Periods and the asymptotics
of a diophantine problem: I

Ben Lichtin

Introduction
Let P(z,z,) be a polynomial with positive coefficients. For positive x define

Nl(x) = Z(mGN’: P(m)=x} 1.

A classical diophantine problem is to describe the asymptotic behavior of N,(x)
as x—oo, More generally, one can introduce a second polynomial with positive
coefficients ¢(z,, z,) and define

Ny(x) = Z(MEN’:P(M)éx) o (m).

One can also ask about the asymptotic behavior of N,(x) as x--<o. This is an
example of a “weighted” diophantine problem, each lattice point m weighted by
@(m).

The answer to such questions has been given by Sargos [14], as described in
theorem A. The analytic method used to study N,(x) is based upon the functional
properties of the series

Do, 0) = Zmers e

One knows from [9, 13] that Dp(s, @) is analytic in a halfplane Re (s)>B(p)
and admits a meromorphic extension to C with rational poles (by [13, theorem 1.2,
also cf. [10]) of order at most 2. Order the poles as g,(¢)>0¢,(¢)>... . Foreach j, set

Dp(s, 0)) _ _ A9
Pol;_, (e (Ls“_] =2 (S—Q]j(‘l’))i
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to be the principal part at g;(¢). Define
X0, 2?:1 A j(@)log—tx if g;(p) # 0
iy 4, (9 logix if ¢;(¢) = 0.

Let D=degree of P. Define the index k by the condition g¢(¢)=0,(@)...>g (@)=
20{@)—1/D=p, 1(@)>... . Sargos has shown [14].

N;(x)

Theorem A.
0.1) N,(x) = Zi;o N;(x) + 0, (x0@)~1D+2),
Define the dominant term N, (x) of N,(x) to equal Ny(x).

In this paper one will always assume, for simplicity, that gy(¢) is a simple
pole of Dp(s, ¢). The aim of this paper is to understand the residue A, ;(9) in
terms of the asymptotic behavior of periods over certain cycles in the fibers of P
located in a neighborhood of infinity. This aim is accomplished by the theorem 1,
using a concrete geometric analysis, similar to that used in {11] to give formulae
for certain “geometric” roots of a local b-function. One difference here however is
that this analysis is carried out in a neighborhood at infinity in a suitable compactifica-
tion of C2,

The main technical problem that is solved by theorem 1 has nothing to do, a
priori, with the above diophantine problem. This is the following. Define

(0.2) L(s,o) = [

{1, =

)z(I/P)’qo dzydz,.

It is well-known from [1] that Ip(s, ¢) is analytic in a halfplane and admits an
analytic continuation to C with poles contained in finitely many decreasing se-
quences of rational numbers. Let g(¢) denote the first pole of Ip(s, ¢). Assume
that p(¢) is a simple pole.

Problem. Over an interval [B, «=)cC—{0}, construct a continuous family of
1-cycles y, and analytic family of 1-forms , satisfying these properties:

(1) bl {P=1} for all €[, =);

(2} w, is a 1-form on {P=t} for all 1£[B, «<);

(3) One has the identity

(0.3) Pol,_ (o) Ip(s; @) = PO]F“(‘P)»[: t_sfyt @

This is essentially a 1-variable problem, and can therefore be addressed using stan-
dard residue calculus techniques, adapted to a global geometric setting involving a
configuration of normally crossing divisors on an algebraic surface.
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To connect (0.3) to Dirichlet series, one first makes the following definition.
For P, ¢ two polynomials with positive coefficients one says

Definition 1. The pair (P, ¢) is “good” if
(1) oo(@)=0(9);
(2) Poly. o) Dp(s, @)=Pol,_,,, Ip(s, @)

Section 1 states a simple condition for P which insures that (P, ¢) is a good pair,
cf. theorem B. Thus, the significance of theorem 1 for the diophantine problem
discussed above is this. Whenever one knows that (P, ¢) is good and the first
pole of I.(s, ) is simple, one concludes that the coefficient of Nq,(x) is deter-
mined by the asymptotics of a certain family of periods. In this way, one explicitly
connects Nq,(x) to the behavior of a Nilsson function whose algebro-geometric
significance is by now well understood [6]. In addition, it implies that N¢(x) is a
“cohomological invariant”, in the (limited) sense of corollary 3. One should also
note that earlier results of Cassou—Nogues, for certain special cases of P [3, 4],
had suggested that a result like theorem 1 could be true for a much larger class of
polynomials.

