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l .  Statement of results 

A) Let  C denote an oriented closed Jordan curve in the extended complex plane 

(Riemann sphere). We denote by  DI=DI(C ) and D2=D2(C ) the domains interior and 

exterior to C, respectively, and we denote by  2~(z) ldz I =~Dj(C)(z)ldz ] the Poincar4 metric 

in D~, ?'=1, 2. We denote by q an integer, q~>2. 

In  this paper we investigate the integral equation 

~(Z) = I I_ (~-z)-2q~tl(~)2-2q~)(~)d~d~' zED2' (1.1) 
J d . o  t 

where the given function ~ and the unknown function v 2 are assumed to be holomorphic 

in D 2 and D1, respectively. We will give conditions under which the equation is uniquely 

solvable, and some applications of these conditions. 

We write equation (1.1) in the abbreviated form 

- c ( q ) .  (1.2) 
9 ~ -- "--c ~, 

and denote by - C  the curve C with the orientation reversed. Thus 

oo = s ~o 

is an abbreviation for the formally transposed equation 

qg(z) = I I_ (~--z)-2qt2(~)2-2q~(~)d~d~]' ZEDl" 
r i d . l )  s 

(1) Work supported by 17SF (Contract 17o. GP 3433). Some results have been announced in [5]. 

8 -  662900. Acta mathematica. 116. Imprim6 le 14 juia 1966. 
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B) For every simply connected domain D with at least two boundary points let 

~(z)idz] =~D(Z)]dz I denote the Poinear~ metric. Let  G be a discrete group of eonformal 

self-mappings z ~ (z) of D; we include the case of the trivial group G-- 1 = (id}. For every 

integer q~>2 let Aq(D, G) denote the complex Banach space of integrable automorphic 

forms of weight ( -2q) ,  that  is the space of holomorphic functions ~(z), zED, satisfying 

the conditions 
q~(r(z))r'(z) q = ~(z) for r E G, (1.3) 

q~(z) =O(Iz[-2q ), z-~oo if c<,ED, (1.4) 

and 

Also, let Bq(D, (7) denote the complex Banach space of bounded automorphic forms of 

weight ( -2q) ,  that  is the space of holomorphic function ~(z), zED, satisfying (1.3), (1.4) 

and 

II~IIB,(.) = sup ~(z)-~[~(z)  I < ~ .  

We set Aq(D, 1) = Aq(D), Bq(D, 1)=B,(D) .  Clearly B,(D, G)~ B,(D). 

For ~EAe(D, G) and ~pEBq(D, G) we set 

(q~, y~)q.Dla = f f Dla2(Z)2-2q~(Z)V/(Z) dxdy. 

Concerning these spaces see Bers [4]. 

THEOREM 1. The mappings 

F~ ) : Bq (D1)  --> Bq (D2)  , 

~(q)" Aq (D1)  --~ Aq (D2) C �9 

(1.5) 

(1.6) 

are anti-linear continuous and injective, and 

g'(q) �9 ~c V ~, V)q.D, = (q~, s (1.7) 

/or ~6A~(D1), vEBq(D2). 

C) A group G of MSbius transformations z >-> (az + b)/(cz + d) is called a quasi-Fuchsian 

group with fixed curve C if every 7 E G maps D 1 onto D 1 and D 2 onto D~. 

THEOREM 2. Let G be a quasi-Fuchsian group with/ixed curve C. Then 

(q) C l:c Bq(D1, G) Bq(D 2, G), 

and there exists a continuous anti.linear in~ection 

(1.8) 
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~(q) : A q  (D1, G)--->Aq (D2, G) (1.9) c 

such that i /'(q)- r(q) .~ (1.10) ~z~C ~ ,  ~))q. D2/G = (Cp, I~,-C ~Y)q.D,/G 

/or q~EAq(D 1, G), ~eBq(D 2, G). ( I / (7=1,  then k = s  

D) A Jordan curve C will be called a quasi-circle if it is the image of a circle under a 

quasiconformal automorphism of the Riemann sphere. 

THEOREM 3. Let C be a quasi-circle and G a quasi.Fucheian group with fixed curve C. 

Then the mappings 
F~ ) : Bq (D1, G) --> Bq (D2, G), 

and ~ )  : Aq (D1, G) --> Aq (D2, G) 

are surjective (and there/ore bi]ective topological isomorphism, s). The theorem applies, in 

particular, to G = 1. 

E) Let  U and L denote the upper and lower half-planes, respectively. A quasieon- 

formal self-mapping w:U-->U is known to be continuous also on RU (oo). We call w 

normalized if it leaves 0, 1, oo fixed. Two normalized quasiconformal self-mappings 

w 1 : U -+ U and w 2 : U ~ U will be called equivalent if wl(x ) = w~(x) for all x E R. 

By a Fuchsian group we will mean a discrete group of conformal self-mappings of U 

(and hence also of L). A normalized quasiconformal self-mapping w of U is called compatible 

with a Fuchsian group F if, for every ~EF,  the mapping wo~ow-l: U ~ U  is a MSbius 

transformation. In  this case FI = wFw -1 is a Fuchsian group, and the mapping 

~-" 7,(~) = w~ ~ 

is an isomorphism of F onto F 1 called the quasiconformal deformation induced by  w. 

Let  F, w and g be as above. I f  x 0 E R is an attracting fixed point of ~ E F, then ~0 = w(xo) 

is an attracting fixed point of Z(Y). Using this observation one concludes easily tha t  g is 

determined by  the equivalence class of w. Also, if F is of the first kind, tha t  is if the fixed 

points of elements of F are dense in R, then the equivalence class of w is determined by  Z- 

As an application of Theorems 1-3 we will establish 

THEOREM 4. To every normalized quasicon/ormal sell-mapping w: U ~  U compatible 

with the Fuchsian group F there belong canonical topological isomorphisms o/Aq(U, F) onto. 

