is 0 or 1. Specifically, we consider a sequence of non-empty sets
Fy CA%, and Rademacher chaos

(19) SN: Z Tiy oo Tiy-

Clearly, ||Sy|la=|Fn|"/?, and thus Sy=|Fx|"}/2Sy.

Theorem 1.5. Suppose dim {Fx}=a>1, where F_\ngﬁfV‘ Let Sy be given
by (1.9). Then there exist positive constants c,. ¢, c3 and cy (depending only on
d, oo, C1, Cy and Ny above) such that for every ¢>1,

(1.10) qq“/zSsxpllgxllqé@q“/r{

and for all z>2,

2/

(1.11) exp(—e32%/®) <sup P(|Sn| > z) < exp(—csz®®).
N

A natural question arises: Is it possible to replace sup, in (1.10) and (1.11) by
limy_,0? (See Remark (ii) in [2, p. 524].) In the standard integer-dimensional case
Fn =AY the answer is affirmative (by a d-fold application of the usual central limit
theorem). But in many fractional-dimensional cases, the answer is negative: the
precise relation between tail estimates and combinatorial dimension, as per (1.11),
is completely wiped out in the limit. We illustrate this in two important cases.
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Theorem 1.6. Let FnCAY%, N=1...., and let Sy be given by (1.9). Suppose
either (i) d=2 and 1<dim {Fx}<2, or (ii) Fn is a connected fractional Cartesian
product as in Example 1.2. Then Sy —d—>N(0. 1) with convergence of all moments.
In particular, if £~N(0.1), then, for all g>1,

i 18wl = lelhy <07/
and for all >2,

N“LnooP“gN’ > 2) =P(|¢] > z) <exp(—1z?).

Case (ii) with m=2 can be translated (using Remark 1.4) into a result for
random graphs, which is a special case (with p=2) of [8. Theorem 1]; see also [9]
and (10, Chapter XI].

Theorems 1.5 and 1.6 complement one another in the following (heuristic)
sense. Let us agree that tail probabilities of sums of uncorrelated symmetric vari-
ables provide a gauge of interdependence between the variables: larger tail probabil-
ities (smaller likelihood of cancellations) convey higher degree of interdependence,
and conversely. In this light, Theorem 1.5 provides a precise assessment of inter-
dependence of the random variables r;, ... 74, (¢1....,9a) €Fn. As a counterpoint,
reflecting increasing sparsity of Fiy relative to the full product set A‘}V, Theorem 1.6
asserts that Fiy in the limit, as N —oc, is asymptotically independent.

Theorems 1.5 and 1.6 show that, for large g or x, the limits as N —oc are much
smaller than the largest values for finite . If we fix a large ¢ and study H§N llg as ¥V
grows, we begin with rather small values (at most |Fx|'/?) that grow to a maximum
of the order ¢®/2 (when N is about g. see Section 2). but then the norms decrease
again towards a limit of the order ¢'/2. (We do not know whether the increase and
decrease are monotone; there might be several local maxima.) A similar story holds
for P(|Sy|>z) for a fixed large 2. Consequently, the limit results in Theorem 1.6
are misleading when we consider Sy for finite N.

A central limit theorem in fact holds generally under a condition of sparsity in
Fy that is milder than the sparsity implied by non-integer combinatorial dimension.
The condition is in effect that Fy is not “too close” to a product set. To express
this precisely we use the following terminology. For j€[N], define

FK/] = {(Zl Zd) EFN _] € {Zl Zd}}

Further, let F ;\% be the subset of Fa x Fn defined as follows: a pair of d-tuples
(i1, e y3q), (J1, - ,jd))eFﬁ if {i1.....ia}N{j1. ... . ja} =0 and there are (k;, ... . kq)€
Fry and (4, ... ,ld)EFN such that {k1 kgl ‘ld}:{il, ooy 1 e -,jd} but
(k1,..., kq) does not equal (i1,....i4) or (ji.....ja)- (In other words, the 2d indices

i1, .. 44, J1, - » j4 can be partitioned in at least two ways into elements of Fiy.)
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Theorem 1.7. Suppose

|F%;
1.12 li Nyl
(112) Nim max Tp
and

#
(1.13) lim M—0.

N—oc |FN|2 -
Then Sy —q—>N(0, 1), with convergence of all moments.

