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Multipliers of spherical harmonics
and energy of measures on the sphere

Kathryn E. Hare and Maria Roginskaya(!)

Abstract. We consider the operator, f(A) for A the Laplacian, on spaces of measures on
the sphere in R%, show how to determine a family of approximating kernels for this operator
assuming that certain technical conditions are satisfied, and give estimates for the L2-norm of
f(A)p in terms of the energy of the measure pu. We derive a formula, analogous to the classical
formula relating the energy of a measure on R? with its Fourier transform, comparing the energy
of a measure on the sphere with the size of its spherical harmonics. An application is given to
pluriharmonic measures.

1. Introduction

When A is the Laplacian on the unit sphere 8%~' in R? the action of an op-
erator, f(A), can be defined on various function spaces using the spectral theorem.
We consider the action of this operator on the space of measures. The operator acts
as a convolution operator, and in the case when f(t)—+0, when t— oo, it is natural
to expect that the operator is well behaved. As a result, there are standard tech-
niques which can often be used for studying the operator f(A) on smooth function
spaces. However, the operator is not, in general, well enough behaved to apply these
techniques to spaces of measures. Consequently, the study of the action of f(A) on
spaces of measures consists of the study of particular functions f, with explicitly
computed kernels of the convolution, and typically involves the consideration of a
family of kernels which approximate the kernel of convolution.

In Section 2 of this article we begin with a function f which satisfies certain
conditions, and show how to calculate an explicit form of a kernel (or family of
approximating kernels) for the operator f(A) acting on measures on the unit sphere
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in R*=R?". Conditions are given which ensure that f(A)u belongs to L?.
In Section 3 we consider integral operators which arise from a Riesz potential
and prove that for all 0<t<d—1,

w(x) du S
(1) Lo [ )l Y

-yl =

where py, is the projection of the measure p on the spherical harmonics of degree k.
As the spherical harmonics are the analogue of the Fourier transform for measures
on the sphere this result is in the same spirit as the following classical relationship
between the Fourier transform of a measure on R? and its energy (see [M2], [F]):

(12) = [ B e e da.

A similar formula is also known for measures on the torus ([HR]). Because the size
of the t-energy of a measure, I;(u}, is closely related to geometric properties of the
measure, the classical relationship has proven to be very useful. For example, it
has been applied to study the Hausdorftf dimension of projections and intersections,
distance sets, and the average rate of decay of the Fourier transform (cf. [B], [M1],
[MS], [SS], [W] and the references cited therein).

Formula (1.1) can easily be seen to be true if p is a sufficiently smooth function
(cf. [Rub]). However, the arguments are more delicate if this is not the case. In
particular, if the measure has a singular component, then either side of (1.1) could
be infinite, and in this case the formula should be understood to mean that both
parts are simultaneously infinite.

The formula is applied to estimate the size of the coefficients of pluriharmonic
measures in Section 4.

2. Multipliers on spherical harmonics

In this section we assume that d is an even integer and we set m:%(d—2).

Consider the Laplacian A on S?~!. This is a self-adjoint, negative operator
whose eigenvalues are given by Ay=—k(k+d—2), for k€N, with the corresponding
eigenfunctions being the spherical harmonics of order k. If f is a complex-valued
function defined on the spectrum of A, then we can define the operator f(A) by
using the spectral theorem. We are interested in understanding when f(A) acts on
a space of measures, where by a measure we mean a finite, positive, Borel measure
supported on the unit sphere in R%, where d>2.
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A multiplier on the spherical harmonics has the property that it acts on the
spherical harmonics {Y;3}52, by T(Yx)=miYy for some sequence {mx}72,. An
example of a multiplier is the integral operator,

()= [, Men s d,

where k is a continuous function. The associated sequence of scalars {my}32, can
be found by the Funk-Hecke formula (cf. [Rub, p. 11]). The operator f(A) is also a
multiplier on the spherical harmonics, with the scalars being given by {f(A\x)}5,-

Given a sequence {my}72, we define a function f on the spectrum of A by
F(Ag)=my. Assuming that certain technical conditions are satisfied, we will de-
scribe a process for determining a kernel, K(x,y), so that

f& )= [ | Klzy)duly).