Aq(U, wrw -1) and o/ Bq(U, F) onto Bq(U, wFw-1), q=2 ,  3 . . . . .  These isomorphisms dependl 

only on the equivalence class o/ w. 

In  particular, let F be a finitely generated Fuchsian group of the first kind. TherL 

Aq(U, F)=Bq(U, r), its finite dimension can be computed from q, g, voo and v~, n =2,  3 . . . .  
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where g is the genus of the Riemann surface U/F, ~'oo is the number of nonconjugate maximal 

parabolic subgroups of F, and vn the number of nonconjugate maximal cyclic subgroups of 

order n of F. Furthermore, two finitely generated Fuehsian groups of the first kind are 

quasieonformal deformations of each other if and only if they have the same numbers g, 

vj, j =  ~ ,  2, 3 . . . . .  In this case, therefore, one part  of Theorem 4 is well-known. But  the 

existence of canonical isomorphisms seems to be new even in this classical ease. 

F) Another application of Theorems 1-3 is to quasiconformal extensions of con- 

formal mappings. Nehari [7] observed that  if ~0(z) is holomorphic and univalent in L, then 

the Schwarzian derivative {w, z} belongs to B2(L ) and [[ {w, z}][ ~,(L)<6. He also showed 

that  if [[ {w, z}][ B,(L)~<2, then w is univalent in L. The following theorem of Ahlfors and 

G. Weill [2] (also proved in [1]) is a refinement of Nehari's result. 

THEORV.M 5. Every qJeB2(L ) with II II..,L)<2 is the Schwarzian derivative o/ a uni- 

valent con/ormal mapping w which is a restriction to L el a quasicon/ormal automorphism o/ 

the Riemann sphere. This w may be chosen so as to satis/y in U the Beltrami equation 

with 

w~ =/~w~ 

~(z) = - 2 y ~ ( ~ ) .  

Now let O be again a Jordan curve and let w(z), zED~(C), be holomorphic. Nehari's 

argument shows easily that  if w is univalent, then {w, z)EB2(D2). Theorem 5 suggests 

the question: does there exist an e > 0  such that  every vEB~(D~) with Ilvll-.(D,,<e is the 

Schwarzian derivative of a univalent function which admits a quasiconformal extension 

to the whole plane? Ahlfors [1] showed that  this is so if C is a quasi-circle. We shall prove 

a refinement of this result which gives a complete generalization of Theorem 5. 

TH~,ORW~ 6. Let C be a quasi-circle. There exists an anti-holomorphic homeomorphism 

,r el a neighborhood o/ the origin N~ in B2(D~) onto a neighborhood N 1 o~ the origin in B2(D1) 

with the/ollowing properties. 

(i) x ( o ) = o .  

(ii) i/ G is a quasi-Fucheian group with fixed curve C, then 

�9 (N2 N B2(D ~, G)) = N  1 N B2(D 1, G). 

(iii) Every q~ENa is the Schwarzian derivative el a univalent /unction w which is the 

restriction to D 2 o /a  quasicon/ormal automorphism o/ the Riemann sphere, and 

(iv) this automorphism may be chosen so as to satis/y in D 1 the Beltrami equation 
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w z =/~wz, 

where IZ(Z) = ]tl (z)-2 ~(z), ~o='rq~. 

This theorem is crucial for the construction of general Teichmiiller spaces to be con- 

sidered in a subsequent paper  (see the announcement in [5]). 

2. Preliminaries 

A) Let  D c  (I U {oo} be a domain a n d / :  D ~(~ U {oo} a conformal mapping. Let  p and  

q be integers (or half-integers such tha t  p + q is an integer). For every function ~0(~), $ El(D), 

and for z E D we set 

(1", ~q~) (z) = ~(/(z) ) /' (z)~ /' (z) q. 

Clearly ( /o  * * o ' *  g)J,.q=g~.q h,.q 

whenever both sides are defined, l~or the sake of brevi ty  we set 

f*,o=l *. 

Let D and G have the same meaning as in w 1. For q=2,  3, ... ,  the mappings 

/* : Aq (/(D),/G/-1) -> Aq (D, G), 

/* : Ba (/(D),/G/-~) -->Bq (n, G) 

are bijective isometries and 

(~,  ~la.I(~,)JsoI-' * * = (/~ q~, I,,  ~ ) , , ,~ /~ .  
The verification is trivial. 

B) A sequence {~j}c Bq(D) will be said to converge weakly to ~pEBa(D) if 

lira (cf, Y~J)a.v = (el, ~P)q.D for all epEAq(D). (2.1) 

We recall (see [4]) tha t  every continuous linear functional 1 on Aq(D) can be represented, 

uniquely, as l(~) --- (% ~P)a.D for some yJ E Bq(D). Hence, by a well-known property of Banach 

spaces, (2.1) implies tha t  
I I~, , l l , , , (o)  = o(1). (2.2) 

Also, since for every z E D the value y~(z) is a continuous linear functional on Ba(D), (2.1) 

implies that  
lim y~j(z) = v2(z ) for all z E D. (2.3) 

Conversely, s tatements (2.2) and (2.3) imply (2.1) in view of Lebesgue's theorem on domi- 

nated convergence. 
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C) We recall now the definition and some properties of the Poincard metric. We 

have that  
= = + i y ,  

and for every conformal bijection ]: U -~ D 

* t it follows that  g~. �89 tD = n 

for every conformal self-mapping g:D-> D. By Schwarz' lemma we have (of. Ahlfors [1]) 

and, by Koebe's �88 

2D,(Z) ~< ~tD,(Z) if Z~ e D~ c D1, (2.4) 

I < (2.5) 

if o r (2.6) 

Here ~D denotes the boundary of D'and I ~ - e D  I =iml -r l, CeaD. 
D) An element ~0 EAq(D) will be said to belong to the subspace _4q(D) if there is a 

yJEA~(Do) with D U a D c  D o and yJ[ D=q~. Since Aq(D) is a subspace of B~(D), so is .4a(D), 

cf. [4]. 

