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Notation

We write, as usual, s=c+it and f(s)=f(3). Selberg’s class S consists of the functions
F'(s) satisfying the following conditions.

(1) (Dirichlet series) For o>1, F(s) is an absolutely convergent Dirichlet series

Fs=3Y 4,

n

(i1) (Analytic continuation) For some integer m 20, (s—1)"F(s) is an entire function
of finite order.

(iii) (Punctional equation) F(s) satisfies a functional equation of the form

O(s) =wdB(1—s)

The first author was partially supported by the CNR Visiting Professors Program and the KBN
Grant 2 PO3A 02809.
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where .
®(s)=Q° [T T(Ajs+m,)F(s)
j=1
with >0, A;>0, Re ;1,20 and |w|=1.
(iv) (Ramanujan hypothesis) For every €>0, a(n)<n®.
(v) (Euler product) For o sufficiently large,

log F(s)= i br(;l)

where b(n)=0 unless n is a positive power of a prime, and b(n)<n? for some §<1.

We call @, Aj, 1; and w in (iii) the data of F(s). Observe that (v) implies that the
coefficients a(n) are multiplicative. We denote by S* the larger class of not identically
vanishing functions F(s) satisfying (i)—(iii) above.

A function Fe€S§ is primitive if F(s)=F(s)Fa2(s) with Fy, F2 €S implies that F1=1
or Fr=1.

The weight A of F €S is defined as A:Z;:I Aj, and the degree deg F'=d of FeStis
defined as d=2A. We denote by S; and Sg the subclasses of F€S and FeS* respectively,
of given degree d.

If d=0, i.e., there are no I-factors in the functional equation, we write ¢=Q2 and
denote by Sg(q, w) the subclass of FeSg with given w and ¢g. We also write Vgi(q, w)=
Sh(g,w)uU{0}.

If d=1, we use the notation

* —im(n+1)/2 Q2 o —2¢Im pj .
w*=we = H/\j , x=res F(s).
j=1

Moreover, we denote by Slﬁ(q,f ,w*) the subclass of Fe 8? with given parameters g, £
and w*, and write Vlﬂ(q, f,w*):Sf(q,g“,w*)U{O}‘

If x is a Dirichlet character (mod ¢), we denote by f, its conductor, and by x* the
primitive character inducing x. We denote by w,- and @, the w-factor and the Q-factor
in the standard functional equation for L(s, x*), i.e., wy==7(x*)/i*/fy , where 7(x*) is
the Gauss sum, a=0 if x(—1)=1 and a=1 if x(~=1)=—1, and Q-=+/f, /7. Moreover,
we write

{x (modgq) with x(-1)=1} if n=-1,
{x (mod q) with x(-1)=-1} if n=0.

X(q,8) :{
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As usual, xo denotes the principal character (mod g).
The value of an empty sum will be 0, and the value of an empty product will be 1.
We shall also use the notation

/ /c+ioo
(e) c—ioco ,

1 if k=0,
(a)e= ,
ala+1) ... (a+k—1) if k=1,

€2l = sup |Re s|
sEQ

for a bounded domain QCC, d(n)=number of divisors of n, {z]=integral part of z,
{z}=fractional part of z, e(z)=e?"** | A|=cardinality of the set .4, and ¢(n) denotes
Euler’s function.

1. Introduction

In [10], Selberg introduced the class & and made several important conjectures and
remarks regarding it. On the one hand, he initiated the study of primitive functions
in § and made the fundamental orthonormality conjecture, see Conjecture 1.1 and 1.2
of [10]. On the other hand, Selberg raised, amongst others, the problem of characterizing
the shape of admissible functional equations in S. These two aspects of the structure of
Selberg’s class are probably deeply related.

It is well known that the orthonormality conjecture has several interesting impli-
cations, such as the unique factorization in & and Artin’s conjecture, see, respectively,
Conrey—Ghosh [3] and Murty [8]. However, very little is known unconditionally about
primitive functions, as is indeed the case about the structure of admissible functional
equations, although it is conjectured that deg F' is always an integer.

From an unconditional viewpoint, the structure of S; has been completely deter-
mined only for 0<d<1. In fact, it follows from work of Conrey—Ghosh [3], see also
Bochner [1], that So={1} and S4=@ for 0<d<1. In the case d=1, it is conjectured that
the functions F'€S; are of the form F(s)=((s) or F(s)=L(s+10,x) with some primitive
Dirichlet character x and #€R. This has been proved by Conrey—Ghosh [3] in the case
r=1, although related results can be found in papers by Bochner [1], Vignéras [14] and
Gérardin-Li [5].

In this paper we settle the case d=1 in full generality. In fact, it turns out that this
case is better understood in the framework of the larger class S*, where Ramanujan’s

hypothesis and Euler’s product are dropped. The analytic properties (i)—(iii) alone allow
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a complete characterization of the functions F'¢ Sf. see Theorem 2 below. The introduc-
tion of the Euler product axiom (v) imposes an arithmetic condition in S, namely the
multiplicativity of the coefficients a(n), which, in view of the structure of Sf, restricts
the functions F'€8; to either the Riemann zeta function or shifted Dirichlet L-functions.

We also show that Ramanujan’s hypothesis plays no role in the case 0<d<1, in
the sense that every function F eSg with 0<d<1 already satisfies Ramanujan’s hypoth-
esis (iv).

In order to state our results, we introduce the notion of invariant of F'€S*. Since the
form of the functional equation satisfied by a function F'€ S* is not unique, the parameters
depending on the data of F(s) are not necessarily uniquely determined by F(s) itself,
see, e.g., §2 of [3]. Therefore, we say that a parameter, or a set of parameters, is an
invariant of F(s) if it is uniquely determined by F'(s), independently of the particular
form of the functional equation.

We start with the description of the structure of Sg in the simpler case 0<d<1.

THEOREM 1. (i) If 0<d<1, then Si=@. If FeS!, then ¢eN, the pair (q,w) is
an invariant of F(s) and Sg s the disjoint union of the subclasses Sg(q,w), with geN
and |w|=1.

(ii) Every Fe Sg(q,w), with q and w as above, is a Dirichlet polynomial of the form

F(s):Z M.

nS
nlq

(iii) For ¢ and w as above, VOn (q,w) is a vector space over R and
dimg VOﬁ (g, w)=4d(q).

Theorem 1 will be proved, essentially, by the argument in Theorem 3.1 of [3].

The main part of the paper is devoted to the proof of the following result, which
completely characterizes the functions F ES%. We refer to the Notation section for the
definition of ¢, é=n+1i6, w* and X(q, &).

THEOREM 2. (i) If FeS!, then qeN and ne{-1,0}. The triple (g,& w*) is an
invariant of F(s), and S§ is the disjoint union of the subclasses Sf(q, &, w*) with geN,
ne{-1,0}, 6€R and |w*|=1. Moreover, a(n)n'® is periodic with period q.

(ii) Fvery Fe Sf(q,ﬁ,w*), with ¢, £ and w* as above, can be uniquely written as

F(s)= > P(s+if)L(s+if,x")
XE€X(q.€)

where PXESg(q/fX,w*(I)X*). Moreover, P,,(1)=0 if §#0.
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(iii) For ¢, £ and w* as above, Vlﬁ(q,f,w*) is a vector space over R and

[$¢]+1 if €=—1,

dim Vn q)ﬁvw* =
= ) {[%(q—1~n)] otherwise.

A well-known theorem of Hamburger, see §2.13 of Titchmarsh [13] with g(s)=f(s),
gives a characterization of the Riemann zeta function in terms of its functional equation.
In our notation, Hamburger’s theorem may be phrased as dimg Vlu(l, -1,1)=1, and
hence it is an immediate consequence of (iii) of Theorem 2. Moreover, (iii) of Theorem 2
should be compared with the results of Bochner [1].

