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1. Introduction

Let H: C?—>C? be a Hénon mapping

()7 oo

where p is a polynomial of degree d>2, which without loss of generality we may take to
be monic.

In [HO1], it was shown that there is a topology on C211S® homeomorphic to a 4-ball
such that the Hénon mapping extends continuously. That paper used a delicate analysis
of some asymptotic expansions, for instance, to understand the structure of forward
images of lines near infinity. The computations were quite difficult, and it is not clear
how to generalize them to other rational maps.

In this paper we present an alternative approach, involving blow-ups rather than
asymptotics. We apply it here to Hénon mappings and their compositions, and in doing
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so prove a result suggested by Milnor, involving embeddings of solenoids in S* which are
topologically different from those obtained from Hénon mappings. But the method should
work quite generally, and help to understand the dynamics of rational maps f: P2~P?
with points of indeterminacy. In the papers [V] and [HHV], the method is applied to
some other families of rational maps, and in [HP2] it is applied to Newton’s method in
several variables. The critical points which appear in that setting require new tools; the
discussion below concerns only birational mappings.

The approach consists of three steps, which we describe below.

Resolving points of indeterminacy. The general theory asserts that a “birational
map” f:P?~+P? is defined except at finitely many points, and that after a finite number
of blow-ups at these points, the map becomes well-defined [Sh2, IV.3, Theorem 3]. Let
us denote by X 7 the space obtained after these blow-ups, and by f: X s—P? the lifted
morphism. For Hénon mappings, this is done in §2.

The complex sequence space. The mapping f cannot be considered a dynamical
system, since the domain and range are different. One way to obtain a dynamical sys-
tem is to blow up the inverse images of the points we just blew up to construct X 5
then their inverse images, etc. On the projective limit, we finally obtain a dynamical
system fl: X! — X! . This is not yet the space we want: we started with a birational
map and should end up with an automorphism. We can repeat the procedure with
(flo) 1 X. ~ X!, which again may have points of indeterminacy. Blow these up, and
then their inverse images, etc., and take a second projective limit. This finally yields a
compact space Xy and an automorphism foo: Xoo = Xoo-

The notation to keep track of successive blow-ups grows exponentially and soon
becomes intractable. It is much easier to describe the projective limit in terms of sequence
spaces. We learned of this construction from [Fr2]; something analogous was constructed
by Hirzebruch [Hirz] when resolving the cusps of Hilbert modular surfaces, and was also
considered by Inoue, Dloussky and Oeljeklaus [Dl], [DO].

The space X will usually have a big subset X3, which is an algebraic variety,
but X, will have some points which are extremely singular, in the sense that every
neighborhood has infinite-dimensional homology.

We will construct X, for Hénon mappings in §3; its topology (homology, etc.) is
studied in §4. A surprise arises when we compute Hz(X7 ): the manifold X contains
projective lines constructed during the blow-ups, which define elements in the homology
group, but these lines quite unexpectedly do not generate that group (Theorem 4.13).

There is a natural way to complete the homology H2(X7,,C) to a Hilbert space,
so that f., induces an operator, and we plan in a future publication to show that the
spectral invariants of this operator interact with the dynamics.
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The real-oriented blow-up. In order to “resolve” the terrible singularities of X, we
will use a further real blow-up, in which we consider complex surfaces as 4-dimensional
real algebraic spaces, and divisors as real surfaces in them. One way of thinking of this
blow-up of a surface X along a divisor D is to take an open tubular neighborhood W
of D in X, together with a projection 7: W —D. Excise W, to form X'=X-W. If W
is chosen properly, X’ will be a real 4-dimensional manifold with boundary 0X'=0W.
The interior of X’ will be homeomorphic to X —D. Then X' is some sort of blow-up of
X along D, with 7: X’ — D the exceptional divisor. This construction is topologically
correct, but non-canonical; the real-oriented blow-up is a way of making it canonical.

We can pass to the projective limit with these real-oriented blow-ups, constructing a
space B (Xoo) which is topologically much simpler and better behaved than the original
compactification, being a 4-dimensional manifold with boundary. The real interest is in
the inner structures of the boundary 3-manifold, where we find solenoids (in this paper
and in [V]), tori with irrational foliations (in [HHV]), etc.

The definition and first properties of these blow-ups are given in §5, along with the
methods needed to construct them. Theorems 5.7 and 5.8 are the principal tools for
understanding real-oriented blow-ups, and we expect that they will be useful for many
examples besides the ones explored in this paper.

In §6, we show that the classical Hopf fibration is an example of a real-oriented
blow-up, in two different ways, and we construct the real-oriented blow-up for Hénon
maps. This is quite an exciting space, and we further explore its structure in §7, using
toroidal decompositions. These results allow us to prove (Theorem 7.7) that extensions
of the Hénon maps to their sphere at infinity are not all conjugate, even when they have
the same degree; the conjugacy class of the extension remembers the argument of the
Jacobian of the Hénon mapping.

In §8, we construct the real-oriented blow-up for compositions of Hénon maps, ob-
taining a 3-sphere with two embedded solenoids £+ and ¥-, but such that the incom-
pressible tori in $3—(Z+UX ") are different from the incompressible tori we obtain from
just one Hénon mapping. This difference was first conjectured by Milnor [Mid4].

Acknowledgements. We wish to thank A. Douady for essential help in the conception
of this paper, J. Milnor for his conjecture, Professors Soublin (Marseille), A. Sausse
(Sophia-Antipolis), Mark Gross (Cornell) and Mike Stillman (Cornell) for help with
the algebra, Alan Hatcher for help with the topology of Seifert fibrations, and Sa’ar
Hersonsky for suggestions to improve the introduction. An anonymous referee has also
pointed out many ways in which the paper could be improved. P. Papadopol thanks
President Bill Williams of Grand Canyon University for his support over many years,
and Cornell University for many years of hospitality.



206 J. HUBBARD, P. PAPADOPOL AND V. VESELOV

2. Making Hénon mappings well-defined

i(5)-(1)

with a#0, which we will consider as a birational mapping P?~P? given in homogeneous

Consider the Hénon mapping

coordinates as .
p(.’L‘, Z) _a’yzd_l

T
Hly|= r2?7! , (2.2)
z

zd

where p(z,z)=2%(z/z)=z?+... is a homogeneous polynomial of degree d in the two
variables = and z.
LEMMA 2.1. (a) The mapping H has a unique point of indeterminacy at

0
p=|1},
L0
and collapses the line at infinity lo to the point
11
q= 1|0
L0 ]

(b) The mapping H™' has a unique point of indeterminacy at q, and collapses
to the point p.

Proof. A point of indeterminacy of a mapping written in homogeneous coordinates
without common factors is a point where all coordinate functions vanish. In order for
this to happen, we must have z=0 of course, and the only remaining term is then z¢,
so that at a point of indeterminacy, we also have £=0. Thus p is the unique point of
indeterminacy of H. Clearly any other point of I, is mapped to q. Part (b) is similar. O

Blow-ups of points on surfaces. The blow-up of an algebraic variety along a sub-
variety is a standard construction of algebraic geometry [Har]. For the next three sections,
we will need only the most elementary case of this construction: the blow-up of a point
on a smooth surface, which we review here largely to set the notation.

Let X be a complex surface, and x€ X a smooth point. Then X blown up at x is
the surface fx defined as follows. Choose a neighborhood U of x and local coordinates
u1,Us centered at x. First consider ﬁxc U xP! to be the surface of equation

() )

U1U2=u201},
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o)

represents a point in P! written in homogeneous coordinates. Note that ﬁx is a smooth

where

surface, and that the projection «: ﬁx—>U onto the first coordinate is an isomorphism
except above x. Therefore, we can define Xy to be the quotient of the disjoint union
X —{x}UU, by the equivalence relation which identifies

o= (2)evete () ]])-mer.

A standard result [Har| asserts that the surface X, does not depend on the choice
of the neighborhood U or on the local coordinates w1, us. The fiber E=7r’1(x)C)?x,
called the ezceptional divisor, is canonically the projective line associated to the tangent
plane T, X.

The space Uy cannot be covered by a single coordinate patch, since it contains a
projective line, but it is covered by two coordinate patches ﬁ,’( and [7,’(' where u17£0 and
u2#0 respectively, which admit local coordinates u1, ug/u; and ug, u;/us respectively.

We will frequently describe this situation by the phrase “blow up x, setting w1 =uqv”.
This means “blow up x, and in )}x, consider the coordinate patch parametrized by ug
and v=u1/us”.

If CCX is a curve, the proper transform of C is the curve C'C X, which is the
closure of 77 }(C)—E.

Self-intersections. It is often necessary to know the self-intersection numbers of lines
obtained when we make successive blow-ups. In this case, where we are blowing up a
surface at a smooth point x, the rules for computing these numbers are simple [Sh2,
IV.3, Theorem 2 and its corollaries]:

¢ The exceptional divisor has self-intersection —1;

» The proper transform C” of any smooth curve C passing through x has its self-
intersection decreased by 1.

Making H well-defined. We will now go through a sequence of 2d—1 blow-ups,
required to make the Hénon mapping (2.2) well-defined. The results are summarized at
the end in Theorem 2.3, which we cannot state without the terminology which we create
during the construction. We will denote by Hj,..., Hoq_1 the extension of the Hénon
mapping to the successive blow-ups.

To focus on the point of indeterminacy, we will begin work in the coordinates u=z/y,
v=1/y, so that the point of indeterminacy p is the point u=v=0. The Hénon mapping,
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Fig. 1. Left: the original configuration of the axes (dotted) and the line at infinity in P2.
Right: the configuration after the first blow-up. The last exceptional divisor is denoted by a
thick line; the heavy dots are the points of indeterminacy of H and H;. The numbers labeling
irreducible components are self-intersection numbers.

using the affine coordinates «, v in the domain and homogeneous coordinates in the range,

is written
ij(uv ’U) - a‘vd_ !

H:(u)r—) wvd?
v d

v

At a point of indeterminacy all three homogeneous coordinates vanish; we knew that
this happens only at p, but it is clear again from this formula that it happens only at

u=v=0.

The first blow-up. Blow up P? at the point u=v=0, using the chart v=uXj; i.e.,
use v and X;=wv/u as coordinates on the blown-up surface, and discard v as a coordinate.
The extension of the Hénon mapping, using the affine coordinates u, X; in the do-

main and homogeneous coordinates in the range, is written

Plu, Xqu)—a( X u)d! ug(X;)—aXi™!
U
Hi: ( ) > uix -1 = uX ! , (2.3)
X udXd uXd
1 1

where we have set p(1, X)=¢(X), so that ¢ is a polynomial of degree d whose constant
term is 1.

Again, the only point where all three homogeneous coordinates vanish is u=X;=0.
We invite the reader to check that the one point of the blow-up not covered by the chart
u, X1 is not a point of indeterminacy. Figure 1 shows the self-intersection numbers: orig-
inally /o, has self-intersection number 1; after one blow-up its proper transform acquires
self-intersection number 0, and the exceptional divisor has self-intersection number —1.
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d—2 lines with
self-intersection
numbers —2

Fig. 2. The configuration after the second blow-up (left) and after the dth blow-up (right).
The heavy dots are the points of indeterminacy of Ha and Hg; note that the black dot on the
right is an ordinary point; all the earlier ones except the very first were double points. Again,

the numbers labeling components are the self-intersection numbers.

Several more blow-ups. We will now make a sequence of d—1 further blow-ups,
setting
u:X1X2, X2:X1X3, vy Xd_1 =X1Xd.

In other words, blow up the point u=X;=0, focusing on the coordinate patch where
u and Xy=u/X are coordinates. Then blow up the point in that coordinate patch where
X1=X>=0, and focus on the coordinate patch of that surface where X, and X3=X,/X,
are coordinates, etc.

The Hénon mapping in these coordinates is given by the formula

X X1 Xpq(X1)—aX@FHl Xeq(X1)—aXxik
Hel o) e XXy, = XX, . (2.4)
ch 1 1
Xf_HXk XiiXk

We see that when k<d, the unique point of indeterminacy is X; =X =0, but when k=d,
the unique point of indeterminacy is X;=0, X4=a. At each step, there is one point
Xy =00 which is not in the domain of our chart; we leave it to the reader to check that
this is never a point of indeterminacy.

Again the self-intersection numbers are as indicated in Figure 2. At each step we are
blowing up the intersection of the last exceptional divisor with the proper transform of the
first exceptional divisor. Therefore, after this sequence of blow-ups, the last exceptional



210 J. HUBBARD, P. PAPADOPOL AND V. VESELOV

divisor (now next-to-last) acquires self-intersection —2, and the first exceptional divisor
has its self-intersection number decreased by 1, going from —1 to —d.

The blow-ups that depend on the coefficients of p. The next d—1 blow-ups have
rather more unpleasant formulas, because each occurs at a smooth point of the last
exceptional divisor, and we need to specify this point. To lighten the notation, we will
define the polynomials gy, ..., g4-1 by induction:

ak(X) —gx(0)

o(X)=9¢(X) and gn(X)="—F%—— k=0,..d-%

and the numbers Qo, ..., @41 (they are really coordinates of points on exceptional divi-
sors) by

k
Qo=1 and Qk+1:_Zquk—j+l(O)’
7=0 .

Set Yp=X,, and make the successive blow-ups
Yk—an =X1Yk+1, kZO,...,d*2. (25)

Remark. This means that Yi,; is the slope of a line through the point X;=0,
Y =aQk. In that sense the number aQ)y, is really the coordinate on the line parametrized
by Y} of the next point at which to blow up.

LeMMA 2.2. (a) In the coordinates X1,Yy, the Hénon mapping is given by the
formula

X1Yeqy(X1)+a 380 Qjak—;(X1)+Ye
Hyyg: (){:) > X{F N (X FYe+a Y50, QiX7) , k=1,..,d-1. (2.6)
X{HX a5 Q5 X])
(b) The mapping Hy, i has the unique point of indeterminacy X1=0, Yy=aQy, for
k=1,...,d—2.
(¢) The mapping Hagq_1 has no point of indeterminacy, and maps the last exceptional

divisor to loo CP? by an isomorphism.

Proof. This is an easy induction: all the work was in finding the formula. To start
the induction, use formula (2.4) to compute the extension of the Hénon mapping in the
chart Xg—a=XY7:

X (a+X1Y1)(g(X1)—1)- X1 X a(X1)+aeq(X1)+1
Hiiq: (YI) > X a+X,11) = XX, Y) +a) ,
! X¢a+X1Y1) Xf_l(XlYl—l—a)

(2.7)
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where we have used ¢(X;)—1=X;¢1(X1), and factored out X;. Observe that formula
(2.7) is exactly the case k=1 of formula (2.6).

Now suppose that Lemma 2.2 is true for k, and substitute Yz =X;Yi+1+aQk from
formula (2.5). For the first coordinate of Hyy k41 we find

k-1

X1(X1Yer1+aQr)q1(X1)+a Z Q8- (X1)+X1Yet1+aQx
=0
k-1
=X12Yk+l‘I1(X1)+aX1QkQI(X1)+aZ Qj(qr—3(X1)~qr—;(0)) + X1 Y51
=0
k-1
= X1 Yer1:(X1) +aX1Qkqi(X1)+aX1 > Qjqe—j41(X1)+X1Yern
j=0

k
=X1(X1Yk+1§‘1(X1)+GZQij—j+1(X1)+Yk+1>-
§=0
The second and third coordinates are similar. In particular, we can factor out X, until
k=d—1. This proves part (a).

