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1. For a large number of classes C' of functions f(z) regular in the unit circle,
we have very complete knowledge concerning the existence of a boundary function

F(6) = lin:i f (reét®),

the classical result being that of Fatou. However, very little is known about the
properties of this boundary function F (6), and in particular about the sets E as-
sociated with the class C, having the property that f(z) vanishes identically if
F() =0 on E. Let us call a closed set of this kind a set of unigueness for the
class C. If E is not a set of uniqueness, we speak of a set of multiplicity. Our
whole knowledge in this direction seems to be contalned in a classical result of F.
and M. Riesz: E is a set of uniqueness for the class of bounded functions if and
only if it has positive Lebesgue measure,

We shall here consider the problem of finding the sets of uniqueness for three
different classes of functions, namely:

1°. Functions with high regularity in |2z| < 1;
2°. Functions with a bounded Dirichlet integral;

3°. Absolutely convergent Taylor series.

The first class gives us information regarding the nature of the boundary function
of analytic functions in general and shows clearly the decisive role of the integral

2x
[log|f(rei®)]de.
0
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The second class will be considered on account of its function theoretic interest,
and we shall here be concerned mainly with the extremal problem associated with
a set of multiplicity. The third class, finally, has been selected on account of its
importance for general problems in function spaces. In all three cases, new pro-
perties of sets are of importance, and the non-metrical nature of the problem is
evident. It should be noted that no complete solution in either case 2 or case 3-is
given. It seems also highly improbable that there are any known set theoretical
equivalences in these two cases.

I. Functions with high regularity.

2. Let E be an arbitrary closed set in (0, 2x). For ¢> 0. let E; be the closed
set of points with distance < ¢ from E. We then consider the measure

@(t) = ge(t) =mE;.

The properties of this function as ¢->0, are decisive for the sets of uniqueness for
functions with high regularity. The importance of this function for uniqueness pro-
blems of this type was recognized first by Benrling [1], who proved the direct part
of the following theorem.

Theorem 1. Let E be a closed set in (0, 27). If a function f(z) belongs to one
of the following classes

(2) f(2) satisfies a Lipschitz condition of order «>>0;
(b) f(2) =§anz", laa] =0 (n=?), p>1;

then E is a set of uniqueness if and only if the integral
1

t
) f ﬂ’tﬂ di
0
diverges.
We first prove a simple lemma which shows the connection between our condi-

tion and that in Beurling [1].

Lemma. If {l,} denotes the lengths of the finite complementary intervals of E,
the divergence of (1) 1s equivalent to the statement

(2) mE>0 or ZZ.log;=00.
=1 d
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If mE>0, then ¢ (f) = 9 (0)>0 and (1) diverges trivially. We therefore as-
sume that m E = 0. If we introduce the function

p(t) =21,

=t

we find by a partial integration that the divergence of the series in (2) is equi-
valent to the divergence of

1
t)
(3) LAV P
6/‘ t

We now have
p)<@)= 3 27"lyp(2n) + 2t

M=y

Thus, if (3) diverges, the same is true for the integral (1). To prove the converse,
we need only use the inequalities

1 2720
f(p—(t)dt <9+ §2—n+lf ?—(—22t—)dt
4 0 [4

0 0
2n
—2+ 4[ w—ft)dt.

0

Let us first consider the non-constructive case when the integral (1) diverges.
We assume that f(z) =0 belongs to the Lipschitz class of order «, and that F(8) = 0
on E. Since f(z) is a bounded function, it follows from Jensen’s formula that

2n
) [log | F(6)|d 0> — oo.

0
Since / satisfies a Lipschitz condition, we deduce that | F ()| < Mt* when 6€E,,
M being a fixed constant. Hence the integral (4) is less than

flog(Mt“)dtp(t) =Me(n)+ afnlogt do(t).
0 ]

The last integral diverges by hypothesis and consequently we have f(z) =0. ‘

The non-trivial part of the proof consists in the construction of f(z)=0 with
F(@)=0 on E and with the regularity (b), when the integral (1) converges. Let
w, = (&%, f,) denote the complementary intervals of E, where «; =0 and By =2,
and define a realvalued function % (f) by the conventions
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_ 1 1 o <t<p,
h(t) —K{logﬂ’_tﬂ—logt_%}, y=1,9.

where K>1 is a constant. By the lemma this function is defined almost every-

where in (0, 27) and

2n
[Ih@)|dz < oo.
0

We can thus form the function
2n

/(z) = exp {_%zfe”‘ k(x)dm}
0

so that f(z) is analytic and bounded in |z| < 1. We shall prove that, for K > K (p),
f (z) satisfies condition (b).

