The distribution of the Riesz mass of
certain subharmonic functions

P. C. Fenton

1. Introduction

Let u(z) be a function subharmonic in the plane, let

M(r,u) = maxu(z),
m(r, u) = li!nf u(z).
The order ¢ and lower order A of u(z) are defined by

Q — Tim l?_g_ M(r,u) )
A o= logr
Heins [5] has proved the following theorem, which is the analogue for sub-
harmonic functions of the Weierstrass representation formula for integral functions.

Theorem A. Let u(z) be a function subharmonic in the plane, harmonic at z=0
and of order less than one. Then there exists a unique non-negative Borel measure p
which is such that

1.1 u(@) = u©)+ [, log
for all z.

The proof of Theorem A depends on a general representation theorem of
Riesz [8] for functions subharmonic in a domain. We will be concerned in this paper
with the asymptotic behavior of u(z) as |z| tends to infinity and this behavior will
remain unaffected if the values of u(z) in a small circle about the origin are replaced
by the Poisson integral of the boundary values of u(z) on the circle. This modified
function is then harmonic in the small circle (and so at the origin) and subharmonic
in the plane and consequently allows the representation (1.1). It will be assumed
hereafter that this modification has been carried out-and that (1.1) holds.

z

1 C’due;
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Anderson [1] has proved:

Theorem B. Let u(z) be a function subharmonic in the plane and satisfying

{1.2) m(r,u) <O(l) as r— oo,
(1.3) tim ,(:/’2”) o

r—>oco

Suppose we are given 6=0, k=1. Then, for all r=0, there exists a continuous func-
tion O(r) such that, if

1.4 o) = plk~r = |z| < kr, 6 = |argze™¥| = =},
then

(1.5) () = o(® as r—> .
Moreover

(1.6) 0(r) =o(logr) as r— oo,

That the conclusion (1.6) concerning the growth of 8(r) may not be the best
possible is suggested by a theorem of Kennedy [6] from a special case of which
it follows that, if u(z) is bounded on a receding curve y and satisfies (1.3), then

(1.7) lim &2

1mW=O as z o along 7.

In Theorem 1 below it will be shown that, under more general hypotheses than
(1.2) and (1.3), the conclusions (1.5) and (1.7) hold and in a related theorem, Theo-
rem 2, an estimate for the Riesz mass of # outside a narrowing angular neigh-
bourhood of the curve arg z=0(r) will be given.

2. Statement of results

Given numbers k and &, with- k=1 and 0=0=m, let
R)) S(r k) ={z:k7'r < |z| = kr},
(2.2) S k,8) ={z:k7'r < |z| = kr and |argz{~Y| = §}.

Let ¢ be a positive number less than one and let u(z) be a function subharmonic
in the plane and of order ¢ satisfying
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(A) there is a finite constant K such that

(2.3) f:: {m(r, u) — cos mgM (r, u)}-% =K, l<r<r,<oo,
and

(B) there are numbers « and B, with O<a<f~=oo, such that for all large r
2.4 art = pfz: |z < r} = pre.

Condition (A) is implicit in the work of Kjellberg [7] and has been much exploited
subsequently, notably by Anderson [2] and Essén [4].
We will prove

Theorem 1. Let u(z) be a function subharmonic in the plane and of order o,
where 0<g<1, which satisfies conditions (A) and (B) above and let

28 1fe
2.5) k= {—&—] .
Then there is a curve C:z=re"", where ¢(r) is a continuous function satisfying
R2 1/2
2.6) lpR)—@(R) =0 log?z— as min (R, Ry} — o=,
1

and a continuous function A(t) satisfying n=A(t)=0, A(t)~0 as > and
2
@7 ‘/'GO—A—Y)—dt<oo,

Jor which the following is true. If { is a point of C, then

(2.8) ulS €, k, AN = o{ulS(Ll, A}

where p is the Borel measure. occurring in the representation (1.1).
We will also prove the related theorem:

