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Introduction

A partial differential operator with constant coeflicients is said to be elliptic
(hypoelliptic) if it has a fundamental solution which is real analytic (infinitely dif-
ferentiable) outside the origin. It is said to be hyperbolic if it has a fundamental
solution which vanishes outside some proper cone with vertex at the origin. These
classes of operators are well known and their properties have been studied in some
detail (see e.g. Hormander [5] and Atiyah—Bott—G4rding [2]). We shall here make
a detailed study of a class of operators called hybrid or hyperbolic-¢lliptic operators,
defined by having fundamental solutions that are analytic outside proper cones
with vertices at the origin. Like the elliptic and hyperbolic operators these hybrids
have principal parts in the same class and weaker lower order terms are the only
lower order terms that can be added to a hybrid operator without destroying its
character. The hybrids between the hypoelliptic and hyperbolic operators, char-
acterized algebraically by Shirota [9], do not share these simple properties.
For them, as for the hypoelliptic operators, the principal part is not a rele-
vant concept.

I shall now list the main results. First some notation and definitions. Points
in R™ will usually be denoted by &, n while points in R will be denoted by s, . When
P(§) is a polynomial, P(D), D=(9/i0x,, ..., d/idx,), denotes the associated dif-
ferential operator. Homogeneous polynomials will be denoted by a. The class of
hybrid or hyperbolic-elliptic operators having fundamental solutions analytic out-
side proper cones with vertices at the origin, on which x=0 or (x, 8)=0 will be
denoted by he (). The subclass of homogeneous elements in he (0) is called He (6).
Both these classes can be characterized algebraically. The results, parallell to those
of the hyperbolic classes Hyp (6) and hyp (9), run as follows:
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(i) acHe (0) if and only if there is a number ¢>0 such that
¢, treal, O0< |t <cl|é| = a(E—ird) =0

(ii) Pehe (9) if and only if P, (0)#0, P, being the principal part of P, and
there are numbers ¢;, ¢;>0 such that

g treal, ¢ <1< cl¢| = PE—ith) 0.

The connection between these two classes is given by the following statement
that generalizes a theorem by S. Leif Svensson [8] for hyperbolic operators:

(iii) Pche(6) < P,cHe(@) and P<P,.

Here P, is the principal part of P and P< P, means that P is weaker than P, in
the sense of Hormander [5].
As a corollary we get

(iv) he (0) = he (—6).

Replacing ¢ in (i) and ¢, in (ii) by o we get the definitions of the classes Hyp (6)
and hyp (0). The statements corresponding to (iii) and (iv) are, for these classes,
well known., ‘ ,

To describe the singular support of the fundamental solution of a hybrid operator
we start by recalling some fundamental facts from the hyperbolic case.

Let acHyp () and let 4 denote the real hypersurface a(£)=0. Further let
I'(4, 0) be the component of R"— A4 containing 6. Then I'(4, §) is an open convex
cone and a€Hyp () for every n€I'(4, §). The dual

K(4,0) = {x; (x,0) = OVnel' (4, 0)} of I'(4,0)

is called the propagation cone.
Let Pchyp (0) have principal part a. Then P(D) has a fundamental solution
E(P, 0, x) with support in K(4, 0). Furthermore if P=a+b one has the formula

E(P, 0, x) = 27 (- 1)*b(D)E(@,0,x),

connecting the fundamental solution of P with those of the powers of a.
The singular support of E(P, 8, x) can be described by introducing the localiza-
tions @, of a. They are the first nonvanishing coefficients of the expansions

a(@+1t) = Pa, )+ 0@+, t~0.
It turns out that e;¢Hyp (§) and I'(4,, 6) DI (4, 6) for all ¢€R” Also
r4,0)= [ I(40).
0 R
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The corresponding union
W4,0)= U K(4,0)
07#&eR”

is called the wave front surface. This is a closed subset of K(4, 6) containing the
boundary of K(4, #), and the fundamental solution E(P, 8, x) is analytic outside
W(A, 6).
In the hybrid case there are corresponding statements. If a is the principal part
of P then
Pche(0), Ereal = 0= a,cHyp(0)

and Pche () for each x in the intersection
r4,0= N I(4,0).
0<¢cRP

The corresponding wave front surface is

W4 6) = :Ue K, 0).

The difference with the hyperbolic case is that the cone I' (4, ) is in general smaller
than the component of the complement of 4 containing . Correspondingly, the
wave front surface does not bound its convex hull. If, e.g., a(&)=¢&r+...+E&7,
0=(1,1,...,1) and m=1 is odd, then a€He (8) and I'(4, 6) turns out to be the
intersection of all the half-spaces #; 47, >0, j#k. The closure of I'(4, 0) then inter-
sects 4 only at the origin. The wave front surface consists of all x=(x, ..., X,)
of the form x;=¢7~" where a(£)=0 and has only the points (0, ..., 1,0, ..., 1,0, ..., 0)
in common with the boundary of its convex hull. The special case m=n=3 was
treated by Zeilon [9] and we give some other examples of hybrid operators in sec-
tion 2,

Precisely as for hyperbolic operators, the interest in the wave front surface
comes from the following statement.

(v) If Pche (6), P(D) has a fundamental solution which is analytic outside the
wave front surface.

For second order hyperbolic operators, this is of course classical, Zeilon [9] had
it in the case he considered, Atiyah—Bott—Gérding [2] proved it for hyperbolic op-
erators and K. G. Andersson [1] proved it in a general case that comprises ours.

Finally I would like to thank prof. Lars Gérding who introduced me to the
subject which led to this paper and who has given me much help and valuable advice
as the work progressed.
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1. Algebraic properties of hybrid polynomials

We start by deriving necessary conditions for an operator P(D) to have a fun-
damental solution that is analytic outside a proper closed cone. By proper we mean
that it does not contain any straight lines.

Lemma 1.1. Suppose that P(D) has a fundamental solution which is analytic
outside a proper closed cone K with vertex at the origin. Then there are positive locally
bounded functions cy(n), ¢, () defined in the dual cone T ———{11; (x,7)=>0V x€K— {0}}
of K such that:

¢ treal, n€r, co(n)log 2+ ¢)) < t < ey(m)[¢] = P(E—itm) # 0.

Proof. Denote the fundamental solution by E and let u€C* be a solution of
P(D)u=0. '
Choose a cut-off function ¢€Cy” such that ¢(x)=1 if |x|<R and ¢(x)=0 if
|x|=>R+1, where R is a fixed constant.
We have
u(x) = P(D)E*u(x) = P(D)(@E)*u(x)-
+ P(D)((l — @) E) *u(x) = P(D) ((1 — go)E) *u(x),

since P(D)u=0. Further, supp P(D)((1—¢)E)c {x; R<|x|<R+1}.

Put K,={x¢R"; d(x, K)<e&} where d denotes the Euclidean distance and let
¥ be a C= function equal to 1 in K, and O outside K,,.

Introduce for simplicity the following notation

F, = yPD)((1-9E), F'=(1-y)PD)(1-9)E)

Figure 1.