We also remark that the argument in §8, see Lemma 8.3 and Proposition 8.2, can be
easily adapted to show that the coefficients A; in any functional equation of F 65{t must
be rational numbers of the form 1/2m, with meN. Moreover, in view of Theorem 2 and

of the multiplication formula for the I'-function

m—1
k
T(s)=m*"?(2m)t=m/2 T F<S‘+‘), m=2,3,...,
m
k=0

the coefficients A; can in fact attain any such value.

Our method for the proof of Theorem 2 is inspired by Linnik’s {7] approach to the
analytic continuation and functional equation of the Dirichlet L-functions by means of
the analytic properties of the Riemann zeta function. We refer to §2 for a brief discussion
of Linnik’s and our arguments, and of the role played by the condition d=1.

By further imposing the Fuler product axiom, from Theorem 2 we obtain the con-
jectured structure of Sj.

THEOREM 3. Let FeS8,. If q=1, then F(s)=((s). If q=2, then there erists a
primitive Dirichlet character x (mod q) with a=n-+1 such that F(s)=L(s+16, x).

We explicitly state the following simple consequence of Theorems 1, 2, 3 and of
Theorem 3.1 of [3].

COROLLARY. Every function F ESg with 0<d< 1 satisfies Ramanujan’s hypothesis.
Moreover, Selberg’s orthonormality conjecture holds for the functions in Sy with 0<d<1.

The paper is organized as follows. In the next section we outline the proof of
Theorem 2. In §3 we prove Theorem 1, and the rest of the paper is devoted to the proof
of Theorem 2. Theorem 3 is a consequence of Theorem 2, and its proof is given at the
end of §8.

In Part IT of the series, see [6], we fully characterize the invariants of functions in S.
Moreover, we introduce a basic invariant, the modulus gr defined for every FF€S by

dy2
qF:(27rl)BQ b
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and investigate its relevance with respect to the problem of twisting by Dirichlet charac-
ters in the Selberg class.

We wish to thank the referees for a very accurate checking of the manuscript, for
pointing out several inaccuracies and for suggesting how to improve the presentation at
several places, especially in §4.

2. Outline of the method

As we have already remarked, Theorem 1 follows by the argument in the proof of Theo-
rem 3.1 in [3], see §3.
The proof of Theorem 2 is based on the study of the analytic properties of the
additive twists
X0
Fw( s)= Z fl_(ll_)_tf_(l)

n
n=1

of any given FeS?, where ¢(n)=e(—na) with a€R.

The analytic properties of F¥(s) are established in §7. We first deal with the ap-
proximations F;f;(s) to F¥(s), by expressing Fi(s) in terms of a series involving the
incomplete Foxr hypergeometric function Hy(z,s) at certain points z,, see (7.2). We
recall here that the function Hg(z, s) is built by means of the data of F'(s), and we refer
to (4.2) below for its definition. Then we let N—oo, thus obtaining the meromorphic
continuations of F¥(s) to o>0.

In order to justify convergence and limit processes, and to keep track of the analytic
properties of F¥(s), we need a rather detailed study of the incomplete Fox function
Hpg(z,s). To this end, in §4 we obtain the basic properties of the various hypergeometric
functions which will enter the picture later on.

In §5 we obtain an explicit expression for the limit of Hx (z, s) as z— —i/f, see The-
orem 5.1, which in particular assures that such a limit, which we denote by Hx(—4/8, s},
is meromorphic for 0<o<2. In fact, Hx(—1t/8, s) corresponds to the main part of the
limit of F}\Z;(s) as N—o0, see (7.6). Moreover, in §6 we show that Hx(—i/3,s) has a
simple pole at s=1—16, see Theorem 6.1.

As a consequence of the above properties of the incomplete Fox function Hg(z, s),
in §7 we obtain the meromorphic continuation of F¥(s) to c>0. Moreover, we link the
polar structure of F¥(s) at s=1—i with the coefficients a(n) of F(s), see (7.10) and
Theorem 7.1.

In §8 we exploit the above-mentioned link and the periodicity, with period 1, of the
characters ¢ with respect to the parameter « to get the periodicity, with period g, of
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the sequence a(n)n*®. As a consequence, we obtain the basic representation of F(s) as a
linear combination of Dirichlet L-functions over Dirichlet polynomials, see (8.1).

The finer structure of the basic representation (8.1) is then obtained by comparing
the functional equations satisfied by the two sides of (8.1), one coming from F'(s) and
the other coming from the Dirichlet L-functions. This comparison requires a careful
analysis, involving simple linear independence and almost periodicity considerations.
Such an analysis eventually leads to the proof of Theorem 2.

As indicated in the introduction, our study of additive twists is inspired by Linnik [7].
In fact, in order to obtain the analytic properties of Dirichlet L-functions, Linnik’s start-
ing point is to write L(s,x) as a linear combination of additive twists of ((s). The
analytic properties of such additive twists are easily obtained, in Linnik’s case, thanks to
the special form of the functional equation of {(s), and the required properties of L(s, x)
follow at once.

Apparently, Linnik’s idea has subsequently been used only by Sprindzuk, see [11]
and [12], to show that the Riemann hypothesis for all Dirichlet L-functions is equivalent
to the Riemann hypothesis for {(s) plus a certain diophantine property of the imaginary
parts of the zeros of {(s).

We point out here two differences between Linnik’s and our approach. First, while
Linnik’s goal is basically the study of additive twists of ((s), in our case the analytic
properties of the additive twists of a function FES{i are applied to get information on
the function F(s} itself. Moreover, due to the general form of the functional equations
in Sf, in order to study our additive twists we have to derive the properties of a rather
general class of incomplete Fox functions.

Apparently, the literature on Fox functions deals only with the behavior in the
complex variable z, see Braaksma [2]. In our arguments the s-aspect is crucial, and it is
therefore developed in §§4-6. However, the Fox functions arising from additive twists of
functions F€ St with d=1 have =0, where y (defined and discussed in §4) is the main
parameter in the Fox functions theory. This fact makes the case d=1 simpler than the
general case d>1, where the hypergeometric functions associated with additive twists
have p>0 and, in fact, present a definitely more complicated behavior already in the
z-variable. We shall deal with the case d>1 in a future paper.

Finally, the proof of Theorem 3 follows from Theorem 2 and Theorem 3.1 of [3]. In
fact, by Theorem 2 the sequence a(n)n® is in this case both multiplicative and periodic
with period ¢, and hence F(s) reduces to the product of a Dirichlet L-function times a
Dirichlet polynomial, see (8.34). Theorem 3 follows then from Theorem 3.1 of [3], since
it implies that such a Dirichlet polynomial is trivial.
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3. The case 0<d<1

By Theorem 3.1 of [3] we know that So={1} and S4=@ if 0<d<1. The same argument
shows that S};:e if 0<d<1. It also shows that ¢ is an integer if F'e Sg, and that F(s)
is a Dirichlet polynomial of the form

F(s)=)_ aln)

nS
nlg
Moreover, F(s) satisfies a functional equation of the form
Q*F(s)=w@'*F(1-5s). (3.1)

In this case the pair (g,w) is in fact an invariant of F(s); this can be easily seen by
counsidering the quotient of two functional equations of the type (3.1). Therefore, Sg is
the disjoint union of the subclasses Sg(q, w) with [w[=1 and g€ N.

For (e C\ {0} and FeSg(q,w), we have (FeSi(q,w¢/C), and hence Voa(q,w) is a
vector space over R. In order to compute its dimension, we write (3.1) as

Sem () =2 GG

nlq

and hence by the identity principle for Dirichlet series we have

wn ~[q
=""qal>) f . 3.2
a(n) 7 a(n) or n|q (3:2)
Moreover, if \/q €N we have
a(y/g)=ca witha€R, (3.3)

where € denotes a fixed square root of w.

Conversely, given €N and we C with |w|=1, it is easy to see that if a finite sequence
of complex numbers a(n), with n|q, satisfies (3.2) and, if \/g €N, (3.3) as well, then the
corresponding Dirichlet polynomial belongs to VOn (g,w).