A second application of theorem 1 is given in corollary 4. In [13, theorem 4.9],
Sargos gave an “explicit” expression for A4, ,(¢), in the event g,(¢) is a double
pole. His methods do not extend however to give an expression for 4, ,(¢) when
2o(®) is simple. Using the geometric methods described herein, a similarly “explicit”
expression for the residue is given when (P, @) is good, go(¢)€Z, and is a
simple pole.

Sections 2—4 give preliminary definitions and constructions needed in the proof
of theorem 1. These involve ideas from toroidal geometry (section 2), the regulariza-
tion of generalized powers 2 la Gelfand—Shapiro (section 3), and the construction
of V-manifolds ala Steenbrink—Varcenko (section 4). The proof of theorem 1 is
to be found in section 5. The most important ingredients for the proof of theorem 1
are the precise overlap relations given in lemmas 4 (section 3) and 9 (section 4),
as well as the integral representation for Pol,. ¢, Ir(s, ¢) in lemma 7 (section 3).
The reader should keep in mind that the only assumptions needed in sections 3—35,
unless explicitly noted otherwise, are that P and ¢ have positive coeflicients and
o(p) is a simple pole of I,(s, ). On the other hand, it should be possible to
weaken the first hypothesis. This is discussed at the end of section 5.

Constructive remarks and suggestions by the referee have been greatly ap-
preciated. In particular, corollary 2 was pointed out by the referee as an interesting
analytic consequence of theorem 1.
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1. Good pairs

In [9, sec. 5] a large class of good pairs was determined. In the two variable
case there is a very clear defining property for this class, denoted € below. This is
now recalled.

Let h(zy,z,)=2; b;z" be any polynomial. Set supp (h)={I: b;=0}. Define
the monomial M (h)=(M,, M,) where for each j=1,2
(1.1)  M; = max {i;: i; is the j™ entry of an index I for which b; = 0}.
M (h) is called the maximal monomial for h.

To h one also assigns the Newton polygons.

Definition 2. The boundary of the convex hull of (J;¢quppwy (/—R%) is called
the Newton polygon of h at infinity. It is denoted I'..(h). The boundary of the con-
vex hull of Uresuppmy +R?%) is called the Newton polygon at the origin and
denoted I',(h).

Now write P(z)=_ a,;2', and define

€ = {(P, ©): i) Apmpy = 0;
ii) Both Pand ¢ have positive coefficients.}

Theorem 2 [9] showed

Theorem B. If (P, p)¢%, then (P, @) is a good pair.

Remark 1.

(1) One can even give a description for p(¢) in terms of ' (P). Let A(d,, d;)=
{t-(d,, dy): t=0). Let 1(d,, d;) denote the value ¢, for which {t,-(d;, d;)}=
I'.(P)nd(dy, d;). Let T=(1,1). Write

(P(21 ’ 22) = 21€supp(<p) Cy 2L
Set

(@) = max {c(I): I€supp (z,2,- ¢)}
Z(¢) = {Iesupp (9): t(I+1) = (9)},
and or(z1, %) = Zrca 1z’

Let by, b,,...,b;, be the integral and primitive covectors dual to the 1-
dimensional faces of I'..(P). One has

Proposition 1. If (P, ¢)€¥€, then

0@ = 1/x(0) = max (20 Te2 (o), 1= 1, o,

where M (b))=max {J-b;: J€supp (P)}, i=1,...,d.
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Proof. This is a straightforward extension of the arguments in [9, pgs. 109—112].
Details are left to the reader. [

(2) The analysis in [ibid] seems to break down if P has a maximal monomial.
The description of Pol,_ ) Dp(s, ) can then involve a sum of terms
including, but not limited to, Pol_ ¢ /p(s, ¢). This is the only reason
why the first condition in the definition of % is included. O

2. A Toroidal Compactification

To give a useful analytical description of Pol,- ) Ip(s, @), one needs to be
able to write the integrand in as simple a form as possible. To do this one first chooses
a compactification of C2, 1: C2<>Z, and then constructs a modification n: X~Z
for which the divisor defined by n*(P) is locally normal crossing.