The supports of F, and F, intersect in the shaded areas.
According to the above we have

u(x) = Fy*u(x)+ Fyxu(x)
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which implies
D*u(0) = Fy* D*u(0) + D*Fy»u(0). (L.

To obtain the condition in the lemma we shall choose # as an exponential
solution €%, P({)=0 and estimate the right hand side of (1.1).

To estimate the first term let 4 be a compact subset of I'. By choosing & small,
we can find a compact neighbourhood w of supp F; such that

h(n) = sup (. m
Xcw
has a negative upper bound in — 4.

Let x€C* be equal to 1 in a neighbourhood of supp F; and 0 outside . Then,
if m denotes the degree of P and M the order of E on w, we have

L Fi(v) = Fi(w) = E((1 - ) P(=D) (Yv)),
implying
|F1(v)] = CZ|ﬂ|§M+m (sup [D’ ¢| +sup |DPY[) - Z[p]§M+m sgp |DP o).

Here C is independent of ¢ and . Using this we get the following estimate for
the first term in (1.1):
|Fy % D*u(0)| = |Fy(D*u(~y))| =

= C 2 ig1zp4m (SUP D o]+ sup [DPY) - |07 (1 + (M + b ImO, (1.2)
Here and in the sequel C denotes various constants independent of «. To estimate
the second term in (1.1) we shall use the analyticity of E outside K. We then need
to control the derivatives of ¢ and y so we choose ¢ =y, ¥ =Yy depending on N,

such that
sup | D*gy| +sup |[D*y| = CH+INI 1.3)

when |o|=N. That this is possible will be proved later. On compact parts of R*— K, E
satisfies .
ID*E(y)| = C'™*[a]",

and this combined with (1.3), with N replaced by N+m, and Leibniz’ formula
gives ‘
[D“Fz(y)| = Clal+m+1(N+m)la|+m i l“l =N,

and from this we get
|D*Fy % u(0)] = ClI+m+1(N 4 p)lel+m gellml) (1.4)
if |¢{=N. Combining (1.1), (1.2), (1.3) and (1.4) for suitable « with |x|=N, we get

ICIN = C(N+m)M+m|C|N(1 +[c[)M+meh(Im;)+C3V+m+1(N+m)N+mec|Im;|.
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We now choose N=[|{|/C,e]—m and get when [{| is large
1= CL+[gPMHameh(md) o C(1 4 |gym+Lectimil-ell,

Putting {=&—ity, || large, n€4 (to make A(—n)<0), we see that this inequality
is violated if
Clog 2+[E) <t = )]

provided that c;, and ¢, are properly chosen.

This last inequality contains, after a further choice of ¢,, the condition that |¢|
be large so the lemma is proved apart from the verification of (1.3). We formulate
this as a separate lemma.

Lemma 1.2. Let A be a subset of R". Put A;={xcR"; d(x, A)<0} and let 0<35,<3J,
be given numbers. Then for each N there exists a function @y<Cy (A s,) such that

L. ony(x) =1 when x¢cA;,

2. lo] = N = sup |D*@y| = ClH+1 Nk,
where C is a number independent of « and N.

Proof. Choose @€ Cp(jx]<1) with ¢(x)=0, _f(p(x) dx=1. With ¢;(x)=

=j"¢(jx) we put
UN = Qa% Qun* ... % Qoy.
R

N factors

Then ¢y €Cy ([x|<1), f Yy(x)dx=1 and y is non-negative. Letting at most one
derivative fall on each of the N last factors and no derivative on ¢,, we get

D%y ()] = sup g+ @) (sup S lo® (x)| dx)

ie. |D*Yy(x)| = CPI+IN® when |¢| = N.
Now let § be a number satisfying 6, <d<J, and let y be the function equal
to one on 4; and equal to zero elsewhere. With ¥4 (x) =&~ "y (x/¢) we put

PN = x* Y.

Then one easily checks that if ¢ is fixed, e<d—9;, e<6,—38, py=0%, has the required
properties. ' ‘
Next we shall eliminate the logarithm occurring in lemma 1.1.

Lemma 1.3. Let I' be an open cone and let c,(n), ¢,(n) be two positive locally
bounded functions defined in I'. Assume that the polynomial P satisfies the condition

& treal, neT, cy(m)log R +1E) <t < ¢y ()€l = P(¢—ity) = 0,



Hybrids between hyperbolic and elliptic differential operators with constant coefficients = 215

Then there exist two positive locally bounded functions cy(n) and c;(n) defined in T
such that
¢ treal, ner, cy(n) < t < ci(m)|f] = P& —itn) # 0.

Proof. A subset of R” is said to be algebraic if it is defined by a finite number
of polynomial equalities or inequalities. Finite unions of algebraic sets are called
semi-algebraic. Let M be a semi-algebraic subset of I' and let ¢ be a real number.
According to a theorem of Seidenberg and Tarski, (see Hormander [5] appendix)
we are allowed to use the symbols '/ and 3 in the defining relations of a set with-
out destroying its semi-algebraic character. Thus it follows that the set

B, ={s; P(E—im) = OVE t,m; |é]l =r,pEM, s <t < cr)

is semi-algebraic.
As in Hormander [5] appendix, we conclude that there are numbers @ and b
such that
siggrs =ar’(1+o(1)) as r oo, (L.5)

provided that B, is non-empty and we allow a to be — oo

The assumptions imply that B,>=0 if ¢ is chosen properly. Since s=C log r is
in B, for large r and suitable C' we must have ¢=0 or b=0 in (1.5) which implies
the lemma.

Lemma 1.4. Suppose that the polynomial P satisfies the following condition:

There is an open cone I' and two positive locally bounded functions ¢, and ¢,
defined in I such that ‘

S treal, n€T, co(n) < t < ex()|e] = P(E~itn) = 0. (1.6)

Then it follows that P, ()0 for all n€I', where P,, denotes the principal part of P.

Proof. Assume that P, (1)=0 for some y¢I'. We exclude the trivial case when
P is a constant and consider the function ¢t—~P(&—tn) (¢ not necessarily real).

Case 1. P(E—tn)=P(E)VE, t. Choose &, with P(£,)=0. We have -
0 = P(&—1tn) = P(Re&,—Re tn—ilm t(n—Im &/Im £)).
This clearly contradicts (1.6) if Re ¢, Im ¢ and Re ¢/Im ¢ are large enough.
Case 2. P(E—t)=0(O)t"+R({, t) where v<m, Q%0 and R(&, ) has degree
less than v in ¢.
a) Q not constant.
Then take £y, & with Q(&)=0 but Q(&,+sE,)#0. This implies that there is a

root t=pu(s) of P({,+s& — 1) such that |u(s)| > as s—+0. A Puiseux expansion
of u(s) then shows that pu(s)=as °(140(1)) when s—0, where a0 and b=0.
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From this we sec that for given =0, we can find a straight line through the
origin in the complex plane such that when s is restricted to this line we have Im p(s)<
<¢|Re u(s)| and Im p(s)—~e as s—0.

Combining this with 0=P(&+s& —pu(s)n)=P(Re &+Re s&,—Re p(s)n—
—iIm p(s)(n—Im &/Im p(s)—Im s&y/Im u(s)), we get a contradiction to (1.6).

b) Q(&)=c is constant.