Hence we can freely choose complex coefficients a(n) for /g <n<q with n|q, and then
determine the remaining a(n) by (3.2). Moreover, if \/g€N we define a(\/q) by (3.3).
Therefore, choosing =1 if \/g €N and §=0 otherwise, we have

dimg Vg (q,w) =2-1(d(g) - 6) + 5 =d(g),

and Theorem 1 is proved.
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4. Hypergeometric functions: basic theory

In this section we collect the basic definitions and results about hypergeometric functions.

We start with the definition of the incomplete Fox hypergeometric functions. Let
z,5,weC, K be a positive integer, A; and p;, j=1,...,r, be as in axiom (iii) of the
Selberg class and

T

h(w, 5) :jl;[l F(?j‘(&lj;j);ij;igw) . h(w,s)=h(w,s)T(w). (4.1)

The incomplete Fox hypergeometric function associated with the above data is formally
defined by the Barnes integral

1
H =_— H Yd 4.2
K= g [ hw ) (4.2

where
Z¥=evl(®) (4.3)

and [(z) denotes the branch of logz on C\(—o00,0] satisfying |Iml(z)|<m. Moreover,
let

p=2y N—-1=d-1. (4.4)
=1

Our treatment of the incomplete Fox functions H (2, s) is inspired by Braaksma [2],
where a general theory of Fox hypergeometric functions H{z) is developed. The Fox func-
tions H(z) are defined by means of Barnes integrals similar to (4.2), and [2] contains a
systematic investigation of the analytic properties of such functions in the z-variable.
When s is fixed, our functions Hg(z, s} become essentially special cases of the func-
tions H(z).

We remark that the parameter p in (4.4), defined in §1.1 of Braaksma [2] for every
function H(z), is very important in the theory of Fox functions. In particular, the
case =0 is somewhat simpler than the general case, since it allows an extensive use of
Stirling’s formula to obtain the convergence properties of the involved Barnes integrals.
Moreover, when ;>0 the behavior of the functions H(z) is definitely more complicated.
In view of (4.4), this clarifies the role of condition d=1 in our argument.

Let us consider the domains

A={z€C:Rez>0},

Bg={z€ C: 2| <1/8}\(-1/B,0],
Co={2€C:]o|>1/8},
Dg=AUBgUCy.

(4.5)

The analytic properties of the incomplete Fox functions Hg (z, s) are given by
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THEOREM 4.1. Let d=1, QCC be a bounded domain, and K>||Q| be a positive
integer. Then the Barnes integral (4.2) is absolutely and uniformly convergent on compact
subsets of AxQ, and Hg(z,s) has holomorphic continuation to Dg X as a single-valued
function. Moreover, for (z,s5)€Cg X we have

— (=DF: —k
Hg(z,8)= Y T h(=k,5)2 7, (4.6)
k=K+1 ’

the series being absolutely and uniformly convergent on compact sets.

Proof. The proof is based on repeated applications of Stirling’s formula and of
Cauchy’s integral theorem, hence we give only a sketch of it. We refer to Theorems 1
and 2 of Braaksma [2] for further details, in the case of s fixed. We write w=u+1v,
s=c+it and use the synthetic expression total convergence to denote absolute and uni-
form convergence on compact sets.

Observe that if K > ||| then the set of w-poles of h(w, s), s€, lies to the right of
the line u=—K —%, and has positive distance from it. Moreover, the function ﬁ(w, s} is
holomorphic for s€2 for any fixed w on the line u=—K —%. This observation will be
tacitly used at several places in what follows.

We start with the convergence properties of the Barnes integral defining Hg (2, s).
Recalling (4.3), from condition d=1,

Izw|:|2|ue-vlml(z) (47)

and Stirling’s formula in the form
IT(w)| = V2 |o|* 2" V2(140(1/|v]))  as |v] = oo, uniformly for u; < u < ug,
for w running on the line u=—-K —% we have
h(w, s) 2% < |v| =9 |2| KTV 2eIx/2-1ImIED 55 |y| = o0, (4.8)

uniformly for (z,s) in any compact set XCAx <, where the implicit constant depends
on Aj, uj, K and K. The Barnes integral (4.2) is therefore totally convergent on Ax$,
and hence Hk(z, s) is holomorphic on A x ).

For (z,s)€Bgx{), we consider the contour C consisting of the vertical segment
[-K—3—iV,~K—1+iV] and of the two horizontal half-lines [~ K — 1 +iV, +00+iV).
Here V>0 is a sufficiently large constant such that the absolute value of the imaginary
part of each w-pole of h(w, s), s€€?, is at most V —1. In order to deal with the integral

1
Hc(z,s)zﬁ/ch(w,s)zwdw
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we use (4.7), the identity
Fw)T'(1—w)= (4.9)

and Stirling’s formula
logD(w+a) = (w+a—3)logw—w+Llog2r+O(1/|w|) as |w|— oo, (4.10)

uniformly for |arg w|<m—¢ and a in a compact subset, of C, where €0 is fixed. Thanks

to our condition d=1, for w running on C we have
h(w, s)z" < (Blz))*u"~!  as u— +oo, (4.11)

uniformly for (z,s) in any compact set X C B x 2, where the implicit constant depends
on A4, tj, C and K. The integral He(z,s) is therefore totally convergent on Bgx £} and
represents a holomorphic function.

Now we observe that Hx (z,8)=Hc¢(z,s) for (z,s)€(ANBg)x§). This follows from
Cauchy’s theorem applied to the two closed contours obtained by joining the half-lines
[-K-3+iV,—K—-1+ioo) and [—K — 1 +iV, +00+iV) by two arcs of the circle [w|=R,
R—00. In fact, an argument based on (4.9) and (4.10), similar to those leading to (4.8)
and (4.11), shows that the integral over such arcs tends to 0 as R—o0. Since He(z,s) is
holomorphic on B x {2, in this way we obtain the holomorphic continuation of Hg (z, s)
to (AUBg)x .

Finally, again by a Stirling’s formula estimate similar to (4.11), we have that the
series on the right-hand side of (4.6) is totally convergent on Cj x €2, and thus it represents
a single-valued holomorphic function. Moreover, once again by an argument similar to
those leading to (4.8) and (4.11), for (z,s)€ (ANCs) x 2 we can shift the line u=—K —3
to —oo and apply the residue theorem to show that (4.6) holds on (ANCg)x Q. This gives
the holomorphic continuation of Hg (%, s} to a single-valued function on (AUCs) x €, and
Theorem 4.1 follows. a

We explicitly remark that, although the Fox functions H(z) are in general multi-
valued functions, see Braaksma [2], in our case Hk(z,s) is single-valued on the domain
Dy x ). This is due to the special form of our function h(w, s) in (4.1), and in particular
to its factor I'(w). This fact is also reflected by the form of the series on the right-hand
side of (4.6), which is in fact a power series in z71.

Now we turn to the Gauss hypergeometric functions, see §2.1 of Erdélyi-Magnus—
Oberhettinger—Tricomi [4]. Given a,b,c€ C with

c£0,-1,..., (4.12)
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the Gauss hypergeometric function is formally defined by

F(a,b,c,2) i (a)i(b (4.13)

k= ik

The series in (4.13) is absolutely and uniformly convergent on compact sets for |z|<1,
and hence F(a,b,c, z) is holomorphic for |z|<1, see §2.1.1 of [4]. Moreover, F(a,b,c,z)
has analytic continuation to C\[1,00) as a single-valued holomorphic function, see §2.1.4
of [4]. On C\[0,0) we consider the determination of z with |arg(—z)|<m.

