Regularity theorems for nondiagonal
elliptic systems

Michael Wiegner

1. Introduction

Recently the close connection between regularity properties of weak solutions
of quasilinear elliptic systems of partial differential equations and Liouville-type
theorems for such systems has become an object of investigation by several author’s
(21, 141, [5], [71, [9D. Up to one exception results concerning regularity properties
have been established first and Liouville-type theorems for the corresponding sys-
tems have been proved afterwards. Ivert [5] was the first to reverse this relation
and to give a negative answer to an open question in regularity theory by using a
counterexample to a Liouville-type conjecture due to Meier [8).

Concerning the other way around — to give a positive answer to the regularity
problem for a certain class of elliptic systems under weaker conditions than pre-
viously known via Liouville-type theorems — nothing has come to the author’s
attention. It is the aim of this note to give results of this kind and show that with
the same methods it is possible to prove new regularity theorems for weak solutions
of quasilinear elliptic systems

((Ti—(a%f(x, wul )= fi(x,u,Vu), j=1,..., N,
B

where f may grow quadratically with respect to |Vu| and aff(x, u)=47(x)+
B (x,u) is elliptic as well as 4}f, where A is continuous and B}f(x,u) only
measurable, and a relative smallness condition for the measurable part is known.
This condition is (in contrast to [3]) not unnecessarily strong but is — restricted
to the case A;‘J‘.’ =4 0;; treated by Sperner [11] — especially independent of the
ratio of eigenvalues of 4% thus improving the results given there. A concrete bound
for B to be admissable in the general case is given too.

The results are inspired by recent work of Giaquinta—Modica [3], Kawohl [7]

and Meier [9] and are essentially based on some ideas due to Campanato [1].



2 Michael Wiegner

In the sequel we use the summation convention (repeated indices are to be
summed). | | denotes the Euclidean norm in the various spaces R* and

Br(xo) = {x|x€R", |x—xo| < R}, By = Bg(0).

Further if (Af) with 1=i, k=N, 1=«, f=n is an arbitrary matrix, let [[4%|| be
the operator norm

l4sf® = sup {3V, 20, (42 €.
1¢1=1

2. Results

Theorem 1. Let
af (x) = A5, +b¥(x), 1=ij=N, l=a,f=n
with AP*=A"P¢R and
Ml]2 = APE Ly = wlll for EER”

with certain constants O<lA,=p,. Let b¥ be measurable functions defined on R"
and Ry=0 such that

1B (ol = 6% if Ix| = Ry
with

) §<ot = Ln") with c(n) z% ~ 0.7357.

Then if u¢Hy ,, (R", R")nL_ is a bounded solution of
an afful, @i, dx=0 forall ¢cCy(R",RY),

u is a constant vector.

Remark 1. The proof avoids the difficult technique of [11] used by Meier for

the proof of Theorem 4 in [9]. Yet the bound is independent of %
0

Yn—1

n—-2"

(I conjecture

the exact bound to be §*= motivated by the example in [11]).

Remark 2. The estimation of ¢(n) can in fact be slightly improved. Our method
gives a c¢(n) with lim,  _ c(n)=y~0.8047, c(3)=1.2489, c(4)=1.0886.
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The combination of this theorem and the theorem 2.1 of Kawohl [7] yields
Theorem 2. Let QcR" be a bounded domain and let

aif (x, u) = A?(x)6,;+ B (x,u), 1=i,j=N, 1=a,f=n
with
A% — 4b2c C(T,R)
and
B#cC(2XRY, R).

Let O0<Ay=p, and d be constants with

Aolél? = A (x) &, 85 = polEl? for E€R", x€Q
and
1B (x, )| = 84 for (x,u)e QXRY.

Then every bounded weak solution u¢ Hy(Q, R nL_ of
-3—)6-;(0??(36, u)ui“) = 0, ] = 1, cens N

is a~Holder-continuous on compact subsets K of Q with a certain 0€(0,1) and an

a-priori-estimate
lullcxxy = const (”u”L,,a Ao Ho» 0, d(K, 39))

is valid, provided that

2 & = 8% as given by Theorem 1.

1/2
Remark. The bound of [11] is of the form (%) . (n™*?). Note that the counter-
0

example of [11] is restricted to the case Ay/po=1.

In the next theorem we consider systems with a nonlinearity on the right hand
side, which is of quadratic growth with respect to |Vu|.