We have the following partial converse. (The trivial example F={(1,5):5>2}
shows that (1.12) is not necessary; we do not know whether it is needed at all in
Theorem 1.7.)

Theorem 1.8. Suppose that Sy —%N(p, 02) for some p and 0?>0. Then
=0, 0?=1 and (1.13) holds.

The proof of Theorem 1.5 is given in Section 2, and the proofs of Theorems 1.6,
1.7 and 1.8 are given in Section 3. Some simple examples of non-normal limits when

(1.13) is not satisfied are given also in Section 3. Further remarks and open problems
are presented in Section 4.

Remark 1.9. The results in the present paper use Corollary XII1.29 in [2]. A
correction to an argument in the proof of that theorem is included in the preprint
version of the present paper [3]. The referee has pointed out that (1.7) also follows
from [2, Corollary XII1.28] together with the decoupling inequality, see e.g. [18,
Theorem 3.1.1].

2. The proof of Theorem 1.5

The proof of Theorem 1.5. The upper bounds follow by (1.7) and (1.8) (for x>
T, say; the case 2<zx<zxq follows by Chebyshev’s inequality if ¢, is small enough).
To verify the lower bounds, let £y be the event r;=...=ry=1; thus P(Ex)=
27N. On &n, we have Sy=|Fy| and thus Sy =|Fx|"/2. Hence, for every ¢>1,
SN lq > |Fn|Y2P(Ex)V9 > eNO 22 N/a,
To verify the left inequality in (1.10), in the line above choose N=max{Ny, |¢]}.
Similarly, given z (large enough), let N=[Cz?/®] for a constant C>C, e
where Cj is as in the definition above. Then. on Ev.

Sy =|Fy|V?>CYN*/2 >0,

and thus N
P(Sy >z) >P(En)=2"" > exp(—c3z?/®). O
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3. Asymptotic normality

Lemma 3.1. If d=2, then for any o and any finite subsets A and B of N
such that |A|<|B|,

[FA(Ax B)| < 2d(a)| A" |B.
[FO(B x 4)| < 2dp(a)| A" |B].

Proof. We may assume |A|>1. Partition B into [|B|/|A|]| <2|B|/|A]| subsets
B; with |B;{<|A|. For each j, |[FN(AxB;)|<VUr(|A|)<dp(a)|A|*, and similarly
for [FN(B;x A)|. The result follows by summing over j. [J

Proof of Theorem 1.6. We verify the conditions of Theorem 1.7. Let a=
dim {FN}

First consider case (i), i.e., suppose that d=2 and 1<a<2. Then, |FA{vj|§N:
o(|Fn|), which verifies (1.12).

Next, choose x5 >0 such that zx—0 and N;jl\((?_a)ﬁx. (For example, enx=
N—9 for 0<d<2—a.) Let A=Ax={1:|F{;|>e~xN}. Then,

[ (Ax [N+ Ex (N x Al = 3 [Fil > ex N 4],
€A

and thus, by Lemma 3.1,

enN|A| <4dp,(a)|A]*7'N.

which implies

\\1/(2-a)
(3.1) 4] < (4‘1*”—\(“)) — oN).

By definition, F is the set of all (. j). (k.l))€Fx x Fx, all of which entries
are distinct, such that either ({i,k}, {j.[})€Fn x Fx or ({i.l},{j,k})€Fn xFn (or
both), where {7, k}=(i, k) when i<k and (k. ?) when i>k. We let F7, be the subset
of F# where ic A, and FJ;, the subset where i¢ A.