At each step, any points of indeterminacy must be on the last exceptional divisor of
equation X;=0. But if we substitute X;=0 in the first coordinate, we find Yy =aQx, so
that indeed there is only one point of indeterminacy, proving (b).

The restriction to the last exceptional divisor of the mapping Hyg4_1 is given by

Yo 1—aQq1
Yo1+> a )
0
since a#0, the map is well-defined. Since Y;_; appears in the first coordinate with
degree 1, this last exceptional divisor maps by an isomorphism to the line at infinity. O

Figure 3 shows the self-intersection numbers. We are now always blowing up an
ordinary point of the last exceptional divisor, so this last exceptional divisor (now next-
to-last) acquires self-intersection —2. At the end, the last exceptional divisor keeps
self-intersection —1.

To summarize, we have proved the following result. Denote by X g the space ob-
tained from P? by the sequence of 2d—1 blow-ups described above.

THEOREM 2.3. The Hénon map H:C?2—C? extends to a morphism Hog_1=
H: )Z'H—>P2, and maps 5:5(:11—02, the divisor at infinity, to l, mapping all of D to
the point q except the last exceptional divisor, which is mapped to I, by an isomorphism.

Terminology. To state the next result, we need to name the irreducible components
of D. Let us label A’ the proper transform of the line at infinity, B’ the proper transform
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2d—3 lines with
self-intersection

-1 numbers —2
% - % »
-1 ;‘ -1

ffe})
™

A Iy Lg_g Lg_1 Ly Log 3 A A L, A

Fig. 4. The divisor D. The numbers labeling the components are the self-intersection numbers.

On the right, the simpler drawing for degree 2.

of the first exceptional divisor, then in order of creation L1, Lo, ..., L2g_3, and finally A
the components of the divisor D. The line A4, i.e., the last exceptional divisor, will play
a special role.
Since A’ is the proper transform of [, the projection A’— !, is an isomorphism, and
we can define p’,q’ as the points of 4’ that correspond to p,q. Note that {p’}=L,NA".
The points f)=1~1_1(p), ﬁ:ﬁ_l(q) play a parallel role; note that {q}=Laq_3NA.
This terminology is illustrated in Figure 4, which represents D, i.e., Figure 3 (right),

redrawn in a more symmetrical way.

The rational mapping H*. In the next section, we will want to consider H as a
birational map H¥: X~ Xg.

THEOREM 2.4. The rational map H¥: Xy ~ X u 15 defined at all points except p. It
collapses D—A to q' and maps A—p to A'—p’ by an isomorphism.

The rational map (H')™1 is defined at all points except q'. It collapses D—A' to p
and maps A'—q' to A—q by an isomorphism.

Theorem 2.4 is illustrated in Figure 5.



A COMPACTIFICATION OF HENON MAPPINGS IN C? AS DYNAMICAL SYSTEMS 213

Fig. 5. The “mapping” H¥ acting on the divisor D. It is not a true mapping because it has a
point of indeterminacy at p.

Proof. This is really a corollary of Theorem 2.3. Clearly, H* is well-defined on
)A(:H~f1_1(p), i.e., on Xg—{p}, and coincides with H there.

Further, His an isomorphism from a neighborhood of p to a neighborhood of p.
So if we perform any sequence of blow-ups at p, H will become undetermined at p- The
statements about the inverse map are similar. O

3. Closures of graphs and sequence spaces

We now have a well-defined map H:X #—P2, but that does not solve our problem of
compactifying H: C2—C? as a dynamical system. We cannot consider H as a dynamical
system, since the domain and the range are different. Neither does H* solve our problem,
since it still has a point of indeterminacy. In this section we show how to perform infinitely
many blow-ups so that in the projective limit we do get a dynamical system. We will
construct this infinite blow-up as a sequence space, as this simplifies the presentation
and proof (this description was inspired by Friedland [Fr2], who considered the analog
in (P2?)%). To make this construction, we need to analyze the graph of H*.

Let X,Y be compact smooth algebraic surfaces, and f: X~~Y be a birational trans-
formation. Let us suppose that f is undefined at p;,...,pn, and that f~! is undefined
at qi1, ..., Qm- Let T;C(X—{p1,...,Pn})xY be the graph of f, and let Iy CX XY be
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its closure.,
LEMMA 3.1. The space Ty is a smooth manifold, except perhaps at points (x,y)eT;
such that
x€{p1,--»Pn} and ye€{di,...,qm}

Proof. Clearly the projection pr,: T s—X onto the first coordinate is locally an iso-
morphism near (x,y) if x¢{p1,...,Pn}, and pry:';—Y is locally an isomorphism near
(x,y) unless ye{qi,...,qm}. O

Ezxample 3.2. Points (pi,q]—)ef ¢ can genuinely be quite singular. For instance, if
X=Y=P? and f=H is a Hénon mapping, then f (resp. f~') has a unique point of
indeterminacy p (resp. q) (see Lemma 2.1). The pair (p,q) is in Ty, and near (p,q)
we can find equations of Ty as follows.

In local coordinates

u=z/y and v=1/y near p,
s=y/z and t=1/z nearq,
the space I'y is given by the two equations
vt =t(plu,v)—av? ) and ut=sv;

it is quite singular indeed at the origin; one way to understand §2 is as a resolution of
this singularity, as Proposition 3.3 shows.

Let H be a Hénon mapping, X g be the blow-up on which H:X i —P? is well-defined,
and H*: X H X 1 be H viewed as a rational mapping from Xy to itself.

PropPOSITION 3.3. The closure f‘H:C)A(:Hx )~(H 15 a smooth submanifold.

Proof. The mapping H": X X y is birational, and as we saw in Theorem 2.4, it
has a unique point of indeterminacy at p=H ~1(p), and the inverse birational mapping
(H")~! also has a unique point of indeterminacy q'. But the point (P,q’) is not in Tz,
so I' gy is a smooth (compact) manifold by Lemma 3.1. O

There is another description of T g4, which we will need in a moment.

PROPOSITION 3.4. The space Ty, together with the projections pr, and pr, onto
the first and second factor respectively, make the diagram

— PTy ~
FHu — XH

PHl Wl
~ H
Xy — P2

a fibered product in the category of analytic spaces [DD].
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Proof. The diagram

Xu P2

commutes on the graph 'z, and also commutes on a closed set, so it commutes on T .
Since all the spaces involved are manifolds, it is enough to prove that the diagram

is a fibered product in the category of analytic manifolds, i.e., set-theoretically. Since

n(y)=H (x) on I'p this is still true on the closure I'zs. O

It is time to construct one of our main actors. The space X, constructed below, is
a compact space which contains C? as a dense open subset, and such that H: C?—C?
extends t0 Hoo: Xoo—Xeo. The locus Dy, =X, —C? is an infinite divisor at infinity, the
geometry of which encodes the behavior of H at infinity.

Definition 3.5. Let XOOC()Z'H)Z be the set of sequences x=(...,x_1, Xg, X1, ...) such
that successive pairs belong to Iz cX H x X H above.
Let Hyo: Xoo— Xoo be the shift map

(Hoo (%)) =Xp+1, k€Z,

where x=(...,x_1, Xg, X1, ...) is a point of X.

Clearly X is a compact space, since it is a closed subset of a product of compact
sets, and Hy is a homeomorphism X, —X,. We will see below why H., can be
understood as an extension of H.

PROPOSITION 3.6. (a) Fach point of X, is of one of three types:
(1) sequences with all entries in C?;
(2) sequences of the form (...,p,p,a,b,q’,q’,...) with acD, a#£p;
(3) the two sequences p>*°=(...,p,D,...) and 9 =(...,d',q/,...).
(b) The sequences of type (1) are dense in X .

Proof. If a sequence has any entry in C?2, it is the full orbit of that point, forwards
and backwards. Otherwise, all entries are in the divisor D=X u—C?. If these entries
are not all p, or all ', then there is a first entry a that is not p; it must be preceded
by all p’s. It is followed by the orbit of a, which is well-defined. Note that b=H (a)
may be q’ (this will happen unless ac A), and all the successive terms must be q’. This
proves (a).

For part (b), we must show that a sequence x of type 2 or 3 can be approximated
by an orbit, i.e., that for any £>0 and any integer N, there is a point y€C? such that
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d(H™(y)—xn)<e when |n|<N. If x is of type 2, we may assume that xo#p,q’. Then
all iterates of H and of H~! are defined and continuous in a neighborhood of xg, so
any point in this neighborhood and close to xp will have a long stretch of forward-and-
backwards orbits close to x; but every neighborhood of xg contains points of C?, which
is dense in X.

Similarly, the orbit of a point with |z| very large and y=0 will approximate q*°, and
a point with |y| very large and =0 will approximate q*. a

Ezample 3.7. The fact that C? is dense in X, is not quite so obvious as one might
think, and there are examples of birational maps where it is not. For instance, consider

()~ (2)

a priori well-defined on (C*)2. Denote p and q the points at infinity on the z-axis

the mapping

and y-axis respectively. Then when r is in the line at infinity, the pair (r,q) belong to
FrCP?x P2, as does the pair (q, 7). Thus the sequence space contains points like

(.na,q4q,7,4,7,q,9,...)

with symbols q and r in any order. Such sequences cannot be approximated by orbits
in (C*)?; they also form subsets which have dimension equal to the number of appear-
ances of r#q, which may be infinite. Such sequence spaces are a little scary, as well as
pathological, and irrelevant to the original dynamical system. In our case, if we had not
blown up P2, then C? would still have been dense in the sequence space, but it would
have had bad singularities.

PROPOSITION 3.8. The space X% =Xoo—{P>,q>} is an algebraic manifold. More
precisely,

(1) the projection my onto the 0-th coordinate induces an isomorphism of the space
of orbits of the first type to C?;

(2) if x=(...,p,P,a,b,d,q/,...) is a point of the second type, and a appears in the
k-th position, then the projection m onto the k-th position induces a homeomorphism of
a neighborhood of x onto Xy —{p,q'}.

Proof. The first part is clear. For the second, if a point y satisfies Yr#P,q’, then
the entire forward-and-backwards orbit of yy is defined: forwards it will never land on P,
and backwards it will never land on q’.

Let us call qﬁk:)? —{P,qd} > X the map which maps x to the unique sequence
X€ X, with x;=x. The change of coordinate map ¢; 'o¢y is then simply H'~* on C2.
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do Po 9 P

L.y Lo1g1 Loy2qa-3 Loy Log-1 Logq-3 L11 Lia-1 L1243
Fig. 6. The divisor Doo.

This shows that the coordinate changes are algebraic on the intersections of coordi-
nate neighborhoods, except for one detail. The set C?C X, is exactly the intersection of
the images of ¢ and ¢; when |l—k|>2, but when l=k+1, the intersection then contains
the sequences with entries (..., P, P,a,b,q’,q,...) with acA—{p} and be A’—{q'}. In
this case also the change of coordinates is given by H* and is still algebraic. ]

Remark. Contrary to what usually happens in algebraic geometry (and is sometimes
required in the definition of an algebraic manifold), X is not quasi-compact for the
Zariski topology, i.e., it cannot be covered by a finite number of affine algebraic manifolds.

We can now see why H, is an extension of H. On the subset isomorphic to C?
formed of sequences in C2, with 7y the isomorphism, we have

mo(Hoo(x)) = H(mo(x));
i.e., on that subset, my conjugates Hy, to H.

Notation. We will systematically identify C? with ¢(C?)C Xo. With this identifi-
cation, Hy, does extend H continuously, and algebraically in X% . Moreover, we will set
Do =X —C?. Figure 6 shows D.

The lines denoted by A;, i€Z, are formed of those sequences whose ¢th entry is
in A’; each such line connects the sequences whose ith entry is in L; (denoted by L; 1)
with those whose (i—1)st entry is in Lsg—3. In particular, the points g, Po,d1, P1€ Xeo
correspond to the sequences

qo = (7 ﬁ7 aa qu qla ql) )7

‘ Po= (7 ﬁa ﬁa p,a qla q,7 )7

q: = (a p, P4 q, q,

]
ol
™
™
.U\
<

P1

eeey



218 J. HUBBARD, P. PAPADOPOL AND V. VESELOV

4. The homology of X7

In this section we will study the homology groups H;(X2 ), more particularly Ha(X3,)
and the quadratic form on it coming from the intersection product.

Although nasty spaces (solenoids, etc.) are lurking around every corner, here we
will compute only the homology groups of manifolds, being careful to exclude the nasty
parts. All homology theories coincide for such spaces, and we may use singular homology,
for instance. Unless stated otherwise, we use integer coefficients; at the end we will use
complex coefficients. Using d-torsion coefficients would give quite different results, which
can easily be derived using the universal coefficient theorem.

Inductive limits. It is fairly easy to represent X3 as an increasing union of subsets
whose homology can be computed. Since inductive limits and homology commute, it is
enough to understand these subsets.

First some terminology. If G is an Abelian group, then GY is the product of infinitely
many copies of G, indexed by N, i.e., the set of all sequences (g1, g2, ...) with g;€G. The
group G GN s the set of sequences with only finitely many non-zero terms; in the
category of Abelian groups, this is the sum of copies of G indexed by Nj it is also easy
to show that it is the inductive limit of the diagram

CGoG*P5G3— ...

where the map
GF 5 GF s (915 98) > (915, Gk, 0).

The inductive limit we will encounter is not quite elementary. We will start with an

example, which has many features in common with our direct limit of homology groups.

Ezample 4.1. Consider the inductive system

where f,: Z"—Z"*! is defined by

€nt1,i if 4 <n,

entintentinsl ifi=n,

fn(en,i) = {

using the standard basis e, 1,...,e, , of Z™.
It certainly seems as if the inductive limit of this system should be the group Z(N)
of sequences of integers which are eventually 0. But this is not true: the inductive limit

is bigger. It is isomorphic to Z™N), but not in the obvious way.
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Let (Vm,Vmy1,...) represent an element of lii)nn(Z", fn), with v, €Z™. Then for
any j, the coordinate (vy,); is constant as soon as m>j. This defines a map

lim (2", fn) = ZN
"
which is easily seen to be injective.

PROPOSITION 4.2. The image of lim,(Z", f,) in ZN is not reduced to Z™Y), it
plm
consists of those sequences (a;)jen that are eventually constant.

Proof. Any element of the inductive limit has a representative v,,, € Z™ for some m.
The mth entry of v, will be replicated as both the mth and (m+1)st entry of vpy1,
and then as the last three entries of v,,49, etc. Clearly the image in ZN will be constant
from the mth term on. ad

Thus there is an exact sequence
0—ZM™ 5 Hm(Z, f,) = Z—0
'

where the third arrow associates to an eventually constant sequence the value of that
constant.

We see that there is an extra generator to the inductive limit, which one may take
to be the constant sequence of 1’s in ZN.