Theorem 3. Let uc Hy (Q,R¥YNL_ be a bounded weak solution of
O (a3t ) = Vu), j=1,..., N,
_536—/; (aif (x’ u)uxx - _—f;"(x> u, u)’ J= L . 1y,

where f; is measurable and satisfies
3 |fCx, u, p)| = alp|®>+b with constants a, b= 0.

Suppose that af(x, u)=A"*(x)d;;+ B (x, u) with functions A* as in Theorem 2
above and with measurable functions B,?‘f with uniformly bounded norm

4 1B (x, Wl = 04
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Then there is an a€(0, 1) such that. u is a-Hélder-continuous on compact subsets
K of Q and an a-priori-estimate

“u”C,x(K) = const (”u”Lm’ /10’ Ho, 57 a, ba d(l(a 3Q))

is valid, provided that

9 12
) o (5_ 2aM] e

FPRAV N
where 6* is the bound of Theorem 1 and M=|lul,_.

Remarks.

[

The remarks to Theorem 1 and Theorem 2 apply here too.

2. The interest in measurable coefficients is due to the fact that the coefficients
usually depend on the function u the regularity properties of which are still to
be determined. So the functions B(x, u(x)) regarded as functions in x are
only measurable at the beginning.

3. As usual the constant b might be replaced by a function b€L,(Q), q>—;~,

4. The same theorem (but with a more restrictive bound for the admissable varia-
tion &) is true, if A*#(x) is only measurable. See the remark at the end of the
proof of Theorem 3.

The next theorem gives concrete estimates for the general case, too. Compare the
analogous result in [3], Theorem 4.1.

Theorem 4. Let QCR" be a bounded domain. Let u€HXH(Q,RM)NL_ be a
bounded weak solution of

6 —8—(a°i’1’?(x, wul y=f(x,u,Vu), j=1,...,N,
0xg -

where
aif (x,u) = A (x)+ B (x,u)
with A% (x)€C(2, R)

0] Aol&l2 = A ()L, = molél

for all E€R™, x€Q with O<2A,=p,. Further let Bf(x, u) be measurable bounded
functions with

®) [ B (x, w)l| = 64
and let f; be measurable with

9) | f(x, u, Vu)|] = a|Vul®2+b.
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Then there are positive constants cy, ¢, such that for all compact subsets KC Q

u€ C,(K) with a certain o =0 and

A
e = e (022, b, 6 Tl m 7 d(K, 99)
0
provided that

5 (8 aM(e,+1) ]1’2 2 (%9
(10) 2+(4+ A “n o '

Here ¢y, c;=1 are given by Lemma 5 below.

3. Proofs
We need some lemmata. The first one gives a precise estimate for solutions of
certain constant coefficient problems.
Lemma 1. Let A =A%* be constant coefficients with
MlEl? = APE,Ep = polE)® for all EERT, 0 < o = py.
Then there exists a positive definite real symmetric matrix S such that for all solu-

tions v Hy(S(Bg), R")nL_ of

fS(BR) 4 5if U;u (p;p dy =0, S (j()DD (S(BR), RN)
we have

2 = g)n 2
(11) fs(Be)lSVvl dy_[R fS(BR)|SVz:| dy, 9<R

Proof. If A denotes the matrix (4%f), let S be the positive definite symmetric
matrix with 4=S2=S"S. By the transformation y=Sx we see that #/(x)=v'(Sx)
is harmonic on By, which implies

2 - _Q_ § 2
fBe [Vul dx:(R] fBRquI dx.

As yu'=Syv’ we may transform this estimate back to the y-coordinates which
proves the lemma.

Lemma 2. Let u, v€L,(Qg, RY), A, B, CER*, such that
i) f!2 v(u—v)dx = 0,

i) [, u—oPdy=4f |uPdx+C,
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and suppose that for a subset Q, of Qg
2 = B2 2
iif) fﬂe [v|2dx = B jﬂR [v|2dx.

Then we have

(12) fne lupdx = (4V1—B2+BY1 —Az)zfﬂR |u|2dx+(1+%)C

provided A*+B*=1.

Proof. We have for a€[0, 1], e=0

fﬂe [ul2dx

= fgelulzdx—{-fge|u—v|2dx+2afﬂev(u—v)dx—2(1——oc)fﬂk\nev(u—v)dx

o 2 (1-a)* 2 2
= [l+—s-)f9e|v| dx+ o1 fﬂn\ﬂe [v] dx+(s+1)ng |u—v|2dx

§(8+1)fﬂR[u—v|2dx+[[%2+l (+°1‘)2] “)Z]j |v]2 dx.