Theorem 2. Let u(z) be a function subharmonic in the plane and of order ¢,
where 0<g <1, satisfying conditions (A) and (B) above. Let k be as given by (2.5)
and let C be the curve, u the measure, of Theorem 1. Then there is a function &(t)
satisfying n=¢e(t)=0 and ¢(t) >0 as t >, and a function v(t) satisfying 1=v(t)=0,
v(t)—~0 as t— o and

2.9) I Xg_’) < oo

for which the following is true. If ( is any point on C, then
(2.10) uIS @k, e(IID] = v(LDrIS L), ©)1.
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The case ¢=3 of Theorem 1 has much in common with a particular case of a
theorem appearing in [3]. In [3] David Drasin is concerned with the behaviour of
the curves on which a function possesses asymptotic values and, in the case of an
entire function of order 5 with a single asymptotic value, he shows that the curve
is close (in a certain sense) to a curve: z=re®®), where 0(r) is a continuous, piece-
wise linear function of log r satisfying

[0 @2 dr < .

Such a curve is of precisely the same kind as that occuring in Theorem 1 and it
follows from the asymptotic behaviour of the entire function that
0(r)—p() =o0(l) as 7> oo.

It seems not unlikely that the two curves are in fact interchangeable.

3. Preliminaries to the proofs of Theorems 1 and 2

Let u(z) be a subharmonic function satisfying the hypotheses of Theorems 1
and 2. We assume that #(0)=0, which may be done without loss of generality.
We define

(3.1 W@ = pl{z: 2l = 1]

and introduce a new function U(z) given by

(3.2) Uz) = f;° du* ().

U(z) is a well-known auxilliary function, the properties of which are summarized
on page 204 of [5]. Among these properties is the following relation:

3.3) m(r, ) + M(r, u) = m(r, U)+ M(r, U).

We will require the following lemmas, the first of which is a consequence of
(2.4) and the properties of U, the second being an important result of Kjellberg [7].

z
I+

Lemma 1. Let U(z) be the subharmonic function (3.2). Then

3.4 am cosec g = lim —A!(:;—U)— = fim Al_%_l/_)

r—co y>co

= Pz cosec mg.

Lemma 2 [7]. Let U(z) be the subharmonic function (3.2). Then there exist
constants B, and B,, depending only on ¢, such that

vy ar _ , M, U) M(r,, U)
(3.5) frl{m(r, U)—cosmeM (r, U)} —37 = By . ~B, %

Jor all vy, r, satisfying O<r;<ry= oo,
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4. A basic lemma

A useful preliminary result is:
Lemma 3. Let U(z) be the subharmonic funcion (3.2). Then

4.1) [ im(r, ) —m(r, U} ,fil

-~ o0,

Let s=max (0, —cos o) and let
P(r) = m(r, u)—cos ngM (r, u)—m(r, U) +cos noM (r, U).
Then, from (2.3), (3.4) and (3.5), there is a finite constant K, such that

- dr
4.2) f PO =K

for all large values of r; and r,, with ry=r,.
From (3.3) we see that

4.3) P(r) = m(r,u)—m(r, U)+cos g {M(r, U)— M(r, u)}
=mr, u)—m(r, Uy—o{M(r, U)— M(r, )}
= (1—o)(m(r, w)—m(r, U)).
From (4.2) and (4.3) it follows that

(1—0) [ {m(r, ) —m(r, U)}_gg =K

for all large values of r, and r, with ry=#,. Since 6 <1 and m(r, y=m(@, U), (4.1)
follows.

5. Some definitions

We begin by making the observation that the set S on which m(p, U)y=—oo
has zero measure. This follows from Lemma 2. Also, for r outside S, m(r, u)=
=m(r, U) > — oo,

Let r be a positive number outside S and let

E(ry={z:|zl = r and u(z) < m(r,u)+1}.

E(r) is a non-empty open set, since u(z) is upper semi-continuous. Let E, (r), ..., E, (),
say, be the largest components of E(r) and let {,(r), ..., {,(r) be their centres. We
choose that one of the {(r), i=1, 2, ..., n, which is such that, with “arg” denoting
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principal argument with range (—=, n] (notation with which we will continue),
arg {,(r) = max {arg {; (0},
and write {(r)={,(r). {(r) is thus uniquely chosen for each r outside S and

(5.1 u(l () < m(r,uw)+ 1.