We have first to prove that F (0) vanishes on E. It is evident that F (6) =
if 0 belongs to the boundary of any complementary interval of E. For an arbitrary
O €E, let I, denote the interval 6 —n <z <6 + 7. We find that

hm fh(x)da;_hm—log;n 29 = oo,

from which it follows that F(6) =0. If we introduce the notation

e 0)=[0—al[8—10]
we have

(5) | F(8)] = o, (6)X for O€w,.

Let O be the complement of E with respect to (0,27:). We shall show that a
constant M exists such that

(6) lim |/ (re®)| <M, 6 €0,
r—1

provided that K >2. By differentiation, we find

2n
ro=-—1 [ 16

Suppose that z = re'® and that 6 belongs to w,. If @’ denotes the set | —z|>
> 30,(6), we have

e h(z)da

(eu: - z)z

lim

r—1

< (;0?;;f|h(z)|d:c
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On account of (5), it is therefore sufficient to consider the integral taken over the
complement @ of ', where k(z) has a very simple form. In the interval w we
expand Ak (z) in its Taylor series. We have

1 60—t

— - v _. 2 -2
=logg—r + g0 +(0—10(e(0))

lo

gt~oz,,

and a similar expression corresponding to B,. If we use these expansions, we

can again integrate over the whole interval (0, 2x), thus making an error of the
same order of magnitude as before. We finally get

Tim | ' (r¢'%) | < Const. g, (0)X~2, 0 € o,
r—1 '

and assertion (6) follows.

In general, it is not possible to infer that f'(z) is bounded in |z]| <1 from an
inequality of type (6). In our case, however, it is possible. Namely, if 6 and 6’
both belong to w,, it follows from (6) that

(7) |F(6)—F(0)|<M[0—0'],
and if 6€w, and ' €w,, v u, we find in the same way
|F(O)—F(©O) <M[0—w|+M|0'—B,|<M|6—0],

say. If at least one of 6 or 0’ belongs to E, (7) is verified trivially. Now, since
f(2) is a bounded function, it must coincide with the Cauchy integral of F (), and
since this function satisfies a Lipschitz condition of order 1, the same must be true
for f(2) considered as a function in |z| <1. Hence, for some constant M’ we have

1@ =) <M |2—2], 2] <1, || <1,

which evidently implies that |f (2)] < M’.
We can now use exactly the same argument to show that if K > 3, then

lim | /' (r¢'%) | < Const. g, (6)X~2, 0 € w,.
r—1

The only difference is that we have to use one more term in the Taylor development,
of h(z). As before, it then follows that |f” (2)| < M" in |2} <1. Finally we find
that if K> p + 1, f®(2) is bounded in | 2| < 1; this implies that f (z) satisfies condi-
tion (b). The theorem is thus completely proved.
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3. The situation here is remarkable in that if the integral (1) diverges, only
functions with very weak regularity can vanish on Z without vanishing identically,
while if the integral converges, we can construct non-trivial functions with very high
regularity. In order that a less restrictive condition than the divergence of (1)
should imply f(z) =0, we have to impose strong conditions on the function.

Theorem 2. A function f(z) = D, anz" whose coefficients an satisfy
0

Ilo —1—_1=0 n?), 0<p<
l glanl ( )s p<i%,

vanishes identically if F (0) vanishes on a perfect set E and

1

®) f‘l’%@dt=oo.

o &P

Under our assumption, the limit function F (0) has derivatives of all orders and
F® (0) satisfies an inequality
19 @)] < $ntlaa] < 21 (%)
T
for some constant M. Since E is a perfect set, it follows that F® (6) =0, if € E,
for k=0, 1, .... Let 6 belong to ®, = (x, ), a complementary interval of
length I,. Then

]
— k-1
a,

k\ ¥ _P
< inf M"F(—)—' < exp{—M’l, p—l}-
k p] k!
We therefore have

1-2p

2x o 1-2p
[log|F(0)|d0 < —M'-3 1,17 -
0 1

In the same way as before, we can prove that the last series diverges in view of
our assumption (8), unless m E>0; in this case, however, the theorem is trivi-
ally true.