Bounds for the L2norm of f(A)(u) will be given in terms of the t-energy of the
measure g, I{u}, which is defined as

w= [ Lo S
§d-1 Jgd—1 |~Ty|t‘

We formally define the kernel K by

K(z,y) Zf Ax) Z(k) (z) for z,yecS* 1

where Z,Sk) (x) are the zonal harmonic functions. The zonal harmonics have a simple
expression in terms of the ultraspherical (or Gegenbauer) polynomials on [—1,1],
P (t), namely

2P () = ca(k) P (ay)
for suitable constants ¢, (k) (see [SW, Section IV.2]). If we set a(k+1)=f(Ax)ca(k),
then we can write K(z,y)=P(z-y), where

o0

PH)=> a(k+1)P(t), tel-1,1].

k=0

It is well known that P{"(t) is the coefficient of 2* in the series expansion of
the function g;(2)=(1—2¢tz+2%)"™. This function is analytic on 2, ={z€C:|z|<r}

for any r<1. Consequently
9¢(2)
t d
=g [ G

where 9Q, is the boundary of €2,. Our first result uses this fact to compute P(t).
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Proposition 2.1. Suppose that Q(z)=3 4o, a(k)z* is analytic in a neighbour-
hood of the unit disk and P(t)=>_7_,a(k+1)P[(t) for te[—1,1]. Then

P (s [ e ()

(21) dm—l 1 1 N
+ dzm—1 [(z— (t—i\/l———ﬁ))mQ (;>} z—t+im) ’

Proof. If we let Qn and Py denote the Nth partial sums of @ and P, respec-

tively, then clearly
1

Pyn(t)= e /mT 9(2)Qn (%) dz.

Let U be a neighbourhood of the point tg€[—1,1] and assume that the set wy C
Q. ={z€Cr<|z|<r'} is a neighbourhood of the arc {t+iv/1—t2:teU} on which
Q(1/z) is analytic. Notice that for each N,

1

1
Imi . gt(z)QN(;> dz — —Py(t), as7’ — 00,

since the integral over the larger circle converges to zero.

Since the function g;(2)Qn(1/z) is meromorphic in Q, ,» with only two poles,
t+iv/1—1t?, it is holomorphic in Q, .. \wy provided t€U, and therefore its integral
over the boundary of €2, .\ wy vanishes. Thus

1 1
Py(t)=—— -} dz.
N(t)=—5—- - gt(Z)QN<Z) z
As Q(z) is analytic in a neighbourhood of the unit circle, its partial sums
converge uniformly for all z such that 1/2€8wy. Because g:(z) is uniformly bounded
for z€dwy and telU, we can pass to the limit in the integral, uniformly in ¢. Hence

1 1
Pn(t)— P(t) = “2 J, gdz)@(;) dz, as N — oo,
W

uniformly in t&[-1,1].

For any fixed t, the integrand defining P has only two singularities inside the
domain wyr, poles of order m at t+iv/1—t2?, hence the residue theorem can be
applied to yield

po=(, e (0009(2) ) (a02(2))

Evaluating this gives the desired result. O
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Recall that for a measure y, the projection of & onto the space of spherical
harmonics of degree k is given by

mie)= [ 2@ duty).

The L? norm of py can be computed as fgq 1 fga- 7 () dp(z) du(y) and the L2
norm of x is given by > oo l#%]|3. This coincides with the L? norm of its density
function if the measure is absolutely continuous and otherwise is infinite.

Corollary 2.2. Suppose that Q(z)=) 4., a(k)z* is analytic in a neighbour-
hood of the unit disk. If f(Ag)=a(k+1)/cq(k), then the operator f(A) is given by
the continuous kernel K (x,y)=>_7" f()\k)Z?Sk)(:r), i.e., for any measure i on S%1
we have [q, \ K(z,y) du(y)=f(A)u. Moreover,

0
Kz, y) duly) dp(z) = (Mg)
Jo Jo K i) dna) =3 SOl

Proof. The arguments above imply that K N(I,Q)EZL\;O b ()\k)ZgSk)(x) con-
verges to K(x,y) uniformly in z,ycS%1. Since

N
Knyd,u f(x

and

N
K d >\
~/Sd—1 sa-1 w(2,y) duly kZ:Of )3,

the result follows. O
We will use these ideas to prove the main technical result of this section.