Let ¢ be any positive number less than one and let k& be as given by (2.5). We
define J(r, €) to be the upper bound of all positive numbers ¢ for which

(52) u[SC0) k0] = & IS &),
where
(5.3) g =g {41] .

In the case where there is no positive number ¢ for which (5.2) holds we define 6 (r, €)
to be zero.
Let ©(r, €) be given by

(5-4) p[SEM), k, 6(r, )] = 1(r, IS, K],
so that 1=1(r,e)=¢ and let n(r, &) be given by

(5.5) p[SC®, k. 3e)] = n( HpISC, B,
l=x(r,e)=0.

6. The functions J(r, &) and (7, ¢)

We have

Lemma 4. Let 5(r, €), n(r, €) be as defined in the previous section. Then

6.1) f“‘s(’;r‘s)zdr< o

and

(6.2) [0 4 < o
. 4 :

Let r be a positive number outside S and define two positive real valued func-
tions pf (), s (¢) for k™ *r<t=kr by

6.3) pi(@) = pl{z:k~tr <zl =t and |argz{(r)~Y = §(r, &)}],
6.9 ps () = pl{z:k™*r <zl = t and |argz{ (H)~Y < 8(r, £)}].
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We have, writing { ={(r) and recalling that |{(r)|=r,

u@) = _/']z[«clog l—é due,
= [*Tlog|1—Z|du* () + [ log |1 ——| du*
= [ log|1——|dp* @)+ [ log |1 ——| du* (®)
b r " r reié(r,s) "
+ [l Jog | 1——|duf )+ [, log |1~ dut (®)
X rei&(r,a) r "
= m(r, U)+ [, {log|1— —log|1——/t duf (©).
Hence ’
kr t— rei&(r, £) "
(6.5) u(C)——m(r, U) = k_lrlog T——r‘——— d[l.l (t).
Now,
(6.6) [t —redCoRt— -2 = 1+ drt in? a(r, €) = 1 +k0(r, &)

@t—r? s 2

where k,=4kn~2(k—1)2. Substituting (6.6) into (6.5) and setting ks =3k,(1+k,7%) "%,
we obtain

6.7 u(Q)—m(r, U) = glog (1+k;5(r, %) uf (kr)
= kyO(r, &) us (kr)

= k3o (r, &) u[S(, k, 6(r, ©))]
= 'k 0(r, )2 u[S(r, k)]

= ¢ Bk, 0 (r, £)2re

since, from (2.4) and (2.5), u[S(r, k)|=a(kr)?—p(k~1r)e=re(2B—50)>pre.
From (6.7) and the definition of {(r) we obtain, for large r outside S,

m(r, u)—m(r, U)+1 = &' Bk, 6 (r, €)°re,

and from this together with Lemma 3 we obtain (6.1).
In a precisely similar way, but with 3¢ replacing (r, ¢) in (6.3) and (6.4), we:
deduce that

(6.8) m(r,)—m@r, U)+1= %szﬁkgn(r, e)re.
(6.2) follows from (6.8) and Lemma 3.
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7. Further definitions

Let r, be a large positive number and define intervals
(7.1 I, = [k"4ry, K®+D/4p ], n=20,1,2,...

Within each of these intervals we select a point s,=s,(¢) at which both

9 o(r, &)
E 2 Jr—
(7.2) 5(s,, € < s T f,n > dr,
9 n(r, £
1.3) NG €) < joo f1, =7 dr-

Such a point must exist. For each of (7.2), (7.3) is false in a subset of I, of logarithmic
measure at most —;log k and consequently the subset on which one or both of (7.2)
and (7.3) is false has logarithmic measure at most Tflog k, which is less than ilog k,
the logarithmic measure of I,.