Ezample 4.3. Now let us elaborate our example a little. Modify f,:Z"—Z"*! so
that fn(enn)=€nt1,n+deni1,nt1 for some integer d>1.
Most of the computation above still holds, except that a sequence

v=(vy,vg,...) EZN

belongs to the inductive limit if and only if it is eventually geometric with ratio d. We
will denote Z[1/d] the rational numbers with only powers of d in the denominator, i.e.,
the subring of Q generated by Z and 1/d. If we set v*=(1,d,d?,...), then v belongs to
the inductive limit if and only if there exists a€Z[1/d] such that v—ap* has only finitely

many non-zero entries. In other words, there is an exact sequence
0—Z™ 5 lim (2", fn) — Z[1/d] - 0.
n

Note that our inductive limit is still a free Abelian group, since a countable subgroup
of ZN is free Abelian [Gri, Theorem 138]. In our case, the elements
(1,d,d%,d%,...), (0,1,d,d%..), (0,0,1,d,...),
form a basis. On the other hand, Z{1/d] is not free (it is divisible by d).

The homology of blow-ups. Before attacking the homology of X7, we will remind
the reader of some facts about the homology of algebraic surfaces.
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ProrosiTiON 4.4. If X is a smooth algebraic surface {or more generally a
4-dimensional topological manifold), and ZC X is a finite subset, then the inclusion
X —-Z— X induces an isomorphism on 1- and 2-dimensional homology.

The proof comes from considering the long exact sequence of the pair (X, X —Z),
which gives in part

—)H3(X,X—Z)——)Hz(X—Z)—)Hz(X)-—)HQ(X,X*Z)—) .
For more details, see [HPV, pp. 25-26].

ProprosiTION 4.5. If X is a smooth algebraic surface (or more generally an ori-
entable 4-dimensional topological manifold), and ZC X is a finite subset, then the in-

clusion X —Z— X induces an exact sequence

0— Hy(X) > 2% > H3(X - Z) — H3(X) —0.
In particular, if X is compact and Z is a single point, then the inclusion induces an
isomorphism H3(X —Z)— H3(X).

The proof comes from considering the same exact sequence as above; we omit it.

We will now see that if you blow up a point of a surface, you increase the 2-
dimensional homology by the class of the exceptional divisor.

Let X be a surface, and z a smooth point. Let 7: X,— X be the canonical projection,
and E=7"1(z) be the exceptional divisor.

Consider the homomorphism

i Ho(X) > Ha(X,) (4.1)
given by the composition
Hy(X) - Ho(X —{2}) > Hy(Xy);

{.e., first the inverse of the isomorphism Ha(X —{z})— Ho(X) in Proposition 4.4, followed
by the map induced by inclusion.

PROPOSITION 4.6. The map
Hy(X)®Z— Ha(X,)
given by (a,m)—i(a)+m|E] is an isomorphism.

Proof. Apply the Mayer—Vietoris exact sequence to U, and X —{z}, where U is an
open neighborhood of z in X homeomorphic to a 4-ball. We omit the details. g

The same Mayer—Vietoris exact sequence, together with Proposition 4.5, will also
show the following result.
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S
f/l(C)\

Fig. 7. Left: a curve with 3 smooth branches through z. Right: a deformation which avoids z.

ProrosITION 4.7. If X is compact, the canonical projection induces isomorphisms
Hy(X,)—H;(X) and H3(X,)— H3(X).

The next proposition will be the key to most of our computations.

PROPOSITION 4.8. Consider the composition
Ha(X) = Ho(X —{2}) = Ha(X,).

Let C be a curve in X with m smooth branches through z. Then the image of [C] in
Hy(X,) is [C'|+m[E], where C' is the proper transform of C in X,.

Proof. Let C be the normalization of C, which is in particular a smooth 2-dimen-
sional differentiable manifold, and let f: C—C be the normalizing map. The mapping f
can be deformed (differentiably, but perhaps not analytically) to a map f’: C— X that
avoids z; so f’ lifts to a map f: C—X,, as illustrated by Figure 7.

Then [f/(C)] is the image of [C] in Hy(X,). The homology class [f/(C)] is of the form
[C']+n[E] for some n: indeed, f' can be chosen so that [f’ (C)] is contained in a small
neighborhood of C'UE, which will retract onto C'UE, and hence whose 2-dimensional
homology is generated by [C’] and [E]. We discover what n is by observing that the

intersection number | ff(@ |- [E] vanishes, since the corresponding cycles are disjoint. So
0=[F(C)]-[E]=(IC")+n[E))-|E] = m—n,

since each branch of C through z contributes 1 to [C']-[E]. O

The finite approximations to X.,. Now let us consider the set

M
X[N,M]CHXHy N<M’
i=N
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AN By ANt Apm Bu Ay
gl Ml | | " | | plN. M)
Lyy Lyng-i Lnpza-3 Lna Ly 124-3 Ly Lya1 Lmo2as

Fig. 8. The divisor D{y, ps)- The last line of one block coincides with the first of the next.

of finite sequences (xy,Xn+1,...,Xpr) With pairs of successive points in Ty, and the
subset Dy, a}C X[, p with all coordinates in D.

The set Dy, contains the point p™M! all of whose coordinates are p, and the
point q!V:M} all of whose coordinates are q'. Let us set

X[*N‘M]=X[N,M]—{p[N’M],q[N’M]} and  Diy y = X{n. s Diwv,m)-

PrOPOSITION 4.9. If —o0oKN'KNXMLM Koo, then the natural projection
X[N’,M’]'_)X[N,M} has an inverse X[*IV M]_)X[N',M'] deﬁ,ned on XﬁV,M]

Proof. Any point of XE‘N M) has a well-defined backwards orbit, since its Nth co-
ordinate is not q’, and it has a well-defined forwards orbit, since its Mth coordinate is
not p. These orbits define an inclusion of X [*N, M) into Xo. O

The point of this proposition is that we can compute the homology of X [*N’ M) Iftv
is an algebraic variety, let Irr(V') denote the set of irreducible components of V.

PROPOSITION 4.10. (a) The space Xy, u) is @ smooth algebraic surface, and Dy, ar)
is a divisor in X|n ui-

(b) The divisor Dy, consists of M+1—N ordered blocks, each consisting of 2d
projective lines, with the last line of one block coinciding with the first of the next, as in
Figure 8.

Proof. Part (a) is more or less obvious, except perhaps for the points p!™-M! qV:M],

The projection onto the Mth coordinate gives an isomorphism of a neighborhood of
p¥M] onto a neighborhood of p, and the projection onto the Nth coordinate works
for q!V-M],

A point of Dy, ) is a sequence of points at infinity in Xpy. It consists of either

e« allporall ¢, or

» a certain number of p’s (perhaps none), then a first element different from p, then
something (perhaps q'), then all q'’s.

Let us denote by Dy the kth block

Dy = {x € Dy, | xx € (D—A)U{@} and xx_1 #q'},
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2d-3 lines with 2d-3 lines with
self-intersection -2 self-intersection -2

Fig. 9. The self-intersections of the components of D, -

for N<k<M (if k=N, the condition xz_;#4q’ is void). This set is parametrized by
xz€(D—A)U{q}. Every point of Dn, ) belongs to precisely one D, except for:

e The points whose Mth coordinate belongs to A—{ﬁ}; these form a projective line
denoted Apry1.

« The points qi, k=N+1,..., M, whose kth coordinate is q' and whose (k—1)st
coordinate is @. The point qj, is simultaneously the left-most point of D and the right-
most point of Dg_;.

o The point qp1=Apmy1NDyy. O

All lines have the same self-intersection numbers as the corresponding lines in 5,
except for the connecting lines, i.e., the lines Ay, k=N+1,..., M, where xz€A’ and
Zr_17#9q’. These have self-intersection —3, as indicated in Figure 9. This is proved in
the proof of Proposition 4.11.

PROPOSITION 4.11. (a) The map that associates to each irreducible component of
Dy, the 2-dimensional homology class which it carries induces an isomorphism

ZIr(Din, 1) Hz(X[N,M]) when —oco < N M < co.

(b) The inclusion Xy, m) X1, M) induces an isomorphism on 2-dimensional ho-
mology.

Note that this proposition represents the second homology group of X%, as

: Irr( Dy
h_H)lZ ( [ N,N])’
N

(4.2)

since an increasing union of open sets is an inductive limit in the category of topological
spaces, and homology commutes with inductive limits [Sp, Chapter IV, 1.7]. This is very
similar to Example 4.3 above, and we will need to look carefully at the inclusions.

Proof. (a) With a slightly different definition of Xy s, this follows from Proposi-
tion 4.6. We need to know that X[y s is obtained from the projective plane P? by a
sequence of blow-ups, corresponding naturally to the irreducible components of Dy, as].
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First notice that we may assume that N=0: clearly shifting the indices gives an isomor-
phism X(n r)— X0, M- N]-

Next observe that X g =X H, which as we saw is obtained from P? by a sequence
of blow-ups, each of which creates one component of 5:D[0,0] other than A’=A4y. The
component A’ is the proper transform of I, which was there to begin with and which
generated the homology H>(P?). So the theorem is true when M=0.

If M=1, notice that Xjg,1j=Igs, so the diagram

Xjo,1] —2> Xo,0)

1

Xio,01 7, p2

is a fibered product by Proposition 3.4. But the bottom mapping His an isomorphism
on a neighborhood of p, mapping p to p=[0:1:0]. Thus the inverse image by pr; of this
neighborhood maps under pr, to its image just as the inverse image of the neighborhood
of p maps under .

This same argument shows that the component A; of Dyg ;; has self-intersection 3.
Indeed, the line A;C Dy g) has self-intersection —1, and the first two blow-ups required
to build X[ ;) are blow-ups of points of A;.

To show that Xjp o) is constructed from X[g ;) by a sequence of blow-ups, etc., apply
the same argument, using the diagram

Xjo,2) — Xp1,2)
X, — Xy

As above, we see that on Ay, which has self-intersection —1 in Xg 1}, a point was
blown up twice, so Az has self-intersection —3 in Xg 5. By induction, Ay will have
self-intersection —1 in X| (0,k+1) and self-intersection —3 in X[ 2.

(b) This follows immediately from Propositions 4.4 and 4.10. a

Next, we need to compute the homomorphism Hj(X|_n n))— Ho(X[—(n+1),n+1])
induced by the composition of the isomorphism

Hy(X(_n,n)) = H2( XN Np)

and the mapping
Hy (X[ n,ny) = Ho( X (v1), N 411)

induced by the inclusion.
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Apra AM+1 Apia Ly
Lyoa-3
/@I)Mﬂ DMl BM+1

[AM+1]+[BM+1]+2[LM+1 1]

Fig. 10. The first two blow-ups performed on Aps+1C XN, ar]- Note that Aarqa and Bary

[Ari1] —_— AM+1 +[Bum41]

each contribute 1 to the coefficient of the exceptional divisor Las41,1-
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AM+1 AM+1 BM+1
R = S g S
M+1

[Ave1+[By1]+2[Lars1,1)+3[Lvsr,2] —— [Amsa]+[Buasa]+2[Lars1,1]
+3[LM+1’2]+ +d[LM+1’d,1]
Fig. 11. Left: the next blow-up. Right: the configuration after d blow-ups. For the figure on

the left, Bpsy1 contributes 1 and 2Lps41,1 contributes 2 to the coefficient of the exceptional
diViSOl‘ LM+1 ,2-

Api By
| [Ap1)+HBum+1)+2[Lar1,1) L —

+3[Lams1,2]+ o +d[Lars1,d-1]+d[Las+1,4]

Fig. 12. The configuration after d+1 blow-ups. Here, dLps41,4—1 contributes d to the
coefficient of the exceptional divisor Lpsy1,4. It is the only contribution since this time we
are blowing up an ordinary point.

AM+1 B AM+2

———  [Av ]+ [Bua]+2[Lars11]+3[Lass1,2]
+ o +d([Larsr,a-1)+[Lage1,al+ o +[Lars1,2a-3]+[Ar1])
Fig. 13. The configuration after all the blow-ups required to pass from X[y pr] to Xy ar+1)

have been made. We have blown up ordinary points on lines with weight d, so the new

exceptional divisor always has weight d.
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PrOPOSITION 4.12. The homomorphism
in: Ho(Xn M) = Ha(X(N=1, Mm41))
described above is given by the following formula:

in[C]=[C] if C# Ami1, AN,
in[Av] = [Amea]+ [Brur1]+2[Lara1,1]+3 [ 2]+
+d([Ly+1,a-1]+[Lamr,a]+ o+ [Dars,2a-3]+ [Anr2])s
NIAN]=[ANn]+[BN-1]+2[LN-1,24-3]+3[Ln—1,2d—4] +-..
+d([Ln-1,d-1]+[LN-1,d-2)+-+[Ln-11]+[AN-1])-

Proof. This is straightforward, using Proposition 4.8. Figures 10 through 13 should
explain exactly the sequence of blow-ups. a

THEOREM 4.13. (a) The inductive limit

l%,n Ha(Xj-n np) = Ha (X5,
embeds naturally in Z(Ps),

(b) If veZ'™(P%) is an element of Hay(X2,), then the limits

A
vi(v)= llm o nn) and v (v)= lLrn 7"

both exist and lie in Z[1/d]. Actually, the sequences are eventually constant.

(¢) The following sequence is exact:

(Irr(DZ)) «y W)
0— 20Dy Hy(X2) 22 Z[1/d)@ Z[1/d) — 0. (4.3)

Proof. (a) Any element v of the inductive limit is the image of some
UN < HZ(X[—N,N]) = ZIrr(D[—N,N])

for all sufficiently large N, and the coefficient v (L) of any irreducible component L€
Irr{D_n, ~7) is then the same as the coefficient v y.(L) for all N ‘> N by Proposition 4.12.
This proves (a).
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(b) The element v of the limit is determined by the corresponding element of vy €
Ha(X{_n,~})- In particular, vy assigns some integer weights o to [A_n] and 3 to [An 1]
Then, again by Proposition 4.12, we see that

Q(A—N—l) = dO[, Q(A-—N—-Z) = d2a7 ceny
v(Ant2)=dB, v(Anys)=dB,
In particular, the sequences defining v~ and v* are constant after N, so the limits exist.
This proves (b).

(c) For any element v€Z{™(P%)) | there exists N such that v has coefficient 0 for all
irreducible components L€ Irr(D3,) which do not belong to Di_y,n]. Then v is in the
image of Ha(X[_(n+1),n+1)), and we see that ZI™(P)) is included in Hp(XZ,). Clearly
it is the kernel of the mapping (v~,v*), which is surjective. O

THEOREM 4.14. The Hénon mapping Hoo: X2, — X%, induces a commutative dia-
gram,

I/_,V+
0 —> Z@EHDL)) —> Hy(X%) s 7[1/d]®Z([1/d] —> 0

| el

0 —> Z(rr(PL)) —> Hy(X7, Z[1/d)®Z[1/d) — 0

where a is the shift

a([Ak)) =[Ak-1], a([Bk])=[Bx-1}, o([Lk;])=[Lr-1,,
and (3 is the mapping B(a,b)=(a/d, bd).