It is convenient here to take Z=(P1C)2 The polygon I'..(P) can now be used
to construct a smooth toroidal variety X, defined over Q, and modification n: X—~Z
which is both proper and locally monomial. = is obtained by dualizing certain
cones derived from I'..(P), I'..(9), as discussed in [5), and forming a partition 2 of
simplicial cones in R2. X is covered by a finite union of affine charts {X(¢)}, where
to each cone 6€2 one assigns the chart X (o).

There is one chart in Z in which the analysis below is actually carried out. If
C%(z) denotes the affine chart with the original coordinates (z;, z,), let C3(x) denote
the chart with coordinates (x,, x,) and with overlaps z;=1/x;, i=1, 2. One abuses
notation by denoting X=nr"1(C%(x)), so that one writes in the following
n: X—>C23(x).

To the polynomial ¢(z;,z,) one associates a rational 2-form w, on (P*C)?
so that

2.1.1) Dyl = @ dz; dz,

and

&(x;, x.
w(plC?(x) = [e(1/xy, l/xz)/(xlxz)Z] dx,dx, = —}%,.,—l)cg.TZ)dxldxza

where @ is a polynomial not divisible by x; x,.
In the notation of (1.1), define the polynomial Q(x,, x;) by the following
formula

Q(xls x_z)_

BT

(2.1.2) R(x1, Xp) = P(1/x;, 1/xp) =
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Thus, one has as an identity between analytic functions of s with Re (s)>1,

Ip(s, @) = f Rw,.

o112
Evidently, one also has that

(2.1.3) Pols_ o0y I (s, @) = Pol,- yp) oy K @o-
If the chart X(o) of X has coordinates (u;, u,) then one can write
(2.2.1) Rom(uy, uy) = ufPug®/0. ), Q,(0,0) =0
*w, = ufVuE® ¢, (u) du, du,, D,(0,0) # 0.
Set R,=1/Q,. By [9, remark (5.4.3) pg. 110],
(2.2.2) A =0, i=12

Notation. In the following, # denotes the strict transform of the divisor C2(x)
defined by 0. O

An important point is to estimate the location of # with respect to the preimage
of the domain of integration of I,. To formulate the result, cf. proposition 3, one
first introduces the following.

For positive « set

I={z=x+iy: x=1 and |y| = a(x—1)}.

Set I'(x)=I>NC2(z). Using the overlap relation for C2?(z)nC?(x), one considers
I' () &> C2(x).

Notation. Denote the “strict transform” of I' («) by
I'*(@) = closure in X of 77 [Urzs»0 I (@) {lx] = 3}].

One similarly denotes 4* as the strict transform of the box [0, 1]* in C%(x).
Sargos has shown [13, sec. 5]

Proposition 2. There exist positive numbers 2, ¢, &, o with p€(0, n/2) such that
|P(21, 25)| = ¢lz1-2,|* and |Arg P(z,,2,)) =0
Jor all (z,, z,)€T ().
One now sees by [9, pgs. 110—112]
Proposition 3. There exists o such that for each chart X(o) one has
ZnX(@nT™ () =90. O

This result allows one, in the next section, to give an exceedingly simple de-
scription of Pol,_ ., Ip(s, ).
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3. An integral expression for Pol ., Ip(s, ©)

This section contains the most important of the technical preliminaries for
theorem 1. It combines the toroidal construction of section 2 with the regulariza-
tion method for generalized powers, due originally to Gelfand—Shapiro, to give
an integral representation for Pol,_ ., I5(s, ¢). The final result is given in lemma 7.

