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1. Introduction

We begin with a review of the basic notions of interpolation theory. Let
A=(4,, A;) be an interpolation couple of Banach spaces, i.e. 4, and 4, are Ba-
nach spaces which are continuously embedded in a Hausdorff topological vector
space. The vector spaces A(4)=AynA4; and 3 (A)=A,+A4, are also Banach
spaces with respect to the norms | - || 404, and |-l 14, given by:

lall 4yna, = max {{|all 4, lall 4,}
"a"Ao+A1 = inf{"a0||Ao+"aluAllaoEAo, @,€4;, a = ay+a).

Let S={zeC|0=Rez=1}, §={z€C|0<Re z<1}. Given an interpolation couple
A, F(A) is defined as the space of all > (A)-valued analytic functions f(z) on S,
which are bounded and continuous on .S, and which also satisfy for j=0, 1: f(j+it):
R->4; are continuous and liml,l_,,,f(j+it)=0.

We define a norm on F(4):

1/ pcay = max {sup | ()]l 4, sup AL +i0)]l4,}-

(F(A); Il - llpay) is a Banach space.

Definition 1.1. The space Ay consists of all a€ (4) such that a=f(0) for
some f€F(A). Define a norm on Ag:

lall 4, = inf {| fl )| /6) = a, fEF(4)}.

Next, one defines another space of analytic functions H(A) as follows. Func-
tions g in H(A) are defined on the strip § with values in > (4). Moreover they
have the following properties:
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(1) 8@ 41 4, Sc(U+12),
(2) g is continuous on S and analytic on S,
(3) For j=0,1, g(j+it)—g(j+it,)éA; for all real values of 7 and ¢, and

)
is finite,
The space H(A), reduced modulo constant functions and provided with the
norm | gllg4y> is a Banach space.

| g(1+it)—g(1+it)|

g(it))—g(ity)
i t—1y {

h—1,

, Sup
Ay Ity

Igllace = max{sup

fiefy

Definition 1.2. The space A° consists of all a¢ > (4), such that a=g’(6) for
some g€ H(A). The norm on A°is

lallae = inf {l|gllny| &(6) = a, geH(A)}.
Definition 1.3. For each t=0, define on J (A4):
K(t, a) = K(1, a; A) = inf {|lay|| 4.+t a1l 4,1 Ge€ 4o, B1€E 4, a = ay+ay}.

Definition 1.4. For each 0<f0<1, O0<p=<, we define the real interpolation
space A, , as the space of all ac 3 (4) for which

lalLa,,, = (f (70K (2, @) dijt)'F <oo.

In this paper we consider only 1=p=co.

The following facts are well-known:

(1) (Ao.p5 -4, ,) are Banach spaces. These are the real interpolation spaces
of Lions and Peetre,

(2) The spaces 4, and 4° are Banach spaces. These are the complex interpola-
tion spaces of Calderén.

(3) (4o, Al); =(A3(, A’lk)o'
For detailed information on these spaces see [2], [3], [6]).

Definition 1.5. Let 4 and B be Banach spaces and let T be a linear bounded
operator mapping 4 into B. T is a Fredholm operator if and only if its kernel
has a finite dimension and B=TA4®M, with dim M <. dim M is the codimen-
sion of T, codim 7. The index of T is defined by i(7T)=dim ker T—codim 7.

Remark 1.6. Let 4 and B be Banach spaces and let T be a linear bounded
operator from A4 to B. We will denote by T the reduced operator of T, i.e.
T: A/ker T—B. If T has a finite codimension, i.e. B=TA®M with dim M< o,
then by the open mapping theorem, 7-1: TA—Afker T is bounded, and T4 is
closed. See e.g. [4], [9].

Let T: A;—~B; (j=0,1) be a linear bounded operator. We will denote by
T, the restriction of T to 4, and by T, , the restriction of T to 4, ,. Let |Ty], |73,



Stability of Fredholm properties on interpolation scales 251

I and ||T; | be the norms of the restrictions of T to Ay, 4;, A and 4, , re-
spectively. If we denote 7’| =max {|T5|, I3}, then |T=lT|, and |T; I=|T].