Theorem 2.3. Let d=2m+42>2 be an even integer and let 3—d<s<2. Sup-
pose that Q(2)=> e a(k)2” is analytic in a neighbourhood of the disk. If there is
a constant Cy such that for each j=0,1,...,m—1,
a4’

EQ(Z)

C

< ——_—(1~t2)(3+1)/2 Jorte[—1,1],

z=t+iv1—¢2

then there is a constant Co depending only on d, s and Cy so that for any finite,
positive measure p on S41 we have

a(k+1)
[

k=1

poll2+ Colaora-s(p).
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Proof. Throughout the proof C' will denote a constant depending only on d,
s and C4, which may vary. We will continue to use the notation outlined above.
In particular, P(t)=>"7", a(k+1)P(t) and K(z,y)=P(z-y). The key idea is to
examine the order of the singularities of P(t) at 1. For the duration of the proof
we will denote the poles of g; as zg=t+iv/1—t2 and 2;=t—iv1—t2. Note that
20 =21]=1.

We begin by calculating (2.1); the proof of this lemma is entirely elementary.
The notation m;, denotes the product m(m+1) ... (m+j—1).

Lemma 2.4. For N>0 and k>1,

2 (i ma(1)) -3 (1) thms 12 (o(2))

J=

and

= (0(2) -G Een ()

where a( ) are suitable coefficients and Q" denotes the nth derivative of Q.

Applying the residue formula (2.1) and the lemma (with N=m—1) one can see
that P(t) is equal to

m—2

1 Z <Z m—zl:—j am_lsz];m-t-j—n—i—l - 1
R e )
— E — m+
(m 1)!(1@,1):(0,1),(170) =0 n=1 (2 =)™+ k
brm—1 1
- (Zk—zl)zm_lQ(Zk>>7

where b, = (mj_l) (=1)my;y. Since |2z —2;|=2V1—¢2, the assumption on the deriva-
tives of () implies that for n<m—1-—7,

le (i) (zr—z) M) <
R

It follows that

C < C
(m)m+j+s+n = ( 12 )2m+571'

C
[Pt < m
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Thus

du(z) du(y)
d d y<cC .
/s/s K@ v}l du(w) duly /s/s (e ) (1—z-y))" 172

Since x and y are on the sphere, 2+2z-y=|z4y|>. Hence

Lo L Kl dute) duty)

is dominated by

1 1
C d d .
fo fo (g g oty

Define a(E)=u(E)+u(—E). As pu>0 it is clear that I,(u)<I(i1) for any t.
Using the relationship between the energy and the Fourier transform (1.2} it is also
easy to see that 4I;(p) > 1 (). Hence the previous corollary implies that

S D] [ [ e ) <Casi. O

Remark 2.5. Using facts found in [SW, IV.2] one can compute cq(k). It is well
known that Z (z)=aswy},, where wy_, =272 /T'(4d) is the surface area of S~
and ag is the dimension of the space of spherical harmonics of degree k:

(d+k—3)(d+2k—2)

(d—2)h for k> 2.

(Z():l, a1:d and ar =

As P"(z-z)=P"(1) is the coefficient of 2* in the Taylor series expansion for
(1—2)27¢, we have P["(1)= (dH #). Thus

Z8 () T(id)(d+2k—2)
Pr(z.2)  (d—2)2md/2

Cd(k}) =

Next, we demonstrate how this approach may be modified to handle the sit-
uation when the power series, Q(2)=3 7. ; a(k)z*, is analytic only on the interior
of the disk. In this case some additional hypothesis is required; positivity of the
scalars a(k) is sufficient.
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Corollary 2.6. Assume that d>2 is an even integer and 3—d<s<2. Suppose
that Q(2)=Y e, a(k)z"® is analytic in the open unit disk and a(k)>0 for all k.
For R>1 let Qr(2)=Q(z/R). If there is a constant Cy such that for each j=
0,1,....,m—1 and R>1,

Cy

< )(l—tQ)(SH)/Q forallte]-1,1],

dzJ QR( )

z=t4iv/1—-t2

then there is a constant Cs, depending on d, s and Cy, so that for any finite, positive
measure p on S we have

(1ol

Proof. As Qg is analytic in a neighbourhood of the disk, the coefficients a(k+1)
are positive and ¢4(k)~k, Theorem 2.3 yields

a(k+1)
(1 0||2+Z e ) < Cala-ala)

for some constant Co. Letting R—1 gives the desired result. O

1
Mn%) < Colrars ().

This can be used to bound the L? norm of f(A)u in terms of the energy of the
measure (.