Now because of 1) we have
fQR Ivlzdx:fnk ]ulzdx—fﬂRlu—vlzdx.

This gives
fge [ul2dx = (A2(8+1—D)+D)fﬂR]u|2dx+(s+1—D)C

e® (1-o)? (1—a)?
D_(?“_ e+ 1 ) B+ e+1

with

provided that
D =¢g+1.

Now let a=a—1|)—b€[0’ 1] with

B2 —RB?
b_l

a=—, =—,
€ e+1
This implies
ab B2(1—B?)
2 — B2 -
D=B+——70 P =B%+ BT 1

Inserting we have
S, lulrdx= KleR ul2dx+ K,
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with
(1— A2 B*(1—B?%
B2i¢ )

K, = A%(+B%)+ A%(1 — B+ Bx(1 — A%) +

So choose as:;lli Y1 =42 Vl-—B2~B?'§% which yields the desired estimate. As

we may assume that 42+ B2?<1, we see that ¢=>0 indeed.

As we need a sharpened version of an inequality due to Campanato ([1], Lemma
6.1.), we give another proof which seems not only more elementary to us, but provides
us also with the idea for proving regularity theorems.

Lemma 3. Let ¢: R*—~R* be a nonnegative, nondecreasing function, such
that there are nonnegative constants a, b, @,, y with

)] (p(g)é[a[%]y+b] @ (R)+ ¢, for all g<R<co, % <0 with a fixed =1,
(i) supgz; @(R)R* V<o for a certain £¢(0, y).

Then we have

(13) SUp ¢ (R) = ¢g-2(b*—b) ™ <o

provided that

(14) b<b*=-2 minle, ay

y—¢
Remark. b* cannot be increased, since otherwise ¢(g):=0"~° would furnish

. &
a counterexample, if «f°=1 s

Proof. Let us suppose that (13) is false. Then for R=R, we would have

e
0(Q) = [a [%] +5] @(R) with 5> b, but b still less than b*.

Now let A:supRéquo(R)Re_V, which is nonnegative and finite by (ii). This
implies

o= [“ (2]« (%]H] (R) R
=4 (a [']%)S'HA? (%)8—7] for ¢=<RO

0=4=4 Si)nof:l(aS‘s%-bSV“‘).

which in turn gives
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If the factor on the right hand side is smaller than 1, we would have 4=0 and
hence ¢=0, a contradiction. A computation shows that this amounts to the con-
dition on b* as stated in the lemma.

Lemma 4. Let a}f (x) be bounded measurable coefficients on R" and >0 with
af &Ly =AE2 for LER™.
R, RMYN L_, is a solution of
fR" afful @i, dx= fR”aIgol |Vu|2dx
for all @eCy°(R", RY) with alu|,_<A, we have
2—n
sup {R fBR |Vu|2dx} < oo,

If ucH;

loc

Proof. A test with @=u-y? yields the well known result, see e.g. [9] for the
necessary estimations.

Proof of Theorem 1. The method of this proof is essentially due to Meier [9].
Let us suppose R,=0. Let S be given by Lemma 1. For an arbitrary R>0 let
vEHF(S(Bg), RY)n L, be the solution of

(15) %(A“ﬁéijviu) =0, j=1,...,N on S(By)
v—uEIole(S(BR), R").
Set w:=v—u. We have |||, =2]ull,_. For all testfunctions ¢ we have
f S A5, w @l dx = f s bif ul, i, dx.
For o=w, we get

SonyISVWEdx =000 [ IVullVwidx =6 [ ISVul[STw|dx
and

(16) Ssw, SV Ax =6 [ 1SVul2dx.
R

Note that w depends on R. Now using (11), (15) and (16) we apply Lemma 2 and
get by the estimate (12)

R n/2 N2
= — g £ —52
fs(Be)lSVude:[él/l [R)+[R] V1 5]fS(BR)|SVu|2dx

if 52+(—1%] =1.
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Now we apply Lemma 3 to the function

— 2052 wi LA Vi oy -1
(@ = ([, ISVulax)™ with y =7, a=V1-3
e=1, =0 and b=4& to conclude that ¢ =0, since the condition on b is fulfilled
and ¢(g) '~ remains bounded by Lemma 4. As ¢ =0, u has to be a constant,
which proves the theorem. The slight refinement given by Remark 2 will become
clear in the proof of Theorem 3. The case R,>0 is similar; we would conclude

that ¢ remains bounded, which gives the same result.