We have the following formulae. If a—b¢Z, c satisfies (4.12) and z€C\[0,00) we
have

L(T(b—a), - -1
F(a,b,c,z)= m(—z) F(a,1-c+a,1-b+a,z7") i
F—EZ))F—((—;(—z)*l’F(b, 1—c+b,1—a+b,z71),
see (17) of §2.1.4 of [4]. Moreover, if c satisfies (4.12) and z€C\ [0, co) we have
F(a,b,c,z):(l—z)_"F<a c—b, ¢, _Z_l) (4.15)

see (22) of §2.1.4 of [4].
The behavior of F(a,b,c,z) at z=1 is given by

LEMMA 4.1. Let c satisfy (4.12), Re(c—a—b)>0, c—a—b#1,2,..., and 0>0. Then,
uniformly for ¢#0, we have

I'(c)T(c—a—b)
gl_l)r(r)l F(abcl+ge ) m

Proof. Writing z2=1+pe'® we have 2/(z—1)=1+e"*?/o. Hence by (4.15) and (4.14)

we have

. e_id’
F(a,b,c, z):(—gew)_“F(a,c—b, c, 1+ )
0

e

I{c)T{c—b—a) ' )
et+e™* /) (4.16)

T(c—b)T'(c—a)

+Qc—a—-b(_ei¢)-—a(_g_e—i(b)b—c
I'(e)T(a+b—c)

['(a)L'(b)

= (14 €)™

F(a, l—-c—a,1l+a+b—c,

F(c—b, 1—b,1—a—b+c, Q+—§_;$).

Since Re(c—a—b)>0, we have [p°~27%|—0 as p—0*. Moreover, F(a,b,c,0)=1 provided
c satisfies (4.12). Hence the lemma follows letting p—0* in (4.16). d
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We remark that if ¢ satisfies (4.12) and Re(c—a—0b)>0, the series in (4.13) is in fact
absolutely convergent for |z|<1, see §2.1.1 of [4]. Moreover, in this case Gauss’ formula
I'(c)T(c—a—b)

T{c—a)(c—b)
holds, see last formula of §14.11 of Whittaker—Watson [15].

For a,b#—%v, v=0,1, ..., we consider the function

F(a,b,c,1)=

o0
1
G(a,b,z)=) ol (a+3k)T(b+3k) 2,
k=0 "
the series being absolutely and uniformly convergent on compact sets for |z|<1 by Stir-
ling’s formula. The relation between the function G(a, b, z) and the Gauss hypergeometric
function is given by
LEMMA 4.2. Let a,b#—3v, v=0,1,..., and let z€C\{(—o00, —2]U[2,+00)}. Then
G(a,b, 2) is a single-valued holomorphic function and satisfies
G(a,b,z)=T(a)T(b)F(a,b, 3, 12%) +20 (a+3)T(b+3) F(a+1,0+3,3,127).
Proof. Assume first that |z|<1. For [€ N we have
@i+1)r=411(3), (@)'=41(L), and T(a+l)=T(a)(a):

Hence

2 (@)i(b): (22
—T DT+ =T(a)T(b ol
and
2 ot 1 N G 1) WA
I +OT 0+ 3+ —zI‘(a—i—g)F(b—i—i)W(z)’
and hence the result follows easily if |2|]<1. Lemma 4.2 follows then by analytic contin-
uation. -

5. Hypergeometric functions: behavior at z=—:¢/3

From now on we assume d=1. Let €2 be a bounded domain contained in the strip 0<o <2
and let K be a sufficiently large integer. For s€{2 write

Hy(—i/B8,s)= lifr;/ﬁHK(z,s), (5.1)

where the limit is taken along a path where Re z>0. Moreover, let
a=3(1-s)+3¢ b=1s+3¢ and A(s) :Z()\j(l—Qs)—2iImuj)log2)\j.
j=1
In this section we prove
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THEOREM 5.1. Let d=1. For s€€} the limit (5.1) exists, does not depend on the

path, and is meromorphic. Moreover,

el Ea Sl )
T

( 3)L(b-a—3)
T Carerasy VT

Q

where f1(s) is holomorphic for 0<o<2.

In particular, the expression in Theorem 5.1 provides the meromorphic continuation
of Hi(—i/8, s) to the strip 0<o<2.
We start the proof of Theorem 5.1 by the following key lemma.

LeMMA 5.1. Let d=1 and Rew=—K—3. Then

where f(w, s) is holomorphic for 0<a<2 and satisfies
flw,s)=0(1/|w]) as |w]— o0,

uniformly for 0<o<2.

Proof. Writing a;=A;(1-s)+f; and 8;=X;s+p; we have a=Z§:1(%‘—%)» b=
Y1 (Bi—3)s A(s)=3"7_1(a;—B;)log 2); and

z F((Xj ——/\jw)

h(w, s) = .
(’UJ S) e l“(ﬁ]_}_/\]fw)

Hence, by Stirling’s formula, for 0<o <2 and Re wz—K—% we have
log h(w,s) =" {(a;—Ajw—3)log(~sw)+(a;—Ajw—1)log 2X;+ A jw-+}log 2r }

-—Z{(Bj +2w—1)log(2w)+(8;+Ajw— 1) log 2X; — Ajw+ 3 log 2 }

+ fi(w, s)
= (a—jw)log(—jw)+w+Llog2r—{(b+iw)log(3w)— tw+Llog2r}
+wlog(38)+A(s)+ f1(w, s)
=logT(a+3—3w)—log(b+3+3w)+wlog(18)+A(s)+ f2(w, s),
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where f1(w, s) and fa{w, s) are holomorphic for 0<o <2, and satisfy
filw,s)=0(1/|wl) as |w| =00, i=1,2,

uniformly for 0<o<2. Writing f(w, s)=e/2(**) 1, the result follows immediately. [

By Lemma 5.1, for s€{2 and z€ A, where A is defined in (4.5), we have

_® Pla+s—3w) .
a2 0) = /( K- 1/2)??7 WA
w)

l

2

1

2

+€A(s)/ (
2mi J—k-172) T(b+5+35w)

= H}g)(z, s)—i—H}?)(z, s),

(5.2)

I'(w) (%ﬂz)wf(w, s) dw

41
2
414
2t

wl»—' MIH

say. From Lemma 5.1 and Stirling’s formula, we see that the integrand in H (2)(2 s) is

O(jw|7177) on the line Rew=—K — %, uniformly for 0<o <2 and 2#0 with |arg z|< 1 5.
Hence H'2 )(z 5) is holomorphic for 0<o <2 and z#0 with |arg z|<3m. Observe that, in
this case, the values arg z—iéw are allowed. Therefore, writing

fils) = lim HD(z,5) (5.3)

with the above convention about the path, we see that fi(s) is holomorphic for 0<o <2.
In order to deal with H}g)(z, s), we observe that

Hi(z,5)=e @ HP(22/8, 5) (5.4)
is also an incomplete Fox function, with

hw,s)= =222 d=1, (5.5)

and having the §-parameter equal to 2. Hence, in view of Theorem 4.1, for s€) and

|2|>% we write

K
* _ 2: (‘1)k F(a+1+1k) - *
HK(Z7S)—_k:0 L! (b+*——k) k+H (Z,S) (56)
with . ( . )
. (1) T{a+z+3k) _
H*(z,8)= E ( k!) F(b+;—§k) 27k, (5.7

k=0
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Now we express the series in (5.7) in terms of Gauss hypergeometric functions.
This step is important in our argument, since it will allow the explicit computation of
Hy(—i/B,s). Observing that

1 eirb e—iwb
———— = —— T (: bt k) (—)F
(b—i————k) 2 (z=b+3k) (=" + 27

from Lemma 4.2 we have

L(1-b+1k)i*,

H(2,8) = P (a4 1) D(Lb) F(at b, 1 -, 1. ~1/42?)
sin b {5.8)
— T(a+1)[(1-b)F(a+1,1-b,3,-1/42)
for s€Q, |z|>2 and a+2, 5—b#*— v, v=0,1,.... Moreover, observing that, in view

of the properties of Gauss hypergeometric functlons, (5.8) holds for ze€C\[—31, 24| by
analytic continuation, from (5.6) and (5.8) we get

Hy(z,8) = Z( 1)kI‘a++k)Z

L(b+3—-1k)
Cojf”r(m%)r(%-b)p(wg,é—b,%,_l/w) (5.9)
sinmwb

[(a+1)T(1-b)F(a+1,1-b, %, -1/42%)

for s€2, zeC\[—%i,%'] and a+§,% b#— v v=0,1,.
Since for z——1i with Rez>0 we have that —1/42 is of the form 1+ ge'® with

0—0 and ¢+#0, from (5.9) and Lemma 4.1 we obtain

K 1 1 N—k
1 F(a+—+-k) i
i H — 2 2 /[ _
z_)mll/2 K (2 5)= —~ k! F(b-l-%*lk) <2)

+<3037rb Tla+i)T(-b)T(b—a—3) (5.10)
VT I'(=a)l'(b)
_sinmb Dla+ 1)1~ b)L(b—a—3)
VT P(3-a)T(3+b)
for s€§) with o>1, a+%,%——b;é—%v, v=0,1,..., and s—14+2:Im&+#1,2,.... Since the
right-hand side of (5.10) is a meromorphic function, the left-hand side is also meromor-

phic, and hence (5.10) holds, in particular, for s€Q.