The number of possible (i.7)€Fn with i€ A is [FxN(AX[N])|, and thus, by
Lemma 3.1 and (3.1),

(32) |FE| < |[ENN(Ax [N [Fx| < 2dp (a)|A]* "' N1Fy| = o(N°|Fx|) = of | Fx ).
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On the other hand, let F¥*={k:(:,k)€F}, or (k.i)eF},;}. Thus |[FXi|=]F%;|.
If ((2,7), (k, l))eFﬁ, then either k or [ is in F}*, and thus the number of possible
(k,1)eFy for a given i¢ A is at most, again by Lemma 3.1,

|En N(FR % INDIH N O (IN] X FF5)| € 4dp ()] FR TN < ddp(a)ey N2
Summing over all possible (7, j) we find

(3.3) |Ff,| <4dp(a)e3 IN| Fy| = o(|Fx[?).

Combining (3.2) and (3.3), we obtain (1.13) and the result follows in this case.

In case (ii), we first observe that fixing an index j in Fy means that the
corresponding k in (1.4) is such that 75, k= "1(j) for some i; for each i this means
that m of the d coordinates of k have given values, so the number of choices of k is
at most dn?~"™. Consequently, |Fy;|<dn?~™=o(|Fx|). proving (1.12).

Next, suppose that

(i1 - 1a). (1. - ja)) € FE.

and that the d-tuples (i1, ...,14) and (j;.....jq) are generated by (1.4) and (1.5) by
some vectors i and j in [n]?, respectively. By the definition of Fﬁ . there exists also
(1, ..., kq) € Fn, generated in the same way by, say, k€ [n]%. such that {k;,....kq}C
{i1, ..., %a, 41, -, Ja} but (k1,...,kq) does not equal (i1,....14) or (j1.....Jd)-

Hence, each 7g k, 1<v<d, coincides with some mg, i or ms,j, 1<u<d. Define

Ji={veld:ms k=mg,i for some p}:
Jo={ve[d]:ms k=mng,j for some y};

T.=J S.. s=12
vEJs

Then J,UJo=[d] and Ty NT>#0, because otherwise the fractional Cartesian product
would be disconnected.

If geTy, then g€, for some veJ;, and thus wg k=ng, i for some pu. In
particular, the gth coordinate of k is one of the coordinates of i. Similarly, if g€ T5,
then the ¢th coordinate of k is one of the coordinates of j.

Because T1NT,#£0, it follows that i and j have at least one coordinate in com-
mon (not necessarily in the same position). Consequently. the number of possible
pairs (i,j) is O(n??~1), and

|F|=0(n*=1) = O(NH4/m)=1) = o(N?*) = o( | Fx |?).

verifying (1.13). O
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Proof of Theorem 1.7. All limits in the proof are as N—oc. We begin by
observing that the assumption (1.12) implies

N N
(3.4) S IFR, P < max |F351 D 1FR;1 < max |E%,1-d|Fn| = o(|Fx[?).
j=1

j=1

We use the martingale central limit theorem. as stated in {15, Corollary (2.13)].
We let

Fny={(i1, . ia) € Fx :ia =3} C Fi;.

XNj: E Tip e Tig =Ty E Tip o Tig_q-

(i1,...,24)EFN; (31,.-,ta)EFN;

and let

Then
N
SN = Z X;\'j.
j=1

and with )N(Nj=IFN|_1/2XN3‘:-
B N
SN :ZXN]'-
j=1

Evidently, ()Z' Nj)évzl is a martingale difference sequence for the filtration F;=
F(ri,...,r;), and we have E§%:Z;\:1 Ej{v'?\y]-zl.

By [15, Corollary (2.13)], to prove g‘,\*—d—)]\'(O. 1) it suffices to verify the Lin-
deberg condition

N

(3:5) ZE(X:IQ\IJIHX’\]I >¢2])—=0 for every £ >0,
j=1

together with

(3.6) limsupZE()N(i,i)Z';ij) <1.