Let 2={D;}u{#} denote the divisors corresponding to = and Q. To each
De P there are two numbers of interest

3.1 A(D) = ordp(Ron), B(D) = ordpn*(w,),
from which one forms the ratios, for e=1,2, ...,
o(D, ) = —(e+B(D))]A(D).
Definition 3. One says that D’€ 9 contributes potentially to Pol;. o) Ip(5, ) if

e(D’, 1) = maxo(D, 1) = o(¢)-
One first observes the

Lewma 1. If D#=R then DNI'"(x)#=0.

Proof. This is a simple calculation that is based on the fact that = is locally a
monomial map, whence defined over Q (cf. {9, pg. 111, 112]). ©

Remark 2. It suffices to use e=1 in Definition 3. To see this one uses the
reasoning in the proof of theorem 2 [ibid) and the fact that p(¢) equals the /argest
pole of Ip(s, ). D

Noration. Set #,={D,, ..., D,} to be the set of divisors contributing poten-
tially to Pol;- .,y Ip(s, @).
If De%, define

(32 FD) ={De2—-{D}: DnD = ¢},
and
Z (D) = {charts X(0): Dn X(o) = 0}.

Now let De#, and D’'c¢.#(D). Define
(33) As(D, D) = A(D)o(p)+ B(D).
A slightly tricky point is the following
Lemma 2. When g(o) is a simple pole of Ip(s, @), then
i, D)=>~—1 if Dc#,, DcsHD).
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Proof. 1t is easy to check that it suffices to show the following assertion:
If De#B, and D'¢s(D), then D'¢%,.

The reason for the implication is that the contribution to the coefficient of
1/{(s—a(@))? in Pol,-,,, Is(s, ¢) is supported (as a current) at the intersection
points of D’, D, whenever both divisors are contained in %,,. It is now easy to see
by {9, pg. 117] that the local contribution at a given intersection D’nD must be
positive whenever P and ¢ have positive coefficients. Thus, since g(¢) is assumed
to be a simple pole, it follows that 1,(D, D')> —1. Since p(p) is the largest pole,
necessarily A,(D, D)>—1. 0O

To the divisor Dc#, there corresponds a unique covector b=(b,, b,) in
the partition X, used to construct X. One may assume that b>(0, 1), (1,0). The
reader will be able to modify the arguments below if this assumption does not hold.
One can now find two integral covectors a=(a,, 4,), ¢=(c;, ¢;), which for sim-
plicity can also both be assumed to have positive components, so that

. a b
34 (i) det [b) = det (c] =1,
@) o, =(b,¢c), g, =<a,by belongto Z,
and (iii)) a, ¢ are dual to vertices of I;(Q) (cf. Definition 2).

One sets Z (D)= {X(0,), X(0,)}-
Let (uy,u;) resp. (vy,vs) be the coordinates on X(o;) resp. X(o,).

Lemma 3.

1) In X(0,) N X(06,) one has

uy = 1jvy, wuy = 12 %y,

ity DnX(oy) = {u, = 0}, DnX(ge) = {v, = 0}.

iii) Let D, resp. D, be the divisors of X such that
D,nX(oy) = {u; =0} resp. D;nX(op) = {v, = 0}.
Then #(D)={®, D;, D,}.

iv) DnA*n X(06,) = [0, ) = DN 4™ n X(05).

Proof. These are simple arguments based on the construction of 7. Property (iv)
follows from the locally monomial nature of = cf. {9, pg. 111] and the fact that no
component of a, ¢ equals zero. A simple modification of (iv) is needed if this prop-
erty does not hold. These are left to the reader. [J
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Notation. Set
0 =deg 0, (0, u)) = deg Q, (v,,0), & =deg P, (0, u) =deg @, (v,0). O

The following global (“cocycle”) property is useful in the global analysis over
the divisors in 4,,.

Lemma 4. In the above notation,
4o(D, Dy) = —44(D, Dy)— (2+6") +2(9)o.
Proof. For each covector £C(R%)* set (cf. (2.1))
mg(P) = min {y-&: yel(®)}
my(Q) = min {y-¢: yel(Q)}
H(D) = {yel(®): y- & = m(P)},
He(Q) = {yel(Q): y- & = my(Q)}-

These are the “first-meet loci” of the polygons in the direction &.
One can always construct the partition X used to determine X so that

) K (Q)VK (D) Kp(D),
(i) and K,(®)v K (P)C K, (D).