L v. ~ ~I A 1. Let D be a Jordan domain and v 2 E Bq(D). Then there is a sequence {~pj} c ~q(D) 

such that lim ~pj=y~ weakly in Bq(D), and i/v/EAq(D), then also lim y~j=y~ in Aq(D). 

Proo/. If y is a MSbius transformation, then ~q(D) =7*(Aq(~(D))), as is easily verified. 

Let A be the unit disc. In view of the preceding remark we lose no generality in assuming 

tha t  0 E D c A .  Let / denote the conformal mapping of A onto D with ](0)=0, / ' (0)>0. 

Let Dj, ]=1, 2, 3 . . . .  be Jordan domains with DjD/)j+ 1 and 1)= NDj. L e t / j  be the 

conformal mapping of A onto Dj with/j(0) =0,/~(0) >0. Then, as is well known, lim/j($) = 

](~) uniformly on the closure of A. 

Now let yJeBq(D) be given. For every j we have that  ~j=(/o//1)*~eBq(Dj). Hence 

y3j=~j] D belongs to ~q(D). We claim that  the sequence (yJj) has the required properties. 

First, by (2.4), we have that  

Also, since lira (/o[fl)(z)=z uniformly on every compact subset of D, we have that  

lim ~oj(z) =~(z) uniformly on every compact subset of D. Hence lira yJj =~  weakly in Bq(D). 
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Assume now that  ~p q A q(D). Let ~ > 0 be given. Then there is a compact K ~  D such 

that  

f fD ~(z) ~-q ]y,(z) ldxdy< e. (2.7) 

We have that 

where a j ~ D  is defined by (/j 0/-1) ( ~ j ) = D - K .  I t  follows that  

fD-K ~" (z)U-q]~PJ(z)ldxdy < 2~ for large i. (2.8) 

On the other hand, by what was said before, 

lim f f ~D (Z) ~-q [~pj (Z) -- yJ(z)[ dx dy = 0. (2.9) 

Since ~ was arbitrary, relations (2.7), (2.8), and (2.9) imply that  lim II~j--V211A4D)--0. 

E) From now on let q, C,/)1, D~, ~1, ~t2 have the meaning explained in w 1. 

LEMMA 2. For zfi D 2 the/unction 

q(o~(~) = ( ~ - z )  -2q, ~fiD1, (2.10) 
belongs to _~q( D1), and 

where I ~ - C l = ~ l ~ - ~ l ,  

lloo~tlA.{~,,) < 4'~-~(2=/q) I ~ -  O l -'~, 

Proo/. The first statement is trivial. Noting (2.6) we have 

<4q-2 I f I~-Clq-~]~-z]-eqd~d~ 
.I J D~ 

J JD1 

<.4.-~ff.~.>~.ciffl-~..d~d ~ = 4~ 2 ( 2 = / q ) [ z -  C1-0, 

as asserted. 
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F) Lv.MMA 3. The/unctions qeoz, zE D2, span a dense subspace o/Aq(D1). 

Proof. In  view of Lemma 1 it will suffice to show tha t  if q EXq(D1) is given, then there 

is a sequence of elements qj in the space spanned by  the qeoz with 

lim I1 - = o. (2.11) 

Let  us assume first tha t  co E/)1 U C. Then there is a smooth Jordan  curve Co in D2 

and a function ~F holomorphie on 0 0 and in the unbounded component D O of its comple- 

ment,  such tha t  ~F vanishes a t  ~ of order a t  least 2q and ~ [ ] ) 1 = ~ .  We have tha t  

d2r 
~(C)= dC2~-x , 

where F(C) is holomorphie for CEO 0 U D O and F(oo)=0 .  But  then 

F(~)=2~i  f F(z---~)dz for CED o 
Joe z - C  

and hence ~F(~) ( 2 q - 1 ) ! f c  F(z)dz 
2~i . ( z - C )  2~ for CED O . 

I t  follows tha t  there exist functions ~j(~), j = l ,  2, 3 . . . . .  each of which is a Riemann sum 

for the integral written above, 

NI 
q~(~)= Y~ %(zj~-~) -2~, zj~eOo, 

k=l 

such tha t  lim ~j(C)=~F($) uniformly on every closed set K ~  D 0. Since ~(C) and ~j(~) are 

o(IcI for C ~ and, as one verifies easily from (2.6), 2~(~)~-r = it fol. 

lows that  (2.11) holds. 

I f  ~o E ])2 the same conclusion follows by  a similar but  simpler argument. 