Proofs of Theorems 2 and 3. As stated, a combination of [7], Theorem 2.1 and
of our first theorem proves Theorem 2. But the nonhomogeneous case cannot be
treated this way. We proceed as follows. Let x,6Q be arbitrary, for simplicity
we may suppose x,=0. Let Ry=1 such that Byg, < Q. By a variant of Lemma 4,
we have

(1N fB [Vul?dx = c,0"-? forall o= R,

where c¢; depends on the parameters, but not on ¢. We start with a similar procedure
as in the proof of Theorem 1. Let S2=(4*(0)) as in Lemma 1 and R=R,=R,
such that S(Bg)c Q. Let v"¢H;(S(Bg), R")nL.. be the solution of

%(A“”(O)éi,-vﬁ;i) =0, j=1,...,N on S(Bp),

vR —ue H(S(By), RY).

Set wt:=v"—u. We have |w®|,_=2M=2|u|, by the maximum principle. For
all testfunctions ¢ we have

aff CwRei
fs(BR)A 0)3;;wRigl dx

= b8yt ol dx ol dx
S(BR) iy xa(px,; + S(BR)f (p

+ (A% (x)— A% (0)) 6,;u’, 0, dx.

5(Bg)
Using the continuity of 4%, we get for ¢=wR the estimate
R|2 - R
(18) fS(BR)ISVw [2dx = 5/10fs(BR)|Vu| |VWR| dx

2aM

Ao Y SR

+ )NOIVu|2dx+/los(R)fs(B | |Vul VWP dx+cy- R

with limg_, e(R)=0.
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By virtue of 2y|z[>=|Sz|® and of Young’s inequality we arrive at

Ri2 = 52 2 . R®
(19) fS(BR)lSVw [2dx = & fs(BR)[SVul dx+cg- R
with
s 8 (o 2aM)1/2 R
5—-54‘(—4"1- 7 +&(Ry).

Note that 8(R,) can be made sufficiently small by choosing R, small enough. As
above we may use Lemma 2 to get

7 n nf2 2
2 =15 _ ﬁ g __ & 2 . Rn
(20) fs(Be)’SV”' dx_[él/l (R]+[R) V1 5]fS(BR)|SVu] dx+cg- R
. oY, 5
provided [R] +o*=1.
Now consider the function

v(0) = e (f, 1SVul?dx)™.

This function is finite by (17) and bounded independently of ¢. Let R=g-s, with
a number S, sj=(1 —62)~1, which will be determined in the following. Then by
(20) we have

e} o[2) = reov o
with

7(s0) = —51: (5(53_ 1)1/2+(1 _52)1/2)'

Choose s, as to minimize y(s,) subject to the restriction sg=(1 —462)~1. This leads to

(si—1)2(1 -2 =§ [1 +[§— 1] sg]
which in turn gives

-

W= —52—2 sa(n—22=1—(n—1)8+V(1~(n—1)5%2—8*(n—2)?

1
n—1
value of s, we get

if §= . Tt is not hard to check that the restriction is fulfilled. Using this

52 (n—2)2- (1 +n—pi%)
(22) ,yn = 7"(50) = 2W(1 _52);1/2
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If § is so small as to make y=<1, the usual iteration procedure of (21) leads to

(23) ¥(0) = cs(b, sup Y(R), ¢;(s0)) [—Q—] , 0=R,,
R=R, R,
with a positive constant a.

Note once more that SUPR =g, Y (R) is bounded by a constant, depending only
on d(x,,d? and the parameters of the system. So we have arrived at the well
known Morrey-condition for a-Hélder-continuity

29 fB [Vul2dx = ¢y - "2+

uniformly on compact subsets of 2. We still have to check the necessary condi-
tions for & in (22). Now

7(Sp) = min {55("’2)—1 +(1 _32)1/2s—1}

1 (n 2/n R .
= PR - __S2\n-2/2n
1+£_1 [5(2 1]] (1—82

2
1 n/2)—1 Sn 2/n
< ||l +— «—
ny 2
2 ]
sn )"

if Séein shows the sufficiency of the condition. On the other hand, inserting
5=n1 7 in (22), we would get
n—1
(1559
_ n—1 =1
Y= 3 =
c(n)