Assume that the restriction of 7 to an interpolation space is a Fredholm opera-
tor. The question of the stability of this property when one changes the parameters
which determine the interpolation space has been considered by several authors.
See [1], [8], [10]. Here we prove: if 7, , is a Fredholm operator, then there exist
0>0, >0 such that if [0—s|<J and |g—p|<e then T,, also is a Fredholm
operator and #(Ty ,)=i(T; ,). We prove this result by proving a corresponding
result for complex interpolation and then using a reiteration theorem:

As,p = (Aso,pa Asl,p)g Ao,p = (AG,po’ Ao,p,),,

for appropriate { and #.

Sneiberg in [8] has shown that if T: (4,, 4,),~(B,, By), is a Fredholm oper-
ator then there exists §=0 so that [y—({|<& implies that T;: (4o, 43);~(Bo, By,
is a Fredholm operator (and with the same index). To apply the complex interpola-
tion result to real interpolation scales, however, we need control on the length of
the interval of n’s for which the stability of the Fredholm property holds. The point
is that we need to iterate twice and in Sneiberg’s result the length of the interval
of stability of the Fredholm property depends on a certain projection operator
and the norm of Tsj;. Sneiberg’s proof does not give control either on the projec-
tion operator or on | T",,,‘;H in terms of the behaviour of T on 4, ,. Therefore
if we use Sneiberg’s proof we cannot iterate the result to get a neighborhood of
(s, p) of the form |0—s|<0, |g—p]<e. We therefore give a different proof which
gives the required control on the interval of stability of the Fredholm property,

Definition 1.7. Let A, B be Banach spaces and let T be a linear bounded opera-
tor from A into B. Then 7 has property W with constants (k, d) if there exists a
subspace M of B, dim M=d<-<o, and for any y€B, there exist x€A4, 2z€M, so
that y=Tx+2z, and
Ixla =klyls, izl = kliylis-

Remark 1.8. Let A=(4,, A;), B=(B,, B;) be Banach interpolation couples and
T: A4;—~B; (j=0,1) be a linear bounded operator. If T, has property W with con-
stants (k, d), then there exists a subspace M of B, so that YyE€B,, there exist
SfEF(4) and zEM such that y=Tf(s)+z, | flecy=(k+Dyls, and |zl =
k3l

Lemma 1.9, Ler A, B be two Banach spaces and let T be a linear bounded oper-
ator from A into B. Then T is a Fredholm operator if and only if T and its dual T*
have property W.

Proof. Let T be a Fredholm operator. Since T has finite codimension 4, by
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remark 1.6, 7~ is a linear bounded operator defined on T4. There exists a bounded
projection P of Bonto T4 with |P||=d+1 (seee.g.[7]). If we denote (/—P)B=M,
then dim M =d.

For any b¢B, b=Pb+(I-P)b=y+z with ycéTA and z€M such that
[Yle=(d+ )bz, lzllz=(d+2)]bl|zg. There exists x€A4, so that Tx=y and
IxI =21 T-Y | plzg=2(d+D T~V |6l 5. Hence T has property W with constants
QE+DAT Y +1), 4).

T* also is a Fredholm operator with dim ker T*=codim 7, codim T*=
dim ker T=d* and |T*|=|T|. Therefore T* has property W with constants
QE@*+DATH Y +1), a%).

Now we assume T and 7™ have property W. Then B=TA+M with dim M=
d< . Hence we can find M, with finite dimension such that B=TA®M,.

Using duality, we have dim ker T e, so that T is a Fredholm operator, and
the theorem is proved.

An important tool in handling finite dimensional subspaces is Auerbach’s
lemma:

Lemma 1.10. Let M be a Banach space with dimension d< . Then there exist
{ers ., eyTM and {fy, ..., i}y M*, such that

(D) lely=1 and | flyr=1, i=1, ..., d.
(2) file))=6y;.

See [5] for a proof.
Given a finite set of vectors {e,, ..., e;} in a Banach space 4, we define:

b(ey, ..., e;) = min {HZLI c,eil|4|max|c| = 1}.

Clearly {e,, ...,e;} are independent if and only if b(e, ..., €;)=0.
We will need the following consequence of Auerbach’s lemma.