Finally, we shall treat the most regular case, which leads to the following



Sets of uniqueness for functions regular in the unit circle. 331

problem: what condition must a function satisfy in order that f(z,) = 0 for any
infinite sequence {z,} in |z]| =<1 should imply f(z)=0?

1] .
Theorem 3. If |as| < g5, where {log 9—} 18 a concave sequence and
n

—©09,

Jlogon

; n‘/a a
then f(2)=0, if [(z) has Taylor coefficients an and vanishes on an infinite set in
lz| = 1.

This theorem is essentially a consequence of Carleman’s fundamental theorem
on quasi analytic functions. We can obtain a simple proof in the following way.
The zeros of f(z) have a limit point, which we assume to be z = 1. Then F® (0) = 0,
k=0,1,.... The function

vQ) = Samnt

is analytic for Re{(} >0 and 9 (k) =0, k=1, 2,.... Furthermore,

L

lp (& +in)| =2 onn’ = em®.

A theorem of Ostrowski and our assumption on g, implies that

o0

ool -5t

Then p({)=0! and an =0, n=0,1, ....

II. Functions with a bounded Dirichlet integral.

1. Sets of uniqueness.

4. In this chapter, we shall consider two different problems for the class D of
functions with a bounded Dirichlet integral: we shall study the sets of unigqueness
and, when F is not a set of uniqueness, investigate the associated extremal function.

We first observe that Theorem 1 has a non-trivial application to this class D:
a set E is not a set of uniqueness if the integral (1) converges. This result shows

an interesting difference between conformal mappings which are schlicht and uon-

1 Compare, Carleson [2].
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schlicht. Under a univalent mapping of the unit circle onto a domain of finite
area, at most a set of logarithmic capacity zero on the circumference of the circle
can be mapped onto a single point!, while there exist Riemann surfaces of finite
area having boundary points which project onto a single point and correspond to
a set on the circle with dimension arbitrarily close to 1.

For the class D, F(f) is determined except on a set of capacity zero. It is
therefore to be expected that sets of capacity zero can be neglected in considering
uniqueness problems. We have, in fact, the following result.

Theorem 4. If E s a closed set of capacity zero, there exists a function f€D
with F(0) =0 on E.

This theorem is known, but since there seems to be no proof in print, we
shall scetch a proof here.

Let E,,n=1,2,... denote a finite sum of closed intervals, which contains E,
and let w4 (2) be the equilibrium potential corresponding to E,,

Un (€'%) = Vi, 0€E,.
By assumption, we can choose E, so that >, V¥ <oo. Then
1

ve - 3 =

n=

is a harmonic function with a finite Dirichlet integral which tends to infinity on E.
Defining f(z) by the relation log|f|=— U, we see that f is a function of the
desired kind. '

5. We now turn to the uniqueness problem. The essential properties of the
sets of multiplicity are contained in the previous results, but we have to impose
further regularity conditions on the set in question. Let C,(E) denote capacity of
order «.2 We shall assume that for some « >0, C.(E) is positive and that the set
is homogeneous in the following sense. Given a point z € E, let I, denote the interval
(x—mn, £+ n) and assume that for each z€ ¥

(9) Co(EL)>mn

for a fixed constant m > 0.

1 For this and other results concerning the class D, which are cited without reference, see
Beurling [1].
2 For definitions, see Carleson [1].
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Theorem 5. If (9) holds, then E is a set of uniqueness if and only if the
wntegral (1) diverges.

It is essential that some condition of type (9) be introduced in order to ensure
that the divergence of (1) is not due to the presence of long complementary inter-
vals in the neighbourhood of an isolated closed subset of E, which is metrically
very thin (e. g. has capacity zero). It is to be noted that assumption (9) is actually
very weak.