Set

Let K, (Q)={I,}, K,(Q)={I,}, K.(#)={J}, K. (9)={J,}. One should note
that K,(Q) and K_(Q) need not be distinct. Set 1=(1, 1). Define

oc =det(’:).

An easy calculation shows that ab—c=a. By definition one has (using the nota-
tion of (2.1))

AD) =c-(M-1), BD) =c-(Jj—m+1)—-1,
AD,) = a-(M~1,), B(Dy) =a-(J—m+T)—1
AM) =b-M-I), B(MD) =b-(J—m+1)—1, k=12
One then computes and finds
2e(D, Dy) = —4,(D, D)~ (2+8) +e(p)[c- (I.—1))]
4o(D, Dy) = —2,(D, D) — (2+8) +e(9)[a- (L, — I}
It is now easy to check that §=a.(I,—I,)=c-(I,—I,). This proves the lemma. 0O
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A simple consequence of lemma 4 is

Corollary 1. The covector b corresponding to DERB, is dual to a line segment

of I'y(Q).

Proof. If this does not hold, then one checks easily that 6=0. By lemma 4,
Ao(D, D)) +2,(D, Dy)=—2—8". This is not possible however when each
2,(D,D)=—1. O

In practice it is useful to have a formula for 1,(D, D;). The following is easily
obtained from the above expressions for A(D,), B(D;), A(D), B(D).

Lemma 5. One has
—det(y—m+1; M—-L)
A(D)

A,(D, D) = 1

det(—m+1; M—1,)
A(D)

2o(D, D) = 1,

where the indicated arguments of det are column vectors.

Notation. For D¢#,, Z(D)={X(0,), X(02)}, and F(D)={D,, D,, #}, one
sets D'=D—(D,uD,;UZR).

The following property is easy to check.
Lemma 6. Let % be any simply connected subset of D’. The two 1-forms
o] = 13" R, (0, up2® &,,(0, up) dtslarnx(o
@3 = —01* PPV R, (01, 09 @, (01, 0) dvslanxcay
patch on UnX(o)NX(a,), to give a global section of Q.

This section is denoted ’ in the following, the open set % being clear from the
context.
For DeZ,, one now defines, using the above notation,

(3.5) RD) = [ uz»® PO RED (0, u5) @, (0, ) dty
= f :’ ple®:Dp RZ® (v, 0) P, (v, 0) dv, .

Remark 3. Evidently, by lemmas 2, 6, and the fact that no pole of either R,
lies on DnA4™, one concludes not only that R(D) is a finite number but also that
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the second equality in (3.5) is valid. Indeed, one also has the equation

3.6) R(D) = lim [*" 3™ Re® @,,(0, u) dy
= lim [ o}s® 2080 0, (1, 0 dv,. D
e~0 4
Define now
k= 2peca, R(D).
One has the basic
Lemma 7.
14
Poly_ o0y Ip(s, 9) = o)

Proof. One argues as in [9, pg. 116—117]. A sketch is given here. The main
point is this. One can cover A" by finitely many open sets %;, in each of which there
are coordinates ({9, u{’) with the following property:

Each %, is a subset of one of the charts X (o) (with coordinates (1, uy)), used
to construct the variety X defined in section 2. The coordinates (4", #{”) are then
the restrictions to #%; of (u,, u,). One concludes that in each %;

(1) Equations (2.2.1) hold;

(2) The strict transform defining & is positive on %;AR* by Proposition 2;

(3) The strict transform &, is positive on %;~R2.