Corollary 2.7. Suppose that f is real-valued and set a(kJ—H) FO)2ca(k). If
the hypotheses of the previous corollary are satisfied with Q(2)=> o, a(k)z*, then
for any measure u on S we have

LA RIZ =" FOR)2lpell3 < Calira—s(p).
k=0

Corollary 2.8. For any s€[0,2) and any even integer d=2m+2>2 there is a
constant C=C(s,d) such that for all finite, positive measures pn on S~ we have

o 1
||M0||§+Z Euﬂk”g <Clg—s—1(p).
k=1

Proof. Consider Q(z)=(1—2)*"2. The Taylor series coefficients of @) are non-
negative and asymptotically equivalent to k'=°. Since |R—zy|[?>1—t the result
follows from Corollary 2.6. [
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Ezample 2.9. Suppose that @ corresponds to the projection onto the harmonics
of order divisible by n and the dimension d=4. In this case formula (2.1) reduces

to .
P(t):\/fj_tQ(Q(t—i\/l—tQ)—Q(t+i\/1—t2)).

Because f is real-valued, this further simplifies to

4
Pty = ——= ImQ{t+iv1-1?).

0= = el )
Hence the family of kernels corresponding to the approximating function Qg is
given by Kg(z,y)=Pgr(z-y), where

8 _ R"+(n—1)z" )
=———R""! —— ) for z=t+i/1-12.
Pr(t) BVl B Im(z Tympen ) or z=t+iy/1-1

3. Energy and spherical harmonics

Corollary 2.8 is a partial generalization of the classical formula (1.2) relating
the energy of a measure on R¢ with its Fourier transform. In this section we use
properties of the heat kernel to obtain a more complete generalization. We no longer
require d to be an even integer.

Theorem 3.1. For each O0<s<d—1 there are constants a,b>0 such that

(3.1) al,(12) < o3> K a3 < b1, (1)
k=1

for all finite, positive, Borel measures 1 supported on the unit sphere S1 with
d>2.

Before beginning the proof we note that as the sphere is a compact manifold of
positive Ricci curvature, the heat kernel H is unique and has the form H(t,z,y)=
2% et 78 (2), where, as before, Z{")(z) are the zonal harmonic functions of
degree k with pole at y and Ay=—k(k+d—2) are the eigenvalues of the Laplacian.

We will use the following well-known facts about heat kernels. Throughout
this section d(z, y) refers to the interior metric on the sphere (i.e., the length of the

shortest geodesic), a metric equivalent to the usual Euclidean metric.

Theorem 3.2. ([Da, 5.5.1]) The heat kernel H(t,x,y) is a strictly positive C™
function on (0,00)x S41x§d-1,
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Theorem 3.3. ([Da, 5.5.6, 5.6.1]) For all 0<§<1 there exist positive constants
C and ¢, depending only on d and J, such that

© <H(t < ¢
min{1, £} (@ D/ 2ed(ey)2/A0-3) = (t,z,y) < min{1, £} @-D/Zdley 2 /410

for all t>0 and z,ycS% 1.

Proof. We begin by considering F;(p)= [ H(¢t,z,y) du(z) du(y) for t>0. It is
known ([SW, p. 144]) that the function |Z§k)(x)] is bounded by a polynomial in &,
uniformly in  and y. As e’ decreases exponentially in k for every fixed ¢>0, the
series in spherical harmonics for H(t, z,y) converges uniformly in « and y. Thus

ga H(t,z,y) duy) = Z el fux ().
- k=0

As |ug(z)| is dominated by ||Zz(/k)

mw=3e [ ([, 200 die) = 3 el

Taking 6=2, Theorem 3.3 gives the estimates

¢ C
min{1, }(@-1/2¢d(@.y)?/2t <H(t z,y)< min{ 1, t}(@ D/2ed(wy)?/6t

(2)|loo|2]], similar arguments establish that

Thus
! d d
© Jos Jsumn min{L, 1)@ D zedCeer @) dpy)

- 1
tAg 2
Skz_:oe ek 13 SC/SM /Sd_l L @ e W) dinw).

for >0, where the constants ¢ and C depend only on d.
Next, multiply both sides of the inequalities by the positive function
. t1ts/2 ift<1,
@/J( ) - t—1+(s—d+1)/27 ift>1,

and integrate over t in (0,00). As all integrands are positive, we can change the
order of integration to obtain

foes Sy T ) <3 [0

(3.2) SC/SH - Ke(z,y) dp(z) du(y),
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where
00 4—T+(s—d+1)/2
(3.3) KA(I»?J):/O gy A
d o\(s—=d+1)/2  poc _—14(s—d+1)/2
_ <$>y) T_____ dT
A o el/'r
= AW=s=D2g(5 )= HID(L(d—s-1))
for A=2,6.