Proof. The action of H on the homology is induced by shifting (to the left) by one
block in Z'"(Px) . Clearly, this induces the same shift on ZX™(P%)) | and the statement
about « is true. To see that G is correct, consider a homology class ve Z'r(D%) in the
image of Hy(X[_n,n1)- It will satisfy

VAng, =b, Vay,,=db, vay, .= d%v, ..,
for some b€Z, and v*(v)=b/d"N. The sequence (Ho(Hy))(v) is the same sequence
shifted, so that
(H2(HOO))(Q)AN+1 :dba (HQ(HOO))(Q)ANJrz :de’ (H2(H00))(.'Q)AN+3 :dsb’

and

_ db _
v™ (Ha(Heo))(v) = o =dv™ (2)-
The computation for v* is similar. a

One way of understanding the exact sequence (4.3) is as part of the homology exact
sequence of the pair D}, C X% .
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PROPOSITION 4.15. (a) There exists a unigque isomorphism
Z]1/d)®Z[1/d]) - H2(X 3, D5.)

which makes the following diagram commute:

Hy(X2) 20 701 /d)@Zi1/d]

1 |

Hy(X3,) — Ha(X3,, D).
(b) Both Hs(X2) and H3(X?,, D%) are isomorphic to Z, and the canonical map
Hy(X3,) — H3(X%, D3,)

18 an isomorphism.
(c) Both H,(XZ) and H(X2,, D

o) are zero.

Remark. We will see in §7 (in the proof of Theorem 7.6) that the homology group
Hy(X%,, D) can also be understood as H;(S3—(X*UX-)), where £* and X~ are
solenoids embedded in a 3-sphere obtained by an appropriate real-oriented blow-up.
A classical result of algebraic topology says that for the standard d-adic solenoid X4
embedded in the 3-sphere in the standard way, H;(S®—X4)=2[1/d]. This explains why
these bizarre groups appear in this complex-analytic setting, by making precise the sen-
tence “at the ends of D7, there are two solenoids”.

Proof. The exact sequence of the pair D% C X7 reads in part
Ha(D%,) = Ha(X3,) = Ha (X%, D&) = Hi(DL,).-

The first term is ZA™(P<)) | and the last term vanishes, since D%, is a union of 2-spheres
identified at points, with the quotient topology from the disjoint union. This, together
with Theorem 4.13 (¢), proves (a).

For (b), another part of the long exact sequence reads

H3(D3,) — H3(X3,) = Hs(X3,, D3,) = Ha(DS,) = Ha(X5 )
Since the last map is injective and H3(D?, )=0, the canonical map
H3 (X)) — Hs(X5,,D2)

is an isomorphism.
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To see what it is an isomorphism between, notice that H3(P?)=0. It then follows
from Proposition 4.7 that H3(X{n,ar)=0 for all NXM. Next, the inclusion

XE‘N,M] c X[N,M]
induces (still by Proposition 4.7 for the final 0) an exact sequence

0= Ha(X(w, 1) = Ha(Xiv, M7, Xy ary) = H3(X(w, ar)) = Ha(X (v, a17)-

| II I
Z 72 0

Thus H3(X [*N M]) is canonically the quotient of Z? by the image of Z under the diagonal
map, i.e., it is isomorphic to Z.
The argument for (c) is similar but easier. g

The intersection form on the homology. The homology space Hz(XZ ) carries a
quadratic form coming from intersection. In order to describe it, we need to define
homology classes which are not in the kernel of v*. Call v=,v*€ Ho(X2,) the images of
[4'] and [4] in HQ(X[O’O]):HQ(X } under the inclusions

HQ(X[0,0]) g HQ(X[_LI]) — HQ(X[_2’2]) e

We can also describe v* as elements of Z™" Pe; in Figure 14, the top block indicates
the irreducible components of D} for which we are giving weights; the next two blocks
describe the weights assigned by v+ and v~.

The middle block describing v* has all zeroes above, and each succeeding line below
is the previous multiplied by d; the bottom block describing v~ has all zeroes below, and
above each preceding line is the next multiplied by d.

Then v*(v+)=v"(v~)=1, so that the values of the quadratic form on Z(I"(P%)) and

on v* determine the quadratic form completely.

PROPOSITION 4.16. On ZI™(DS)) | the quadratic form is determined by the self-
intersections and mutual intersections of the irreducible components of D7,.
The classes v* and v~ satisfy the rules
viat=v-v"=-1, v v =0,

vt [Lo2d-3l=v [Lo1]=1, v*[A]=v"-[4g]=-1, (4.4)

with all other intersections Q.

Proof. The statement about Z{™(P%)) should be clear.
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B,
Ay L.y . Loyge2 Loyg1 Loyag .o Logpgs
By
Ao Loy ... Log—2 Loa-1 Loa - Lo24-3
By
Ar Lyn .. Lig2 Ligr ILyag - Lipa-s
B,
Ay L2y ... Lag-2 Log1 Laag ... Lzpg3
0
0 0 0 0 0 0
0
0 0 0 0 0 0
vt = 1
1 2 d—1 d d d
d
d 2 dd-1 & &2 .. &
1
d d d d d—1 2
0
1 0 0 0 0 0
v = 0
0 0 0 0 0 0
0
0 0 0 0 0 0
Fig. 14

For the other classes, one way to do it is to construct a differentiable surface C*C X H
(not an algebraic curve) which represents A, and which avoids q and . Note that
C* cannot be algebraic (or analytic): the self-intersection of A is —1, so it is rigid as
an algebraic curve. The curve C* is then contained in X} and represents v*. But

a neighborhood of the curve C* is also contained in XX, so v* only intersects those

[o oh]
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curves of Dy, that C* intersects. Thus v*-vt=C*-[Ag]=C*-C*=—1and v*-[Lg 24-3]=
C*-[Lg,24-3]=1.

Similarly, construct a differentiable surface C~C Xy which is a deformation of A’;
clearly we can take C*TNC~=2. O

Of course the quadratic form is invariant under the action of H,,, since Hy, is a
homeomorphism of X7 . This certainly is not obvious from the formulas. Let us check
one case. Take d=2. Since H,, induces the shift, we see that

(Hoo)* (’U+) =20+ [A()] + [Bo]+2[L0,1].
The intersection product gives, as it should,

(Hoo)w(v"))2 = 4(v*)2+(A0)2+(Bo)?+4(Lo,1)*+4Bo- Lo +44Ag- Lo 1 +8v*- Lo 1
=—4-3—-2-8+4+4+8=—1.

This quadratic form on Ha(X?2) is of course neither positive nor negative definite.
For instance A, the closure of the diagonal of C? in X , has self-intersection +1, whereas
all the irreducible components of D}  have negative self-intersection. The following
proposition says that the form is mainly negative.

THEOREM 4.17. The intersection form is negative definite on Z{r*(P%)),

Proof. We will give two proofs, one conceptual and one computational. Each proves
a stronger (but not the same stronger) result.

First proof. An element ve Z{(P%)) comes from an element of Hy (X[, n) which
assigns coefficient 0 to the first and the last irreducible component of the divisor Dy, ur-
Its self-intersection in Xy aq and in X3, coincide. We will in fact prove that if v has
coeflicient 0 with respect to one of these components, then v-v<0 unless v=0.

Indeed, the complement of the last exceptional divisor in Dy ps) can be blown down
to a point, so by [Gra], the intersection matrix of this divisor is negative definite, and
hence v-v is negative if v£0.

Second proof. Let us call a,,bn,z; ; the coeflicients of Ay, By, L; ; respectively.
Thus we are considering the quadratic form

2 2 2
—3an+2anxn11 —2(1}71,1 +2En,1$n’2+... _2xn,d—2 +2xn,d—2xn,d—1

—db,21+2bnacn,d_1 —23:31@_1 +2Tp g 1Tn,d+... +2Tp,24-30n41 —3a,21+1 +....

It is clearly enough to show that the quadratic form obtained by allocating half the
coeflicient a,, to the next term and half to the previous term is negative definite, i.e.,



232 J. HUBBARD, P. PAPADOPOL AND V. VESELOV

that the quadratic term in 2d variables

— %a3+2aow1 —2:cf+2x1x2+...—2x5_2+2xd_2zd_1

—db? +2bz g~ 2275 +2Tg 124+ ...+ 2004301 — Sa3

is negative definite. This is something like working in one block at a time.
If we isolate the terms containing b and complete squares, this quadratic form can
be written

1 3
— (db2 —2bxg_1 +3$§_1> - 5a3+2aox1 —2z%+2x1:c2+...—2x§42+2zd_2xd_1

1 3
— (2— E)Ig—l +2.’1)d_1.’1,'d—2I3+...+2.’E2d_3(11 - Eaf

If we complete squares from both ends, we can write this as
2 1,
- db —2bwd_1+a.’rd_1
3 2 3 2
3 a% 20011+ = 3 x%) (5 af—2a1z2d_3+§x§d_3>

4 3 4 3
( z§—2z1m2+4z§) (giﬂ%d_g_2$2d—3$2d—2+1x§d—2)

d 1 d d+1 d
—2Tq_9Tg1+——— 3_1)—( —2z4xq— 1+{£+1 z3 )

d+1 d

2
d(d+1) Td-1-

It works, with a tiny bit to spare, so we actually get a slightly stronger result:
PROPOSITION 4.18. There ezists K depending only on d such that
1 2
LY sk Y
i€lrr(Doo) 1€Irr (Do)
for any veZIr(DL))

Thus we can complete C™(P%)) with respect to the intersection inner product, to
get a Hilbert space, which we denote ﬁg(X =3 C). By Proposition 4.18, this intersection
product norm is equivalent to the [y-norm on the space of sequences.

The exact sequence

0— ZAT L)) 5 (X2 ) — Z[1/d)@Z[1/d] — 0
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gives, tensoring with C,
0— CI(PL) s Hy(X: : C)— CHC —0,
so it is natural to complete the entire homology, i.e., to set
Hy(X%;C)=HY(X:;C)aCv*aCu .

On this completed homology space (unlike homology with infinite chains, which is the
dual of cohomology with compact supports), the pseudo-inner product given by the
intersection is still defined (e.g. by the formulas (4.4)).

This completed homology Ha(X2%;C) is contained in C¥(P=), but if v=(v;), i€
Irt(Doo), the quadratic form is not given by v-v=3_vZ. This is not even true for ve
H 9(X2,; C), though in that case (only) the series is convergent. But the series is divergent
for v=v* and v=v".

Neither are the subspaces Cv* and Cv~ orthogonal to H(X2 ); formulas (4.4) say
that each of these subspaces are orthogonal to all but one standard basis vector. So

* are well-defined even if ve HY(XZ,; C) is a series with

the pseudo-inner products v-v
infinitely many non-zero terms.

Clearly the subspace CUI™(Px))C Hy(X?%, ; C) is invariant under the Hénon map-
ping H, which is simply a shift in D, so it induces a unitary operator on the Hilbert
space ﬁS(X;‘o;C). This unitary operator has only continuous spectrum, on the unit

circle, and with spectral density 2d—1. There are in addition two eigenvectors of
(Hoo)s: Ha(X 303 C) = Ha(X 5 C),
one with eigenvalue d and one with eigenvalue 1/d. One way of defining them is as
. n _ 1 1 g
wr= lim —(Hx)7(v") and w™ = lim — (Hw),"(v7).

These do belong to the completed homology (but not to the homology), since w* is v*
on the positive part of DY, and decreases like a geometric series on the negative part.

These homology classes are already well-known in the theory: they are the homology
classes of the currents y~ and p*, as defined by [BS1].

5. Real-oriented blow-ups

In this section we will define a way of “resolving” the non-algebraic singularities p™, q*.
The idea is to “cut X, along D”. In topology, “cutting a manifold M along ZC M?”
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is a standard construction, at least when Z is a submanifold: it means to remove the
interior of an appropriately chosen tubular neighborhood of Z, leaving a manifold with
boundary.

This correctly describes the topology of our real-oriented blow-ups, but lacks the
naturality we need for mappings to extend canonically, so we will use a different approach,
closely related to “blowing up X along Z”.

Remark. We will discuss the real-oriented blow-up in the real-analytic category.
Most of the discussion of real-oriented blow-ups would work just as well in the real-
algebraic or the C*°-category; in fact, we will work entirely with algebraic varieties, but it
is convenient to be able to restrict to “ordinary” open sets, rather than Zariski-open sets.
In any case, the definition {especially the endpoint modification below) should probably
be viewed as preliminary. It works when Z is a divisor with normal crossings, but it does
not create the right object (something like the complement of a tubular neighborhood)
when the singularities of Z are too nasty. A full discussion of real-oriented blow-ups will
require a separate paper.

The oriented blow-up )?f* : a preliminary definition. Suppose that X is a real-analytic
manifold, and that ZC X is an analytic subset, perhaps with singularities. Suppose that
UcCX is a coordinate patch in which the ideal Z(Z) of real-analytic functions on U
vanishing on Z is generated by m functions fi, ..., fn: U —=R™. In other words, if we set
fi
f — M

fm
then ZNU=£"1(0). We need to say things in terms of ideals rather than in terms of
equations defining the set because, for instance, the origin in R? is defined by the equation
z2+y2=0, but the one function z2+y? generates a much smaller ideal than Z(Z), which
is generated by z and y.

We can then define (7}* CcUx 8™ to be the closure of the set

{(z, P)eUxS™ | f(x) #0 and f(z)/|f(z)| = P}

Denote by p: ﬁ; — U the canonical projection, and set Z+= p~}2).
By contrast, the blow-up is the closure of the set

Ur={(z,1) eUxPE | f(z) #0 and f(z)€l};

and the exceptional divisor is p~!(Z). The main difference, indicated by the *, is that
we are now allowing for the orientability of the line [e Pg "
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We will sketch in Proposition 5.2 the fact that /U\';r depends only on Z and not on the
chosen generators of Z(Z), and what to do when Z is not defined by global equations.

Let us see that this does correspond to “cutting a manifold X along Z” when Z
is a smooth hypersurface, defined locally by f(z)=0, where f: X —R is a real-analytic
submersion. Recall that S°={—~1,1}CR, and XzC X x{-1,1} is X—Z, with Zx {1}
attached to the part where f is positive and Z x {—1} attached to the part where f is
negative.

When Z is the origin of R”, it also gives what we want: R™ with the origin replaced
by S™~!, and naturally parametrized by “polar coordinates” (r,p)€[0,00)xS™1, but
with no identifications when r=0.

The real-oriented blow-up. Already we run into trouble when Z is the union of
the axes in R2. The ideal Z(Z) is generated by the single function xy, so the space
(R2)ZCR2><SO is

(Q1UQ3) x {1}U(Q2UQq) x {1},

where (); denotes the closed ith quadrant.

This is not quite what we want: the plane cut along Z, i.e., the disjoint union of the
four closed quadrants. We will replace the space X ¢ by a space which maps to )’(\'f* , and
whose points above z € )?;r are the ends of )’ff* —Z* at z. This does not change the points
with a basis of connected neighborhoods, but it does separate the first quadrant from the
third and the second from the fourth, as the points of contact of these quadrants each
correspond to two ends.

More formally, let X be any topological space, and YC X a closed subset. We will
define the endpoint modification E(X,Y’) to be the space X where every point y€Y has
been replaced by the set of ends of X —Y at y, i.e., by the points of the projective limit

l(_iI_Il‘II'()(V—Y),

where mg is the functor which associates to a space its set of connected components, and
the projective limit is taken over all open neighborhoods VC X of y. The space E(X,Y)
comes with a natural topology, which we will leave to the reader to define (see [DD,
Vol. II, pp. 197-198]), and there is a canonical map p: E(X,Y)—X. We will denote by
E(Y)CE(X,Y) the subset p~1(Y).