Thus, by a partition of unity subordinate to the cover %;, one can now apply to
Ip(s, @) the regularization procedure, described in {7, pgs. 59ff], also cf. [15}, carried
out in the two variable normal crossing case. When one pieces together the expres-
sion for Poli-,q, Ip(s, @), using (2.1.3) and lemmas 2,3,4, and 6, one obtains
p/(s—o(p)). Details are left to the reader. 0O

Remark 4. As discussed in section 5, a modification of the 1-forms, defined in
lemma 6, is needed if each 1,(D, D,)—pg(@)é is an integer. This implies, by lemmas
2, 4, that each 1,(D, D)) is a nonnegative integer. Let % be a simply connected
and open subset of D’. Set

! = uye® P RED (0, u,) B, (0, uy) log (u) du, on U {u, # 0}
and
wy = vie>P RE? (01, 0) B,,(21, 0) log v, dv,  on ¥ {o; # 0}

These 1-forms patch whenever the principal value of the argument, assuming
values in (—m, n], is used for each ;. With this choice, one denotes the log by
Log. The result is a single-valued holomorphic form over %. This section of Q}, is
denoted w” in the following. 0O
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4. V-Manifolds

Section 4 discusses the Steenbrink—Varcenko construction of a “¥-manifold”.
Varcenko was the first to emphasize the use of this construction for studying families
of periods. Here, an adaptation is given for the case of a rational function which is
needed for section 5. The construction is quite similar but it is necessary to be explicit
for the proof of theorem 1.

For a divisor D€#,,, #(D)={D,, D,, %), A(D;) given by (3.1), define

ED) = l.c.m. {4(D), A(Dy), A(Dy)}.

Let T.. be the chart at infinity in P*C with coordinate f... By proposition 2,
it suffices to work in a neighborhood of r.=0.

The graph of R(x;, x,) in C2(x)XT. is defined as

G = {Q(x,, x2)- t“,—xf“xg{’ = 0}.

With #: X—C2?(x) the toroidal modification from section2, set n’=nX

id: XXT—~C2x)XT- and define
% (D) = [strict transform of {(Q - t.. —xM1x}*)on” = O}]n[X (o) X(a)]XT.

One notes that (2.2) implies that the strict transform of (Q -1~ x1ixy?)on’ is
defined by
4.1) in X(0,): R{(W, t) = Q,,* te —uf PV uf® = 0,

in X(02): Ry(#, tw) = Qp, -t — 0@ (P2 = 0.

Let 6: 4(D)~Tw, pr: 4(D)—~X be projections. With T a copy of the affine
line with coordinate w, set v: T—T. to be the map v: w—-wE®=r_. Set
01 9(D)X; T—~%(D) and 1: 4(D)X;_T—T to be the projections from the
fiber product. Define #: A" (D)—~%(D)X;_T to be the normalization morphism.
Define p=p 01, @=mnoprop. Figure 1 summarizes these definitions.

N(D)
S
nl P

¢D)x, T 5% ¢gD) = ¢ — C¥a)
T 81 R

T — T

o0
v

Figure 1
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The following proposition describes a local defining equation at any point of
[9(D)N(DXTx)]Xy_T. The proof is straightforward and left to the reader.

Proposition 4. At each point (€[9(D)N(DXT.)] Xy T there exist

i) an open neighborhood V (£)C(X(61)U X(02))XT;

ii) local coordinates (w,, wy, w) such that one of the following types of equa-
tions defines V(&)n[4(D)n(DXT.)] Xr_T.

Type (1): wED — @),
Type (2): WE(D) _wf(D) w;(Dl).
Type(3): wywE® —pd®)
Type (4): wE(D) — wf(Dz) W'z‘(D).
One then says that £€[#(D)N(DXT)]Xy_T is of type (i) if the local defining
equation at £ is of type (1), i=1,2, 3, 4.
Set
a() = 1, a2) = gcd.(A(DY, AD)), a(3) =1, a(d) = g.cd.(4(D), A(Dy)),
and

(4.2) a4 = E(D)/A(D,), o, = E(D)/A(Dy),

One now lifts these considerations to .#"(D),, (the non-singular part of 4" (D)) as
follows. For each ¢(€[4(D)n(DXT.)], with corresponding neighborhood V(&)
as described in proposition 4, one has

Proposition 5. For i=1,2,3,4, if & is of type (1), then there exist a(i) disjoint
open neighborhoods over V(§) Xy T, denoted (%), ..., ,;)(8) with- the following
properties.