Lemma 1.11. Let M be a Banach space with dimension d<o. Then {e,, ..., e;}
can be found so that |e],,=1, and b(e,, ..., e,)=1.

Proof. Let {e,, ..., e,} be a basis for M, {f;,....f;} a basis for M*, so that
ledl=1, | fillar=1, and fi(e;)=48;;. We then have

S cel= swp |f(Si, ce)= sup
1 xe

1Sl pg*S

NS (S )

fetlel=

= sup |Z'?=1 %l = max {le:l}-
2?:1 [LAED

We have shown b(ey, ..., e;)=1. The opposite inequality is clear, and the proof is
complete.
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2. Fredholm operators and complex interpolation spaces
Lemma 2.1. Let A=(A,, A;) be an interpolation couple of Banach spaces with
AynA; densein A;, j=0,1 and fcF(A4). Let 0<0, s<1 and define:

d(z)—d(s)
1—d(z)d(s)

where d(-) is a conformal map of the strip S, onto the open unit disc D. Then:

1A 4,— 9, ) f 1 reay

q(z,8) =

(2.1) /O 46 = 1S ray 1A rcay—q 0 )B4,
22) 17O 4o = 1 £ty + 46 )Ny
23 W @0 = DA e =40 IVl o

110y —q (0, $) [ (5)]]Lus
249 17O 40 = 1A' (N 4=+ (0, )l Ml sy -

For the proofs of (2.1) and (2.3) see [8]. (2.2) and (2.4) are easy consequences of (2.1)
and (2.3).

Remark 2.2. Suppose u€ F(4) and |u(8)) Aaéllull Fay=2u@] 4, BY 2.2),
if 5 is close to 6 so that ¢(8, s)=1/2, then

Nt ()4, = Nu(O)]] 45/2-

Lemma 2.3, Let A, B be Banach spaces, and let T be a linear bounded operator
from A into B. Assume that there exist a subspace M of B with dim M =d<< and
constants k, r with r<1, so that Yy<B there exists a decomposition y=Tx+
z4y, with y,€B, x€A, zEM, so that

Ixla=klyls, lzlp=klyls, Inls=rlyls,
then T has property W with constants (k/(1—r), d).

Proof. By repeated applications of the hypotheses we have y=T2>7 , x;+
i Zi+y,, with z€M, y,€B, x,€4, and

Iyulle = 7 | ¥lis
Ixlla =klyiills = kri-1yls
Izl = kllyi-illp = kr= Iyl 5.

Since 4 and B are Banach spaces and M is a closed subspace of B, we have

V>0, S0 x> xCA, 3Tz~ 2EM, as n->eo,
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[ ¥lls, and the proof

k
Therefore y=Tx+2z, with ||x| = 3 Iyl and |z]z= 7
is complete. —-r -

Theorem 2.4. Let A=(A,, Ay) and B=(B,, B,) be Banach interpolation couples
and let T: A;—~B; (j=0,1) be a linear bounded operator. If T, has property W
with constants (k,d), then there exists 6=>0 which depends only on k, d and |T||
such that |0—s|<§ implies that Ty has property W with constants (8(k+1)d, d),
and codim Tp=d.

Proof. Since Ay=((4y; Ay)s,> (4o, 4y); ), where (1—{)so+{s;=0, and since
(Ao A1);,N(Ao, Ay)s, s dense in (4o, A,)sj, we can assume without loss of gen-
erality that 4,n4, is dense in 4;, and that B,nB, is dense in B;, for j=0, 1.

Since T, has property W with constants (k, d), B,.=TA,+M, with dim M,=d.
By lemma 1.11, we can find {e,, ..., ¢;}, a basis for M, so that

.5 by =min{||57_, cie;

Let v,€ F(B) so that 1=|v;[|r3,<2 and v;(s)=e¢;. Denote by M, the space spanned

by {v:(1)}.
Choose 6=0 so that |0--sj<dé implies ¢g(0, s)=1/2, then by remark 2.2,

Ho,(0)l15,=1/2.
Let yo€By. There exists u€F(B) so that u(6)=y, and |ullp@m=2|yls,-
Set y,=u(s). By remark 2.2, we have