Let &,(e)=(sy,), let O(sy,, &)=arg &,(e), n=0,1,2, ..., and let I'(c) be the
curve defined by

(1.4) I'(e): z = re'l0Cuw ) +hlr=s} Son = F = Spnyzs

‘where k, is a constant given by

fn+1(8)
Ky == (Sappo— Say) L ar .
(S2n42— S2n) g ()
‘Then for r=s, we may represent " (g) by
(1.5) ) = re'¥e:9,

‘where ¥ (r, &) is continuous for r=s,.
We define

D(i", 8) = 2{6(32115 8) +25(s2n+1: 8)+5(S2n+23 8) +(S2,,+2)—1} fOI' Son =Er= Son+2
(7.6)

2B 7/4
(77) E(r’ 8) = [7] {n(s2n+2’ 8)+}7(S2ns 8)} fOI‘ Son =r= Son+25

for n=0,1,2,....

The remainder of the proof proceeds as follows. We will show that ¥ (r, €)
satisfies the condition (2.6), also that D(r, &) tends to zero as r tends to infinity and
that (2.7) holds for D(r,s). We will show that, for any point { on I'(g),
L[Sk, DL )] =enlS(Cl, K] and p[SE, k, el=E([, &)n[S([], k)], and that
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E(r, &) tends to zero as r tends to infinity and that (2.9) holds for E(r, ). Having
done this the remainder of the proof is straightforward, though lengthy. It will
be shown that the functions A(r), v(r) may be constructed form the functions
D(r, 1/n), E(r, 1/n), n=1,2,3, ..., and also that the curve C may be obtained by
piecing together segments of the curves I'(1/n), n=1,2,3, ....

8. Concerning I'(¢), D(r, &), E(r, ¢)

(1) T'(e
Lemma 5. Let &,, &,., be successive vertices of I'(¢). Then
@1 larg &,851) = 5D (& ).
Lemma 5 follows from (7.6) and two applications of the following result:
Lemma 6. With s, as defined in section 1,
(8.2) |arg (96w D= 0Gu, M| = 5(s,, £) + 6 (Sps1 &),
for n=0,1,2,3, ....

From the definition of s,, s,.,=k%s,. Also, if (8.2) is false we have, for all
small positive numbers ¢,
8.3
ﬂ[{Z : kSn = lzl = k—lsn+1}]

= ”[S(Sneio(s"’s)’ k’ ) (S,,, 8) + t)] +u [S(Sn+1ew(s”+l’a)’ k: 5(Sn+1: 8) + t)]
= & {B ks, — (k™ 5,)%} + & {B (Kksny ) —a (k15,40
= ¢/ sg{pke/2 4- Bke — ak—9/% — gk ¢}
= 2pk%¢’ 58

<3855,
from (2.5), (5.3) and the fact that e~<]1.
However
(8.4 pl{z ks, = 2] > k7 1s,00)] = alks, )t — Bk 15,41
= s2(oke—pk—4/?)
= s3(ake—p)
= Bst,

from (2.5), which contradicts (8.3). Lemma 6 is thus proved.
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(2 D@, 8)
We will prove
Lemma 7. Let D(r, £) be as given by (7.6). Then
@) if ¢ is a point on I'() then for large |{|
kIS, &, D(L], )] = enlSC, K));

(ii) j“—D—(’r’e_)zdr< o

(iii) D(r, &) tends to zero as r tends to infinity.
Let { be a point on I'(e) and let g be the integer for which

Saq = léql = ]C] - ]éq-rll = Sq+2>
where the points &, are the vertices of I'(g), n=0, 1,2, ....
Now from Lemma 5 and the fact that D(|{], &) is constant for s, =|{|<s,,,»
we have, with 7=(s,,,,)7",
p[S( &k, D5, o)] = n[S(E,, &, 3D, €) U S(Egers ks 3 DAL €)]
= ,U.[S(fq, ks E(Jéq!’ 8) + t) US(fq+19 k: 5(l£q+11’ 3) + l)]
= & {B(kSags0)® — (k™ 55g40) + B(ksag)® — ot (k™ 55)%)
= 254,12 (RO — 2k ™0)
< 2¢ 53, ket

= 2B [2—ﬁ]zsgq

o
< 3/3sgq,
= eu[S(LL Kl

from (5.3) and (8.4), which proves (i).
Turning to the proof of (ii) we have, from (7.2) and (7.6),

w D(r, 8" o
so———r———dr = 43220 f,n

2
8(r, €) dr+2f°°r-3dr< -
r %o

Finally, to prove (iii) it is sufficient to show that &(s,, &) tends to zero as »
tends to infinity, and this follows from (6.1) and (7.2).
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(3) E(r, 8
The analogue of Lemma 7 for E(r, €) is
Lemma 8. Let E(r, ¢) be as given by (1.7). Then
() if ¢ is a point on I'(g), then
5 nSE &, o] = E(L, & puISLl, )1
o pes E(T,
(i1) f ———%‘—i)dr < oo}

(i) E(r, &) tends to zero as r tends to infinity.