This construction can lead to pretty wild things when Y is complicated, but when
X is a finite simplicial complex and Y is a subcomplex, which will always be the case
in this paper, then E(X,Y) is a finite simplicial complex, and there are finitely many
inverse images of every y€Y.
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Definition 5.1. Let X be a real-analytic manifold, and ZC X an analytic subset
such that Z(Z) is generated by fi,..., fm. The real-oriented blow-up B*(X,f) is the
endpoint modification E()?f+ ,Z+), with the exceptional divisor B*(Z)C B*(X, Z) being
E(ZY)CE(X},Z+).

This actually defines the oriented blow-up (7; only locally, and further it appears

that ﬁf* depends not only on ZCU, but also on the chosen generators for Z(Z). The
following proposition deals with these problems.

PROPOSITION 5.2. (a) Let U be a real-analytic manifold, and ZCU an analytic
subset. Suppose that fi,..., fm and gi1,...,gx are two sets of generators of Z(Z). Then
the identity of U—Z extends uniquely to an isomorphism (7; —)(,A/'g of semi-analytic
spaces.

Thus we can write U3 .

(b) The identity of U—Z extends uniquely to an isomorphism
E(X},ZY)—»E(X},Z%)

of semi-analytic spaces.

Thus we can write BY(U, Z).

(c) Let U,V be real-analytic manifolds, and F:V—U a real-analytic map. Sup-
pose that ZCU is an analytic subset, and that F is a local isomorphism at all points
of F~Y(Z). Then the restriction of F to V—F~(Z) extends to a mapping

B*(F):B*(V,F~Y(2)) - B*(U, Z)
which is a local isomorphism at all points of B*(F~'Z), so that the diagram

+
BH(V, F~Y(2)) — > B*(U, Z)

pll pzl

|4 U

commutes, where the p; are the canonical projections.

Part (c) of Proposition 5.2 allows us to construct oriented blow-ups globally. If
ZCX is an analytic subspace of a manifold, we can cover X by open subsets U;, and
construet B*(U;, Z) for each i. Part (c) evidently applies to the inclusions U;nU; CU;,
and allows us to glue the spaces B*(U;, Z) canonically.
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Sketch of proof. The blow-up has a universal property: replacing a subspace by a
divisor. The main part of the proof is showing that the space X z has this property: [Har]
proves this in the algebraic setting, and the same proof works in the analytic setting, and
is Theorem IL.7 of [HPV]. This implies that the blow-up is independent of the chosen
generators. It is easy to see that this result goes over to the oriented context [HPV,
Proposition VI.4], allowing us to define a space )?} as required in part (a).

The endpoint modification is a functor, giving us part (b).

Part (c) follows from the fact that the universal property defining blow-ups is evi-
dently local on the set being blown-up. O

The central example. The main example we will want to consider is the real-oriented
blow-up of X=C? along Z=C x{0}U{0} xC, both viewed as real-analytic spaces; i.e.,
C?=R*, parametrized by x1,y1,T2,y2 (Where z,=x,+iy;, zo=z3-+iy2), and Z is the
union of the (z1, ¥, )-coordinate plane and the {3, ys)-coordinate plane.

This is quite complicated to work out directly from the equations: Z requires four
equations to define it, and the equations for X z are quite messy (this computation is
done in [HPV, pp. 45-46]). It seems simpler to do the computation in its natural setting,
where tensor products hide the complications of the explicit formulas.

THEOREM 5.3. Let X1,X> be smooth manifolds, and Y1C X, YoC X3 be smooth
submanifolds. Then the identity of (X1—Y1)x(X2—Y2) extends to a unique isomorphism

B+(X1,Ya) XB+(X2,},2) —)B+(X1XX2, (X1XY2)U(Y1XX2)).

Proof. The uniqueness is clear, since (X;—Y7)x(X2—Y2) is dense in both spaces.
Thus it is enough to prove the statement locally, and we may assume that X;, X, are
vector spaces, and that Y; C X; are vector subspaces. Choose complementary subspaces
E; so that X;=Y;®F;; then

X;=Y;xE; and Y;=Y;x{0}.

The following lemma, whose proof is immediate and left to the reader, allows us to
ignore the Y; and focus on the E;.

LEMMA 5.4. If YCX are an analytic manifold and an analytic subset, and Z is an
analytic manifold, then

BY(XxZ,YxZ)=B"(X,Y)xZ.

A straightforward application of Lemma 5.4, setting Y1 xYs=2, shows that it is
enough to prove that

B*(Ey x By, By x {0}U{0} x E3) = B* (B4, {0}) x B* (E3, {0}).
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Choose inner products in E; and E,; we will use “polar coordinates” r;, p; for E;,
where 7;€[0,00) and p;€ S(E;) is a vector of norm 1 (here and later S(E) denotes the
unit sphere of the inner-product space E). Choose orthonormal bases vy, ..., v, for E;
and wy, ..., W, for E;. Then declaring v; ®w; to be an orthonormal basis defines an inner
product on E;® E5, independent of the choice of bases, such that || p®q| =|p| llqll-

The classical Veronese embedding P(E;)xP(E2)—>P(E1®F,) is the map which
takes lines Iy C Ey, loC E; to the line [y, ®l; C E1QE,.

This mapping has an oriented analog, which is no longer an embedding, but a double
cover of its image. Again we leave the proof of the following lemma to the reader.

LEMMA 5.5. The mapping
¢: S(E1) x S(E2) = S(E\®E?)

given by ¢(p1,p2) =p1®p2 is a double cover of its image: ¢(—p1, —p2)=0(p1,p2).

Now to prove Theorem 5.3. The map F: F1x E;— E1®FE> given by (z,y)—z®y
defines the locus E; x {0}U{0} x E5 to be blown up, so to construct

8+(E1 XEQ, (El X {0})U({0} X EQ))

we need to compute the closure I'C E; x E3 x S(E1® E») of the graph I' of

F

Tak (B1—{0}) x (B2 —{0}) = S(E\Q Es).

Note that
F(r1p1,72p2) =T172¢(P1,P2)-

Consider the semi-algebraic mapping
:[0,00) X S(F1) x[{0,00) x S(E3) = E1 X Ea x S(E1® E»)

given by
®: ((r1,p1), (r2,p2)) > (T1D1, T2D2, P(P1,P2))-

Observe that this mapping is proper, so its image is closed. Moreover, the image of
® contains I' as a dense open set, so the image of ® is the closure of I'. Moreover, ® is
injective on the locus where (r1,72)#(0,0). This is clear from the first two coordinates
of ¢ if both r; and r» do not vanish, and is still true if exactly one vanishes. Indeed, if
r1#0, then ®((r1,p1), (r2,p2)) certainly determines p;, and using the third coordinate,
P2 also.
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Therefore ® induces a semi-analytic isomorphism between the quotient

B*(E1,{0}) xB" (E,{0})/~, where ((0,p1),(0,p2)) ~ ((0, —p1), (0, —p2)),

and I'. Thus every point (0,0, ¢(p1,p2))€Tl corresponds to two ends, and & lifts to a
semi-analytic isomorphism

®: B*(E1, {0}) x B+ (Es, {0}) = B (Ey x Ea, (E; x {0})U({0} x E3)). O

Theorem 5.3 allows us to understand the fibers of the projection
p: B+(X1 x Xa, (X1 Xng)U(le XXQ)) :

if (z1,72)€(X1-Y1)x(X2—Ys), then p~1(z;,z2) is a point, of course;

if (z1,z2) €Y1 x(X2—Y3), the fiber p~Y(z1, ) is canonically S(T%, X1/T%,Y1);
if (z1,z2)€(X1—Y1)xYa, the fiber p~1(z1,x2) is canonically S(T,,X2/T.,Y2);
if (z1,72) €Y1 x Y2, the fiber p~!(z1,z3) is canonically

S(Tlel/TZIle) X S(TszQ/TI2Y2).

The real-oriented blow-up of a complez manifold along o complex subspace. In our
applications of the real-oriented blow-up, the spaces YC X will be the underlying real-
analytic spaces Xgr, Yr of complex-analytic spaces X, Y. Rather than write B (Xg, Yr),
we will denote the real-oriented blow-up by B (X,Y). The space Bf(X,Y) has extra
structure in that case: the natural action @xp=e*p of the circle R/27Z on the unit
sphere of a complex inner-product vector space induces an action of R/27Z on B§(Y),
and when Y is of the form E; x{0}U{0} x E;C E) x E3 as above, where both E; and E»
are complex vector spaces, the same natural action of R/27Z on S(E,) and S(E,) gives
an action of the 2-dimensional torus (R/27Z)? on p~!(z;, z2) when (z1,z2)€ Y1 xYa.

We will mainly be interested in the case where X is a complex surface, and ZC X
is a divisor with normal crossings. Let us denote by Z’ the smooth part of Z, i.e., the
complement of the set of double points. The following statement then summarizes our
discussion.

THEOREM 5.6. (a) The real-oriented blow-up B (X,Z) is then o 4-dimensional
manifold with boundary, and this boundary is a 3-dimensional manifold with corners
corresponding to the double points of Z.

(b) The group R/27Z acts naturally on p~(Z’), making it into a principal circle
bundle.

(c) The fibers above the double points are naturally principal under the group
(R/27Z)3.
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The real-oriented blow-up of a complex blow-up. The crucial question for us will be
the following. Let X be a complex surface, ZC X a divisor with normal crossings, and
2€Z a point. What relation is there between the real-oriented blow-ups By (X, Z) and
Bﬁ()?z, n~1(Z))? The answer is contained in the following two theorems. Let

p:BL(X,Z)—> X and ﬁ:Bﬁ()?z,W_l(Z)) - X,

be the cancnical projections.

A first thing to notice is that the topological pairs B (Z)CBg (X, Z) and BE(Z )C
Bﬁ()?z, VA ) are homeomorphic. After all, the boundary of a tubular neighborhood of Z
in X is still the boundary of a tubular neighborhood of Z in X,. What has changed is
the pattern of tori in the 3-dimensional manifold B (Z), and the circle and torus actions
on the tori and regions between the tori respectively.

The real-oriented blow-up of a complex blow-up at a simple point of a divisor. Let
zZ€E€Z be a simple point, and let 3€X, be the new double point of Z , i.e., the intersection
of the proper transform of Z with the exceptional divisor. Then Bﬁ()?z,z } can be
understood as follows. The fiber p~1(z) is a circle; thicken this circle to make a solid
torus, invariant under the existing circle action. Keep the old circle action on the outside
of the solid torus, and modify it inside, so that the oriented circle orbits on the boundary
of the solid torus are the “sums” of the old ones and of boundaries of discs A in the solid
torus, which are oriented so that p: A— Z is orientation-preserving. Theorem 5.7 makes
this precise.

Call Y the space B (X, Z), but with the following modified circle action on part of
the boundary B (Z). Choose a disc DC Z centered at z, parametrized by w with |w|<R
and a section o: D— Bg (D), giving us an isomorphism Bg (D)— D x (R /27Z), allowing
us to parametrize Bg (D)C Bf (X, Z) by w and 6eR/2nZ. Choose r<R, and define a
new circle action on Bg; (D) by the formula

Ox(w,0,0) = (we®,0,0+0). (5.1)

THEOREM 5.7. There exists a homeomorphism h:Bi(X,,Z)—Y which coincides
with the identity outside of p~*(U) for some neighborhood U of D in X, which takes

P(Z) to the torus |w|=r, and which respects the circle and torus actions.
For the proof, see [HPV, pp. 50-57].

The real-oriented blow-up of a complex blow-up at a double point of a divisor. Let
z be a double point of the divisor ZC X, and call Z;, 2, the two double points above z
in X, i.e., the two intersections of the proper transform of Z with the new exceptional

divisor.
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Again we will construct a model Y for Bﬁ()?z,z ) whose underlying space is
Bi (X, Z), but where we modify the tori and group action on Bf(Z). Roughly, YV is
constructed from B} (X, Z) as follows. Thicken the torus p~!(z) so that the thickened
torus is invariant under the circle actions. Keep the old circle actions on the outside
of the thickened torus, and modify it inside, so that the oriented circle orbits on the
boundary torus are the “sums” of an orbit of R/27Z x {0} and an orbit of {0} x R/27Z.
Theorem 5.8 makes this precise.

Choose local coordinates w; and ws on a neighborhood U of z in X, such that
|wi], Jwz2|< R, and Z is given in U by the equation wiw,=0. This gives an isomorphism
of Bi(X,Z) near p~!(z) with the standard model Bg(D,0)x B (D,0), which can be
described as the set of

(r1,72,01,02) € [0, R)® x (R/2nZ)2.

The projection 7 is given by wi=r1€"%, wy=rye*, and the set B (Z) corresponds to
the subset where riro=0.

Now choose < R, and modify the circle action on the subset
P= {(rl,r2,61,02) S [O, R)2 X (R/27TZ)2 | |7"1|, l7‘2] <r and rire :O}
by setting

@*(T’l, 0,6, 02) = (7‘1, 0,6,+6, 02+9),
("‘)*(0, ro,01, 02) = (O, 12,01+ 0,0, +@)
Keep the previous circle action outside P; this gives as it should two circle actions

on the two tori |wi|=r and |ws|=r.

THEOREM 5.8. There exists a homeomorphism h: Bﬁ()?z, Z)—Y which is the iden-
tity outside of p~1(U), which maps the torus p~1(Z1) to the torus ri=r, ro=0, which
maps the torus p~(%2) to the torus r1=0, ry=r, and which respects all the circle and
torus actions.

For the proof, see [HPV, pp. 58-64].

Naturality. Let X be a smooth surface, ZC X a divisor with normal crossings, and
z€D a point.

THEOREM 5.9. (a) The mapping m: X, — X lifts to a unique mapping

7B (X, Z) = BH(X, Z)
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such that the diagram

commutes.
(b) If z is a simple point of Z, then the mapping @ maps the torus p~(Z) (para-
metrized by (61, $2)) to the circle p~1(z) (parametrized by 6), by the mapping

(61, ¢2) — 01+ 2.

(¢) If z is a double point of Z, then the mapping B, mapping the torus p—(z1),
parametrized by 61, ¢z, to the torus p~1(z), parametrized by 61 and 0, is given by the

ol L)
o2 O1+¢2 |

This is proved in [HPV, part (a) on p. 51, part (b) on p. 52, and part (c) on p. 59].

formula

Infinitely many blow-ups. Suppose that we repeat infinitely many times the following
procedure, as in §3.

Take a surface X( containing a divisor with normal crossings ZpC Xp; although it
is not essential, we will assume that X is compact. Choose a point 2y€ Zy, blow it up
to create a surface Xlz(z,)zo, with a projection my: X;— Xp; set Z1:7r1_1(Z0). Now
choose a new point z; € Z;, etc. Denote by

ﬁ'i: BR(X,, Z,) - Bﬁ(Xi—l» Zi—l)

the map induced from ;.
Theorems 5.7 and 5.8 assert that at each stage the pair BL(Z;)CBg(Xi, Z;) is
homeomorphic to the pair Bg(Zy)C B (Xo, Zp)- It seems reasonable to think that the

same will remain true in the limit, and it is.