N-ox

i#j

Because every moment of Sx stays bounded by (1.2), moment convergence will
follow as well.
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To prove (3.5) it suffices to show that

N
(3.7) ZE)?}{U —0.

Jj=1

In our case, by (1.2) we note that || Xy ;{4 <3%2(|Xx; 2, and therefore

N N
;Eif\m‘ S3de§ H)?Ngllé :32d; lli—v\}llQ - |F’\ |2 Zi 1\4]]2

which by (3.4) implies (3.7).
It remains to verify (3.6). For simplicity we first treat the case d=2, and will
later describe the modifications needed in the general case. If d=2, then

E(X%:X%,)= Y Elp,(ki)lr, (L9)1ry (M. 5) 1y (R, J)ThTITmTn.

klmmn

We have, Ergrir,r, =0 unless the indices k, {. m, n coincide in pairs, and obtain
(overcounting the case when all four indices coincide)

E(X12\11X12\f3) < Z lFN (k 7;):lF,\' (k Zv)lF,\' (m?j)lFA\' (m.])

k.m

+2> 1p (k)L (L)1, (k. 5)1Ey (1 9)-
k.l

Summing the first term on the right over all i and j, we obtain |Fx|2. Therefore,
to show (3.6), it suffices to verify that
(3.8) DS (k)1 (L)1 g, (k. 5)1F, (1. 5) = o(|[Fx[?).

i#j kil

Fy

The sum above equals the number of pairs ((k, ). (l.j))€Fn x Fn such that also
((1,1),(k,j))eFy x Fy. The number of such pairs with distinct 4, 5. k, [ is at
most |F#|. Further, the number of pairs ((k.i), (I, 5))€Fy x Fx where two indices

are equal to some 7 is at most |Fy,.|?. Consequently, the sum in (3.8) is at most
N
2
[F]-T\J]#|+Z FNT' s
r=1

and (3.8) follows by (1.13) and (3.4).
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In the case d>2, we similarly find that EX%, X%, equals the number of quadru-
ples I, I, I, I of d-tuples in Fy wherein the 4d indices coincide in pairs, and the
last index is ¢ in Iy and I, and 7 in I3 and I;. We group such quadruples according
to the positions of the pairs of coinciding elements (again overcounting in the cases
with less than 2d distinct indices, when there are several possibilities of pairing).

To do this precisely, let fk:{l, cood}x{k}, k=1.2.3.4: thus, I, I, Iy, I are
four dlstnt copies of {1,...,d}. We define a pattern to be a complete matching in
Lul, Ul3Uly, ie. a partltlon of the 4d points into 2d pairs, which are regarded as
the edges of a graph.

For a pattern 7, any assignment of indices in {1...., N'} to the 2d edges defines
4 d-tuples Iy, Iy, I3, I4 in the obvious way. Let Tn(r) be the number of quadruples
(I, I, 13,14)6F§, generated in this way. i.e., the number of all assignments such
that I1€Fy, Ib€Fy, I3€Fy and I;€Fn. Finally. let II' denote the set of all
patterns that contain the two edges {(d.1).(d.2)} and {(d.3).(d.4)}.

In this framework, we then observe that

D EXRXE ;<) T(w)
ij

ncll!

We classify the patterns in I’ into three types: a pattern is of type I if all its
edges are inside Ll or I Uly: it is of type II if it is not of type I and there are
no edges connecting I» and I3, and type III otherwise.

First, consider a pattern m of type I. Since the d-tuples in Fi are ordered,
it follows that Txn(7w)=0 unless 7 is a pattern with the edges {(7,1),(:.2)} and
{(7,3),(1,4)}, i=1,...,d. In this case. I; =I5 and I3=1I4, which are arbitrary ele-
ments of Fiy, and thus Tn(m)=|Fx|?.

Because the set, of patterns is finite. it suffices to show that T (w)=0(|Fn|?)
for every pattern 7 of type II or III.