Moreover,

cos b T N sinmh . VT
NG F(%—b)_———r(%+b) and NG I'(1 b)_F(b)’ (5.11)

and hence Theorem 5.1 follows from (5.2), (5.3), (5.4), (5.10) and (5.11).
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6. Hypergeometric functions: behavior at s=1—10
Let d=1 and write
g(s,6)=e A H (—i/B, s). (6.1)

In this section we detect the behavior of g(s,£&) at s=1—if. From Theorem 5.1, for
0<o <2 we have

JT(ls 1 16T G+ 10) 62)
—s)+ lf) (s—1+16)

e T o Pt
(5,£)+g3(s,&)+ fa(s),

+ fa(s)

say, where f2(s) is holomorphic for 0<o<2.
We need the following

LEMMA 6.1. Let meN. For m>2 we have

m—1

(2m+21—3)! _
:2 _1 m+14m 2’
Zl N(m+1-2)V (m—1-1)! (=1)
and for m>1 we have
m—1
_ ( (2m+2(-1)!

(_1)m+14m—1_

£ 2l+1)'(m+l— W (m—1—1)!

Proof. We use the following identity, see equation 64 on p. 620 of [9]:
(n/2]
Z (-1)! (a) <2a 2l> —on (a) (6.3)
= 1)\ 2a—n n

for non-negative integers a and n.

Choosing a=n=2m—3 we get

m—2
(2m 3)(4m—21—6):2.4m_27 6.4)
l:O 2m—3
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and choosing a=2m—3 and n=2m—2 we have

l_l(—l)l(2ml—3) (42;2_1;6> :4"1—1(;2:2) 0 (6.5)

From (6.4) and (6.5) we obtain
s S (9 2ms)
o R ()
Ry ey

2m—3\/4m—-21—6
m+1 m+1 4 m—2
Z ( )( 2m—3 )“2(—1) i

which proves the first assertion of Lemma 6.1. The second assertion follows arguing in a

3

Il
o

3

similar way, using (6.3) with the two choices

a=n=2m—-2 and a=2m-2, n=2m—1. U

The behavior of g(s,&) at s=1—10 is given by

PROPOSITION 6.1. Let d=1. The function g{(s,&) has a simple pole at s=1—10,
with residue o(€) given by

—#e‘"“’ﬂ if n>—-1orn¢Z,

o(8) = ﬁe’”"ﬂ if n=-2m+1 and m=1,2, ...,

i
——e™/2  f p=—2m and m=1,2,... .
VT

Proof. Tt is easy to see that g(s, ) has at most a simple pole at s==1-16. Moreover,
the I'-factors other than I'(s—1+16) in the numerators of (6.2) may become polar at
s=1—16 only in the cases

n=—-2m+1 and n=-2m, form=12,...
Since fa(s) is holomorphic at s=1—146, with obvious notation we write

o(8) = 01(&) + e2(§) +e3(8)- (6.6)
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We also write
T = reslof(l—%s—f—%k—b—%g),

s=1—
and hence
7 #0 if and only if ;+3n+4k=—v for some v=0,1,... (6.7)

and
1 .

(g)z_f:iﬂ_r (6.8)
S T '

We prove Proposition 6.1 by actually computing the value of p(£), thus showing that
always 0(€)#£0. If n#—2m+1 and n#—2m, with m=1,2, ..., we have ¢;(£)=0,

B VT __sin(%wn)
QQ(O_F(—%U)F(H-%??) N VT
and
N T __;oos(zm™)

Hence Proposition 6.1 follows in this case from (6.6), since g(§)#0.

Suppose now that n=—2m+1 for some m=1,2,.... From (6.7) we have that r;#0
for k=2 with 0<I<m—1, since we may assume K to be sufficiently large. Therefore,
from (6.8) we get

—

m—

B (_1)l 4l
al®) == @) TE—m—1) *

=0 27

2

Since 1) 1
—1)ym-l-

:—24—
" (m—1—-1)!
and

TI' _ T 4mti=l Dim+1-1)
(—)mH-IT(mt1—1)  (—Dm™H-1 2y/r T(2m+2-2)’

r(3—m—1) =

for m>2 we have

2T (C1)H(2m421-3)!
a8) = VI )N (m+1=-2)! (m=1-1)1

and for m=1 we have

2
Ql(é)_ﬁ.
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Hence, if n=—2m+1 from Lemma 6.1 we get

2
= — "1 m+1. 69
o) = —= (=) (69)
Assume now that n=—-2m for some m=1,2,.... From (6.7) we have that r,#0 for

k=2[+1 with 0<I<m—1. By the same argument used above we get

_2i S (—D(eme2l-1)!
a(§)=—7 & (2+1)! (m+-1)! (m—1-1)"

and hence from Lemma 6.1, in this case we obtain

2%
N

A simple computation shows that if n=—2m+1 for some m=1,2, ..., then

oi1(8) = —= (-1)™*h. (6.10)

sin(%wn) . COS(%?T’I])
_ - 6.11
02 (6) \/7—1_ and 03 (5) ? ﬁ ; ( )
and if n=-—2m we have
sin(377) _cos(2mn)
__ —; 8L 6.12
02 (5) ﬁ and 93(6) ? \/7? ( )
Proposition 6.1 follows by a computation from (6.6) and (6.9)-(6.12), since p(£)#0
in all cases. g

The analytic properties of Hy(—i/3, s) are summarized by

THEOREM 6.1. Let d=1. The function Hx(—i/53,s) is meromorphic for 0<o<2.
It has a simple pole at s=1—1i6 and, if 870, is holomorphic at s=1.

Proof. This follows from (6.1), (6.2) and Proposition 6.1, observing that if §+#0,
then g(s, &) is clearly holomorphic at s=1. g

7. Additive twists

Given a€R, we consider the additive character =1, defined by ¥(n)=e(—na). For
F ESi1 and o>1 we form the additive twist

F¥(s) = i a(nz;f(n) _
n=1
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Let N>2 and K be a sufficiently large positive integer. For 0<o<2 and a fixed
a>0, a standard argument shows that

= an) _n T 1 1 ; -
F}f;(s):z 1(15)6 (1/N+2 >=%/(2)F(s+w)F(w)<N+2ma> dw
n=1
K k
—1)* 1
=Rn,a(s)+Y ( k,) F(s—k)(ﬁ+2m’a>
k=0

1

1 —w
— F(s+w)T(w) <—+2m’a) dw,
2w (—K—-1/2) N

where

Ry o(s)= R (F(S+w) I'(w) (% +27ria>_w) .

By the functional equation of F(s) we get, with the notation of §4, that

K . ok k
Fﬁ(s) ZRN,a(S)-JrZ ( k1'> F(s—k) <%+27ria)
k=0 '

(7.1)

wQ1—25/ _ <Q2 ] 2)'“’
- F(1—-s—w)h(w,s)| — +2mia@ dw.
o |, POt (5

By the absolute convergence of both the Dirichlet series of F(1—s—w) and the
integral in (7.1), for —1<0<K+% we may replace F(1—s—w) by its Dirichlet series
and interchange integration and summation. Hence by the convergence properties of the
Barnes integral Hg(z, s) in Theorem 4.1 we get

<_k1!)k F(s—k) <%+27ria)k

K
F(s)=Rn,a(s)+y
k=0

_as g a(n) n
F0QTHY L HK(Q2(1/N+27rm)’S>’

n=1

Write n,—=qa and define

(n2) a(ny) if na€N,
a(ng) =
“ 0 otherwise.