THEOREM 5.10. The projective limit of pairs
lim (B (Z:), ) C lim (Ba (X2, Z:), %)
is homeomorphic to the pair B (Zo)C Bf(Xo, Zo), and the canonical map
lim (BR (X;, Zi), 7:) — Bg(Xo, Zo)
can be approzimated by homeomorphisms.

This theorem is proved in [HPV, pp. 64-65].
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6. Real-oriented blow-ups for Hénon mappings

The Hopf fibration p: $°— 82 is a famous example from topology, where the circle acts
on the 3-sphere, and the quotient is the 2-sphere. If we think of S3 as the unit sphere
in C?, and S? as P&, then it can be written as

p: (21, 22) > [z1: 20].
It can also be thought of as the quotient of the 3-sphere by the circle action
R/21Zx S® - 83, Ox(z21,2) = (€21, 2).

The Hopf fibration seems a natural candidate to be the real-oriented blow-up of a pro-
jective line in a surface, and it is.

The real-oriented blow-up of the line at infinity in PZ4. We will begin our construc-
tion of real-oriented blow-ups constructing Bg (P&,lx), and then seeing the effect on
this real-oriented blow-up of the complex blow-ups described in §2. Local coordinates
on a neighborhood of I, CPg are

1

y x
, v1=2 and wuy=—, vg=-—.

U= —
z T y

This leads to the charts Cx(R/27Z)—=Bg (Iw) given by (v;,0;), j=1,2, where ;=
—argu;.
On the overlap w1, v2 #0 these coordinates are identified by

1
vg=—, Gy=0,+argv;.
U1

This is a variant of the Hopf fibration.

PROPOSITION 6.1. (a) The mapping S3—>Bﬁ(loo) given by

( )H{UIZZZ/Zla 0,=—argz, if 2170,
21, %2

Vo =21/%2, O = —argza, if 22#0,

is a diffeomorphism which carries the orientation of S® as the boundary of the comple-
ment of the 4-ball to the standard orientation of B (l)-

(b) This diffeomorphism transforms the circle action ©%(z1,20)=(e 2,679 2y)
into the canonical circle action

Ox(vj,0;) = (vj,0;+0©).
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Proof. The main thing to check is that the mapping is compatible with the identi-
fication §,=6;+argv;, which becomes arg 2o =arg z; +arg(z2/z1).

The map is injective: if we know v; and 6,, then from zz;=wv;2; and the equation
|z1|2+|22|2=1 we see

1
2
z = —,
| 1| 1+|’U1|2

and since we also know the argument of z;, we know z;, hence zs.
The surjectivity is also clear from the argument above.
The compatibility with the circle action is

© ,
e‘ezl = Z—l, arg 'z, =arg 2,4+ ©.
e zq Z9
The vectors
0 0 0
1 0 0
o’ 1| |o
0 0 1

form a direct basis of T(1,0yS® if we orient S* as the boundary of the ball. The first of
these vectors is tangent to the oriented orbit through (1,0), whereas the last two project

under p to a direct basis of Ty, 0)Pé- O
Each space X|_ny_1,n+1) is obtained from X|_n n] by a sequence of blow-ups, first

at qn and py41, and then at points of the most recent exceptional divisor; let

TN+1,N: X[-N—1,N+1] = X[=N,N]

denote the blow-down mapping. By Proposition 5.9, the mapping mn+1 v induces a

projection
N+1, 8 BRIX - (v+1),N41) D= (v+1y,841)) = BRIX (-~ n)s Diov,N))s
which allows us to consider the projective limit

Bfi(Xoo, Dog) =i

lim (Bg (X[~ ~,N), Di-n,n1); TN +1,N)-

There is a canonical inclusion jy: C2—X (-~,n] (as in Proposition 3.6 (b)), which
lifts to jn: C* =B (X_n, N}, D{—n,~7) since the real-oriented blow-up is taken along
Di_nn=X[-n, N]—Cz. These inclusions are compatible with 7x41 ~, leading to an
inclusion Joo: C? = B (Xoo, Doo)-
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THEOREM 6.2. (a) The mapping jo, is injective, with dense image, allowing us to
think of C? as a subset of Bi(Xoo,Doo)-
(b) The Hénon mapping H: C2—C? extends continuously to an automorphism

Proof. (a) The injectivity of j is clear since all the jx are injective. Moreover,
all the jn have dense image by Proposition 3.6, and so do the jx since the interior of a
manifold with boundary is dense in the manifold. The density of the image of j, follows
immediately, since the topology on the projective limit is inherited from the topology of
the product. (This also follows from the much more general Theorem 5.10.)

(b) Clearly the Hénon mapping, i.e., the shift, induces an isomorphism

Xi—N,N+1) = Xj—(v+1),N]5

hence a homeomorphism

Bg(X(-~,N+11 D= v, nv1)) = BR(X(— (N 1), M) D= (v4+1),87)

by Proposition 5.2. The result will follow since

Bi(Xoo; Doo) = lim BR(X(—n m)s D-n,m1)
M,N—>
when N and M can go to infinity in any way one wants: the pairs [-N, N| are cofinal
in the projective system of pairs [~N, M]. O

The remainder of this section is devoted to understanding the structure of
B (Xoo, Do) in detail, as this is equivalent to understanding the dynamics of Hénon
mappings at infinity.

THEOREM 6.3. (a) The pair (B (Xoo, Do), B (Doo)) is homeomorphic to the pair
(B*, 83), the closed 4-ball bounded by the 3-sphere.

(b) The mapping p: Bi(Do)— Do has as its fibers:

» a circle above ordinary points;

* a torus above double points;

» a d-adic solenoid X~ above p™, and a d-adic solenoid % above q*°.

Proof. Part (a) was proved in Theorem 5.10. More precisely, we saw that the real-
oriented blow-up of P2 along the line at infinity is a 4-ball bounded by a 3-sphere, and
so lim BR(X[-n,~n], Di—n,~7) is also. Indeed, lim Bg (X(—~,~); D1~ n)) is obtained by
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infinitely many times making a blow-up of a surface X at a point 2 of a divisor D, then
taking the real-oriented blow-up of the resulting surface X, along the inverse image D
of the divisor D. That is the situation of Theorem 5.10. Moreover, the first two cases of
part {b) follow immediately from Theorem 5.6.

The third statement of part (b) is a bit more delicate. The point p™ is represented
by the sequence

P1€Xp,0, P2€X[-1,1, P3€X[ 29, -,

and above this point we see the projective limit of the system of circles

pg (P1) < p1 '(P2) ¢ p3 ' (P3) ... .

Remark. We are adding an index to avoid ambiguity, calling

pn: B (X— N~y Di=n,N)) = X(= N, N

the canonical projection; the added notation is necessary as the py.1 can be viewed as
points in all X|_asar) with M >N (or in X), but only in X[_y n) are py+1 and qn
simple points of D_n n)-

There is a canonical parametrization of px,l(pNH)CBﬁ(X[_ ~N,N]> Di-n,n1), ob-
tained from the composition

projection to

Nth coordinate applying H

_ 1~ _ arg(1
PN (PN+1) p () 2RRne 2, 1 (p) 2BV, R o,
N N N
By (X(—n~,N), D=~ N)) Bﬁ(ff,f)) B (P2, 1)

We will denote this coordinate by @y .
There is also a natural parametrization of p,?,l (@-n)CBg (X[=n~,~N]s Di= N, Ny), which
is a bit simpler, obtained from the similar composition

projection to

—Nth coordinate arg(1/z)

Py (a-n) p1(d) = p~(q) —— R/21Z.
N N N
B& (X~~~} D=, N}) B4(X,D) BH(P? 1)

We will denote this coordinate by ¢y .

Now part (c) follows from Proposition 6.4.
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ProPOSITION 6.4. We have

Any1,N(On 1) =dOni1+arga  and  Fny N(P-nN—1)=dd_N_1.

End of proof of Theorem 6.3 using Proposition 6.4. One description (see [HO1, §3])
of the d-adic solenoid X, is as

24 =lim(R/27Z, 0 df).

Clearly the second part of Proposition 6.4 shows that precisely the space £+ above q*°
is canonically the d-adic solenoid.

For the point p™, observe that if we set ¥=60+arga/(d—1), then the mapping
f0—df+arg a becomes

arga
d-1

wad(w—%)—karga—k =di.

Thus the subset X~ C Bi (Xo0, Do) above @™ is also a d-adic solenoid.

Proof of Proposition 6.4. Let us first compute the map

p () = p '(p)
N N
Bi(X,D) B(P% )

induced by the blow-down mapping Xy — P2, where both domain and range are identified
with R/27Z:

* p~(p) using arg(1/y);

« p7\(B) using (arg(1/y))- .

In §2, we began by using the coordinates u=x/y, v=1/y near p, so we see that argv
is our parameter for p~!(p). Still in the notation of §2, arg X; gives the parametrization
of p~!(p). Formula (2.6), for the case k=d~ 1, tells us that the point arg X;=6 of p~!(p)

is mapped by Bf; (H) to the point where v has argument

X (X Yao1+a Y08 Qi XY)

arg — - :
Xii 1Yd_1+a Z;izg QJX{

=arg X;.

Thus we must see how the blow-down maps p~1(p) to p~!(p), working in the coor-
dinate f=arg X in the domain, and #=argv in the range, since these correspond under
the Hénon mapping.
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More precisely, consider the mapping from the circle p_l(ﬁ)CBﬁ()z 1, D) to the
circle p~(p) C B (P%,lx). Let ap=p, ay, ..., a24—2 be the successive points at which we
performed blow-ups to get from P? to X 1, and finally set asy_1=p. The point ag and
the points a4, ...,a24 1 are simple points of the divisor constructed so far; the points
ap,...,aq_; are double points. The inverse images of these points are parametrized by

argv at ag,
(argXl)
at a;,
argu

X
(arg 1)attak, k=2,...,d-1,
arg Xy

(6.1)

arg X, at ax, k=d,..,2d-1.

In these coordinates, the blow-down mapping X #—P? induces the composition

0 0 6
0H...+—>0+—>< )r——)( )H...H( )»—>d0+arga.
f0+arga 20+arga (d—1)6+arga

a2d-1 ag a4-1 a4-2 a ag

(6.2)

These are all straightforward applications of Theorem 5.2, parts (b) and (c). Let us spell
out the mapping which takes a; to az_;. In that case we are taking the circle above the
point X;=0, Xy=a, parametrized by arg X;, to the torus above X;=0, X, 1=0. The

)= ()=o)

and in particular the circle X,=pe*, X ;=a is mapped to the circle X;=pe?, X; =
b

blow-down mapping is

pae®. If we let p—0 and remember only the arguments, we get the desired formula.

This proves the first part of Proposition 6.4: by definition, the mapping p]_vl( PN41)—
p,_vl_l(p ~) is precisely the mapping above, the domain and range being identified with
R/27Z by H°N and H* -1 respectively.

There are two ways to approach the second part of Proposition 6.4: to make the
sequence of blow-ups at q, repeating the material of §2 to make H ! well-defined, or
to make a change of variables to make H~! conjugate to a Hénon mapping, for a new
polynomial p; and a new Jacobian a1, of course. Remember that we used the fact that
the polynomial p is monic in §2, so p; must also be monic. We invite the reader to show
that in the variables x,y;, where (z;=y and (y;=z with (¢"!=a, we have

()
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with p; monic. Thus, in these coordinates the blow-down takes

arg(1/y) — darg(1/y;)+arg(1/a).

We invite the reader to check that this means exactly that in the original variables, the
second formula of Proposition 6.4 is satisfied. O

7. The topology of Bf(Xoo, Doo)

Solenoidal mappings of the solid torus to itself are among the basic examples of dynamical
systems. The typical example is the map

Tax: S'xD— 8'x D

given by
Td,k (Ca Z) = (Cda %<+6261_d+k)7

where S* is the unit circle in C, DCC is the unit disc, and >0 is chosen so that the
map is injective.

We will define a mapping from a solid torus to itself to be an unbraided solenoidal
mapping of degree d precisely if it is topologically conjugate to 74 % for some k.

This definition is justified by Theorem 3.11 of [HO1], which asserts that any injective
map f:S'x D—S'x D in the correct isotopy class, which expands in the circle direction
and contracts in the disc direction, is conjugate to precisely one of the 74 . The labeling
is justified by Theorems 4.1 and 4.6 of [HO1], which assert that if the solid torus is
embedded in S?® in the standard way, then only Tq,0 extends to 53,

We will now describe the mapping Bf; (Ho,) more precisely. A first statement says
that appropriate restrictions of B (Hoo) and B (Hso) ™! are solenoidal.

Let us denote by T, and Ty, the tori 5~ (p;) and p~(q,). Each separates B (Doo)
into two pieces. We will denote by T, the one that contains the attracting solenoid %%,
and by T, the one that contains the repelling solenoid X, and similarly for g;.

PROPOSITION 7.1. (a) The mapping By (Ho) maps T, (resp. Tg,) into itself, and
its restriction to Ty, is conjugate to T40.

(b) The map B (Hoo) ™! maps Ty, (resp. Ty,) into itself, and its restriction to T,
s also congugate to 4.

Proof. We need to examine carefully the sequence of blow-ups that makes H well-
defined, to understand how the tori corresponding to the double points of D, are em-
bedded in the 3-sphere B (Do ). Recall that we called ag=p, ai, ..., a24_2 the successive
points at which we performed blow-ups to get from P? to X #, and finally set agg_1=p.
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Fig. 15. Blow up P2 at a point z€ [y, and then take the real-oriented blow-up of the divisor
consisting of I and the exceptional divisor. You obtain a 3-sphere containing a torus, and
a circle action on both components of the complement of the torus. This picture represents
the stereographic projection of this space, with the inside of the torus corresponding to the
exceptional divisor, where the circle orbits do not link, and the outside corresponding to the
line at infinity, where the circles link with linking number 1. Curves describing the homology
classes a and b are drawn on the torus; note that the circle orbits on the outside are in the

class ~a—b and those inside are in the class —b.

In §6, we showed how to start, creating a torus Ty, in the 3-sphere, separating the
solid torus corresponding to I, from the solid torus corresponding to the first exceptional
divisor (which will eventually be the irreducible component B of D). Figure 15 shows
how these solid tori are placed after stereographic projection; the words “inner” and
“outer” will refer to this picture.

The next d—1 blow-ups are fairly easy to understand, now that we have started
right. We thicken the torus T}, creating an inner torus T,, and an outer torus T =T},
(which we can call by its final name, since it will not be affected by further blow-ups).
Then thicken the inner torus Ty, , creating an inner torus T,,, and one which corresponds
to LyNLy (between Ty, and Ty, ). Then thicken the inner torus 7T,, again, d—1 times in
all. The inside of the torus Ty, is T};,. See Figure 16 for the case d=3.
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Fig. 16. The picture above corresponds to the situation after d blow-ups when d=3, and after
stereographic projection. The outside corresponds to the real-oriented blow-up of the line at
infinity (now A’), with the Hopf circle action, as shown. The inner torus corresponds to B,
with the circle action where the orbits are not linked. The region between the inner torus and
the next corresponds to Lg_1; that is where all the further action will take place, thickening a
circle orbit (represented on the drawing, and going around 3 times in one direction as it turns
once in the other direction). The region between the outer torus and the next corresponds
to L1; the circle action there has orbits which turn twice in one direction as they turn once
in the other; we have not drawn them to keep the drawing simpler.