Choose &, with P, (£)#0 and let u,(s), ..., u,(s) denote the roots of
P(s&o—1m)=0.

We have []; p;(s)=(—1)"/c- P(s&,) and since by assumption v<m and P(s,)
has degree m is s, at least one of the roots, say y, (s), must have a Puiseux expansion
around infinity with leading term a-s® where a=0, b>1, ie. iy (s)=as"(1+o(1))
as §—>co,

Again from

0= P(Sfo_ﬂl(s)ﬂ) = P(Re s¢,—Re p,(s)n~iIm 11 (5) (n —TIm s&o/Im ()

we obtain a contradiction letting s tend to infinity along a suitably chosen straight
line in the complex plane.

Definition 1.5. We say that a polynomial P is hyperbolic elliptic or a hybrid
if there is an open cone I', two positive locally bounded functions ¢,(n), ¢, () defined
in I' such that P satisfies (1.6).

This class of polynomials will be denoted he (I').
We can now collect some of thé previous results in the following.

Theorem 1.6. Suppose that the differential operator P(D) has a fundamental solu-
tion which is analytic outside a proper closed cone K with vertex at the origin. Then it
Jfollows that Pche (I'), where F={11€R"; (x,n)=0YxEK— {0}}

2. Homogeneous hybrid polynomials

Let a be a homogeneous polynomial belonging to he (I'). Then it follows im-
mediately that a satisfies

Etreal, nel, O<ltl<c)|E = a(E+im =0, 2.1
where ¢() is a positive locally bounded function inrl.

Definition 2.1. The class of homogeneous polynomials belonging to he (I') will
be denoted by He (D).
We have
acHe (I if and only if a satisfies (2.1).
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Lemma 2.2, If P,, aenotes the principal part of P we have
Pche (I) = PpcHe(T).

Proof. v"P(1~Y (¢ —itn))—~P, (¢ —im) when t—~0, and the convergence is locally
uniform in ¢ when 1/2<|£|<3/2 and n€M, where M is a compact part of I.

By lemma 1.4 the limit is not identically zero, soit follows from the
argument principle that the zeros of ¢ P, (£ —itn) are limit points of the zeros of
t—1" P(v~1(¢—~itn)). This and the fact that there are constants ¢y, ;>0 such that

Et real, 1/2 <€ =<3/2, 7=0, neEM,

CoT <t =<c¢ = T"PE (E—itn)) # 0
implies that ‘

P, (E—im) =0 if &t real, |{|=1, neM, O0<t<c.

Now the lemma follows from the homogeneity of P,,.

We shall now prove that condition (2.1) for a single vector # is in fact sufficient
to ensure that (2.1) is valid for some cone I' containing #. So we introduce the follow-
ing definition.

Definition 2.3. A homogeneous polynomial a will be called hyperbolic elliptic
or a hybrid with respect to 0 if there exists a constant ¢=>0 such that g satisfies the

following condition
¢ treal, 0 <t <cl|f|=a(E+itd) #0. 2.2)

This class of polynomials will be denoted by He (6).

Examples. Let acHe (6) and let 4,(&), ..., 4,,(&) denote the zeros of the poly-
nomial #—~a(&+10) so that (note that a(f)>0 is a consequence of (2.2))

a(¢+10) = a(0) [I7 (t— 4 ().
The condition (2.2) can then be expressed as a-condition on the zeros 4;(£) namely
(real=>Im A4 (E) =0 or || = c|é| foreach k. 2.3)

To see this, we note that from a(£+Re 1,6-+iIm 4,0)=0 it follows that either
Im 2;=0 or |Im A,|=c|£+Re 4,0]. In the latter case either |Re 4,]=1/(2|0))|¢] or
else [Im A,|=c/2+|¢| so (2.3) follows.

This is true for elliptic and hyperbolic polynomials where none of respectively
all of the 1,(£) are real. Since obviously products remain in He (6), products of
elliptic and hyperbolic operators in He (6) are in He ().

The lineality L(P) of any polynomial P is the set of # for which P(¢4ty)=
=P(E)VE, t. L(P) is a linear space and L(P)=0 means that P is complete in the
sense that it is not a polynomial in less than 7 linear combinations of the variables &.
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It follows from (2.2) that a non-hyperbolic polynomial in He (f) must be complete. In
fact, if n€ L(a) and a(¢ +it6)=0 for some real & and ¢ it follows that a (& +sn+it0) =0
for all s, which implies that t=0 or |¢t|=c|£+sy| for all s by (2.2). Now the latter
condition is absurd so the statement follows.

The polynomials in He (8) of degree 0 are the nonvanishing constants. When
the degree is one we can after a linear change of variables write a(¢) as a multiple
of &, or & +i&,. Since & €Hyp (6, 1) when 6,0 it follows that He (8)=Hyp (6, 1)
except when n=2, in which case He (0) also contains elliptic elements. The only
real non-elliptic elements in He (6) of degree two are the hyperbolic ones. In fact by
a change of variables and after multiplying by a constant we can assume that
0=(1,0,...,0) and a(&)=&+... + & —& —...— 2. An easy argument shows that
then necessarily p=1.

Let A be the real hypersurface a(&)=0. If a is real and A4 is non singular outside
the origin, then acHe (6) provided that no real straight line with direction 0 is
tangent to 4 outside the origin. In fact, then a(6) >0 and the real zeros of £—~a(&+10)
are distinct for all real £520. Since a is real the complex roots come in pairs. Using
the continuity of the zeros, this would imply the existence of a multiple zero if the
complex roots were not bounded away from zero on the unit sphere.

This criterion shows that the polynomials

al@) =&+...+& m=3, modd
are in He (6) when
j#k=0;+6,>0, (2.4)

(when m is even they are elliptic and hence in He (6) for all #520). In fact, it suffices
to verify that then

o HEP =0 0,87 L 40,8 1> 0

for all real ¢>40. When all 6, are >0 this is clear. Otherwise it follows from (2.4)
that at most one 0y, say 0,, is =0. By Jensen’s inequality,

1 1
(Gl = (IEJ™+ .. +H]Euod™m = (&34 + G Dm-T
so that then

0 0,8 = (0, 4+0,)Er (0, F0,)EnL =0,

It is easy to see that if m=0 is even the polynomials a(§)=¢&y—&y—... =&
are in He (8) when 6=(1,0,...;0).

In the following theorem we will use the notions of localization and local hyper-
bolicity. For convenience we will state the definitions here.. The reader is referred
to Atiyah—Bott—Gérding [2], Garding [4] and Hormander [6] for details.
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Definition 2.4. Let a(£) be a homogeneous polynomial and expand a(é+1¢{) in
ascending powers of ¢

al+t) = ra,()+0@*Y) as t -0,

where a,({) is the first coefficient that does not vanish identicaily in {. The polynomial
{—~as({) is called the localization of @ at ¢ and p is called the multiplicity of a at ¢.