Let us first set down the following known facts concerning potentials. Let u
be a distribution of unit mass on the set E and suppose that the corresponding
potential of order « is less than V. Then, if as and . are the Fourier-Stieltjes
coefficients of u, we have

(5 + B3) < Const. ¥

a

(10) S+

where the constant depends only on «.
Now suppose that a function f in D exists with F (6) = 0 on K and that f=0.
We shall prove that if (1} diverges, this assumption leads to a contradiction. As

before, we may suppose that mE = 0. The function k(z) = | F (z)| has a Fourier
series

(11) h(z)~}ag+ D (an cosnz + by sinnz)
0
such that
> n(a} + b3) < oo.
T

t

a+
Let us consider the function A (x) = 21_t f k(y)dy, t> 0. The corresponding Fourier
z—t

coefficients are those of A(x) multiplied by sn né

For a distribution u satisfying

(10), it follows by Schwarz’s inequality that

@ a

1

(12) [l (@) dp(@) = [(he(@) —h@)dp@) <Const. V2.
E E

Let %n denote the number of complementary intervals of E with lengths lying be-

tween 27"+1 and 277 It follows from our assumption that (1) diverges, that

Enkn
oy 2
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Let wy, w,, ..., wr, be the intervals in question. Let 6; ¢=1,2, ..., 2k, be the
intervals of length 2—" with midpoints z; at the endpoints of the intervals w,. Each
d; intersects at most one &;, ¢+ j. Let ¥ >0 be a constant to be determined later;

consider those intervals §; for which
(13) he () > 2777, 7=27%

holds, and let S be the set formed by these intervals. The inequalities (13) imply
that hg.(x) >27*""1 holds for # belonging to S. From the general relation (12) it
follows that

C. (ES) < Const. 2@r—tan,
Let N be the number of intervals J; constituting S. In order to estimate N, we
must use assumption (9). If u; is the equilibrium distribution for potentials of order
o of Ed;, we construct the set function

p=N3

25

For the corresponding a-potential u, we have by (9) the estimate

N
u = Const. {2"N‘1 + N1 2"“21:‘“} < Const. 2" N1,
1

Hence
N 2" < Const. 2@y~ ian
and

N < Const. 277, where p <1 if y < g-

If the inequality (13) does not hold for the endpoints of an interval w,, we have

! 1 fh(x)da:}S——yn+Const.

m @, m wy
w,

L d

flog h(z)dz = log{

The number of indices », for which the inequality above is true, is greater than
kn—2N = k, — Const. 27, Hence

ky ky

21 flog h(z)dz < —9yn 2" (k, — Const. 2°*) + Const. > m w,.

v=1g, 1
We finally get since p <1

2 %0
flog h(x)dz < —y > nky2~" + Const.
0 1

Since this series diverges and y > 0 we have obtained the desired contradiction.
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The general situation concerning sets of uniqueness for the class D can be sum-
marized in the following way: when we weaken the metrical assumptions on the
sets, we must strengthen the assumptions on the complementary intervals. Finally,
let us note the following very special consequence of theorem 5: there are sets of
uniqueness of measure zero and even of arbitrarily small dimension. A construction
can also very easily be carried out in the same way as in the proof of theorem 8 below.

2. The extremal problem.

6. In this section, we shall study the extremal problem associated with a set
of multiplicity. We shall consider only the most regular case, where the integral
(1) converges. Theorem 4 here shows that E has positive logarithmic capacity.

In D, we introduce the scalar product of two functions f(z) = an2z" and
0
g(2z) = X by2" by the relation
0

(.f» 9) = inanzn

Then ||/||® = (f,/) is the Dirichlet integral of f(z) if we disregard a factor z~1. We
denote by Dg the linear, convex subspace of D for which f(0) =1 and
(14) limf(rei®) = 0, 0¢E,

r—1

except perhaps on a set of (inner) capacity zero (= “‘a.e.”). We shall first prove
the following result.

Theorem 6. Dg is a closed subspace of D.