3. Solution of the integral equation. Uniqueness 

A) For a E L~ (D1) and z E 1)2 we  define 

? ~tl(C) 2-qIT(C) Jr.~ ~ (  (7'/l~"~ ( ~  acan= J JD,~'x(~')*-qce~176 

LEMMA 4. "m(~),,,o is a continuous mapping 

~(~) L~ (D1) --> Ba (D2), C : 

and ]or every M6bins trans]ormation ~, there ks a commutative diagram 

(3.1) 
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~25-q12, q12 
L~r (7 (D,)) , ,  L~r (/)1) 

121 

~,(C) 

Bq (7 (D~)) �9 Bq (D~) 

(3.2) 

Proo]. I t  is obvious that  the upper row is a bijective isometry. To establish commuta. 

tivity note that  for every MSbius transformation 7, 

(r(C)-r(z)) 2 = ( C -  z)b/ ( Or '(z). 
Hence, for a EL~(~(D2)), 

(r~* 0 , ,~(0) v ,  (Z) = ~'(Z) q ( ~ )  a) (r(Z)) 

r '(z)~ ( f l !  2~(D,) (C)2- q a(C) de dn 
J J rr (C- ~'(z)) 2~ 

= ,(z)~ 1"( ~<D,)jj~ (r(C)) 2-~ a(7(C)) IT'(C)I ~ d~dn 
(~(C) -7(z))  ~ 

JJD//, ?'(z)a 2D, (C) z -a  [? ' (C)[q-2 a(7(C))I r'(C)I ~ d~dn 

( C -  z) 2~ 7'(C) ~ 7'(z)  ~ 

JJD( f ,&(C)~ q a(r(C)) ~'(C)~'~ ~'(C)-~ d~d n (C- z) ~ 
- -  t ' l ' l ~ ( q )  0 "* ~ 
- ~,uc r (z). 

To complete the proof of the lemma it suffices to establish the first statement for the 

case when co EC. Let aELoo(Dx). Since the integral defining ~o(z) (q) = ( ~ c  a) (z) converges 

absolutely, ~0 is holomorphic in D~. Next, for ( E D  1 and z ED~ we have, by (2.5), (2.6), 

21(C) 2-q ~< (4 I C - CD q-~ < (4 I C - z D q-~, (3.3) 

22(z) -~ ~< (4 ]z - C[)q~ < (4 [ C - z D  q. (3.4) 

Whus &( : )  ~ I+(:)l < &(:)-~ ( (  x'(c):-:: I <o l  de an 
Ic-~l ~ 

< 1l~l l ,~(. , ,&(~)-o4 q-~ ( (  
d~dn 

~ o ,  1r ~+~ 

< 11~11, ~,~176 4~ ~(2=/q)I=- cl - '  
< 4 ~o-~(2~/q) I1~11, ~(0,,, 

so that II+II:,<:,)/II~II',+<D,, < 4::-:(e=/q). 
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B) Lv.~MA 5. The mapping 

s  : B. (D 0 -+ Bq (D~) 

is continuous, and [or every M6bius trans]ormation ? there is a commutative diagram 

Be (7 (Dz)) - B~ (Dz) 

?q 
Ba (7 (D,)) �9 Bq (D2) 

(3.5) 

Proo[. For every simply connected domain D with more than one boundary point 

we define the continuous mapping 

~(~) : B~ (D) ---> L~ (D) 

by (:K~ > ~o) (z) = 2D (Z) -~ ~0(Z), (3.6) 

and verify that  for every M6bins transformation 7 the diagram 

L~ (y (D)) 

(D) 

Ba (? (D)) 
?q 

L~ (D) 

= B.  (D) 

: ~ )  (3.7) 

is commutative. We also verify that  

I 1 r  C ~ k . D  1 �9 (3.8) 

Thus Lemma 5 follows from Lemma 4. 

C) We are now in a position to prove Theorem 1. The mappings (1.5) are continuous 

by Lemma 5. They are antilinear for ~ is clearly linear while ~ is anti-linear. Also, we 

have that  for z E D~, y~ E B,(Dx) , 

( s  ~o) (z) = (~co~, ~o)q.D,, 
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where q~Oz is defined by (2.10). If ~:~)~v =0, then, by Lemma 3, (q0, ~)q.D----0 for all W E Bq(DI). 

Since Ba(DI) is c~nonically isomorphic to the dual of Aq(D1) we conclude that  ~v =0. Thus 

s is injeetive. 

We prove next the continuity of (1.6). In view of Lemma 5 we may assume that  

r e C. Using (3.3), (3.4), we have 

i:_zleq d~ d~l dxdy 

/ f  a1(r Iv(r aea,7 ~< 4q-2 (2zr/q) , I ~ -  C[ q 

< (2=/q) f o (2 aq-i~7~/q) ll~ll Af(DI). 

Finally, (1.7)holds because by Fubini's theorem both sides equal to 

(~ _ z) 2q y~(z) d~d~idxdy" 
• Da 

This completes the proof. 

D) Proof of Theorem 2. We have, by Lemma 5, 

~(q) * c o~q=y*~^~c~'(q) for FeG" (3.9) 

This implies (1.8). The remainder of the proof depends on the theory of Poincar~ theta- 

series (see [4] and Earle's paper [6] where severM proofs are simplified). 

We recall that  for a simply connected domain D with more than one boundary point 

and a discrete group G of eonformal self-mappings of D there exists a linear, continuous 

surjective mapping 
0(~ ) : Aq (D) --> Aq (D, G) 

with (0(~) ~,  ~I))q.DIG = (~, ~I))q.D f o r  1]) EBq(D). (3.10) 

This mapping is defined by 

but  we do not use this formula explicitly. 

Let  ~0 E Aq(D1) be such that  ta(q)~- 0. Then ~(a) i ~ ) ~  = - - ~ , ~ -  vD, o 0. For, by (1.7) and (3.10) 

we have for every ~o ~ B a (D~, G) 
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(t~(q) (q) _ (q) ~rD, 0 ~C qg, ~))q,DtIG -- (~C qg, ~ll)q,D ' 

~ r D ,  ~ s ~ - C  ~ ] q , D , I G  ~ 0 .  

and it is known that  Bq(D2, G) is canonically anti-isomorphic to the dual of Aq(D2, G). 