Definition 2.5. A function f(£), analytic in a neighbourhood of the origin in
C", is said to be locally hyperbolic with respect to 8€R" if

EER, Imt =0 =>f(€+t9) #0. 2.5)
when &, ¢ are small enough: The class of these functions is denoted by Hyp,,, (6).

Definition 2.6. A homogeneous polynomial a(&) is said to be hyperbolic with
respect to 8€R” if (2.5) holds for a. This class of polynomials is denoted by Hyp (6)
(Hyp (0, m) if the degree of a is m.)

Definition 2.7. When a is a homogeneous polynomial, let 4 denote the real
surface a()=0, {ER” If a€Hyp (0), let I'(a, 0)=I'(4, 6) be the component of
R”— 4 that contains 6.

Let f(£) be analytic in a neighbourhood of the origin in C*. Expand f in homo-
geneous terms f, of degree v, f= 2" f,. We denote the first nonvanishing term f,,
by Pf. The number m is called the degree of /. The subclass of functions fin Hyp,, (6)
of degree m will be denoted by Hyp,,. (0, m). We have

fe Hyploc (09 m) = PfE HYP (95 m)

This follows, as in the proof of lemma 2.2, from r ~"f(r (¢ +16))~Pf(£+10), if we
know that Pf(0)=0. In fact this was included in the original definition of local
hyperbolicity, but was later found to be a consequence of (2.5) (see Garding [3]).

When fcHypy,. (0) we put I'o(f, 0)=I(Pf, 6). We will use the notation T, to
denote the translation operator, i.e. (T, f)(£)=f(n+&). When the localization a; of
a at { is hyperbolic with respect to 0, we put I' (a;, 8)=1I"(4,, 0), where A, denotes
the real surface a;(£)=0, {€R™

Definition 2.8. A map t—c,, from a topological space to open sets in some
R*, is said to be inner continuous if any compact set contained in ¢,, is also contained
in ¢, when 7 is close enough to z,.

It is proved in Ggarding [4] that if h€Hyp,,, (6), the function
R"—{0}>¢& — I'y(T:h, 6)

is inner continuous when ¢ is small enough.
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Definition 2.9. A map 7--M,, from a topological space to compact sets in some
R" is said to be outer continuous if any compact neighbourhood of M, contains M,
when 7 is close enough to 7.

For reference we quote the Main Lemma of Garding [4].

Main Lemma. Let f€Hyp,,.(0) and let nj belong to a compact part of I'y(f, 0).
Then
Ereal, ImsImt =0, Im(s+1) # 0 = f(E+s0+m) =0,

provided that £, s, t are small enough.
Now comes one of the main results:

Theorem 2.10. A homogeneous polynomial a belongs to He (6) if and only if
all the functions & ~Tya(E) are in Hyp,,. (0) when {#0 is real. If these conditions hold
then acHe (') where

= N I4,?0.
0=LcR”?

Proof. Let acHe(0) and let 0%({cR* be fixed. Then a(({+&+120)=
=a({+E+Re t0+iIm 10) 20 provided that O<|Im t|<c|{+&+Re 16].

This is clearly satisfied if ¢ and ¢ are small and Im ¢5#0, which means that
T,a€Hypy,, (6). Conversely assume that T;a€Hyp,, (0) for all real {50. Then by
definition a({-+&4it0)50 if &, ¢ real, |¢|<d;, O<|t|<J;. A covering of the unit
sphere then gives

Etreal, [(]=1, 0<|t| <8 =a(l+itd) =0,

which by homogeneity implies that a<He (0).

From T;a€Hyp,,. (6) we conclude that the cones {~I'y(T;a, 0)=I"(4;, 6) (note
that PT;a=a;) form an inner continuous family. Since (.o I' (4, 0) contains 0,
it follows from this, that I" is an open cone containing 0.

Let K a compact part of I'. Then the Main Lemma of Gérding [4] gives

a((+&+im) #0

provided that & and ¢ are small real, %0 and 7€ K. As before a covering of the sphere
[{|=1 proves that acHe (I).

We will call a polynomial a¢Hyp () strongly hyperbolic with respect to 6,
if the roots ¢ of a(&+10) are real and different for all real ¢ which are not propor-
tional to 6.

Proposition 2.11. Let a be a homogeneous polynomial with real coefficients. Sup-
pose that the localizations a; are strongly hyperbolic with respect to 0 for all real { 0.
Then it follows that a<He (6).
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Proof. Let p denote the multiplicity of a at { and m the degree of a. Expanding
a({+&+10) in powers of ¢ we get

a+&+10) = 270 £,9).

For {=0 we have f,(0)=0 when 0=v<p and f,(0)=a,;() #0 by assumption. From
the continuity of the roots it follows that for small &, p of the roots of ¢—a(& 4 { +10)
are small, while the other roots are bounded away from zero (depending on {). We
shall prove that the smali roots are real when ¢ and { are real and { 0.

Factorizing we have :

a@+&+10) = a(®) II7 (t+m(2) (2.6)

where —pu; (&), 1=j=m, are the zeros of the polynomial. We arrange the labelling
so that ~p,, ..., —pu, are the small roots. Also, factorizing a;(£ +10) we have

(& +10) = a;(0) [T (t + 4(2),

which defines the roots —2,(£), 1=k=p. From (2.6) we get

tPa({+ 7 +10)) = a(O0) [I] (t+m@0)/7) - [T, (vt + 1 (z0))

and this, combined with the continuity of the roots and the fact that
T 2a({+1(¢+10))~a, (£ +10) when t—~0, implies that

B (GOt ~ A(®) as 10, | @7

if the roots are labelled properly. Also, the convergence is uniform on compact sets.

Now assume that for arbitrarily small v some y;(z€), 1=i=p, is non-real for
some ¢ with |¢|=1. Then there are sequences 7,—~0 and ¢,—~¢% |&,|=1, such that
say Imy,(r,&,)>0 for all v. The set

V={(z ¢ Ret, In )R t=Pa({ +1(£+10)) = 0}

is algebraic and from what has just been said it follows that the point (0, &%, 0, 0)
belongs to the closure of ¥N{(z, & Re#, Im t)€R**3; Im t>0}. The curve selec-
tion lemma (see Milnor [7]) shows that there is a real analytic curve s—~(t(s), £(s))€
€R"*1, defined for small s, such that (z(0), £(0))=(0, &%), 1(s)%0 and such that
some root p;(t(s)-&(s)), 1=i=p, say pu;(t(s)-&(s)) is non-real when s=>0 is small.
Since p,; (£) is real if ¢ is proportional to 6, a Taylor expansion shows that for some
k=0 we have
£G) = p()0+5 1+ 0 (Y
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where p is a polynomial of degree less than k and # is not proportional to 6.
Since py (€ +560) =g, (£)+s we conclude that p,(z(s)-(s*7+0(s*™))) is non-real and
from (2.7) we get

(T (s) (skﬁ+0(sk+1)))/'1 (s)s* - A; () when s—-0, s=>0. 2.8)

Now, since the coefficients of a are real [i, is also a root, say fi; =y, and since by
assumption /, is real, we conclude, taking complex conjugates in (2.8), that 4, (n)=
=A,(n). This contradicts the strong hyperbolicity of a, and thus proves that y;(t¢),
1=i=p, are real when &, 7 are real, |é|=1 and 7 is small. This, combined with (2.6)
and the fact u, (¢) are bounded away from zero when p<k=m, shows that when {
is a fixed real vector different from zero, we have

£ ¢t small real, ¢ = 0= a((+E&+it) = 0,

and as before a covering gives the desired result.
We shall give an example showing the necessity of the assumptions in this pro-
position.