Let {fa(2)} be a sequence of functions in Dg and suppose that f(z) €D exists
such that ||f—/fu||~0, n—>co. We must prove that (14) holds “a.e.”. If p is an
arbitrary distribution of unit mass on E with finite energy integral, it is sufficient
to prove that the boundary function of f cannot be different from zero on a set
where u does not vanish. Exactly as in the proof of theorem 5, it follows by
developing |f(e'*) — fu (¢*?)| in a Fourier series that

2n
lim lim [ |f (rei®) — fa (r %) | dpu (@) = 0,

n—o0 r—1g

if we observe that ||/ —/fa]| > 0. Since lim fa (ref®) =0 “a.e.” on E, it follows that
r—1

{ has the same property.
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7. We now come to the extremal problem of finding an f in Dg realizing the

lower bound
inf (/]| = M,
1€EDg

and we shall show that the lower bound is attained for a function with very regular
behaviour.

Theorem 7. There exists a unique function f(z) in Dg for which ||f|| = M holds.
Its derivative |’ (z) s analytic and single valued in the whole plane except on the set
E regarded as a subset of the circle |z| = 1.

We first have to prove that M > 0. Let g€ Dg have Taylor coefficients b, and
suppose again that x4 has a finite energy integral and that u(E) =1. Then

0 = lim fg(re“‘) du(@) =1 + lim be,.r”e"'"d/,t ().
r—>1 g r—1pg 1

The last limit is less than a multiple of ||g||, as an application of Schwarz’s in-
equality shows. Hence ||g|| is bounded from below, and it follows that M > 0.

If now |fu||~ M, f.€Dg, then by a standard argument in the theory of Hil-
bert space, Dg being convex, we have

”fn"'fm“*O’ n, m —> 0.

Since Dg is closed, an extremal function f€ Dg exists and is unique.
The rest of the proof will be devoted to establishing the last statement of the
theorem. We start with the following lemma.

Lemma. Let ¢(z) be integrable on (0, 1) and suppose that for all y(z) with
continuous second derivative in (0, 1) and such that

e () =0f|«p(x>|dx§ 1, p(0)=yp(l)=0,

@ (z) satisfies the relation
1
L) = [p@)y @des1.
0

Then we can redefine @(z) on a set of measure zero so that ¢' (z) ewists a.e. and
satisfies |@’ (x)] = 1.

It follows from our assumptions that L (y) < ¢ (y). If v is an arbitrary function
which is integrable on (0, 1), then functions {y,} in the domain of definition of L
exist such that ¢ (y —1s) >0 as n— co. It is easy to see that
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L (y) = lim L (yn)
f—>o0

exists and is independent of the particular sequence {yn} chosen. Clearly, it ex-
tends L (y) to a linear functional on L1 (0, 1). Hence a bounded function A (x) exists
such that

1
L(w)=0fw<x)ux>dz, [A(@)] < 1.

Let z, and « be two fixed points, zo <z, and define for ¢ >0 a continuous
function . (t) so that y.(f) =0 for t <zg and t>z + &, p(t)=1for oy + e<t<z
and let y.(¢) be linear for other values of t. The for almost all 2 and z, we have

¢ @) — ¢ (@) =lm L(y) = [2()dt.
>0 Zo

We.define ¢ (2) so that this holds for all z and find ¢’ () = — A (z) a.e.; this proves
the lemma.

8. We return to the proof of theorem 7. For all complex numbers ¢ and every
g€DE, f+tzg belongs to Dg. Since f solves our extremal problem, it follows in
the usual way that

(16) (f,29) =0, g€Dg.

We consider a point & in the complement of E. By the method used in the proof
of theorem 1, we construct a function g € Dg such that its boundary function has
absolute value 1 in an interval I around & and has continuous second derivative in
|z] =1. By a conformal mapping of the image domain, we construct a similar
function % = hy + 4 hy, belonging to Dg, such that %(0) =0 and such that its real
part hy vanishes on an interval w e I, £ € w. We may also assume that 2, % 0 on w.
We observe that % is analytic on w by Schwarz’s reflection principle.