The proofs of parts (ii) and (iii) follow as do those of parts (i) and (iii) of
Lemma 7.
Turning to the proof of (i), let { be a point on I'(¢) with || large so that
D(l{|,e)<e and E({|, &)<e, and let g be the integer such that
Sag = Kq‘ = m < l&q+1l = Sgq+2-

From Lemma 5 and the fact that D(|{|, &)<e,

(8.5) BISE &, )] = pISE,, k, 38 US (€ k, 29)]
= N(Sagr2s &) {B(KSyq12)0 — (k™ 55042)%
+ n (S2q ’ 8) {B (kqu)g —a (k_ls2q)e}

74
= ﬁsgq [%) {11 (S2q+ 2> 8) + n (qu, 3)}

= E(ICI) s)ﬁsgq
from (7.7). (8.4) and (8.5) together prove (i).

9. Concerning ¥ (7, ¢)

The third result required before constructing the functions of Theorems 1 and
2 has to do with the slow angular variation of I'(g).
Lemma 9. Let I (¢) be the curve (7.5),

I'(e):z = re¥to,

Then
12

]T(st 8)_ YI(Ial’ 8)[ =0
as min (R;, R,) tends to infinity.

R,
log—
g R,

From Lemma 5 and the definition of ¥, if { is a point on I'(¢) with

Sag = [&] = I0] = [&gsal = S2g425
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then, from (7.4),
©.1) w1t )] =

SO

D(l{), ¢) = DL, &
(S2g+2—529) 2|01 = —k-1y”

(==3 vl — 1 ._/ — °°D(t’8)2
[ (6, dt = 7 (1-k) 2 f -t

Consequently, for any large numbers R, and R,, with R;=R,,
¥ (R, 0)— ¥ (Ry, )] = [ ¥/ (2, o)) dt

={ [ eopap{[a e}

1/2
=0

R,
log 2
as min (R, R,) tends to infinity.

10. The functions 4 (r), v(r), e(r) and ¢ (r)

In this section the functions 4, v, ¢ and ¢ occuring in Theorems 1 and 2 are
defined inductively. Let

1) 1 )?
[ 1] = D[r’ n+2]
(10.1)  Dy(R 1) = max{ f ”+ dr, / ———dr},
K2R K2R r
(10.2)  D,(R 1) = x{D[ ] { Jlrl]}

[ 1] - F ["’ 12]
(103)  E,(R n) = max{ f "+ dr, f ___Ld,},
k2R

K2R r

(104)  E(Rn) = maX{[ ] [ 41—1]}
ool )

Let R, be the smallest number for which Lemmas 7 and 8 hold for all |{[=R,,
with e=3. Let R, be the smallest number greater than or equal to kR, which is

(10.5) W, (ty, ts, 1) =
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such that Lemmas 7 and 8 hold for all |{|=R,, with ¢=1%, and such that

Dy(R;,4) =274, E (R, 4) =274

Dy(R,4) = % forall r=R,, E,(R, 4= % for all R = R,,
1|, 5"
Vil s, ) = log-ti for all 1,1, = R,
1
1], t"
P,(t, 5,5 = "y log;E for all ¢, = R,.
1

For R,=r=> k?R,, define
A(r)——D(r —1—) ()—E(r —l—) ¥ ——'I/(r -1—) s(r)—l
- s 4 s yr) = H 4 3 (P()— b 4 b - 4-

For kY2R,=r > R,, define

N 1 1 (1 [ l) B
A(r)_2{D(r,z)+D(r,?)}, v(r)_E(r,Z)-l-E a3k e(r) =1
and define ¢(r) for k'2R,=r >R, by