Example. The polynomial

a@) = 8+8+2i6,4
is not in He (0), 0=(1,0,0). In fact, a(it, 1, &) = —(t+&5)2+1+E has a root
t~1/(2&;) for large &;. On the other hand the localizations a, of a are either con-
stants (when a({)#0) or we have a;(§)=2il3¢; (when a({)=0+{,;=(,=0) and these
are all strongly hyperbolic with respect to 6. This shows that the condition that
the coefficients are real in the previous proposition is necessary. That the localiza-
tions have to be strongly hyperbolic for the conclusion to be valid follows from the
example

a(®) = G+ +448
where the localizations g, are either constants or multiples of £;. Since this polynomial
has the previous one as a factor, it is not in He (8), 6=(1, 0, 0).

The wave front surface. We shall end this section by studying the wave front

surface
0=ECRM

of a polynomial a¢He (0). Here the cones
K(4g, 0) = {x; (x, 1) = OVneT (4, 0)}
are called the local propagation cones. Putting as before

r4,0= N I'(40),
07CER"
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we shall call its dual
K(4,0) = {x; <x3 77> =0Vnel(4, 6)}

the singular propagation cone of a. We have

Lemma 2.12. Let acHe (0). Then the wave front surface is a closed set whose
convex hull is equal to the singular propagation cone of a.

Proof. From the inner continuity of the map &—~I"(4,, 6) we conclude that if
x¢ K(Ag,,0), then y¢ K(4,, 0), provided that y,  are close to x and ¢, respectively.
This and a covering argument shows that if x¢ W(4, 0) there is a neighbourhood of
x which is disjoint from W (4, 6).

We know from theorem 2.10 that acHe (6) implies that acHe (I'), where
I'= g0 I (4g, 0). Since acHe () implies that a:€Hyp (1) for all real {0 and
all yer, it follows that I' is the maximal cone for which a€He (I').

Assume that ch W(4, )& K(4, §) where ch denotes the convex hull. Then
according to section 4. and theorem 1.6, a€ He (I',) where I'; is the dual of ch W (4, 6).
But I', being the dual of K(4, 0), is strictly contained in I'y, contradicting the maxi-
mality of I'.

The following lemma is proved in the hyperbolic case in [2]. The same proof works
in the hybrid case so we have:

Lemma 2.13. The wave front surface is contained in a proper conical subvariety.

Examples. We have sketched the image in real projective two-space of some
A and W(A4, G). The figures to the left show 4 and the ones to the right the cor-
responding W (A, 0). Dotted lines indicate the boundaries of I'(4, 6) and K(4, 6)
respectively.

La@=38+8+8, 0=(0111

[
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2 a(®) = S+ BE+D &, 0=(1,0,0

3. a() = 88-46L-4G+EG, 0=(2,1,0)

4. a(®) = e +U(E-(1—98)-&8(B8+(1 +o) &)+ &,
where ¢=0 is small, 8 =(1,0, 0)

\
\

—
Ay
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3. The non-homogeneous case

Precisely as for homogeneous polynomials it is possible to simplify the defini-
tion of he (#) by requiring the crucial condition (1.6) for only one vector. The defini-
tion runs as follows:

Definition 3.1. A polynomial P is said to be a hybrid or hyperbolic-elliptic with
respect to 8 if

(i) P, (0)>0 where P, denotes the principal part of P.

(ii)) There are constants ¢, ;>0 such that

Etreal, ¢ <t < |l = P(E—ith) = 0.

The class of these operators will be denoted by he ().

Note that (i) is not a consequence of (ii) as follows from the example P(¢)=
=i61+i§§a 6=(1,0).

Lemma 2.2 still holds and the proof is the same. We have

Lemma 3.2. Pche ()= P,cHe (0), where P, denotes the principal part of P.

The class Hyp,, (8) of locally hyperbolic functions was an important companion
to He (9). The corresponding companion to he (6) is the class hyp,,. (6) of locally
impurely hyperbolic functions. The definition is as follows (Garding [4]).

Definition 3.3. A function f(, 1), analytic in a neighbourhood of the origin,
is said to be locally impurely hyperbolic with respect to 6€R", if there is a number
¢=>0 such that

Etreal, Imt/t=>c=f(E—10,7) #0 3.H

when &, ¢, © are small enough. (When t=0 the inequality should read Im 7>20.)
The class of functions satisfying (3.1) will be denoted by hyp,,. (0) (hypioc (0, m) if
m is the degree of f(-,0)).

. Note. Géarding has |Im ¢|>c/lz| in (3.1) and he also requires that Pf(8, 0)=0
where P denotes the principal part. The last requirement is superfluous because
S(& ©)ehyp,,, (6) obviously implies that f(£, 0)¢Hyp,., (0). As explained below the
first requirement is also superfluous.

We shall need some of Garding’s key results, but since we cannot quote them
directly, we shall state the modified versions here. First, Garding’s version of Svens-
son’s theorem.

Svensson’s theorem. Let f(&, 1)€hyp,, (0, m) and expand in powers of t

& D = 3720 T fuy O +T"ful, D) (3-2)
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Then deg f,.,=m—v when O0<v<m and the quotients

tvfm,v(é—ite)[fm,o(é_itg), O=v=< m,

are bounded for small (&, 1)#(0, 0). Conversely, if f, o€Hypy, (0, m) and if f, .,
O<v=m, are analytic, the quotients bounded and f defined by (3.2), then f belongs to
byp,o. () and there is a constant ¢=0 such that

Ereal, [Imt|> clt| = f(E—ith,7) # O, (3.3)

when &, 1, t are small enough and t is allowed to be complex.

The proof is the same as in Garding [4], only change the formula on page 77
to s real=Im g, (s)/s=c and on page 79, Im 4, (r)=0(r?"") shall be changed to
Im A, (r)/rPti=c.

For the reader’s convenience we also state Gérding’s Main Lemma*, which we
shall use later.

Main lemma*. When fchyp,,, (0). satisfies (3.3) for complex 7, and n belongs
to a compact part of T'y(f(+,0),0), then

¢real, ImsImt =0, [Ims|=>clt]=f(E+s0+14,7) %0
when &, 7, s, t are small enough.
The following theorem connects the definitions 3.1 and 3.2,

Theorem 3.4. Let P be a polynomial of degree m with principal part a. Then
Pche (0) if and only if the functions f;(&, 1)=1"P(t~ (¢ +()) are in hyp, (6) for
all real {#0. If these conditions hold then Pche (I') where

= | I'(4,0).
0=EcR?

Proof. Let Pche (0). Then from the definition P(t~1({+¢—16))0 provided
£, ¢, 7 are real, 10 and

¢, < Imtft < ¢y +E—Re 1B))/|1].