Let now p = p; + ¢p, be an arbitrary analytic function in |z|< 1, continuous
in |z] <1, and consider the function

kp=0=01+t0,

On w, we have ¢ = —hyps. We consider a subinterval o’ of w, which still con-
tains & If we determine p, so that o; assumes prescribed values y (z) on ', where
v has continuous second derivative on w’, vanishes at the endpoints of ', and satisfies

(16) [lv@]dz=1,

22 — 632081 Acte mathematica. 87
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and if we let p, vanish outside of w’, then ¢ has a uniformly continuous derivative
on |z| =1 outside of w. Since % (0) = 0, we have by (15) (f, 0) = 0, and if f=u+1v,
this relation can be written in the form

dvd dvd
ff(aia? vaoz)d dy=0,z=x+1y.
|z]<1

By assumption, o, has a continuous derivative in |z| < 1. We integrate by parts
and find

2n
lim vaa—azdﬂ =0, z=re?,
r—1 r
0
If we observe that 662 = — 10—0—1 and that a—~ vanishes on w—o’ and is uniformly
ar r 00 00

bounded outside of w, we obtain

f aaldt9l<Const.

for all o satisfying (16). It follows now from the lemma that g; exists a.e. on o’

and is bounded. A similar argument shows that gf) is bounded in a neighbourhood

of £ If we now let & vary, we find that f' (z) is bounded on [z| =1 except on an

arbitrary open set containing E.

9. We are now compelled to use another variational argument. Suppose that 7 (2)
is harmonic in |z] <1 and continuously differentiable in |z| <1 and that 7 (0) =
If 7/(z) is the conjugate function of 7, normalized by 7’ (0) = 0, then for every
real ¢, the function g = fet®+i®) belongs to Dg. If we set U(z) =|f(2)|* and
V(z) =|g(2)|?, then

4n“g”2=f Adedyzf AU dzdy = 4= |l/|.

lz]<1 lz]<1

. . L. ov
An ordinary variational argument shows that, U, = r ete.,

[[{z4U +2(Usta + Uyr)} dwdy = 0.

lzl<1



Sets of uniqueness for functions regular in the unit circle. 339

With the aid of Green’s formula, we rewrite this in the form

2n
0 0 .
tim [ (28 + 270)d0=0, 2= reo.
r—1 . 0 r a r
0
Let w(z) be the harmonic function in |z| <1 which is equal to U on |z|=1. We
may then, on account of the regularity of z, replace U by u in the last term above,

and we obtain after one more application of Green’s formula

2n

. oU  Ou
(17) lrlili (5’;‘4‘ a—r) vd0 =0.

Let us first consider the particular case when 7 vanishes on [z| =1 in a neigh-
bourhood of E. Since f'(z) is bounded when 7 0, it follows from (17) that

oU Ou

(18) ar T ar

= A a.e. outside of E,

where A is a certain constant. To determine A, let us formally set v=1 in (17).
The integral then tends to 4z||f||>. Let S. be a finite sum of intervals containing
E such that mS.=¢ In (17) we choose T=1 on S, and v =—1 in a suitable
interval of length & in the complement of S,, and set = = 0 on the rest of [z] = 1.
The formula may be applied although 7 is not uniformly continuous, and we see that

L. oU Ou
%H(m*m

)d 6 = 0.
Outside of S., the integrand tends boundedly to 1, and hence we have proved that
A= 2|f|>.

10. Let us now assume that f(2) = > an2". The general relation (15) gives us
0

(f,22f) =0 for p = 1. If we set an =0 for n <0 and define ¢, by the equality
Cp = zl'n—a_nan-i-l’:
it is apparent that c, = 0 for p <0. We form the series

F(2) = 3 cp2P.
7=0
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Let us again consider a subinterval w of the complement of E. If we use the fact
that ¢ = 0 for p < 0, we see that F has a representation

2 __
71 PN 1 S D
F"’)‘l,:i‘mof i re(i 2 ap 1= oo

Since /' (z) is bounded on w, it follows by an application of Green’s formula in the
sector arg z¢ w, that F (2) is bounded on « and that

lim F (re'®) = e~%%f (¢!%) lim /' (r€'®)

r—>1 r—1
almost everywhere on w. Let G be the closed subset of w where f(¢!?) vanishes.
Since all functions involved are bounded on w, it follows by a known theorem on
analytic continuation that f'(z) can be analytically continued over w — G by the
function

#()
(2

It now remains to prove that G is empty and that f(z) does not vanish in

. oU
2] <1. To prove that G is empty, let us assume that f(e!®) = 0 for a € w. o

Ry

|t
S

/’(z)=§ , |z|> 1

N
U |t

is continuous on w — G and tends to zero on @, since /' is bounded. Hence the

relation (18) must hold everywhere on w, since %—: is bounded there. At the point e,
a 0 .
oU _ 0 while == < 0. This would imply A <0, which contradicts our determina-

dar dar
tion of 4. Therefore @ is empty, and f (z) is meromorphic outside of E.