If 7 is of type II, then I; and I, together determine I and /3. As in the case
d=2, the number of allowed pairs (I;.I,) with distinct indices is at most |F?f |, and
the number of pairs (I, I4) with at least one common index is at most Ziv 1 [ F%?
Therefore T (7)=0(|Fn|?) by (1.13) and (3.4).

Finally, suppose that 7 is of type IIl. Let Ir=h Ul and fR=f3Uf4, and call
these the left and right sides of the pattern. We further say that the points (4, k)ef L
and (¢, k+2)€I R are the mirror images of one another. Suppose that there are r
edges between I; and Ig: call these r edges crossing. and order them (in some
way). Let t&(ky, ..., k) be the number of ways to assign indices to the edges inside
fL such that, with ki,.... %, assigned to the crossing edges. I1.I;€ Fx. Similarly,
let t& (k1. ..., k) be the corresponding number of ways to assign indices in I such



Rademacher chaos: tail estimates versus limit theorems 25

that I3, [y€ Fy. Then,

Further, let 7’ be the pattern obtained by taking the edges inside Ipinw together
with their mirror images in I, and the edges connecting each remaining point to its
mirror image. Define 7 similarly, starting with the edges inside I in 7. Note that
both 7" and 7" are patterns of type II. Then. by the Cauchy-Schwarz inequality,

ki kr=1
N 1/2 N 1/2
(% henr) ( (ks k)
Ki,..o, F=1 ki...kr=
:TN(Tr,)l/zTN(Tr”)l/z
=o(|Fn|)%,

where the final estimate holds because 7' and #’ are of type II.
This completes the proof of (3.6) and thus of the theorem. 0O

Proof of Theorem 1.8. If Sy converges in distribution. then (1.2) implies that
all moments converge {as remarked in the proof of Theorem 1.7). In particular,
p=limy_ o ESny=0 and o?=limpy_ o ES%,:I; further,

(3.9) ESi 5 E¢* =3

Similarly, as in the proof above, ES% equals the number of quadruples (I;. I2, I3. I4)
of d-tuples in Fy such that the 4d indices in them coincide in pairs. To estimate
this number from above, we note that the number of possibilities that Iy, I, I3, I,
can coincide in two different pairs is 3|Fy|(|Fy|—1). and that each element in F
contributes (at least) one more to the count. Hence,

(3.10) |Fn|?ESY =ES} > 3|Fy[?=3|Fx|+|FZ|.

Obviously, |Fy|—oc if Sy i)N(O., 1). Hence, (3.9) and (3.10) imply (1.13). O

We end this section with some counterexamples where the set Fy is close to a
product set and asymptotic normality does not hold.
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Ezample 3.2. Take Fy=A% with d>2. It is easily seen that (1.13) does not
hold, so asymptotic normality fails by Theorem 1.8. Actually. it is easy to see that
in this case, Sy converges to a Hermite polynomial of degree d in a standard normal
variable [20]; see also [10, Section XI.1} and [2. Theorem X.26].

In particular, with d=2. this example shows that Theorem 1.6(i) does not
extend to dim {Fn }=2.

Ezample 3.3. Fix an integer [>1, and for N> let Fy be the product set
{1,y x{l+1,...,N}.
Clearly, Sn= Zz LT Z?:z 4175 and it follows from the central limit theorem
that
Sy -5 ve.

where Y and ¢ are independent, E~N(0.1) and Y=1"2/2%"_ r,.

Hence, if 1=1, the limit is normal. but not if />2. For example, if [=2, the
limit variable is 0 with probability 5. (The limit can be regarded as a mixture of
normal distributions with different variances.)

In particular, this example shows that Theorem 1.6(i) does not extend to

dim {Fy}=1.

Example 3.4. Consider a disconnected fractional Cartesian product. For exam-
ple, take d=6, m=2 and let S, .... S be the sets {1.2}, {1,3}. {2,3}, {4,5}, {4,6}
and {5,6}. It is easily seen that (1.13) does not hold, so asymptotic normality fails
by Theorem 1.8.