Suppose that £#£0. We have

o0 1 oc
/ P(t)et dt:/ s/ 2gt Ak dt+/ s AN 2 ot gy
a §) 1

1 Arf ~14s/2 o L (s—dt1}/2. 27
= dT+/ [ e dt.
\AkIS/Q/o e’ 1

The second term in the final sum is clearly bounded by [Ar]~le**. As the function
f(z)=2~1"%/2¢~% decreases when x>1s—1and |Ag|>d—1>1s—1 it follows that

Cel=Hd—1)71+s/2
PN

oG
/ p = d 1) 200 gy <
1

Since the first integral dominates fol 77148/2e=7 dr>9e 71571 the first term in the
sum satisfies

Akl —1+4s/2 INES
SRR / TR e TG
|/\k]5/263 J)\k!s/2 0 eT |Ak].s/2
If k=0, then
e 2 2
tHdt=—+——.
Jo w( ) 3+d‘—8—1

Combined with (3.2) and (3.3), these results imply that for 0<s<d—1 we have

1 1 1 1
(dfs—l)/Q 1 e - 2 d - 2
c2 I'(3(d—s 1))Id_‘9_1(u)§(S+d_s_1>nuollz+sk§_lﬁ PATELLLE
< 06<d7541)/2F(%(d—s—l))]d_s_l(u),

where the constants ¢, C>0 depend only on the dimension d. Since |Ax|~k? we
obtain the desired formula. [
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Remarks 3.4. 1. We thank Prof. L. Colzani for suggesting this approach which
improved upon a previous version of this paper. Colzani has also communicated
to us that another proof of Theorem 3.1 can be given by using the Poisson kernel,
(1—r%)|rz—y|~¢, rather than the heat kernel, and that this would give explicit
constants. We prefer to give the heat kernel approach as it readily generalizes to
other manifolds.

2. Another alternative is to consider the kernels |z—3y| ¢ and let 3—1. S. Eil-
ertsen has communicated to us that for 0<g<1

L Re )
/sd—l /sdul lz— By dp() duly) —kzz()ck(ﬁ)llukllz,

where as 31 the coefficients ¢, (3) tend to

I(5t+k)  T(
[(d+k—1-35t) I'(

d)T(d—t—1)
t)(3(d—1))

Cp =Wd-—1

B0 =

(Here wq—; is the surface area of S?1.) If ¢t>d—2, then cx(3) increases to cy,
hence one can obtain the precise result I;(1)=>p, ckllpr]/3. If t<d—2 one can
only conclude that I;(1)>>"77 cxllpx )3

4. The size of pluriharmonic measures

We identify R®** with C™ and consider the set of positive functions which are
pluriharmonic in the unit ball. The Taylor series around the origin of such a function
can be presented as co—l—szl Caz®+caz?. Its boundary value on the sphere is a
finite measure called a pluriharmonic measure.

4.1. Size of coefficients

We have the following estimate on the size of the coeflicients of pluriharmonic
functions.

Proposition 4.1. For any integer n>2 there is a constant C such that if
f(Z):Co+Z|a\21 Caz2%+coz® 15 a positive, pluritharmonic function defined on the
unit ball in C™ and 0<e<1, then

=1 al 2 Cccl
> o (X papielt) < P os

laf=k "
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Proof. As remarked in [A], if i is any pluriharmonic measure, then p(B(a,7)) <
Cpr?21(8271) for all a€S**~! and r>0. It is shown in [F, p. 65] that this implies
that

Cn(2n—
Ipp—o-c(p) < (——g?n—z)—{—l)u(szn_l)Q for every ¢ > 0.

When p is the boundary value of f, then Mk:Z\a|:k Cu 2%+ cez® when k>1,
and therefore (see [Rud, p. 16])

plg = S Bl g gt § 22

et (n—1+|al) P |ex!

Also, (82"~ 1)=f(0)=co because f is harmonic in the ball. Now apply Theorem 3.1
(or Corollary 2.8) with s=2n-z-2. 0O

4.2. Hausdorff dimension

The Hausdorff dimension of a measure p is defined as
dimpy p=inf{dimy F: u(E) > 0}.

It is known that if I;(u)<<oco, then dimg p>t (cf. [F}).

In [Do] an example is constructed of a singular, pluriharmonic, probability
measure y on the sphere in C™ with spherical harmonics satisfying ||z ||z <ck—1/? for
k>1. It is an easy consequence of formula (3.1) that such a measure has Hausdorff
dimension 2n—1, the maximum possible.
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