Let us finally assume that f'(z) has a pole, i.e. that f(z) =0 for some z in
the unit circle. It is then very easy to prove! that if
1 - Zio
20— 2

f(2),

g(2) =z

then g(z) belongs to Dg and ]|g|| <||/|l. This contradicts the minimality of f.

Exactly the same argument can be used to prove that the extremal problem
associated with a sequence of points {zx} in |z| <1, f(zs) = 0, has a solution with
similar properties. The essential difference is that in this case, f'(z) has simple
poles at the points z 1.

1 See Lokki [1], p. 27.
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III. Absolutely convergent Taylor series.

11. The problem of determining the sets of uniqueness for the class 4 of
absolutely convergent Taylorseries is of great interest for functional analysis. We
shall here mention a closure problem which is equivalent to the uniqueness problem.

Let H® be the Hilbert space of square integrable analytic functions F(z2) =

=Y ax?" in |z| <1 with the norm
0
2n
1FIE = timg= [ (F e as = 3 fan.
r—>127750 0

Let F(z) be a given function and consider its rotations F;(z) = F (¢'tz). For H?
the Wiener closure problem is trivial: {F;(z)}, 0 <¢<2m, is fundamental on H?
if and only if 6,540, n=0,1,2,... The relevant problem on H? is the following:
determine the closure sets E for which it is true that { Fy(z)}, t€ E, is fundamental
on H?, whenever a,0, n=0,1,... It is obvious that E is a closure set if and
only if £ is a set of unigueness for A. Let us in this connection observe that for
certain subspaces of HZ the complete solution of the closure problem is given in

oo
theorem 1. If, for example, S, is characterized by the convergence of > |aa|*n°,
1
0 <& << oo, then the closure sets corresponding to S, are independent of « and are

exactly those sets for which the integral (1) diverges.

12. We shall first show that there exist closed sets of uniqueness with measure
zero. Since no property of continuity is involved in the definition of A, this is far
from obvious and depends on the arithmetical nature of the class.

Theorem 8. There exist closed sets E of uniqueness for the class A with vanishing
Lebesgue measure.
Lemma. Let p be a given number, 0 <<p <<i. Then there exists a closed set F

of measure zero such that its Lebesgue function u (x) has the property

pin= [ dp @) = 0 (n=7), n— oo,
J

For such constructions, see e.g. Salem [1].

Let H denote the sequence 0, (log 2)~%, (log 3)~%, ... Then if F is the set
described in the lemma, we define

E=F+H={z+y; x€F, ycH).
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E is obviously closed and has measure zero, since it is contained in the union of a
countable number of translations of F. We shall prove that & is a set of uniqueness.

Suppose that f(z) = > an2” belongs to 4 and vanishes on E. We then construct
0
a function ¢ (), [¢] <1, by the relation

() = [1E0) du(®) = Sanmt® = 3 ",
F
Since f(e*) = 0 for s belonging to E, ¢ (¢'?) vanishes on H. Furthermore

oo -] o0
gIA,,In” = EI:Ia,.H,u,.In” < Const.§|a,.| < oo,

This implies that ¢ () satisfies a Lipschitz condition of order p and hence must
vanish identically by choice of H. In particular, 4y = ay= 0. If we repeat the
argument on z71f(2), 272f(z), ..., we see that f(2)=0.

It was shown in Salem [1] that we may chose for F a Cantor set. It is readily
verified that for these sets the integral (1) converges, which implies that F is not
a set of uniqueness for the class A. A union of a countable number of sets of
multiplicity may thus be a set of uniqueness. A similar remark is true also for
the class D.

13. We now proceed to the proof of a theorem which shows clearly the arith-
metical nature of the problem. We shall consider the following natural extension
of the uniqueness problem: to determine the closed sets E such that every contin-
uous function on E is the boundary function of an element in 4. In order to
formulate our result, we need a new concept.

Let E be a closed set in (0, 27), and consider the class I' = I'g of functions
of bounded variation on (0, 27) which are constant outside of E. Let I'° be the
subclass of I' of functions normalized by

[ldn@|=1.