If n#nq, by Theorem 4.1 we have that

. n T n
s ez ) = e (5 ) i
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and Hg(—in/Bqa, s) is holomorphic on a given bounded domain 2 contained in the strip
0<o<2. Moreover, if n>n, we use (4.6) in Theorem 4.1 to control the n-dependence of
the right-hand side of (7.3). Indeed, since

1 _ )\j5+ﬂj - /\]k

= in(r (s 41— A k) DAk = Ass— 1),
F()‘]3+M]_/\J/€) T Sln(ﬂ-( JS+NJ 7 )) ( 5 58 “])

a Stirling’s formula estimate similar to those used in the proof of Theorem 4.1 gives
. &) k . —k
i n (=1)" - in K
Hgl|l—- — = h(—k, _— «Ln 7.4
K( Bqa’s) ; mo s)< ﬁ‘qa> (74)

uniformly for s€f.
By the trivial bound a(n)<n3/2, say, from (7.3) and (7.4) we have

[e

: —2s a(n n _
A}gnoole 2 nX=:1 FHK(WwS) = fa(s), (7.5)
n#EN,

where f3(s) is holomorphic on 2. Since K depends only on [|2|], we see that fs5(s) is in
fact holomorphic for <o <2.

Now we deal with the crucial case n=n,. In view of (5.1) and Theorem 5.1, if n=n,
and n,€N we have

n 1
im Hig{ =Hgl|l——,8}, 7.6
N K(Q?(l/N+2m‘a)’5> K( B 8) (7.6)
and Hg(—1/83, s) is meromorphic for 0<o<2.
Further, it is clear that

Ra(s):A}ganN,a(s): es (F(s+w)l{w)(2mia)™™) (7.7)

w=1-—s

is a meromorphic function for 0<o<2.
Since for 0>1
lim Fy(s)=F¥(s),

N—oo

from (7.2) and (7.5)-(7.7) we get

K (1) ) _os @{Ny) 7
Fw(s):Ra(s)+kZ:()< k!) F(s—k)(2mia)f +wQ* 2 FHK(—B,S)+f3(s) (7.8)

for 1<o<2. Since the right-hand side of (7.8) is meromorphic for 0 <o <2, it provides the
meromorphic continuation of F¥(s) to 0<o<2. We summarize the properties of F¥(s)
so far obtained by
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LEMMA 7.1. Let FES?, a>0 and noe=qa. Then the additive twist F¥(s) has
meromorphic continuation to >0 and satisfies (7.8) for 0<o<2.

Choose now a=1. Hence F¥(s)=F(s) and from (7.8) we have

K .
Z:: —k)(2mi)k le‘%i("l)HK(—E s) f3(s). (7.9)

1

From (7.9) and Theorem 6.1 we see that R;(s) has at most a simple pole at s=1. There-
fore, from (7.7) with a=1 we deduce that F(s) itself has at most a simple pole at s=1.

Hence for a given >0 we have
Ry = #T(1—5)(2mia)* !,

and hence

res( +i X F(s—k)(2mic) )z—}H—%zO.

=0

Moreover, it is clear that

K
+Z k' —k)(2mia)k

=0

is holomorphic for t#0. Therefore, writing (7.8) as

F”’(s) =wQl~2s a(?_as) Hx (_%’

Na

s) +hg(s), (7.10)

we see that h,(s) is holomorphic for 0<o<2.

By (7.10) and Theorem 6.1, we may summarize the analytic properties of F¥(s) as
follows.

THEOREM 7.1. Let FeS', a>0 and no=qa. Then the additive twist F¥(s) has
meromorphic continuation to ¢>0 and satisfies (7.10) for 0<o<2. Moreover, F¥(s)
has a simple pole at s=1—10 if and only if n, €N and a(ny)#0.

We remark that the argument used in the proof of Theorem 7.1 can be suitably
modified to provide the meromorphic continuation of F¥(s) to the whole complex plane.
However, this is not necessary in the proof of Theorem 2, and having Theorem 2 such
a meromorphic continuation already follows from the known properties of the additive
twists of ((s).
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8. The case d=1
We begin by establishing the following basic properties of the functions F eS?.

THEOREM 8.1. Let F GSf. Then q is a positive integer, the sequence a(n)n®® is
periodic with period q and

F(s)= > Py(s+i0)L(s+if, X", (8.1)

x (mod g}
where the P,(s) are Dirichlet polynomials.

Proof. Let n€N be such that a(n)#0 and apply Theorem 7.1 with a=n/q, thus
getting that F¥(s) has a simple pole at s=1—1i6. Choosing ¢’ =1, we see that F#"(s):
F¥(s) has a simple pole at s=1—-i6 too. Therefore, from Theorem 7.1 we obtain that
(a+1)geN, and hence geN, since ageN.

Given neN, let ¢¥=1,,, and ¥’ =1(n4q)/q- Since Hg(—~i/3,s) has a simple pole at
s=1—10 by Theorem 6.1, we have res,—;_;o Hx(—1%/8, 8)#0. Hence from (7.10) we get

a(n) i

res FYs)=wQ?* 1L res H (———,s)
s=1-if (s) Q n® s=1—i0 K\" B

and

) — 2i9—1 @(n+q) g (_i )
LA e A e e S

Since F¥(s)=F%(s), the periodicity of a(n)n® follows at once.

Write ¢(n)=a(n)n*. For >1 we have

U SE I 3B SRS P RR o N
ST = n® ns ds ns ’
n=1 dlq n=1 d|q n=1
(n.q)=d (n.q/d)=1

Since the function

(n) c(nd) if (n,q/d)=1,
cqg(n)=
! 0 otherwise

is periodic with period ¢/d, we may write

can)= Y caxx(n) (8:3)

x (mod g/d)
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with certain c4,€C. Denoting by x*(mod f,) the primitive character inducing x
(mod g/d), from (8.2), (8.3) and the properties of Dirichlet characters we get

Fs—i)=) > =XL(s,)

d|g x (mod g/d)

=Y ¥ [T (1-22) s

dlg x(moda/d) & pla/dfy) p
= Z PX(S)L(S7X*)7
x (mod q)

where x* (mod f,) induces x (mod q) and P,(s) is a suitable Dirichlet polynomial. The
proof of Theorem 8.1 is complete. d

Now we enter the finer structure of the representation (8.1). To this end, in the
following lemma we prove that the Dirichlet L-functions are linearly independent over the
Dirichlet polynomials. We say that the Dirichlet characters xi, ..., xJ are non-equivalent

if x1,...,x; are all distinct, where X 1s the primitive character inducing x;.

LeMMA 8.1. For j=1,...,J, let P;(s) be Dirichlet polynomials and x; be non-
equivalent Dirichlet characters such that

P;(s)L(s,x;) =0 identically. (8.4)

J
=1

J
Then P;j=0 for j=1,...,J.

Proof. Write Pj(s)=3, <y a;j(n)n™* and suppose that not all the P;(s) are identi-
cally zero. Let ng be the smallest integer n such that a;(n)#0 for some j, and let jo be
the smallest such j. Let p>N be a prime number, and consider the (ngp)th coefficient of
the left-hand side of (8.4). By the identity principle for Dirichlet series such a coeflicient
is zero, and hence

i > aj(d)xj(%p) =0.

J
>~ a;(no) x;(p) =0. (8.5)

Let k be the least common multiple of the moduli of the x;, and let X; (mod k) be
the character induced by x;. Hence x;(p)=x;(p) for p>k, and the characters x; are all
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distinct. Multiplying by X, (p) both sides of (8.5) and summing over max(N, k) <p<z,
by a standard argument in prime number theory we get

J
0= a5 ) Tl = asle) s +o( 12 )

max{N,k)<p<z
as z—00. Therefore a;,(no)=0, and the lemma follows. O

From Theorem 8.1 and Lemma 8.1 we have that for a given F eSf,
0 is an invariant of F(3), and the representation (8.1) is unigue. (8.6)

We shall need the following simple lemma about almost periodic functions.