The circle orbits fibering the regions between the successive tori are contained in
T, with the innermost torus (corresponding to the component B) removed, which is a
space with homology Z2, generated by a and b (see Figure 15). At the first thickening,
an oriented circle orbit between the two tori is in the homology class —a—2b, at the next
the new thickened torus is fibered by curves with homology class —a—3b, etc., ending
up with a thickened torus fibered by circles in the homology class —a—db, and an inner
solid torus (corresponding to B) with fibers in the homology class —b.

In summary, after the first d blow-ups, we have an inner solid torus with fibers in
the homology class —b, then a succession of thickened tori with fibers in the homology
classes

—a—db, —a—(d-1)b, .., —a—2b, (7.1)

and finally the region T} corresponding to l, fibered (by the old Hopf fibers) in the
homology class —a—b. See Figures 16 and 17.
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—a-b —a-b

o -

Fig. 17. You can almost imagine constructing the pattern of tori in S% by rotating the figure
above around the z-axis (shown as a heavy line). The case above corresponds to d=3. The
“almost” is because the small circles are not actually rotated: as they turn around the z-axis
they also turn in their annulus, so as to connect up, forming a single torus, as shown in

Figure 16.

We must now make d—1 more blow-ups of ordinary points. We make the first by
thickening a circle orbit in the region corresponding to Ly_;, which is fibered by circles
in the homology class —a—db. We then thicken a circle inside this torus, which we may
take to be the “core circle”, and repeat this d—2 times. The final torus created this way
is Tq,. All the solid tori are thickenings of the original circle, and hence in the homology
class —a—db.

We need to start making the second series of blow-ups, as we do not yet have the
torus Tp,. So thicken a fiber inside T, , creating a solid torus still in the homology class
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—a—db, and thicken it again d—1 times; the outermost torus of the series just created
is Tp,. We will not need to describe the further blow-ups.

Moreover, Bf,(Hoo) ! is a homeomorphism which maps the solid torus T, to the
solid torus T}; . We claim that as a map 15, — 15, it is conjugate to the mapping 74 0,
where 74 1 is given by the formula

T4k (C,2) = (¢7, 3¢ +eaFH7).

Certainly Bf (He) expands in the circle direction; in fact it is B—dg (this is the
coordinate 8 of the stereographic projection). By choosing our thickenings sufficiently
small, the mapping will be contracting on the discs.

Theorem 3.11 of [HO1] asserts that every injective map from a solid torus to itself
whose image is in the homotopy class of the (1, d)-torus (un)knot and which is expanding
in the circle direction and contracting in the disc direction is conjugate to precisely one
of the 74, and Propositions 4.1 and 4.6 of [HO1] assert that only 740 extends to the
3-sphere. ‘ 0

By Theorem 3.1 of [HO1], there are maps 7;: T}, —R/27Z and =, : T, »R/2nZ
such that the following diagrams commute:

B (Heo) _ BiE(HL) TN
TIJ;L = T};r:' Tpi B sz’
S
R/27Z 2% R/2nZ R/2Z 2% R /277

In our case, these functions 7} and #; can be computed explicitly; they are given
by Proposition 7.2. Before stating this proposition, notice that

o T is the set of 2€ Bf (X0, Doo) such that (p(z))i=4q';

o Ty, is the set of x€ Bf (X, Doo) such that (p(x))i_1€ A;

e Ty, is the set of 2€ Bf; (Xoo, Doo) such that (p(x))i—1=p;

o T, is the set of € Bf(Xoo, Doo) such that (p(x));€ A".

There is a natural mapping Q;: Xoo = X[; o), Which blows D, down onto Dy )-
Since ; is a blow-down, it induces a mapping

More precisely, the blow-downs X|_n n)— X[; §], i<N, induce mappings on the real-
oriented blow-ups By (X(-n, N> D—n,n7) ~> Bf (Xi,n1» Dji,n); to construct Q;, we must
pass to the projective limit.
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The mapping @; maps T}, to the circle above q; in B{(Dj ). This circle is
canonically parametrized by ¢;. Let us denote the composition

q)i = @ioB};(Qi)ng: T(; — R/2?TZ

Exactly analogously, there is a natural blow-down P;: Xoo— X (_c0,s), Which blows
Dy down onto D(_ ;. Again, since P; is a projective limit of blow-downs, it induces
a mapping

Bl-;(PZ) Bﬁ(xooa Doo) - BR(X(—OOJ]’ D(—oo,z])

which maps T to the circle above p;. This circle is canonically parametrized by ;
(remember that ¢;=6;+arg(a/(d—1)). Let us denote the composition

P, = Qbiogﬁ(g)l,rp—‘ : TI;.' — R/Qﬂ'Z_

PROPOSITION 7.2. (a) We may choose 77 =®;.
(b) We may choose m; =Y.

Proof. (a) Clearly ®;_1(Bf(Hx)(x))=®:(x) when z€Tg,, as the left-hand side is
just the right-hand side shifted one to the left. Moreover, Proposition 6.4 says that

cbz(y):dq)z—l(y) for yET(;_l. So
9, (Bp(Hoo)(x)) = d®; 1 (Bg (Hoo ) (2)) = d®;(x).

The argument for part (b) is similar. U

Remark. What happened to the d—1 choices of #* and 7~? For n*, our particular
choice was given by the coordinate system in C2, because ultimately, ¥=arg(1/z). If
we conjugate a Hénon mapping by setting z,=(z, y1=Cy where (¢~ 1=1, it is easy
to show that the Hénon mapping remains of the same form (the polynomial remains
monic and the number o is not changed). For 7, we do not actually have a canonical
choice. The coordinate #, which ultimately comes from arg(1/y), is canonical, but =
0+arg(a/(d—1)) is exactly ambiguous by a (d—1)-root of 1, as one would expect.

The point of these computations is that since #* and 7~ are conjugacy invariants of
the mapping Bf (He) (up to the ambiguity above), we can use them to find a condition
for when the restrictions of Bf ((H1)s) and B ((Hz2)s) to the spheres at infinity are
conjugate, where H; and H; are Hénon mappings with corresponding polynomials p;
and py, and Jacobians a; and a,. In order to pin down our result, we need to know
something about toroidal decompositions of 3-manifolds.
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Fig. 18. The configuration of tori in the 3-sphere at infinity between the torus corresponding
to Bp and B_j, in the case d=3. The torus corresponding to L_1,1MNL_; 2, shown as a
heavy curve, winds three times around the torus corresponding to Bo, in the figure a small
thickening of the unit circle in the (z,y)-plane. The torus corresponding to Lg 2N Lo 3, also
shown as a heavy curve, winds three times around the torus B_j, represented in the figure

as a thickening of the z-axis.

Torotdal decompositions. The 3-manifold Bf(Doo)—(XtUX™) has an interesting
toroidal decomposition, a special case of which is illustrated by Figure 18. We will
give the definitions and basic properties, largely due to Jaco, Johannson, Shalen and
Waldhausen. Our sources are [Hem| and especially [Hat2].

Let M be an orientable irreducible 3-manifold with boundary. A properly embedded
surface SCM is incompressible if for any closed embedded disc in DC M with 8DCS,
there is a disc D'C S with dD=38D’. The manifold M is atoroidal if each incompressible
torus is isotopic to a boundary component.
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Let DCC be the open unit disc. A Seifert manifold is a 3-dimensional manifold,
foliated by circles, such that each leaf has a neighborhood homeomorphic to the quotient
of Dx[0,1] by the equivalence relation which identifies (0, z) with (1,€e?"*?/9z) for some
rational number p/q, with the foliation induced by the lines {z} x [0, 1]. The set of leaves
is then a surface with boundary €2, and the canonical mapping M —§ is referred to as a
Seifert fibration. This is a locally trivial fibration over the subset ' C 2 corresponding to
the regular leaves; the singular leaves (like the one corresponding to 2=0 in the model)
correspond to the discrete set Q—.

The key results for us are the following. Theorem 7.3 is exactly Theorem 3.3
of [Hat2].

THEOREM 7.3. Let M be a 3-dimensional compact orientable manifold with bound-
ary. Then there exists a collection of disjoint incompressible tori T, C M such that each
component of M—|J, T; is either atoroidal or a Seifert manifold, and a minimal such

collection is unique up to isotopy.

THEOREM 7.4. A Seifert manifold with at least two boundary components has a
unique Seifert fibration up to isomorphism.

This follows immediately from Theorem 4.3 of [Hat2]. Indeed, Hatcher shows that
the Seifert fibration is unique except for a list of exceptions, and all these exceptions
have 1 or 0 boundary components.

THEOREM 7.5. Let f: M —{) be a Seifert fibration, and let O'CQ be the complement
of the points corresponding to singular fibers. Suppose that M is connected and that
OM#@. Then every incompressible surface in M without boundary is isotopic to a
surface of the form f=1(v) for some curve yC SV, and the isotopy classes of such surfaces
correspond exactly to the isotopy classes of such curves.

This follows from Proposition 3.5 of [Hat2]. Hatcher proves that every incompress-
ible and boundary-incompressible surface is isotopic to either a vertical or a horizontal
surface. Horizontal surfaces have non-empty boundary, and surfaces without boundary
are vacuously boundary-incompressible. So our surfaces are isotopic to vertical surfaces,
i.e., surfaces of the form f~1(y).

We will be interested in applying these notions to the manifold B (Do) — (£1UET),
which comes with a family of tori Tp,, which we will see are incompressible.

THEOREM 7.6. (a) The tori Tp, CBE (Do) — (ETUL™) are incompressible.
(b) Every incompressible torus in B (Do) —(EYUX ") is isotopic to exactly one of
the Tp,.
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Proof. (a) The homology Hi(B§(Ds)— (X7 UX™)) is isomorphic to Z[1/d]®Z[1/d].
This is proved e.g. using the Alexander duality theorem [Sp, 6.2, Theorem 16], which
asserts that

Hy(Bi(Doo)—(ZTUET)) = HY (=N @ H (E7).

The cohomology above is Cech cohomology (isomorphic to Alexander-Spanier cohomol-
ogy), given by the inductive limit of the singular cohomology of a basis of neighborhoods
of ©*. Using the system of neighborhoods T , of ¥*, we see that

HY(Z") =lim (Z,n— dn) =Z[1/d].

(This is similar to but simpler than Example 4.3.)

An isomorphism is specified by sending the generators a, b (see Figure 15) of H1(Tp,)
to (0,1) and (1,0) in Z[1/d)®Z[1/d]. Under this isomorphism, the corresponding gener-
ators of Hi(Tp,) are sent to (0,d™*) and (d*,0). In particular, the inclusion is injective on
the homology of such a torus. If a disc in B (Do) —(XFUX ") bounds a disc in T, , then
the homology class of this boundary is zero in Hi(Bg (Doo)—(X1UX ")), hence also in
H,(T},), so the curve bounds a disc in the torus, since any simple closed curve in a torus
which is trivial in the homology bounds a disc. (This is not true on surfaces of higher
genus, which is why incompressibility is not defined using injectivity of the inclusion on
homology.) This is the definition of an incompressible torus.

(b) Let 7" be such a torus. It is contained in the compact manifold T; N7y for
sufficiently small and j sufficiently large, which allows us to apply Theorem 7.3, where
M must be compact. So it is enough to prove that Tp,, ,, ..., Tp,_, is a minimal family of
incompressible tori in Tl;iﬂng such that the components of the boundary are atoroidal
or Seifert manifolds.

First observe that the components of

j—1
(Tp‘iﬂng)—( U )
n=i+1

are both atoroidal and Seifert manifolds. Indeed, the region T, NTy,  is homeomorphic
to the region M; bounded by the tori corresponding to L; g—2NL;q—1 and L; gNL;4-1.
This region contains the solid torus corresponding to B;, but that torus can be collapsed
onto a circle without changing the homeomorphism type; call M the resulting manifold.

The manifold M is fibered by the natural circle action, and the circle corresponding
to B; becomes a singular circle of type (1,d). Thus T, NT{ . is a Seifert manifold; let

foToNTE  —Q; be the corresponding projection to the set of leaves (the base). It
)33 Piti

is also atoroidal, by Theorem 7.5, since €, is an annulus with one distinguished point
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Fig. 19. On the left, we have repeated the relevant part of Figure 17, showing the annulus

corresponding to M; when d=3; the three dots represent the intersection of the plane of the

figure with a circle orbit in M;. The right-hand side represents the first, after applying z+— z%

and collapsing the central disc to a point. Every point on the right corresponds to a unique
circle orbit, i.e., the base is an annulus with a single singular fiber (corresponding to the

central point).

corresponding to the unique singular fiber. This is seen as follows. In Figure 17, the
manifold M; corresponds to the annulus between the center circle and the next, with the
d small circles removed.

If we parametrize the disc by z, and compose z—2¢ with a collapse of the central
disc to a point (corresponding to collapsing the solid torus corresponding to B to a circle),
you manufacture a space which corresponds exactly to the set of leaves. See Figure 19.

Any simple closed curve on an annulus with a puncture is homotopic to a point or
to a boundary component, so there are no incompressible tori in M by Theorem 7.5.

Now we need to show that our family T Tp,_, is minimal. It is clearly enough

r1r e
to show that 77, NTg.,, is neither atoroidal nor Seifert. It clearly is not atoroidal, since it
contains Tp, ,,, S0 we must show that it is not Seifert. Suppose that f: 75, NTg,  —Qisa
Seifert fibration, where €2 is some surface. The surface () must have a boundary consisting
of two components, but otherwise we do not know much about it. By Theorem 7.5, there
is a curve yC ¥, where €' is the complement of the projections of the singular fibers, such
that T, is isotopic to T} =f~1(v); in particular, the restriction of f to the components
of (T,,NTg, . ,)—T; is a Seifert fibration.

But each of these is already a Seifert fibration, in fact in a unique way by Theo-
rem 7.4. It is then enough to show that the fibers of f; and f; 41 on the torus Ty, which
is the intersection of their domains are not homotopic curves; since they should both be
homotopic to the fibers of f, this contradicts the existence of such an f.

In the basis a, b for H1(Tp,), we saw that the homology class of a fiber of fg is —a—db.
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We claim that a fiber of f; has homology class —da—b; knowing this will end the proof.

We need to repeat the construction of Proposition 7.1 to understand the sequence
of tori corresponding to the block B; of D,,. Take the 3-sphere, with the sequence of
real-oriented blow-ups corresponding to Bﬁ(f)), as shown in Figure 16.