E

We then: define the index of linear dependence within E as

E) = inf inz g .
p (E) ,,‘é‘ni‘i%lEfe L@
Obviously 0 < p(E) <1. If p(E) =1, we call E a Kronecker set. 1f m E> 0, then
the class I' contains absolutely continuous functions and by the Riemann-Lebesgue
theorem we have in this case p (E) = 0.
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To justify our terminology, we choose for E a sequence A = {4, }. Then p(4) =1
if and only if the numbers {1,} are linearly independent modulo 2. This is an
easy consequence of Kronecker’s approximation theorem. For a finite sequence of
linearly dependent numbers, p (E) is always positive and is found to depend on how
large the integers m, in the relations 3 m,4,=0 have to be.

Without going into the proof we point out that there are perfect sets E such
that p(E) = 1.

The theorem which we shall prove can now be formulated as follows.

Theorem 9. If E is a closed set such that p(E)>> 0, then every continuous func-
tion @ (x) defined on E is the boundary function of an element in A, i.e. p(z) has a
representation

(19) @ (@) = Dane*®, z€E, Y |an| < 0.
0 0

Corollary. E s not a set of uniqueness for the class A if p(E)> 0.

To prove the corollary, we need only choose @ (z) = e~ in the theorem above.
We obtain a function in 4 which vanishes at the origin and is equal to 1 on the
set K.

The proof of the theorem depends on the following observation.

Lemma. If p(E)>0 and @(x) s continuous on E, then there exists a sequence
{A4n}, lim 4y, = o, such that for all p€I'e
1 f énz g u (w)
E

‘fqa(x)d,u(z) Ssupz
# n=0 An

For a given pelr, let B= B, be the lefthand side above and v (n) = y,(n)
the n:th Fourier-Stieltjes coefficient of u. Let us assume, as we may, that |p(z)| < 1.
If now M = 2p(E)"!, we choose the integer #n; so that if

Cy: B,=M and |9p.(»| <1, v=0,1,..., 1
then

inf s =L >4.‘
inf sup | pu ()| = Ly

To prove that n; exists, let us assume that for every »>1, a function u. € I'g
exists satisfying B, = Bo= M, |ya(»)| <1, v=0,1,..., n, and |yn(#)| < 8 for all
» 2 0. From the definition of p (E), it follows that

Ef |dun ()] < 8 p (B)L.
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There is a sequence {n;} such that pa,~ u, where u€I'r. Since B,,— B, and
¥n;—> Yu, we have B, =M and |y, (»)| =1, »=0,1,.... We thus find

M sEf lp ()] Id;z(z)ISEf ldu @) < p(B),

which contradicts the definition of M.
Let us assume that the classes Cy, Oy, ..., Ci—1 with corresponding integers
7y, Ny, . .., Nk—-1 have been determined. We then choose nz so that if

Ci: ,uGC’k-l, lt/),‘ (’ll)l < 2"—1, yv=mp—1 + 1, ..., ng,
then

inf sup |y, (¥)| = Lp > 2%+1.
p€Cy v=0

The existence of #n; is proved exactly as in the case £ =1; if nx did not exist,
there would exist a function g€ Ci—1 such that |y, (»)| < 2* for all » >0, and this
contradicts the definition of Ci—;.

We can now choose the sequence {4,}. We define (ny =0)

A,=M"12k, =mp+1,...,mu; £=0,1,....
If now |y (»)| < 4, for all » and f @(z)du(z) =1, then M u belongs to all of the
E

classes Cr, and, for all %, we must have

fld,u(w)l 2 sup|y. (v)] = Le > 2.
i »=0

This is clearly impossible, and the lemma is proved.

Suppose now that {4,} is a sequence which is dense on E and consider the
infinite system of equations
) el'ml,

2 d, ~ e

EO:I%ISK,

where the sequence {A4,} is as determined in the lemma, for a given continuous
function ¢ (z). By a theorem of F. Riesz this system has a solution {z} if for
every sequence {2, }],

K

r
< su h, €4
5D 2l 2

r=1

|Shp
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It follows from the lemma that a solution {x,} exists for K sufficiently large. By
continuity, we must then have

3 Te" =0, zek,

and the theorem is proved.
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