- vl ) e (-5) -7l 3)-2an)
oM = 'I’[r, 4)+R2(k1/2—1) ¥lr, = ¥l 2¢,7¢s
where ¢, is the integer for which

oo 2)-r {132

We proceed to define A(r), v(r), e(r) and ¢(r) by induction. Assuming that
R, ..., R, and ¢y, ..., c,_, have been defined, let R,., be the smallest number no
less than kR, such that Lemmas 7 and 8 hold for |{|=R,.,, with e=1/(n+4), and
such that

= 7.

Dy(Ryy1,n+3) =273 E;(Ryyq,n+3)=2"""7,

1
Dy(R,n+3) = i for R=R,,;,, ER n+3)= ’Hl_4 for R= R,;1,
1 t, 1/2
Y.(ty, ts, n+3) = 3 logt_l for #,t,= Ryi1s
1 t, |2
Y.t ty, nt+4) = 3 Iogt—1 for t,1= Ryyq.
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For R,.,=r=>k'?R,, define

A = D[r, %} Y ) = E[r, ;1%]

1 1
or) = T[r, n—_|_3]—2c,,_1n, e(r) = P b

For k*R,,,=r>R,,,, define

A0 = Z{D( nial“’[” ni‘*]}

1 1 4
el w0t
and define ¢(r) for k?R,,,=r>R,,, by

1 .
() = ql(r, 'n_ﬁ]_2cn—1n

F—Ryyq 1 _ 1 3 }
+ Ry 2 —1) {T [r, n+4] Y’[r,—n+3 +27(ch_1— Cu)( >

where ¢, is the integer for which

1 1
‘T[Rn+1= m]_T(Rer’ +3]+27r(c,, 1 C,,) =7

This completes the definitions of 4, v, ¢ and ¢. The proof of Theorems 1 and 2
will be completed in the following three sections, in which each of the functions is
considered in turn.

11. Concerning A4 (r)

It is evident from the definition of 4 that A(r) tends to zero as r tends to infinity.
Also,
1Y)
had 2 Ryia D [r’ —]
/ A 4y 5= f n+3) .

k1/2R1 r kl/an r
1 2

o o)
+43y / ntd L

n+l
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kl/ﬂR1 r

{ 1) 1Y)
oo D[r, ———] +D[r, —]}
= 82';[ n+43 n+4 dr

2
o {D [r, —l—] +D [r, i
[ 4 5
=3

I}
*®-np-1
g, p ar+825 2

-< oo,

which establishes (2.7):
Let { be any point on C, with R, ,,=[{{>k"*R,. Then, from Lemma 7 part (i),

BIS(E k. 4G = 5 IS R

Let { be any point on C with kYR, ,;=){|>R,.,. From the definition of

¢ (r), C lies between I'(1/(n+3)) and I'(1/(n+4)). Also, taking into account Lemma 7
part (i), we have

. 1 1] 1 1
argexpz{?’ [r, n—H]—'P[r, m]}‘ = D[r, n—;§]+D[r, n+4}’

for kKV*R,,,=r=>R,.;. Hence

R[SQ & AQED)] = p [S [meiwcm,ll(wa)), k,D (IC[, _1.__]]]

n+3
+pu [S (lqei‘}’([§l,1/(n+4))’ kD (ICL #)]]
2
= = uIS(l, B

Hence, since » tends to infinity as |{| tends to-infinity,

r[S( & AQED)] = o{uIS(L}, B}

as [(| tends to infinity. That part of Theorem 1 concerning 4(r) is thus proved.
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12. Concerning v(r) and £(r)

From the definition of v(r) it is apparent that v(r) tends to zero as r tends to
infinity. Moreover,

oo 1/2R
vr) . e K R 11 v({r) ,
Jan 2=z [, 2P

Fr KY2R,

S e 1 1 dar
=2 /;cllan{E[r, n+3]+E[r’ n+4]}7

-~ 1 1| ar ~nni
§f{E[ Z]*E[” ?]}7+22 2

=< oo,

which establishes (2.9). ,
Let { be any point on C, with R,,,=|{|>k"2R,. Then, from Lemma 8 part (i),