This implies that y<!1 if and only if § = with lim,_ _ c(n)=p with

2 -
”7 e1+y1——ﬂz — 1+]/1 — 2

the only solution of which in {0, 1] is u~0.80474,
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Concerning the remark at the end of Theorem 3, it is enough to observe that
we may consider the function #R with % —uc H(Bg, RY) and

bi—(A“ﬁ(x)ﬁﬁ;i) =0, i=1,..., N,
5

as the auxiliary function. By using Hole-filling technique and Green’s function we
arrive at

n— B
f [VoR|2dx = K, [g] o f |VoR|2dx
B, - 0 R Bgr

with a certain >0 which may be used instead of Lemma 1.
The proof of Theorem 4 proceeds in exactly the same way. The only difference
consists in using the following Lemma 5 instead of Lemma 1.

Lemma 5. Let A be constant coefficients with
MlEP = AI EL8; for all EER™,
14#1 = po,
and u€Hy(Q, RNy L., with [u[=1. Let Q,CQ be a family of subsets with Q, —Q,

if 01=0y and B,,(xo)CQ,C By,(x,) for ¢=>0 with constants 0<a<b. Let v be a
solution of

a ap i _ L.
a—xﬁ-(Aij vxm)—O, ]—1,...,N,

on Qp and v—ucH}(Qg, RY). Then there are constants c,,cy=1 such that for
2<R

n
4B i g Qe %B i i
f'Qe A% vx“vxﬂdxéco[R) fﬂRA'j Uy Uk, dx
and |v|=c; on Q.

Proof. See e.g. [1]. The freedom in the choice of 2, allows sometimes to get
the best constants c¢,=c;=1 as in Lemma 1.

4. Concluding remarks

A smallness condition on the measurable part is necessary for a regularity
theorem as can be seen by the counterexample of [11]. The best what may be con-
jectured seems to be that in the case of Theorem 3 the solutions are Holder-contin-
aM ] Vn—1

n—2"

vous if 5;‘<[1 —
0



10.

11.

12.

Regularity theorems for nondiagonal elliptic systems 13

References

. CamPaNATO, S., Equazioni ellittiche del I1° ordine e spazi L'**’, Ann. Mat. Pura e Appl. 69

(1965), 321—381.

. GIAQUINTA, M. and NEcas, J., On the regularity of weak solutions to nonlinear elliptic systems

via Liouville’s type property, Comment. Math. Univ. Carolinae 20 (1979), 111—121.

. GIAQUINTA, M. and Mobica, G., Regularity results for some classes of higher order non-

linear elliptic systems, J. f. Reine und Angew. Math. 311 (1979), 145—169.

. HiLDEBRANDT, S. and WipmaN, K.-O., Sitze vom Liouville’schen Typ fiir quasilineare ellip-

tische Gleichungen und Systeme, Nachrichten der Akad. Wiss. Gottingen, Nr. 4 (1979),
4159,

. IverT, P.-A., On quasilinear elliptic systems of diagonal form, Math. Z. 170 (1980), 283—

286.

. KabLEc, J. and NEecas, J., Sulla Regularita delie Soluzioni di Equazioni Ellittiche negli Spazi

H"*?* Annali Scuola Norm. Sup. Pisa 21 (1967), 527—545.

. KawonL, B., On Liouville-theorems, Continuity and Hélder continuity of weak solutions

to some quasilinear elliptic systems, Preprint Nr. 515, Technische Hochschule Darm-
stadt (1979).

. MEIER, M., Liouville theorems for nonlinear elliptic equations and systems. Manuscripta

math. 29 (1979), 207—228.

. MEmER, M., Liouville theorems for nondiagonal elliptic systems in arbitrary dimensions, Math.

Z. 176 (1981), 123-—133.

SERRIN, J., Liouville theorems and gradient bounds for quasilinear elliptic systems, Archive
Rat. Mech. Anal. 66 (1977), 295—310.

SPERNER, E., Uber eine scharfe Schranke in der Regularititstheorie elliptischer Systeme, Math.
Z. 156 (1977), 255—263.

WIEGNER, M., A-priori Schranken fir Lésungen gewisser elliptischer Systeme, Manuscripta math.
18 (1976), 279—297.

Received March 7, 1980 Michael Wiegner

Institut fiir Mathematik

der Universitit Bayreuth,
D-8580 Bayreuth,

Federal Republic of Germany