We conclude that  the mapping (1.9) may be defined by  setting 

~(q)  ~ ~ ( q ) ~  - -  a ( q )  r 

for q~ 6 Aq(DI). 

4. Quasi-circles 

A) Let  C be a Jordan curve. By a quasi-re/lection about C we mean an orientation- 

reversing antomorphism z ~ h(z) of the Riemann sphere which leaves every point of 6' 

fixed (hlC=id)  and is an involution (hoh=id).  I t  is clear that  h maps the domain D 1 

interior to C onto the domain D~ exterior to C and vice versa. 

L~M~A 6. A Jordan curve C is a quasi.circle, that is the image o / R  U {co} under a 

quasicon/ormal automorphiem z ~-~ co(z) o/the Riemann sphere, i /and  only i~ there is a quasi- 

reflection h about C such that the mapping z ~ h(z) is quasicon/ormal. 

This is almost trivial. Let  g be a eonformal mapping of U onto D 1. If h is given, set 

~o =g in U U R U {oo} and co(z) =h(g(~)) for zEL. If  to is given, set h(z) =o~(w-l(z)). 

B) The following is due to Ahlfors [1]. 

PROPOSITIO~ I. Let C be a Jordan curve passing throuqh oo. Then C is a quasi.circle 

i / and  only i/there exists a quasi-reflection about C satis/ying a uni/orm Lipsehitz condition. 

The sufficiency is merely a corollary of Lemma 6. The necessity is a deep result which 

is basic for what follows. 

C) We will also need 

L~MM~, 7. Let C be a quasi.circle. Let G be a/unction continuous in the whole plane. 

Let H and K be measurable/unctions such that o / /C  we have 

H =  ~x, K = s y  

in the sense of distributions. Assume also that H and K are square integrable over every bounde~ 

set. Then (4.1) is valid in the whole plane. 
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Proo/. If C = R  U {oo}, then the assertion is well known and easily proved. In the 

general case the assertion follows from the special case and from the behavior of partial 

derivatives under quasiconformal mappings (see, for instance, Ahlfors-Bers [3]). 

Lv,~MA 8. Let z~---~g(z) be an automorphism o/ the Riemann sphere and assume thatg 

is con]ormal o/] a quasi-circle C. Then g is con/ormal everywhere (and hence a MSbius trans- 

]ormation). 

This is an immediate corollary of Lemma 7. 

5. A reproducing formula 

A) The aim of this section is to prove 

PaOPOSITION II. Let C be a Jordan curve lxzssing through co and let D 1, D~ denote 

the domains interior and exterior to C, respectively. Let z ~ h(z) be a quasi-re/lection about C 

which satisfies a uni]orm Lipschitz condition. 

Then every ~v E Bq (D2) satisfies the reproducing/ormula 

2 q - I  [ [  (~-h(~))2q-2(~h(~)/~)~v(h(~))d~d~? /or zeD2. (5.1) 
~(z) = ~ J J.~ (C- z) 2~ 

As an example, let C be R U {co}. Then we may set h(~) = ~ and obtain the known 

identity 

~p(z) 2 q - 1  I- I ' "  ($-$)2q-2YJ(~)d~d~ (5.2) 
JJ,>o ( C - z f  ~ 

valid for z E U. 

B) Proof of Proposition II. For ~v EBq(D2) set 

_ _ _  ~ h ( C )  ~(~) = 2 q -  1 (~_ h(~))~q_ 2 v(h(~))" (5.3) 

Then (5.1) reads ~0(z) = j j~,  i ~ - - - ~  " (5.4) 

We will show below that I vv (~)1 < c ]] V]]B,(m) 21(~) e-q, (5.5) 

where c depends onl}" on h and q. This implies, first of all, that  the integral in (5.4) con- 

verges absolutely. Also, if lim VJ =~P weakly in Bq(D2), el. w 2, then 

lira f f , J J o  vvj ($) d~ d~ (C_zfq f fDff ~(~)d~d~ 
( C - z f ~  " 

I-Ience it will suffice to prove (5.4) under the assumption that ~v EAq(D~). 
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In order to prove (5.5), let c o be the Lipschitz constant of h. Then the derivative 

~h/O~=�89 taken in the sense of distributions, is a measurable function 

which satisfies the inequality [0h/O~[ ~< c 0. Also, if ~E C, we have that  

Ir162 < 1r + ]@-h(r = I r  + (1 +Co)1~-r ] 
so that  [ ~ -  h(~)] ~< (1 + co) I ~ - C l" 

On the other hand, since for r  the points ~ and h(~) are separated by  C, 

I -cl-< . 

By the above inequalities and (2.5), (2.6) we have 

o < c l  <- 1/c1, J = 1, 2, 

where c~ depends only on c, and hence also 

where c t depends only on c o. Now, 

and (5.5) follows. 

C) Now let ~EXr The argument used in the proof of Lemma 3 shows that  there 

exists a function F(z), holomorphie in D~U C U {r162 and vanishing at  z = ~ ,  such that  

d2q- I F 
~(z) = F ~2~-1~(z) dz2~_ 1 . 

f 2q-2  
j~o (z-h(z))'F(J)Ch(z))/j! for zED  1, 

We Bet  G(z) 
i 
[ F(z) for z eD ~U C,  

Then G is continuous everywhere and holomorphie in D~. In  D~ the derivative G'(z) is 

bounded on every bounded set. In  Dx the derivatives ~G/~ and ~G/~z, taken in the sense 

of distributions, are measurable functions which are bounded on every bounded set and 

~5 - ( 2 q -  1)! v~. 