LEMMA 8.2. Let Ao(s) and A;(s), g;(s), j=1,...,J, be meromorphic functions
on C. Assume that for j=1,....J and for some og€R, the functions Ag{og+it) and
Aj(og+it) are almost periodic in t, and g;(s)=0(1) as |s| =00, uniformly for §<args<
m—4§ with some small 6>0. If

Z Aj(s)g;(s)=Ao(s) identically,

Jj=1
then Ag=0.

Proof. Assume that Ag#0, and hence Ag{go+itg)=c#0 for some t3. By almost

periodicity we find a sequence t,, — oo such that for every n,
|Ao(oo+itn)| > |3c] and |A4;(oo+ita)|=0(), j=1,..,J.

Therefore
J

Z Aj(oo+itn)gj(oo+it,) =0(1) as n— oo,
j=1

a contradiction. t

The Dirichlet polynomials P, (s) in (8.1) can be characterized as follows.

PROPOSITION 8.1. Let F(s)€S®. Then the Dirichlet polynomials Py(s) in (8.1)
belong to Sg(q/fx,w*th), for every x (mod g).

Proof. Denote by Di(q) and D,(q) the set of x (modgq) with x(—1)=1 and
x(—1)=-1, respectively. By (8.1) and the functional equation of the Dirichlet L-
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functions we have

I(3(1-s-16))

Fls)= T (1(s+i))

> QLR (s+40) L(1-5—1i6,X")
x€D1(q)

((2 s— 20)) Z

1

2 1-25—2i6 : g o
QL7220 P (5440) L(1—5—1i0 8.7
T (1(s+1+if)) O (o) L-s-i0xT)  B7)

x€Da(q)
I'(3(2—s-—-10))
L(3(s+1+1i))

LU= gy

T (I(s+i0)) Za(s),

say. On the other hand, from (8.1) and the functional equation of F(s) we get

F(8)=wQ1_2sH*———F(/\j(l_s)+ﬁj) Y P(1-s—i6)L(1-5-if,X")
j=1

) e ©s)
(1—s)+£,) ’
1;[ _)\—HJJ)—-ES(S)’
say.
Writing
L(z(1=s=i)) {1 _T(Ajs+p)
M= T(1re) U Toa—+m)
and
B F(% 2— 8—19 (A S+IJ’_])
AZ(S)_F(% s+1+16) 1;[ ;(1=8)+0;)’
from (8.7) and (8.8) we obtain
A1(8)T1(s)+ As(s)a(s) = X3(s). (8.9)

Assume that d<args<m—0 for some small §>0. Hence —m+d<arg(—s)<—4 and
arg(—~1)=—=. By a computation, which we omit, based on Stirling’s formula and similar
to that in the proof of Lemma 5.1 we get

log Ai(s) =a1+b1s+0(1/s]) as |s| = oo, (8.10)

where

, LI 2
ay= zim(n+1)+log %B+10g2“’+logH)\?I #i and blzlogg.
=1
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In a similar way we also get
log Ag(s) =as+bas+0O(1/|s|]) as |s|— o0, (8.11)

with certain constants as and bs.

But
Ails) _T(3-3(s+i®) L +i(s+iB) o\
Aa(s) 13(%(23+i0))1’(13%(s+i0)) =tan(3m(s+i0)),
and hence
log Ay(8)—log Ax(s) =logtan(%ﬂ(8+i9)) =0(1/}s]) as|Ims|— oo. (8.12)

From (8.10)—(8.12) we see that a;=a> and by=by. Therefore, writing

a= e”(’7+1)/2\/%7ﬂ2"9 f[ /\film”j and b=log %, (8.13)
j=1
uniformly for d <arg s<m—¢§ we have
Aj(s)=ae(1+g;(s)) and g;(s)=0(1/|s|) as|s| >0, j=1,2,
where g;(s) are meromorphic functions. Hence (8.9) takes the form
ae®*T1(s)(1+g1(s)) +ae® Ty (s)(1+g2(s)) = T3(s). (8.14)

Since ae?*%1(s), ae?*La(s) and X3(s) are almost periodic in ¢ for ¢<0, from (8.14)

and Lemma 8.2 with J=2 we obtain
ae* 3, (s)+ae* Ty (s) = Ta(s), (8.15)

where ¢ and b are given by (8.13).
Since Q=(8g/2m)*/2, Qy-=(f,/7)"/? and b=log(2/B), substituting s+if by s we
may rewrite (8.15) in the form

Y (38 e Qu [P LA-5, ) = Y. w0 P (1-s)L(1—5,X").

X (mod q) x (mod g)

Hence by Lemma 8.1 we get
0 s P
a(3B) wy-Qx- FT Py (5) =w@ g P(1-5) (8.16)

for every x (mod gq):
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From (8.16) and (8.13), for every x (mod q) we have

= . 14240 16 1/2 1—25w
- (5 ()
g 1—25_
:w*a}X* <\/;—:> PX(l_S)’

and Proposition 8.1 is proved. O

Since by (8.6) the Dirichlet polynomials P, (s) are uniquely determined and by The-
orem 1 the pair (gq/f,w*©,~) is an invariant of P, (s), we have that

q and w* are invariants of FGS?. (8.17)

We shall need the following lemma about Dirichlet series.

LEMMA 8.3. Let D;(s), j=1,2, be Dirichlet series with finite abscissa of conver-
gence, and let sy be a sequence of compler numbers with Re sp—o0, A>0 and ceC.

Assume that

D1 (s )+cot (—ﬂ% +c>D2(sk) =0 (8.18)

for k sufficiently large. We have
(i) iof A=1/2m with some meN, then

Dy (s)+cot{c)Dy(s)=0 identically;

(it} if A#1/2m for every meN, then Dy=Dy=0.

Proof. We shall repeatedly use the following well-known property of Dirichlet series:
every non-zero Dirichlet series with finite abscissa of convergence has a zero-free right
half-plane.

We first observe that we may assume that s=—mk/2A+c is not a pole of cot(s) for k
sufficiently large. Otherwise, Ds=0 by the above-mentioned property and hence D;=0
too by the same property, and therefore both (i) and (ii) would follow.

Assume that A=1/2m for some meN. By the periodicity of cot(s), (8.18) becomes

D1 (sg)+cot(c) Da(sk) =0,

and (i) follows by the above property of Dirichlet series.
Assume now that A#1/2m for every meN, and write k/2A=[k/2A]+{k/2A}. Hence
cot(—mk/2 +c)=cot(—m{k/2A}+¢) and, by our assumption, {k/2\} is not constant.
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Moreover, by a well-known elementary result in diophantine approximation, {k/2A} does
not tend to a limit as k—oco. Therefore

- k . k
hkrgg.}fcot(—ﬂﬁ +c) #* hgi,so‘épwt(—ﬂﬁ+c)' (8.19)

For k sufficiently large we may expand the Dirichlet series in (8.18), thus getting,

with obvious notation, that

Let nj, j=1,2, be the least integer n such that a;(n)#0. If ny=ny=ny, say, from (8.20}

( 7r—+c> i aa(n) _ (8.20)

n=1

we obtain

a1(ng)+o(1)+cot (—W% +c) (az(ng)+o0(1))=0

as k—o00, and hence from (8.19) we get a;(np)=az(no). This contradiction shows that
D1=D,=0 in this case.
A similar argument shows that D;=Ds=0 in the case ni#mny too, and hence

Lemma 8.3 is proved. U
The nature of (8.1) is further clarified by

PROPOSITION 8.2. Let FGS%. Then n=a—1 and (8.1) takes the form

> P (s+i0)L(s+if, x°).
X€%(q.8)

Proof. With the notation in (8.7) write

Bi(s)= Y Py(s+i0)L(s+if,x"), j=1,2.
x€D;(q)

From (8.1), the functional equation of the Dirichlet L-functions and Proposition 8.1 we

get
1/2—5—i6 (l — ) . r(l( 29)) B
F(s)=w (ﬁ) {J@TFWBIUL—SH ———(;Hlﬂg)) 2(1 s)} (8.21)
On the other hand, from (8.1) and the functional equation of F(s) we have
F(s)=w@'™? H W{Bm—swﬁz(l-s)}. (8.22)

=1
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Comparing (8.21) and (8.22) we get

I(3(1-s—10)) _ (3(2—s—1i6)) _
r(iGre) TR ) 20 o
—wi* (%)io(%g)l/z*s I %)ﬁﬁ{gl(l_s)ﬂ?‘gu-s)}.