]] = V(RIS (Ll .

w[SE K e(D)] = » [S [C’ ks %H

Let { be a point on C, with k2R, ,,=|{|>R,,,. From the definition of ¢(r),
C lies between I'(1/(n+3)) and I'(1/(n+4)), and

. 1 1 1 1
@20 Jagespi{e [ ) [n Ll = pn ) +0 s )
~ 2
TR
Hence
W[SE & 2GD)] = [s [c, ‘ .n_%]]
= AU _l_]
= u[s v, i, L]+

. 1
iP([¢],1/(n+4)) -
+ﬂ[5ﬁﬂe ,k,n+4”

= v(DulSAL, K-

Since £(r) obviously tends to zero as r tends to infinity, Theorem 2 is proved.
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13. The function ¢ (#)

The proof of Theorem 1 will be complete when (2.6) has been proved.

For R,.,=r>k'?R,,

I4 7 1
(13.1) o' ()] = IT [r, m]l

1
_ D (r, 73 3]
= 2ra k-
Also, for kV?R,,1=7r> R,,{,

(13.2)
1

, N 1 1
[(P (r)l = l‘P [r’ n+3]+Rn+1 kll2_1)[w[r$ n+4]_ql[r’ n+3]+2n(cn—l cll)

4 1 4 1
¥ [” n+4]_¥' [” n+3]|'

From the definition of the numbers ¢;, and from (12.1) and the definition of 4(r),
Y’r—l——‘I’rLﬁ—Zn(c —¢p)
*n+-4 > n+3 nmlo e
argex i{T[r —1~ —‘F[r —1—}
gexp *n+4 n+3
1 1
=D [r, m]+D[r, m]

= —;—A ).

r—Rn+1

t R )

Hence, taking account of (9.1), we obtain

4()

(133) o @) =42

for some constant 4, depending only on k. Hence, combining (13.1) and (13.3),
we see that there is a constant 4, depending only on k such that

A(r)
r

(13.49) lo” ()] = 4,
for all r=k"?R,.
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If T; and T, are two numbers satisfying T,=T,=k"*R,,
lo (T — (T = [72 1" )] dr

A@F) .
= 4, [ 204,

A 9 1/2 T 1/2
§A2{ TT:-—(r—r)—dr} log =2

I
1j2
=0 {log %::—}
as Ty=min (T;, T;) tends to infinity, since

dr < oo,

o A (7)?
el

‘Theorems 1 and 2 are thus completely proved.

This work forms part of thesis submitted for the degree of Ph.D. at the University
of London. The author wishes. to express his gratitude to Professor W. K. Hayman
of Imperial College, London, for his generous advice and encouragement.

References

1. ANDERSON, J. M., The behaviour of integral and subharmonic functions, J. 4nalyse Math. 17
(1966), 185—208.

2. ANDERSON, J. M., Asymptotic properties of integral functions of genus zero, Quart. J. of Math.
Oxford (2), 16 (1965), 151—64.

3. Drasy, DAVID, On asymptotic curves of functions extremal for Denjoy’s conjecture, Proc.
London Math. Soc. (3), 26 (1973), 142—66.

4. EssEN, M., A theorem on the maximum modulus of entire functions, Math. Scand., 17 (1965),
161—S8.

5. Hens, M., Entire functions with bounded minimum modulus; subharmonic function analogues,
Ann. of Math. (2), 49 (1948), 200—213,

6. KENNEDY, P. B., A class of integral functions bounded on certain curves, Prec. London Math.
Soc. (3), 6 (1956), 518—47.

7. KJELLBERG, B., On the minimum modulus of entire functions of order less than one, Math.
Scand. 8 (1960), 189—97.

‘8. Riesz, F., Sur les fonctions subharmoniques et leur rapport 4 la théorie du potentiel, Acta Math.
48 (1926), 329—343 and 54 (1930), 321—360.

Received March 21, 1975 P. C. Fenton
Department of Mathematics
University of Maryland
College Park, Maryland 20742
U.S.A.