We conclude, by Lemma 7, that  G has measurable locally bounded partial derivatives 

everywhere. Hence we may apply the well known identity 

G ( z ) = - I  f~ OG(~)d~d~l+ 1_ - r G(~)d$ 
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for Izl < / L  Let Dj.~ denote the intersection of Dj with the disc [z I < R. The formula above 

reads 

G(z) ( 2q - l ) !  1.. ~ -Z-~z - ~ ~l-n r  

For z ED2, n both sides may be differentiated (2q-1) times. This yields 

= (~ vv(~)d~dr I (2q-1)! f~  a(~)d~ 
~/)(Z) JJD1, R (~-z)  2q q 2zd :I-R ( e - z )  2a" 

Since G(~) = 0( [ r 1-1) for ~ ~ ~ ,  the identity just written becomes, for R ~ + ~ ,  the desired 

relation (5.4). 

6. Solution of the integral equation. Existence 

A) In this section we prove Theorem 3. Let C be a quasi-circle. Without loss of 

generality (ef. Lemma 5) we assume that  it passes through oo. In view of Proposition I 

we may apply Proposition I I  to the curve C. Let ~0 E Bq(Dz) be given, and let v~ be defined 

by (5.3). We note (5.5) which shows that  setting 

we have a EL~o(D1). The reproducing formula (5.4) may be written as 

(~l~)a)(z)=v2(z) or t(~o~)=v2(z ), 

where qop~ is defined by (2.10) and l:Aq(Di) 413 is the continuous linear functional defined 

by 

l(~) = I1~  2~(~)~-q~ (~) a($)d~d~?, ~eA~(D~). 
1 

But in view of the anti-isomorphism between Bq(Dx) and the dual of Aq(D1), el. [4], there 

iS a ~0 e Bq(D1) with 
t ( r  = (r ~)~,.,. 

In particular, (qr ~)q.D, = Vd(Z), 

which means that  r Thus t-(q) �9 .,c w-~o. ,~c :Bq(Dx)--->Bq(D~) is surjeetive. 

B) Now let G be a quasi-Fuchsian group with fixed curve C. If y~eBq(D~, G)cJBq(D2), 

then there is a qeBq(D1) with s =y). By Theorem 1, it is unique. I t  follows from (3.9) 

that  ~ e Bq( D1, G). Hence ,~ct'(q): Bq( D1, G) ~ Bq( D~, G) is surjective. 

Assume, finally, that  ~):Aq(D~, G)~Aq(D2, G) is not surjeetive. Then there is tr 

~%eAq(D2, G) and a veoeBq(D ~, G) such that  
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(~o, V20)~.D,/a 4= 0 (6.1) 

and i?~q) t,,,C W,~VO)qD,la=O for all qEAq(D, ,G) .  

The latter condition means, by  Theorem 2, that  

(,~, s  , ~- -c~0~r for all q~Ar 

and this implies that  s162 ~0 =0. But  then ~0 =0  by  Theorem 1, so that  (6.1) is impossible. 

7. I s o m o r p h i s m s  b e t w e e n  spaces  o f  a u t o m o r p h i s m  forms  

A) This section contains the proof of Theorem 4. 

A normalized quasiconformal self-mapping w : U  ~ U~is completely determined by its 

Beltrami coefficient p(z)=w~/w~ (el. Ahlfors-Bers [3]). We write w =wg. The function p 

is a bounded measurable function defined in U, with ]/x(z)l ~<k<l. We continue it  to L 

be setting # (z )=0  for z EL, and we denote by  wg the unique topological self-mapping of C 

which leaves 0, 1 fixed and satisfies the Beltrami equation 

aw ~w 
~ - # ~z " (7.1) 

We shall establish later 

PROPOSITIO:N III .  Two normalized qua~icon/ormal sell.mappings, wg and wr, o/ U 

coincide on R i / a n d  only i / the/unct ions wg and w v coincide on L U R. 

B) Let  F be a Fuchsian group. If wg: U-+ U is compatible with I ~ (cf. w 1), a direct 

computation shows that  
7*_Ll~t=ju for all 7EF.  (7.2) 

Conversely, if (7.2) holds, one computes at once that  for 7EG the function woy satisfies 

(7.1) so that  wo 7 =~ow where y is a MSbius transformation. This means that  wg is com- 

patible with F. We assume that  this is so and set Fl=w~Fw~ 1. 

Now relation (7.2) shows, in the same way, that  for every 7 E F the mapping 

W/tOy O (Wtt) -1 

is a MSbius transformation. Therefore the group G=wgF(wg) -1 is a group of MSbius 

transformations. I t  is, as one sees at once, a quasi-Fuchsian group with fixed curve 

C =w~(R) U {~}.  We have that  DI(C ) =w~(U) and D~(C)=w~(L). 

Now let gg:wg(U)~ U be the conformal bijection which sends 0, 1, cr into 0, 1, c~, 

respectively. Then grows: U ~ U is a normalized self-mapping satisfying (7.1). Hence 

w~ = g~o w~ J U. 
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I t  follows from Proposition I I I  that  w~ ]L, D1, D2, O and ga depend only on the equivalence 

class of w~. 

C) Proo/o] Theorem 4. With the notations introduced above and setting, for every 

function 9(z), (j~)(z) =~(~), consider the sequence of mappings 

Bq(U, P) __LJ~ Bq(L, P) (wv)~ c(,) o (g.)* ~ - -  Bq(Dz, G) - - ~  Bq(DI, G) ~ "  " Bq(U, P~). 

Now j and s and surjective topological anti-isomorphisms; this is trivial for j and follows 

from Theorem 3 for s On the other hand, (wg)* and (gg)* are bijective topological 

isomorphisms, cf. w 2. The resulting mapping Bq(U, F) -~Bq(U, I~x) has the required pro- 

perties. 