This condition certainly holds if Im ¢/t>¢;, {0 is fixed ana ¢, 7 are smau. when
=0, f;(£, 0)=a({ +¢&), and by lemma 3.2 and theorem 2.10, this belongs to Hyp, (6).
This shows that f;€hyp,.. (f) when {40 is real. Conversely suppose that this holds
and let K be a compact part of I'. Then, by Svensson’s theorem and Main Lemma*,
to every real { with |{|=1 there are numbers c¢; and d; such that

¢ real, n€kK, |'mi > ¢t = ™P(x Y+ E+m)) = 0

when [é|<d,, |t{<d;, |t|<d;. Hence, by a covering argument, there are numbers
¢, and d; such that ™ P(t~1({+m))=0 when { is real, [{[=1, [Im ¢|=>¢|t| and
|t|<dy, Jt|<d;. Letting 1=0, we see that a({+m)=0 if { real |{|=1, Im #0, and
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|t|<d;, which implies in particular that a(n)>20. Letting instead 7520 real, r=its
purely imaginary and { =t¢&, we get that P(¢ +isn) 0 when c<|s|<d, |¢|. This proves
the theorem and also gives;

Corollary 3.5. he (6)=he (—6).

A polynomial P is said to be weaker than another polynomial @, and we write
P<Q, if there is a constant ¢ such that '

B =c0@©®

for all real &, where
. 1
P = (ZP@@©)P)?
(Hoérmander [5]). The following theorem extends Svénsson’s original result.

Theorem 3.6. Let P be a polynomial of degree m with principal part P,,. Then
Pche (0) if and only if P,cHe (0) and P is weaker than P,,.

Proof. Put f;(§, ©)=1"P(t"1({+¢&)). Suppose that Pche (6). Then by theorem
3.4 we have fchyp,,. () when {0 is real. We have f;({, 0)=P,({+&) =P, (£)+
+R(¢, {). Denoting the multiplicity of P, at { by v, we thus have f;€hyp,, (0, v)
where v depends on {. Expanding f;(£, 7) in powers of 7, we get

&1 = 20T Pur(E+0)

where P, is the part of P that is homogeneous of degree u. From Svensson’s theo-
rem we can now conclude that there is a constant c¢;, depending on {, such that

|t P (E+{ +it0)] = ¢ P (& +{ +it0)] €X))
if k<v and £, ¢ are small real. We fix £ and put
={{eR"; (| =1 and PO) = 0Va; |o = k).

When (€ 4, we have v=deg P,,=k+1, so (3.4) is valid in 4, . Since 4, is compact,
a covering argument proves that there is a constant ¢ such that

|t P (§ +10)| = c|Pu(C+itB)],
provided that ¢ is small and £ is in a neighbourhood of 4,. By homogeneity we get
[P (€ +i0)| = c|P,(E+i0)|

if |&] is large and ¢ belongs to a conical neighbourhood of A4,. Lemma 3.1.5 in Hor-
mander [5] then implies

ﬁ,,,_,,’(é +i0) = cP, (& +i6)
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for large and hence for all £ in a conical neighbourhood of A,. Finally Taylor’s
formula implies that '

ﬁm—k(f) = Cﬁm(é)
in this neighbourhood.

Outside a conical neighbourhood of A4, we have trivially P,,(¢)=c|é["~* and
this combined with the above gives

P'm—k(i) = Cﬁm(é)

for all &, i.e. P,_, is weaker than P,,. -
Conversely, if P,,¢He (0), theorem 2.10 implies that P,€He (I'), with I as in
that theorem. Thus we have

P, (§+L+i0) = Py(¢+Rel+i(0+Im{)) = 0

if & is real and large and { is small. From lemma 4.1.1 in Hérmander [5] it then
follows that

|P2 (& +10)] = c|P, (& +10)]
if |£[= ¢y, say, and thus

P (E+i) = c|P,E+10)] if ¢ = cr.

Since P< P, implies: P, < P,, according to lemma 5.5.1 in Hérmander [5], we get
(c denotes different constants)

IPC+i0)] = Pu(E+10) = cPu(@) = cPr(§) = cPp(§+10) = c|Pp(E+10)

if [ =c.
By homogeneity this implies

‘ |PC +itd)| = cldf~"P, & +ith) if [¢] = el
and thus : '
|P( +it6) — Py (E +it)| = clt] 7| Py (& + i)
if |¢]=c, |t]. This implies that P(&+iz0)20 if ¢ and ¢ are real 2¢<|t|<1/¢,|¢| and
P, (¢ +it0)>0, from which we conclude that P¢che ().

~ We end this section by proving a result that will be needed later.

Theorem 3.7. Let P=a-+bche (6) have principal part a and degree m. Further
let £~M, be an outer continuous function with M: a compact part of I' (4, 6)
_satisfying M,.= M, when t#0"is real. Then there are positive constants ¢,, ¢; and. ¢,
such that
S treal, neEMe, o <t < cll] = [P —itn)] = c,lt™

Probf. We have from theorem 2.10 that Tzac¢Hyp, (0, p) for all real & dif-
ferent from zero, where p denotes the multiplicity of @ at £. Factorizing we can
write

Tea((+tn) = F@C, t,nq) [TT (t+ A, m)
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where the 4;, 1 =k=p, are real and equal to zero when { =0. Further F is continuous
when { and ¢ are small and n€ M. Since F(0, 0, n)=a,(n) =0, when ncM,, we get,
with some c;>0,

la(€+{+im)| = celt?

provided that {, ¢ are real and small. A covering of the unit sphere then proves the
theorem if P=a is homogeneous.
Now we can as in the previous proof use lemma 4.1.1 in Hormander [5] to
conclude that ;
b(&+im)| = clt|~a(E+itn)]

when ¢, ¢ are real, n€ M,, 1<|t|<ci|¢], and from P=a+b=a(l+b/a) the theorem
follows easily.

4. Construction of fundamental solutions

Let Pche (0) have principal part a. We are going to show that P has a runda-
mental solution which is analytic outside the wave front surface W (P, 8) of P,
defined as

W(P,0) = U K(4, 6)
E%0
where o
K(4g, 0) = {x; (x,n) = 0VncTI (4, 0)}

is the so called local propagation cone belonging to the localization a; of a at £.
This result is a special case of a theorem by K. G. Andersson (see [1]). The proof
in our case is simpler and is similar to the presentation in Atiyah—Bott—Gar-
ding [2]. '

Let Pche (§) have principal part a. From theorem 3.7 with M,={0} we see
that #, and y can be chosen so that |P(£—it,0)|=const=0 if |£|=y. In fact, with
the notation in that theorem, we just choose #; with #,>¢; and y satisfying y=1y/c;.