(2.6) ".V(9||Bg/2 = | ylls, = ”u(s)”Bs = ”u“F(B) = 2")’0HBQ~

Since T, has property W with constants (k, d), we have, by remark 1.8, € F(A)
so that y,=Ty(s)+z} with 22 =37  c,e€M, and

27 IWlray = (+D ydls, = 2(k+1) ||yl 5, -

(2.8) I25l5, = kllydls, = 2k | p4li, -

Set ¢=27 , c;v;, then zl=¢(s). By (2.5) and (2.8) we have

e = || 37, cie

From {ov;fip<2 it follows that

(2.9) Iplem = Zi, el 1ol rs) = 4ka || ¥4l 5,

From u(s)=Ty(s)+¢(s), by (2.2), (2.6), (2.7) and (2.9) we obtain that
ITY(0)+¢(0) ~u(®) 5, = ITY () + P (5)— u(s)lp,+ ¢ (6, HITY + ~ul| gz

= q@, )TV r@y +1S 1 ry+ 1l pp)
= q(0, )2k + DT +4kd+2) | Yol 5, -

s |maxlc| = 1} = 1.

s, = [1Z3ls, = 2k [ yells, -
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Choosing a smaller § so that

q(0, )2k + DT +4kd+2) < 1/2,
for |@—s|=<d, we then have

(2.10) 1T (0)+ ¢ (0)— u(6)l5, = |l ¥ll 5,/2

with § independent of y,. Set yi=u(8)—¢(0)— T (6), xs=¥(8) and zi=¢(0)c M,.
We get yo=Txy+y;+2y, and the following estimates:

x5l 4o = NWllpcay = 2(k+1)]|yoll 5,
1zl 5, = 1Pl remy = 4k ||yl s,

188, = 1u(®)— ¢ (O)—TY (O3, = Il ¥sll,/2-

By lemma 2.3, T, has property W with constants (8(k+1)d, d), and the proof is
complete.

Remark 2.5. 1t is not difficult to see that, by (2.3) and (2.4), theorem 2.4 holds
for interpolation in Calderdn’s second (upper) method. By duality, if 7,* has property
W with constants k* and d*, then there exists >0 which depends only on k*, d4*
and ||T*| so that [§—s|<é implies that T;* has property W with constants
(8(k*+1)d*,d*), and codim Ty =d*.

Corollary 2.6. Let A=(A4,, A;) and B=(B,, B,) be interpolation couples of
Banach spaces and let T: A;—~B; (j=0, 1) be a linear bounded operator. If T, and
T have property W with constants (k,d) and (k*,d*) respectively, then there exists
6=>0 which depends only on k, k*, d, d*, |T| and |T*|, such that |0—s|<& im-
plies that Ty is a Fredholm operator with dim ker Ty=dim ker T, codim Ty=codim T
and i(Ty)=i(T)).

Proof. By theorem 2.4 and remark 2.5, there exists >0 which depends only
on k, k*, d, d*, |T|| and |T*| such that |@—s|<J implies that T, and T;* have
property W. Hence T, are Fredholm operators with dim ker 7T, =dim ker 7; and
codim Ty=codim T,. We now apply theorem 2 of [8] which states that if 7} are
Fredholm operators for all 0€(, @;), then the index of Tj is constant on (g, o),
and get our theorem.

3. Applications to real interpolation spaces
Theorem 3.1. Let A=(A4,, 4;) and B=(B,, B,) be Banach interpolation couples,

and let T: A;—~B; (j=0,1) be a linear bounded operator. Let T, , be a Fredholm
operator with codim T, ,=d<o and dimker T, ,=d*<co, where O<s<l and
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l<p<eo. Then there exist 5, ¢=>0 such that |0—sl<06 and |q—pl<e imply that
Ty, is also a Fredholm operator with dim ker T, ,=d* and codim (Ty,,)=d. Further-
more we have i(Ty ,)=i(T ,).

If p=1, then there exists 6=0 so that |0—s|<d implies that T, , is a Fred-
holm operator with dim ker T, ;=dim ker T, ;, codim T ;=codim T; ; and i(T )=
i(T,,0)-

Proof. We will prove the case 1<p< - and leave the case p=1 to the reader.