The mapping Aq(U, P) -+Aq(U, 1~1) is constructed similarly, with L:~)c replaced by ~)c .  

D) Proo[ o/ Proposition I l L  Let g~ have the same meaning as above and let 

gv:w~(U)-+ U be the conformal mapping such that  

wp = g~ow~ I U. 

We note that,  since w~(U) and wl*(U) are Jordan domains, the mapping g~ and g~ can be 

extended, by continuity, to homeomorphisms of w~(U U tt  U {oo}) and wt'(U U R U (co}), 

respectively. 

Assume that  w~ I L = w~ I L. Then wv(L) = wt'(L), w v I t t  = w~ I tt  and w~(U) = w~(U). The 

last equality shows that  q, = q~. Hence w, I R = q, o w" I R = g~ o w# ] R = w# I R. 

Assume next  that  w~ I R = w# I R. Define 

h(z)=Ig;Zog~(z) for zEw"(UURU{co}), 
[w'o(w")-l(z) for zew"(L u RU {co}). 

This function is well defined and continuous everywhere. Only points on C =w~(R U (co}) 

must be checked. There 

(g~l O g/,) ] G = W v O W; 10 W# O (W/0 -1 l C = (W v I R)  o (w~ 11 R)  o (w# I R )  o (w#) -1 [ V = w ~ o (w/0 -11C.  

Also h is an automorphism of the Riemann sphere. I t  is conformal in wg(U) and in wg(L) 

and, since C is a quasi-circle, everywhere (by Lemma 8). Since h leaves 0, 1, co fixed, 

h(z) = z. Hence w vo (w~) -1 = id  in w~(L). This means that  w v IL = w~ ]L. 

9 - 662900. Acta mathematica. 116. Imprim$ le 14 juin 1966. 
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8. Schwarzian derivatives 

A) We recall that  the Schwarzian derivative {w, z} of a meromorphic function func- 

tion w(z) is defined as 

\w ' ( z ) /  2 \w'  (z)/ " 

I t  is holomorphic wherever either w is holomorpMc and w' ~ 0 or w has a pole of order one. 

Also, {w,z}=O ff and only ff w is a M6bius transformation, and ff z is a meromorpMc func- 

tion of ~, then 
{w, ~} a ~  = {w, ~} a ~  + {~, ~} a~.  

In particular, if y is a M6bins transformation, then 

{yow, z} = {w, z}, (8.1) 

{wo~, ~} = ({w, z}o7)7'(~) ~ = ~ { w ,  ~}. (8.2) 

B) LEMMA 9. Let D be a simply connected domain with at ~ast two boundary points. 
Zet w(z) be meromorphic and univalent in D. Then {w, z} E B~(D) and [[ {w, z} I[,,(D)~<96. 

If D is a half-plane or a disc this was proved by Nehari [7] with 96 replaced by 6. 

Nehari's argument also works in the general case. 

In  view of (8.1) and (8.2) we lose no generality in assuming that  w is holomorphie in 

D and that  oo~D. Let  zoED and set ($= I z 0 - ~ D I  . The function W(~)=W(Zo+~/~ ) is uni- 

valent for > 1 and so is the function 

w'(zo)~ =~ + const._(~__~ (w,Z}zo) ~+ .. . .  
W(Zo + ~/~) - W(Zo) 

~2 
By the "area theorem" -6-[{w, z}z0l ~< 1. 

This means, since zoED is arbitrary and, by (2.6), A,(Zo)($>~�88 that  Aa(Z)-~ I {w, z)l ~<96, 

as asserted. 

C) Now let Z)I, D2, G have the same meaning as before and let Leo(D1) 1 denote the 

open unit ball in the Banaeh space Leo(D1). Every element/z E Leo(D1) we consider as defined 

everywhere in C with/~(z) =0  for z~D 1. 
For/~ ELoo(D1) 1 let z >--> w#(z) denote the unique automorphism of C which leaves 0, 1 

fixed and satisfies the Beltrami equation (7.1). Then w#(z) is conformal and univalent in 

D~. For z E D~ we set 
~ = {w~, z}. (8.3) 

By Lemma 9 we have that  cf~EB~(D~). The mapping ~u ~ - - ~  will be denoted by ~c. 
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LEI~IMA 10. Let ~ be a MSbius trans/ormation. Then the diagram 

~ - 1 ,  I 
Loo (~ (Di))l . L= (D1) i 
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~c 

r~ 
B,  (~, (1)1) ) , B,(1)1) 

is commutative. 

Proo]. Let/~EL~(y(Da))i and set ~=y*-l.1/t. One sees at once that  ~EL~(Dx) i and that  

w~oy satisfies the Beltrami equation Wz=~W~. Hence w~=yowt, o~ where ~ is another 

M6bius transformation. Now, using (8.1) and (8.2) we have 

as asserted. 

D) Let  G be a quasi-Fuchsian group with fixed curve C and let L~(D z, G) be the closed 

subspace of Loo(D1) consisting of those/z for which )+*-a,1/~ =/~ for all ~ E G. Also, set 

Loo(D1, G)i = L~(D1) i A L~(D i, G). 

LEMMi 11. I / G  is a quasi-Fucheian group with/ixed curve C, then 

~cL~(Di, G)i c B2(D2, G). 

This follows at  once from Lemma 10. 