This case is related to the case of disconnected G or H. respectively, in [8,
Theorem 1] or [9, Theorem 1]. We expect that, as in those results, S converges to
a polynomial in normal variables, but we have not checked the details.

4. Further remarks and open problems

Remark 4.1. It would be interesting to know more about [|§N||q and of
P(|Sy|>z) as functions of N. For example, how fast is the transition from the
maxima in Theorem 1.5 to the limits in Theorem 1.6 as N grows?

Remark 4.2. We considered for simplicity only a;,..,=1 in Theorems 1.5
and 1.6. The upper bounds in (1.7) and (1.8) are given for arbltrary ai, i, and,
in particular, a;,._;,==1, but the proof of the lower bounds uses the fact that all
coefficients have the same sign. In general. there will be cancellations among the
terms in (1.6), for any values of 7. ..., 7. and it seems likely that the lower bounds
in Theorem 1.5 do not extend to general a;,..i,- What is the correct result? Give

an extension of Theorem 1.5 to arbitrary a;, _;,-
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Certainly, the central limit theorems 1.6 and 1.7 extend to sums (1.6) with
suitable conditions on a;; ;,, but we have not worked out the details of such ex-
tensions.

See also [7] and [16] for some related bounds.

Remark 4.3. Note that if S is given by (1.6) and dr(a)<oc. then

151loe > ell{ @i, s Hlrza/caen.

where the exponent 2a/(a+1) is the best possible; see [2, Section XIIL7]. This
generalizes a result for F=A? (i.e. sums (1.1), with a=d) proved by Littlewood [14]
for d=2 and for general d by [5] and [11]. It would be interesting to obtain lower
bounds for the probability P(S>c||{ai, i, }H;2a/a+1))-

Remark 4.4. The proofs above show that the tail estimates in Theorem 1.5
hold for the upper tails P(§N>:c) as well. If d is odd, we obtain the same re-
sults for P(§ N<—z) by symmetry, but if d is even this fails. It seems likely that
supy P(Sy < —z) is smaller than exp(—c2?/2) for even d, for example for d=2. How
small is it?

We can also replace the Rademacher system by other orthogonal systems. (See
e.g. [12, Chapter 6] for a general background.)

Remark 4.5. If we replace the Rademacher variables r; by Steinhaus functions
Xi, 1.e. independent complex random variables that are uniformly distributed on
the unit circle, then Theorem 1.5 still holds.

Indeed, (1.7) is still valid [2, Corollary XIII.29]. and thus (1.8) holds by the
same proof, so the upper bounds in Theorem 1.5 hold. For the lower bounds. we
use the same proof as above, now taking Ex={Rexx>1. k=1....N}.

For the upper bound in (1.7), we can alternatively introduce a Rademacher
system {r;} independent of {x;}, replace x; by x;7;. which has the same distribution,
and use the Rademacher version above conditioning on {x;}. This standard trick
works for all independent identically distributed sequences of bounded symmetric
random variables.

Are the central limit theorems 1.6 and 1.7 true for the Steinhaus system too,
now with complex Gaussian limits? (We believe so, but we have not checked the
details.)

Remark 4.6. Let us instead consider a Gaussian chaos, obtained by replacing
r; by independent Gaussian variables &~ N(0, 1).

The hypercontractive inequality (1.2) holds in this case too [17] (see also [1],
[10] and [12]) but the combinatorial dimension version (1.7) fails in the Gaussian
case, as is seen by taking F' to be a set with a single element.
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Hence Theorem 1.5 is not true in the Gaussian case. What is true? There is

no problem with the lower bounds in Theorem 1.5; the proof in Section 2 works if
we take Ey={&;>1, i=1,...,N}.

We believe that Theorems 1.6 and 1.7 hold for the Gaussian case too, but we

have not checked the details.

The estimates in [6] and [13] for d=2 might be useful.

Remark 4.7. Are the results true if we replace ry by a lacunary sequence

exp(2rningt), where inf gy /ng>17
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