We can thus define a distribution E by

(ﬁ(—é‘{‘l‘toe)

FO O o P

dé, (4.1)

where p€C, §(O)= [e "V (x)dx and dé=d¢, ... A dE,. Here E=E(P, 0, t,, 7)
depends on ¢, and y but we have:

Lemma 4.1. Let Pche (0) and define E as above. Then, modulo entire aralytic
Sfunctions, E is a fundamental solution of P(D) and is independent of t, and y as long
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as ty and 7y are chosen so as to satisfy the condition ¢y <ty< ¢, |E| in theorem 3.7, when

1£l=7.
Proof. We have

P(D)E(p) = E(P(=D)¢) = 2m) ™" [ 0, B(—E+ity6) d =

=@ [ G(—E+i0)di —Q@m) " [, O (=L +ity) dE.

Put Qp={{=—¢+is8; |(|=R, 0=s5=1,}. Since ¢ is analytic it follows that the
form ¢()dl, d{=dl; n...AdL,, is closed which according to Stokes’ theorem im-
plies that

Joa, @O A =0.

On the part of the boundary dQ; where [¢|=R we have by the Paley—Wiener
theorem that '
¢(—¢+is0)| = Cy(1+]—E+isO)~Ne™® = CLRM.

We can thus let R tend to infinity in the above integral and get

[oE+inb)ds = [p(-Ode = @ry o),

where the last equality follows from Fourier’s inversion formula. We thus get using
the definition of the Fourier transform and Fubini’s theorem that P(D)E=8+h,
where A(x)=—-Q2m)~" fi sy €XD (—i{x, —E+it,0))dl is entire analytic. Thus
choosing f entire analytic with P(D)f=h proves the first part of the lemma. To
show that E(P, 0, t,, yo)—E(P, 0, t,, 7,) is entire analytic we first note that if y,<y
we have

(E, 8, 10, 7o)~ E(P, 0, 10, D)(@) = 21)~" Pt 4o

n=<lti<y P(E—ite0)

It follows from the definition of the Fourier transform and Fubini’s theorem that this
defines an entire analytic function, so it suffices to show that E(P, 0, t,, y)—
—E(P, 0, t,, y) is entire analytic when y is large.

We then choose y so large that the condition ¢;<5f,+(1—5)#<c,y in theorem
3.7 is satisfied for all 0=s=1. Then |P(£—i(sty+(1—s)t,)0)|=const=0 if 0=s=1
and |¢| =y, so the form ¢ (—{)/P({)d{ is holomorphic when { =¢&—i(st,+(1—5)#,)0,
0=s=1 and |{|=y. The same reasoning as above with Qp now equal to
{t=¢—i(ste+(1—5)t)0; 0=s=1, y=|¢|=R} shows that

(E(P, 0,10, 7)—E(®, 0, t;, 1)) (9) = )" / (p}(a(g? &,

where K={{=¢—i(st,2+(1—25)1,)0; |¢|=7y, 0=s=1} with proper orientation. Since
K is compact it follows that the last integral defines an entire analytic function.
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To prove that E is analytic outside the wave front surface we shall replace the
constant vectorfield £ —~¢£,0 in (4.1) by a smooth variable vectorfield &—-v(£). We
collect the facts that we need about v in the following:

Lemma 4.2. Let Pche (0) have principal part a. Then

1. There exists a C*= vectorfield v, homogeneous of degree one, such that v(£)€
€I (4, 0) if £#0, and a piecewise smooth homotopy w(s, &) that for suitable t, con-
nects w(o, &)=1,0 and v(&). Further the derivative of w is bounded by a constant
times |E| and |P(E—iw(s, &))|=const=>0 when ¢ is large and as 0=s=1.

2. If x¢ W(P, 0) we can choose the vectorfield v(&) and the homotopy w(s, &)
in 1. so as to satisfy {x, v(&)) <O respectively {x, w(s, &)y =const for all €0 and for
all 0=s=1.

Proof. Let x¢ W(P, 0). Then x¢ K(A4;, 0) when £>0, and hence, by definition
we can find an 5.€TI" (4,, 0) such that (x, n,)<0. From the inner continuity of the
map {~TI'(4,, 6) we see that n,€I'(4s,¢, 0) then { is small. A covering of the unit
sphere gives points #; and neighbourhoods U, 1=i=N, such that n,€I'(4;, 6) when
£€ Uy, and such that (x, n;) <0 for all 1=i=N. Let ¢; be a partition of unity on the
unit sphere subordinate to the cover U, and put

0(©) = [&] 27 e:E/ED ;-
Then v(£)€I (4;,0) and (x, v(£)) <O.
By choosing M, in theorem 3.7 as {s0+(1—s)v(&)/|¢|; 0=s=1} we see that
|P(E— it (s0+ (1 =) v (©)/IED)] = cot™
if &,  real, 0=s=1 and ¢,<f<c,|&|. Choosing a t=*#, in this interval and varying
s, we obtain a homotopy between 7,0 and #,0(£)/|¢| and then by varying #, we obtain
a homotopy connecting #,v(&)/|¢] and cv(&) if ¢;<cv(€)<c, ||, which is satisfied

for large £ and suitable c. Since {x, v(£)) <0 if 40 it is trivial that (x, w(s, £)) =const
when ¢0, 0=s=1, and that proves the lemma with v=cuv.

Theorem 4.3. Let Pche (). Then P has a fundamental solution that is real analytic
outside the wave front surface.

Proof. Let xq¢ W(P, 0) and choose v according to the previous lemma such
that (x,, v(£)) <O for all £520. If w is a small neighbourhood of x, we thus have
with a positive constant c,

Gy =—clé|] when x€w and & z0. 4.2)
Let 9 €Cy(w) and put
Q={=¢,-w(s;7=)|=R 0=s5s=1},

where w(s, &) is the homotopy in lemma 4.2. Then |P({)|=const=0 in Qg if y is
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properly - chosen. Since ¢ (—{)/P({) is analytic in Qg the form ¢(—{)/P)dL,
d{=d{;n ...AdL,, is closed, which according to Stokes’ theorem implies

p(=D
e PO @3

Since (x, Im {) is bounded from above when x€w, {€ Q¢ we have [¢(—0)|=0(¢|™)
for all N if {€Qg. This implies that we can let R—< in (4.3), giving

EP, to, 1, )(@) = )" [ 0(~OIPQ AL +Qr) ™" [0 @OIPO X (4.4)
&=y

with K={{€ Qg: |Re{|=y)} properly oriented. Since K is compact the first integral
defines an analytic function in C" and since (4.2) holds, the second integral defines a
real analytic function in w. This proves the theorem.

To abbreviate we will not write out the dependence of ¢, and y in E(P, t,, 1, )
in the sequel. We will always assume that they are properly chosen and write E(P, %)
or E(P,n,x) when x¢ W(d,¥6).

It is now easy to prove the following result mentioned in the introduction.

Theorem 4.4. Let P=a+bche (0) have principal part a. Then, with convergence.
in the distribution sense, we have

EP,0) = >, (—1)cb(D)E(a**1, 0).
Proof. From (4.1) we have

E@0)(@) =@ [ 2L4H10)

ezy P(E—it0)
From the proof of theorem 3.6 we have that [b(¢—itf)|=c-t71|a(é —it0)| for large
¢, implying that

dé.

11 . b(& —ith)
PE—ith)  a(—iu0) 2o (1 [a(é zzo)]

with uniform convergence if #>2c¢. Thus choosing y and ¢ properly we can integrate
term by term which proves the result.