E) The proof of Theorem 6 depends on the following 

PROPOSITIOZ~ IV. The mapping ~c:Loo(D1)i=+B~(D~) is holomorphic. Its derivative 

6 t - ~ ( 2 )  that is the at/~ =0 is the linear mapping ( - /~j ,~v , mapping 

+,(C)~ 6 ( (  +,(C)d~d r 
-; JJo, �9 

Proo/. In proving the holomorphic character of the mapping ~c we assume that  D~ 

is bounded. In  view of Lemma 10 this involves no loss of generality. We choose a fixed 

but  arbitrary/~ ELoo(Di) 1 and numbers k 0 and k such that  J~[ <ko<k<l. Let v denote an 

arbitrary element of L~o(Di) with Iv l </c-/co, and let t denote a complex variable restricted 

by the condition It] < 1. We will prove that  9~u+t:= ~c(l ~ +tv) satisfies the inequalities 

9* 
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~ (qg,+t, ~ , 1 -w)-~(~"+"~-~') .,,~,)<r for  o<ltll, lt~l<~, (8.5) 

where the constants  c', c" depend only on k 0 and  k. Inequa l i ty  (8.4) shows tha t  the mapp ing  

T/c is continuous, while (8.5) shows the existence of the limit, in B2(D,) ,  

l im 1 (~0.+t v __ ~ . )  
t~0  t 
teC 

for every  p fiL~(D1) 1, v fiL~o(Dx). 

Le t  z o be a fixed bu t  a rb i t r a ry  point  in D~ and  set 

r = [ z o - C ] ,  a(s) = p ( z o + r z  ), "r(z) = v ( z o + r z  ). (8.6) 

Then  one verifies immedia te ly  t ha t  

w "+t': (s) = w"+t~ (Zo + rs) - w "§ (So) 
w "+~ (So + r) - w "+t~ (so)' 

and  therefore ~" + t, (0) = r~0" + t, (%). (8.7) 

Since (r(z), ~(z) vanish for Isl <~, the funct ion w"+t~(z) is holomorphic  for Is[ < 1 ,  

and  so is the  funct ion g(z)=z/w~ whose value a t  s = 0  is 

g(~ N /.=o" 

Hence ~'w~ r l w~ r 
dz j 2zd J ] : t=  1 ( ~ - -  Z) 1+1 

and  similarly for g. 

We  will denote  b y  cr constants  depending only on k o and  k. The  results of [3] imply  

t h a t  for every  fixed z the numbers  w "~ t~ (z) and  g(z)=z/w"+t~(z) depend holomorphical ly  

on t and  t ha t  
Iw~247 Ig(s)l<c~ for  Iz[=l. 

dJwa+tT: (s) z=o This  implies t ha t  ~z3z j < cs, i = 1, 2, 3, 

dz z~o > c4 > O, 

and  hence I~ ~+t~ (0)[ < c 5 and  
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Iqg"+t~:(O)-~"(O)l<%]tl for I t l<�89 

1 ' 

I) for 0<lt i l ,  lt, 

Noting (8.7), the fact tha t  z o E D~ was arbi trary and the inequality (el. (2.6)) 21(z0) -2 ~< 16 r ~, 

we obtain (8.4) and (8.5). 

F) In  proving tha t  the derivative of ~/e a t  the origin is ( - 6 / g ) ~ / ~ )  we assume tha t  

D1 is bounded. This involves no loss of generality in view of Lemmas 4 and 10. For every 

/~EL~(D1) we have 

z(=-1) fro IZ(r (8.8) 
~ [ - - ] t = o  g , r162 - 1) (r - z)" 

This follows easily from the formulas for w~, with/z of compact support, contained in [3]. 

(As a mat te r  of fact, (8.8) holds in general, even if DI=C,  but  we do not use this here.) 

Also wrY(z) is, for every fixed/z e L| a holomorphie function of both t (for I tl small} 

and z e D,,. So therefore is optS(z). For the sake of brevity we set w t~ =w, q~t, =q0, and denote 

differentiation with respect to z by  a prime, that  with respect to t b~ a dot. Since dif- 

ferentiation with respect to t and z commute, we have 

(w') 8 zb'" - zb' (w') 2 w . . . .  3zb" (w') 2 w" + 6~b' w'w" 
= {w, z}'= ( , ) ,  

For t=O, however, we have w ~ z  hence w ' = l ,  w" =w"'=O and @=zb'". This means, in 

view of (8.8), tha t  

~ , - 1 , f f o ,  tz($)d~dtz 

6 ( (  #(~)d~d~ 1 

Since we already know tha t  the limit limt_,0 (Off) Tic(flu)) exists in B~(D2), it follows 

from the above relation tha t  this limit is ( -6 /n )~ /~) .  

9. Quasieonformal extension 

We are now in a position to prove Theorem 6. Let C be a quasi-circle and G a quasi- 

Fuchsian group with fixed curve C. Consider the mapping a~D,~f(2) defined by (3.6). I t  follows 

from the eommutat iv i ty  of the diagram (3.7) tha t  

~(2) B2(D1, G)__~L~(Da ' G); Dx : 
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i t  is clear that  this mapping is anti-linear and maps the open ball/~ about the origin in 

B2(D 1, G) of radius 1 into Loo(D1, G)I. The mapping 

s N c  v ̂ ~D,~r(2) : fl _ .  B2 (D~, G) 

is therefore well defined (cf. Lemma 11). By Proposition IV, (2 is an anti-holomorphic 

mapping, {2(0)= 0, and the derivative of ~ at  the origin is the anti-linear mapping 

( -- 6//x~) ~ )  o ~D, -- ( -- 

el. (3.8)). But by Theorem 3 

( -- 6/ /~)  "~e1"(2)'. B 2 (D1, G) --+ B 2 (D2, G) 

is bijective. Hence, by  the implicit function theorem in Banach space, there are neigh- 

borhoods of the  origin N 1 ~ B2(D1, G) and N 2 ~ B2(D2, G) such tha t  Q : N  1 -+ N2 is a bijee- 

tion with an anti-holomorphie inverse. This is the assertion of Theorem 6. 
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