The right-hand side of (8.23) vanishes at sx=—(k+p;)/A;, k=1,2,...and j=1,...,7
Since the zeros of I‘(%(sﬂ'é’))_1 and those of I‘(%(s+1+i0))_1 are disjoint, fixing a j=Jjp
we have either

Case 1. There exists an infinite subsequence of k’s such that sp is a zero of
F(%(s—i—i@)) but not of I'(% (s+1+10)) , OT vice versa,
or

Case 11. For k sufficiently large, s is not a zero of both I‘(%(s-&-i@))_1 and
L(L(s+1+i0)) "

Suppose that Case I holds and that sx is a zero of 1"(%(5-1—2'9))’1 but not of
F(%(s+1+i9))_1. Since I'(3(2—s—16)) is regular at s, from (8.23) we find that
Bs(1—s;)=0 along a subsequence s, with Res;—o00. Therefore B;=0 by the prop-
erty of Dirichlet series stated at the beginning of Lemma 8.3. Clearly, B;=0 in the
opposite situation.

Suppose now that Case II holds. Hence from (8.23), for & sufficiently large we have

Ozgl(l—sk)-l—

(
~1 1
F(l (s1.+1i0)) l(iskﬂ@) By(1—s)
2

L(3+3 sk—HB NT (% -5 (sx+16) ) (8.24)

— k
Bl(l—sk)—i—cot( Tox +c) By(1-sy),

where A=X;, and c=—mp;, /2A;,+10.
If A=1/2m for some meN, by (8.24) and Lemma 8.3 we get

Bi(s)+cot(c)Ba(s) =0 identically,

and hence Bj=B;=0 by Lemma 8.1, a contradiction. If A#1/2m for every meN, by
(8.24) and Lemma 8.3 we have B;=B3=0, again a contradiction.
Therefore, either By=0 or By=0. Moreover, from (8.23) and Stirling’s formula we
get
> (w5 —3) = 3(a—1+i6).
j=1

Hence n=a—1 and Proposition 8.2 follows. 0
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From Proposition 8.2 we have, in particular, that n is an invariant of F(s), and
P,,(1)=0 if 6£0. Hence from (8.6) and (8.7) we have that

the triple (q,&,w™) is an invariant of F € Sg, and P, (1)=0 if 6#£0. (8.25)

Parts (i) and (ii) of Theorem 2 follow now from Theorem 8.1, (8.6}, Proposition 8.1,
Proposition 8.2 and (8.25). We state part (iii) as

PROPOSITION 8.3. For geN, ne{-1.0}, R and |w*|=1, Vg, &,w*) is a vector

space over R. Its dimension is given by

q]+1 if £=-1,

1
dlm ‘/ﬁ ] ‘w* = :
r V(g€ w") { [%(q—l—n)] otherwise.

Proof. The same argument as in the proof of Theorem 1 shows that Vlﬁ(q,f ,w*) is
a vector space over R.
Assume first that £#—1+4i0 with §£0. Writing

T(fa§)=|{X€x(Qa§)ifx:f}|,

by (iii) of Theorem 1 and Proposition 8.1 we have

dimnVig.6or)= Y a( ) =Y r0d($) =X e, 620

x€X(q.8) fla dlg fld

If £=—1+146 with 60, we have to take into account the condition P,,(1)=0. This con-
dition imposes a linear dependence on the coefficients of P, (s), and hence the dimension

of the resulting vector space decreases by 1. Therefore, writing

5 {1 if £ =—1+410 with #£0,
5:

0 otherwise,

from (8.26) we get
dimg Vlu(q7§aw*)zzz T(f é)—&f (827)

dlg fld
in the general case.
Now we compute the right-hand side of (8.27). It is easy to see that
p(d) ifd>2,

1
2
dorfo=41 ifd<2, n=—1,
/1 0 if d<2, n=0,
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and hence Proposition 8.3 follows by a simple analysis from the well-known relation

The proof of Theorem 2 is now complete.

Theorem 3 is a simple consequence of Theorem 2 and Theorem 5.1 of Conrey-
Ghosh [3]. However, since we cannot follow the argument in the last paragraph of the
proof of Theorem 5.1, see p. 688 of {3], we give here an essentially self-contained proof of
Theorem 3, using instead Conrey—Ghosh’s [3] result that So={1}. We remark that the
argument below also provides the missing details in the proof of Theorem 5.1 of (3].

If F&S&,, then the coefficients a(n) are multiplicative. Hence, by (i) of Theorem 2,
c(n)=a(n)n® is both multiplicative and periodic with period ¢g. Therefore, there exists
a Dirichlet character x (mod ¢q) such that

c(n)=x{(n) for (n,q)=1. (8.28)

In fact, let (mn,q)=1 and, by the Chinese remainder theorem, let a be such that
(m+ag,n)=1. Then

c(mn) =c((m+aq)n) =c(m+aq)c(n) =c(m)c(n),

and hence c(n) is completely multiplicative on the n’s with (n,g)=1, and (8.28) follows.
From (8.28), for o>1 we have

F(s—if) :H(Z c(p’”)p*"w) L(s,%). (8.29)
plg ~m=0

For a fixed p|q, let d=0,...,p—1 and write Ag={meN:p™=d (modq)}. Hence by
the periodicity of e{n) we get

S e =S ed) Y g (8.30)
m=0 d=0 mEAy

Writing ¢g=p“¢’ with (p, q¢')=1, we see that A, is the set of the solutions m of the system

p=d (mod¢),
p"=d (mod p*).
For a fixed d, the solutions of the first congruence, when they exist, are m=a+kv,,

where v, is the order of p modulo ¢/, @ is a certain integer and k€N. In order to treat
the second congruence we write d=p?d’ with (p,d’)=1, and consider the two cases f>a
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and S<a. In the first case the solutions are m>«, while in the second case either there
are no solutions or there is only the solution m=_4.

Therefore, either Aq is a finite set or Ag={m=a+kv, with k€N and m>a}; denote
by ko the least such k. Accordingly, the Dirichlet series >, . 4, p~™? is either a Dirichlet

polynomial or

—(a+kovy)s
We may therefore write

— Qp(s)

Zc(d mgd R ;_V,,s’ (8.31)

where (J,(s) is a Dirichlet polynomial. Hence from (8.29)—(8.31) we have

F(s)=P(s+i0) [Ja-p~» ) L(s+i6, x*), (8.32)
plg

where P(s) is a Dirichlet polynomial. Comparing (8.32) with the expression for F(s) in
(ii) of Theorem 2 and multiplying both sides by [],,,(1- p~vr(5+19)) we obtain

> [Ma-p=#t+) P (s+i8) L(s+i0,x") = P(s+i0) L(s+i6,x"),  (8-33)
x€X(q.€) pla

where the Dirichlet polynomials P, (s), x€X(q,&), belong to Sg.
From (8.33) and Lemma 8.1 we see that yeX(gq,£),

P(s+i) [ J(1—p~» )1 = P, (s+46)
plg

and P, €S}. Hence (8.32) becomes
F(s)=P,(s+i0) L(s+16, x"). (8.34)

By (8.34), the coefficients of P, (s) are multiplicative, therefore P, €Sy, and hence
by Theorem 3.1 of (3] we see that P, =1. Consequently, (8.34) becomes

F(s)=L(s+i8,x"),

and since ¢ is an invariant of F(s) we have ¢=f. Hence x=x" and Theorem 3 is proved.
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