When P=g is homogeneous we can simplify our formulas by introducing polar
coordinates. As a preparation, put

% (2) = 2n)~" f1°° érP~1dr when Imz=> 0.
From y,(2) = ix,.1(2) and x;(2) = 2n) "ie"*/z we get

1@ =00 p), p=t,

Q2r)~"*i?2~?z Plogz

(-p)!

Xp(2) = +/@, p=0,



Hybrids between hyperbolic and elliptic differential operators with constant coefficients 233

where f,(z) are entire analytic functions for all p. We will denote the singular part
of x, by x‘l’, i.e. xg (2)=1,(2)—f,(2). To simplify the calculations we will also assume
that the constant y appearing earlier can be chosen equal to one. This can always be
achieved by a change of scale if necessary.

Theorem 4.5. Let acHe (0) be a polynomial in C" of degree m. If xo¢ W(A, 6)
there exists a neighbourhood ® of x4, a vector field v(E) such that, modulo an entire
analytic function, a(D) has a fundamental solution of the form

F(a,0,%) = [, 13(x, D)a@) o) when x€o. (4.5)
Here g=n—m, o(Q)=> (=Yl dlsA...AdGA ... AdL, and
Q={{=¢—in©®; |4 =1}

Proof. Formula (4.4) shows that when ¢€Cy(w) and (x, v(£§))= —c|£| when
x€w, the integral

PO

0 — -n
F(ay ) (q)) (27’:) §~_-|§I—>ifi(§) a (C)

defines a fundamental solution of a(D) modulo an entire analytic function. Inserting
the definition of the Fourier transform and switching to polar coordinates gives

elr (=0
F(@6,%) = 0™ fetino 0 @) [o e =

a@Q)
, = [ 1% D) a®) o (©),
and since obviously [of,((x,{))a()*w () is entire analytic the result follows.

The Herglotz—Petrovsky—Leray formulas. One main point of [2] was to prove
that, outside the wave front surface, the derivatives of the fundamental solution of
hyperbolic operators are periods of rational closed differential forms in projec-
tive space. The corresponding formulas were named after Herglotz, Petrovsky and
Leray who found various special cases. We shall sketch the corresponding result in
the hybrid case.

To state it we shall need the Petrovsky homology classes, defined as follows.
When x is outside the wave front surface W(4, 0), there are real C*= vector fields
v(&), absolutely homogeneous of degree one, ie. v(A&)=|A|v(¢), such that v(£)€
€Re XNI'(4;, 0) for every 0. Here X is the complex hyperplane (x,{)=0, and
in the sequel we let 4 denote the complex surface a({)=0. Let Z be C" and let Z*
be the corresponding complex projective space, i.e. Z*=Z/C. When #=0 is small
enough, the map { ¢ —itv(§) from the real (n—1)-sphere oriented by (x, &) 0 (£)=0,
where @ (&)=3 (—1)'"1EdE . AdEA...AdE,, into Z* defines a (n—1)-cycle
of the pair (Z*—A*, X*). Here the star denotes images in projective space. All these
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cycles are homologous and define a homology class in H,_,(Z*—A4*, X*) denoted
by 2a(4, x, 0)*. The boundary B(4, x, )*=0x(4, x, D*CH,_,(X*—A*NX*) is
called the Petrovsky cycle (class).

The difference F(a, 8, x)— F(a, —0, x), where Fis given by (4.5), can be analyzed
precisely as in [2] p. 175-~176. Keeping track of the entire function that appears
in the hybrid case, one gets the following result, where ¢.: H, _,(X*—X*NA4*)~
~H,_,(Z*—A*UX™) is a tube operation described in [2] p. 173.

Theorem 4.6. Let acHe (0) be of degree m and let E(a, 0, x) be the fundamentai
solution of a(D) with singular support in W (A, 0) given by (4.5). If x is not in =W (4, 0)
-then, modulo entire functions, we have

D¥(E(a,0,x)—E(@, —0, %)) = ¢, [,.(x, Ea(®) (&) (4.6)
if =0 and

D'(E(a, 6, )~ E(@, —0, %) = ¢, [,_u(x &%) 0@ @7

when q<0. Here q:m—n‘— [v], ¢,7#0 is a constant, a* =« (A4, x, 0y*€ H,_(Z*— 4*, X*)
and f*=0a(4, x, 0)*€ H,_,(X*—X*N A*) is the Petrovsky class.

In the hyperbolic case the term E(a, —8, x) vanishes when x is not in — K (4, 6);
in the hybrid case it is real analytic there.

Lacunas, sharp fronts, the Petrovsky conditions. A component L of the comple-
ment of the wave front surface W(4, 6) is said to be a-lacuna for Pche (8) (with
principal part @) if there is an entire function f such that f(x) is equal to the funda-
mental solution E(P, 0, x) when x is restricted to L. The fundamental solution
E is said to be sharp from L at a point y€dL if E has an analytic extension from
L to LUN, where N is a neighbourhood of y. In the hyperbolic case, these notions
were studied in detail in [2] and [3]. We shall touch briefly on some results for hybrid
operators that follow from these two papers.

The question of lacunas is tied to the Petrovsky condition,

B4, x,0*=0 in H,_,(X*—X*NA".

It follows from (4.7) that if a€ Hyp (0, m) and this condition holds for one x in L,
then E(a, 0, x) is a polynomial of degree m—n in L. More generally, by theorem 4.4
the fundamental solution of any P¢hyp (6) whose principal part is a power of a
is an entire function in L. Hence the Petrovsky condition implies that L is a lacuna
for every such P ([2] Theorem 10.3). In the hybrid case the Petrovsky condition
only implies that the fundamental solutions E= E(P) have sharp fronts at all points
of AL except the origin. In fact, then the term E(a, —0, x) of (4.6) does not necessarily
vanish and although it is holomorptic at W (4, 6) outside the origin, it need not be
holomorphic at the origin.
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‘For many hybrid operators g, the Petrovsky condition holds in some component
L of the complement of the wave front surface. If, e.g. =3, then according to [2]
formula (6.26), an equivalent condition is that 4* N X™ be real. In example 1 page 223
this is true when x is inside the curved triangle that constitutes W (4, 6). Hence in
this case the fundamental solution has sharp fronts from inside the wave front
surface except at the origin. This is also a consecuence of the fact that the local
Petrovsky condition ([3] Chapter III, formula (10.2)) applies equally well to hyperbolic
and hybrid operators. It states that

B4, x, 00 €H,_,(Y*—Y*N4*)

where x is in some component L of the complement of wave front surface and close
to a point 052y€dL. The formula should be taken in the sense that the Petrovsky
class belongs to the image of the right hand side induced by projections Y*—Y*(
NA*~>X*—X*NA*. When the local Petrovsky condition holds, then all funda-
mental solutions of hybrid operators whose principal part is a power of a have
sharp fronts at y from L. The proof is as in [3] p. 183 and example 10.3 of [3] shows
that outside the origin all the fundamental solutions of our examples 1, 2, 3, 4 page
223 have sharp fronts from inside the regions bounded by lines that curve inwards
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