Let O<sp<s<s;<1. Let {, be given by s=(1—{;)ss+os5;. By theorem 4.7.2
in [2}, we have

(ERY (Ao, 55 Asrpdto = 45,0 By, s B, p)e = Bs.»
and
(32) (As*o-P’ A;klm);o = A;kp (B:oap’ B:bp);o = B:,p'

The constants involved in these norm equivalences remain uniformly bounded when
{ ranges on a compact subinterval of (0, 1).

By assumption, the range of T, has finite codimension 4 and the kernel of I,
has finite dimension d*. Furthermore we have

“T;-ol” = m”Ts_;” and (7)Y = m”(T;:p)_lll-

(The constant m is needed since the norms in (3.1) and (3.2) are equivalent, not
equal.)

By lemma 1.9, T; and T;* have property W with constants (I, d) and (I*,d*)
respectively, where [=2(d+1)(m]| T;;H +1) and [*=2(d*+1)(m ll(fsfp)‘lll +1).
By theorem 2.4 and remark 2.5, there exists &' which depends only on I, I*, d, d*,
m, |T| and [|T*| such that |{,—(|<¢" implies that T; and 7;* have property
W with constants (8(/+1)d,d) and (8(I*+1)d*,d*), respectively. Hence T; is
a Fredholm operator, with dim ker T;=dim ker T, codim T;=codim T;, and
i(T;)::i(T;o), and so if 0 satisfies |@—s|<d, where 6=0(so+sy), then T, , is a
Fredholm operator with dim ker 7; ,=dim ker T} ,, codim T, ,=codimT; , and
i(Ty, )=i(T, ;). For the repeated interpolation below we need to observe more-
over that T, , and T, have property W with constants (8my(1+1)d, d) and
(8my (I*+1)d*, d*), respectively. Again the constant m, is needed since we have
norm equivalences in (3.1) and (3.2). As observed before, it is uniform on compact
subintervals of (0, 1).

We choose 1=p,<p<p,<-<- and take 5 so that 1/p=(1—n)/pe+n/p,. Then:

(Ao, py> Aﬂ.m)n - Ae,p’ (B, po» Bﬂ.px)n = By,

(A;:Po’ ;.m)" = A:,w (B*,po’ B;.px)ﬂ = B;,p'

and
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As in the first part of the proof, for any fixed 0 satisfying |0—s|<J, we can find
&>0 which depends only on I, I*, d, d*, m, m;, | T|| and || T*| (and so is the same
forall 0, |0~—s|<4), such that [g—p|<e implies that Ty , and 75, have property W.
Hence T, , are Fredholm operators with codim T, ,=d, dim ker T, ;=d*, and
i(Ty,))=i(Tp,,), and the theorem is proved.

Corollary 3.2. Let A=(A4y, A}) and B=(By, B,) be Banach interpolation cou-
ples and let T: A;~B; (j=0,1) be a linear bounded operator. Then

M) If kerT, ,={0} and codim T, ,=d<<, where O<s<1 and l<p<oo,
then there exist 6=0 and e¢>0 such that 10—s|<d6 and |q—pl<e imply that
ker T, ,={0}, codim T, ,=d.

If p=1, then there exists 6>0 so that |0—s|<& implies that Ty , is a Fredholm
operator with ker T, ;=1{0}, codim T, ,=d.

(2) If dimker T, ,=r<ec> and T, , is surjective, where O<s<1 and l<p<eos,
then there exist 6>0 and &¢>0 such that |0—s|<8 and \q—pl<ec imply that
dim ker Ty ,=r and T, , is surjective.

If p=1, then there exists >0 so that |0—s|<é implies that Ty y is a Fredholm
operator with dim ker T, ;=r and T, , is surjective.

Proof. Assume that ker T, ,={0} and codim T, ,=d<<. By theorem 3.1,
there exist 6>0 and &>0 so that |[§—s]<é and |g—pl<e imply that T, is
a Fredholm operator with (T, )=i(T ,). Furthermore, dim ker Ty ,=dimker T, ,
and codim T, ,=codim T, ,. Since dimker T, ,=0, we have ker T, ,={0} and
codim T, ,=d.

The case of p=1 and part (2) follow similarly.
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