The fiber above q is a circle orbit outside the torus corresponding to q’, which we
may take to be the z-axis. Thicken this torus; the fibers inside the thickened torus will
now have the homology class —a—b+b=—a by Theorem 5.7. Indeed, if you choose a
small disc transverse to the z-axis, it projects to D (in fact, to a neighborhood of q’ in
the line at infinity A’), and the induced orientation gives its boundary the orientation +b.
Now, when we make d—1 more blow-ups, always of double points, the regions between
the tori created have circle orbits in the classes —2a~b, ..., —da—b. The region foliated
by curves in the class —da—b corresponds to the 3-manifold M. O

Conjugacy invariants of Bi(Ho). Let Hy, and Hz be Hénon mappings. We will
give a necessary condition for when the restrictions of B ((H1)oo) and Bg((H2)oo) to
the spheres at infinity Bf;(D1,00) and B (D2,o0) are conjugate. To (sort of) lighten

notation, we will call these restrictions B ((H;)%)-

THEOREM 7.7. In order for B ((H1)s,) and Bi ((Hz2)L,) to be topologically conju-
gate, it is necessary that they have the same degree, and that

arga; =argaz (mod 2w/(d—1)).

Proof. That they must have the same degree is clear by counting fixed points in the
solenoids. We will first investigate the “critical locus” of the map

(71,75 ): Toy NI, — (R/27Z)>.

Remark. The notion of “critical locus” is not quite right: Bg (D) is not naturally
a differentiable manifold, it is naturally a manifold with corners, almost an object of
the piecewise-linear category. What we will find is more PL than C!: the set of points
which have neighborhoods on which ] and n, differ by a constant is non-empty. In
our setting, the critical locus will be the closure of this open set by definition. This is a
much stronger notion of “critical” than one would expect: generically for a differentiable
mapping from a 3-dimensional manifold to a surface, the critical locus should be a curve.

LEMMA 7.8. On pZ}(By), we have the identity

_ arga
Ty —my =—arga+m—

=mn—

d—1 d—1 arga.
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Proof. The parametrized path
c
t— [ ) ] , t>0,
te—la

thought of as a path in X, approaches a specific point of By with coordinate c.
Thought of as a path in Bf (X, Do), it approaches the point z above ¢ where ¥o=
a+(arga)/(d—1). Thus n; (z)=a+(arga)/(d—1).

To compute 77 (z), apply H to the path

—at —ia
t»—><p(c) ate ) t>0,
c

which approaches Bg (Hoo)(z)€psL(B-1)- Just as we needed the argument of 1/y to
compute ¥o (adjusted by (arga)/(d—1)), we need the argument of 1/z (unadjusted)
to compute ®¢(H(z))=®,(x); clearly this argument is a—arga+w. Thus 7f(z)=
a—arga+n. O

Thus the two functions 77 and =n; differ by the constant (d/(d—1))arga on this
solid torus.

LEMMA 7.9. The solid torus p}(Bo) is the critical locus of (n{,7y).

Proof. We will only outline how to do this for points above L;. Choose as above a
curve in X, tending in B (X, Do) to a point above a point c€ L. For instance,

t—ia
tl—>( : _2m), t>0,
cte

is a curve approaching a point = above L;. At this point, we have n; (z)=2a—argc+
(arga)/(d—1). If we apply H to this curve and compute arg(1/x), we find

- (2) do if d>2,
i (z)=
' 2a—arg(l—ac) ifd=2.

Since arg ¢ shows up explicitly in the formula for 77 — 7y, such a point is not critical. [

Remark. The point ac=1 in the case d=2 above corresponds to BNL;; a similar
point will show up above L4 1 for every d.

We now need to see that the number (d/(d—1))arga from Lemma 7.8 is (almost) a
conjugacy invariant of B (Hs).

Suppose that F:Bf(D1,00) =Bt (D2,00) conjugates Bf (Hi o) = Bg (H2,00), Where
we have used indices 1 and 2 to distinguish the objects created from H; and Hy. Then F'
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must send 2T to X since these are the closures of the set of periodic points of B (H1.00)
and Bf (Hz,c0) respectively, so it must also send incompressible tori in the complement
of the solenoids £¥ to incompressible tori in the complement of the solenoids Xi. Since
Ty, separates the Ty, with j>4 from the Ty, with j<i, we see that the order of the tori
must be preserved, and there exists k such that

F(T1,p,) is isotopic to Ty p, -
By composing F with B ((Hz2).,)°*, we may assume that k=0, and that
F(Ty,p,) is isotopic to T p,.

LEMMA 7.10. The functions n{ ; and w5 ;o F must differ by a multiple of 2r/(d—1)
on their common domain of definition.

Proof. By composing 7{ ; with an appropriate multiple of 27 /(d—1), we may assume
that if z;€X] is the fixed point of B ((H1)s,) with 7 ;(z1)=0, then F(z1)=x2 is the
fixed point of By ((H2)oo) With 73 ;(22)=0. After this change, we must show that 7,
and 73 ;o F coincide on their common domain.

Choose j sufficiently small so that

Ts o CT5p NF(TT L.
Now both diagrams
T, 2 T, Ty, 0, 1,
ﬂ;il w;il and Wtiop~1l WtioF—ll
R/21Z 2%~ R/27Z R/27Z -22% . R/277Z

commute. The uniqueness statement {HO1, Theorem 3.1] is not quite enough to guar-
antee that the vertical arrows coincide, since they are not of degree 1. In that case,
the proof guarantees that such maps differ by a multiple of 1/(d*~7 —1). This is enough
to guarantee that if w;’i and WiioF_l coincide at a single point, then they coincide
everywhere; indeed, they do coincide at 5. Now
T = oo B (Hoe) and w0 F = omt oBg (Haee)

any difference comes from different branches of 1/d™. Since F(T} p,) is isotopic to 15 p,,
and we can choose a branch continuously during the isotopy, we see that 73 ; and 7{ ;o F !
(the latter adjusted at the beginning of the proof) must agree on their common domain
of definition. O

Now we need to know something about this common domain of definition.
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Fig. 20. A (3, 1)-curve on the boundary of a solid torus, corresponding to 3 times the generator
of the homology of the solid torus, and the core curve of the solid torus. Clearly they link
with linking number 1, whereas any curve outside the torus links with the (3, 1)-curve with

linking number some multiple of 3. Thus this figure represents the case i—j=1 and d=3.

LEMMA 7.11. The interiors of the torus F(TY ,.) and the interior of the torus B;_;
corresponding to By ;1 must have non-empty intersection.

Proof. Another way to say this is to say that B;_; cannot be isotoped, in
B (D2,00)—(£3UL3), to a torus outside of F(77 ). This can be seen from linking
numbers. The presumed isotopy will take place in the complement of T: ; p; for j suf-
ficiently small. All curves (or unknotted solid tori) outside T, ,, have linking number
some integer multiple of d*~7 with T} p,- But Bi_1 has linking number d*=77! with T p;
(see Figure 20).

Since the linking number must be constant during the isotopy, this is a contra-

diction. 0

Thus F must map some open subset of the torus corresponding to B; ; to some open
subset of the torus corresponding to By ;, in such a way that

+ .+
7r2,i°F"‘7r1,i

up to a multiple of 1/(d—1). This proves Theorem 7.7. O

Remark. The condition arga;=argay is also sufficient for conjugacy (see [HO4)).
It turns out that the conjugacy properties of mappings like Bg ((H)o) (or the mapping
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hg of [HO1]) are quite subtle; and that there is an infinite-dimensional moduli space,
even when the maps are hyperbolic on a neighborhood of the solenoids.

8. The compactification of compositions of Hénon mappings

A theorem of Friedland and Milnor [FM] asserts that any polynomial automorphism of
C? is either elementary, in the sense that we can find one variable that depends only
on itself, or conjugate to a composition of Hénon maps. Therefore, understanding the
appropriate Compactiﬁca’cion of C? to which such a composition extends is evidently
important.

A congecture by Milnor. In a personal communication, Milnor suggested what the
3-sphere at infinity should look like; we will now state and prove this conjecture.

Let
H,: ("”) — (p"(x)_a"y) i=1,..,k,
Yy x

be k Hénon mappings, with a; #0 and p; of degree d; >2. We will consider G=Hyo...oc Hj,
which is a polynomial mapping of algebraic degree d=d;-...-dg.

Recall that Ed:@(R/ Z,t—dt) is the d-adic solenoid, and that o4: Xg— X  is the
map induced by t—dt.

We will call the simplest link of two circles with linking number d the one formed
by the circles

cost (141 cosdt) cost
sint and (1+1cosdt)sint |, 0<t<2m,
0 % sindt

as represented in Figure 21.

THEOREM 8.1. (a) There ezists a topology on C2US® homeomorphic to the 4-ball,
with S corresponding to the boundary, such that G extends continuously to a homeo-
morphism g: S3—S3.

(b) The homeomorphism g has two invariant solenoids X+, %, one attracting and
one repelling, and both homeomorphic to 34, and the homeomorphisms can be chosen to
be conjugacies between the restriction gls+ and o4, and between g|s- and 0’;1.

(c) The complement M=53—(X+UX") has a decomposition by incompressible tori
(T3)icz, unique up to isotopy, into pieces M; bounded by T; and T;. 1, homeomorphic to
the complement of the simplest link of two circles with linking number d; mod k- Moreover,
M;NM;=0 unless [i—j|<1. The tori can be chosen so that g(T;)=T; .
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Fig. 21. The simplest link of two circles linking with linking number 5.

In particular, the topology of the sphere at infinity is different for a composition of
Hénon maps with total degree d and for a single such mapping: the solenoids are the
same but they are embedded differently in the 3-sphere.

Proof. Let )?G be the minimal blow-up of P2 on which G: )?G —P? is well-defined.

It can be constructed as follows: set G,,=H,,°...0H1, so that Gi=H; and Gx=G,
and define X G.. to be the minimal blow-up of P2 on which ém: )Z'Gm — P2 is well-defined.
Further denote by 7¢_,: Xg,,—P? the canonical projection, and by ﬁcm:wab(loo) the
divisor at infinity of X¢, .

We will construct )~(Gm by induction. Clearly )?GI:)? H, is the space constructed

in §2. Suppose that we have constructed )Z'G together with (:'m_l and ¢, _,.

m—1

Set )Z’Gm to be such that the upper left-hand square of the diagram

~ H.
Xg, —> Xy, —— P2

o

oy m-—1 P2

is a fiber product in the category of analytic spaces. Then the top line is a map-
ping Gp,: X, —P?, whereas the left-hand column represents )?Gm as a modification
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q p
" I
Qo Po 2 pz Qk 1 Pk 1 pk
@\ mflm m‘x\ n(\ rxlx\ Ak
I
; !
A block corresp. block corresp. other block corresp. A
to H; to Hy blocks to Hy

2d1-3 lines of 2d5-3 lines of 2d -3 lines of
self-intersection -2  self-intersection —2 self-intersection -2

Fig. 22. The divisor EG. The top figure gives the labels of all the components and points
to which we will need to refer. The bottom figure gives the self-intersections of all these

components.

of P2 at p. Thus C? is dense in )Z'Gm, and it is clear by induction that C~¥m extends
Gm: C?—C2?. That it is the minimal modification of P2 to which G,, extends follows
from the fact that the construction of §2 is the minimal modification to which the indi-
vidual Hénon maps extend. Thus )?Gm is the required minimal blow-up.

The divisor above infinity

Dg=Xg—C?=n5"(loo)
looks as in Figure 22.

As before, we will avoid an infinite sequence of blow-ups by considering a sequence
space. Consider the rational mapping G*: Xc ->)~(C,v, which is G wherever it is defined,
and define

fG C )’Z a X )? fe]
to be the closure of the graph I'gs CXexXg of G.

LEMMA 8.2. A pair (z,vy) belongs to T if and only if either

e ttisin Uen, or

- =P, ye(D-A")U{p'}.

The proof is analogous to that of Theorem 2.4.

Now define the natural compactification of the composition of Hénon mappings G

Xoo(G)={(-ry T2, _1, 20, T1, T2, ...) €(X@)2 | (T, Zns1) €T for all ne Z}.
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Using Lemma, 8.2, this space is not so difficult to understand.

PROPOSITION 8.3. The space Xoo(G) is compact. The complement of two points

o0

q*=(..,d,9,q,..) and p*=(...,p,p,D,...)

s an algebraic manifold.
Proof. The proof is the same as that of Proposition 3.8.

Proof of Theorem 8.1. Again, to understand the structure of the bad points, we will
pass to the real-oriented blow-ups.

We can define spaces X|_n, a(G) analogously to the construction in §4, with the
divisors D|_n, um](G); next we construct the real-oriented blow-ups

BR (X1-~m)(G), Di-~n,m)(G))
and take their projective limit

B (Xeo(G), Deo(G)) = lim (BR (X(—~,n1(G), Di-n,n)(G))-
N—oo
Note that again we are using Proposition 5.9 to construct the mappings implicit in the
projective limit.

The pair Bf; (Doo(G)) C B (X0 (G), Doo(G)) is the compactification of C? promised
in Theorem 8.1 (a). By Theorem 5.10, the pair is homeomorphic to (B*, S?), exactly as in
the proof of Theorem 6.3. Moreover, the inclusion of C?C B (X0 (G), Dso(G)) and the
extension of G to the real-oriented blow-up are constructed exactly as in Theorem 6.2.

The proof of Theorem 8.1 (b) is closely analogous to Proposition 6.4, but requires a
bit of terminology. First, label components and points of Do as follows: let Ag=lo cP?,
and define recursively AiC)Z'Gi to be the component of H” 1(A,~_1) which is sent by H;
isomorphically onto A;_;. Finally, let p=po and q=qg; by induction each A; contains
the two points p;,q; which under the isomorphism G;|4, map to p;—1 and q;_1, as in
Figure 22.

Next, we will label p,, ; and q,y, ; the points of D (G) whose mth entry is p;. This
requires a bit of care when i=0 and i=k, which we will leave to the reader.

Proposition 6.4 tells us that there are natural angles 6; parametrizing p~!(p;)C X, G;
and that these angles correspond under the Hénon mappings (see equation (6.1), where
this angle appears as the argument of v and the argument of X;). Note that we are
considering these fibers at the moment when they are created by the blow-up, so that
each lies above a simple point of the divisor defined so far. Moreover, the same proposition
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(specifically, see equation (6.2)) says that the composition of the Hénon mappings takes
angles 6; to angles §;_, as indicated in the diagram
_blow-down - blow—dgwn

Xa,—=Xey_, Xy 1> XGk_o

Oy ———————> dip Ok +argap —————— dpdi 10, +d 1 argag+argag_

_ blow-down blow-down
Xay, 2—>ng 3 )?Gl—)f(c

- - 0
—_ dor+5,

where d=dj-...-d; and
B=dr_1dg—2...d1argag+dg_odr_3...d1argax_1+...+drargas+arga;.

An analogous argument, using appropriate conjugates of the inverses of the Hj,
shows that the similar parameter ¢; of p~*(q;) is simply multiplied by d. Now the proof
ends in the same way as the proof of Proposition 6.4, showing that the fibers above p™
and q* are both d-adic solenoids, in one case using the angles ¢, and in the other
"/}nzon‘}‘ﬂ/(d— 1)'

Part {c) has substantially already been proved: The tori corresponding to the p,, ; do
form a sequence of incompressible tori in B (Do (G))—(2tUX™), and the components
of the complements are homeomorphic to the simplest link of two circles which link
with linking number d;. Moreover, the proof we have given in Theorem 7.6 that this
is the unique toroidal decomposition of Bg(Deo(G))—(XTUX ™) goes through without
change. |
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