a) For each p=1,...,a(i), coordinates (y\P,y{P, v\P) are defined on each

A, ()N A (D), such that if:

i=1 then wyon = (p@)EDIAD) yw.opn =y, won = e2nip/E(D) (P)
i=2 then wyon = (pP)EOVAD) yw.on = (p{P)n, won = ep/ED) (P
i=3 then won= (yl(P))E(D)’ waon = (P{P)EDVAD), wop = e2rip/E(D) 1(p)
i=4 then wion = (y{l’))az, weon = (ygp))E(D)/A(D)’ won = e2nip/E(D) ,(P)

b) If V(E)NV(E)#~0 the overlap relations between () and o4, () are derived
from those for V (&), V (¢') and the formulae of part (a).

Proof. This is a straightforward adaptation of the arguments given in [16,
pe. 488]. O
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In the following, the open sets &;(£) will be (imprecisely) called “charts”.
Now define the following subsets of 4(D),

Ey={(ut.): Ry =u; = 0} U{(v,t.): Ry =10, =0},
Ey = {(u, t.): R = u, = 0},
Ey = {0, t.): R, = v, =0},

E; = {(u,t..): R}

I

Q,, =0u{( t.): R;=Q,, = 0}.

Set
“3) D= (B-(E.VEVE), Di=e'(E), i=12
and
£ = o ' (Ey).
Lemma 8.

(1) For any j, & one can locally describe f)’ndj(é) as follows.
a) If o(H;(E)cX(oy) then D' naty(&)S (P =y’ =0} and y{) is a local
coordinate of D’ sf,(¢).
b) If o(£;(§))cX(0s) then D’ (5 (=" =0} and y{" is a local
coordinate of D' nt;(¢).
(2) In any open set of 4 (D) disjoint from R, the map Oog is nonsingular and

holomorphic.

Proof. This is clear from the definitions and construction of 4 (D). O

Let %4=%(D)—E,. The analysis in the next section will be done over %, by
means of the restriction map ¢: (an open subset of D’)~%. This is defined as fol-
lows. Set 6;: X(6)XTw—~C*XT., i=1,2 to be the transformations defined by

1 1/A(D)
o= g -
1 1 1 Qa,(unuz) ’ 2 25

1 1/4(D)
02: w{=v1, W;=‘I)2[—Q———(;—v—)] s loe = oo
o \¥1y ©2

Then 0, resp. 6, is well-defined and non-singular on an open neighborhood %; of
[DAX(01))XT..] resp. #; of [(DnX(0,))XT]. Moreover, it is clear that

UNW; = {toc _ wil(D) w;(Dx) — 0}

b

UnWy = {te — (u)A®D (WA = 0}



Periods and the asymptotics of a diophantine problem: I 119
One then lifts #{ resp. #; to an open neighborhood #;" resp. #; of
(DN X(o))Xy_T resp. (DnX(o)) Xy T so that
@ T) AW = (wED —wi® d®) — 0}
(UXr T)nWy = {WED) — (w)APd (w)4® = 0}.

Set A, =gcd(A(D,), A(D)), Ay=gcd(A(D,), A(D)). Exactly as in proposition 5,
there exist disjoint open sets ™, ..., dl(;? resp. %, ..., Mz(i) in A (D) which
map onto (% Xy _T)n#, rtesp. (UXy_T)n¥,; . In each o® resp. 4P there
are defined coordinates on A" (D),,, denoted (y{, pi?, v¥) resp. (¥®, y,®, v'®),
so that the transformation equations of the type given by cases i=2, 4 in part (a)
of proposition 5 hold.

Select one chart each from {&}, {«£®}. Denote these by & =,(»1, ¥z, 0),
Ay =4y (y1, ¥a» ¥’). Then define (cf. figure 1)

n: [.ﬁ’ludz]nﬁ’ - Uxr_T,

by which the sections w’, w” (cf. lemma 6, remark 4) can be lifted to an open subset
of I’. One sets

nldlﬁﬁ’(o’ Yas 0) = (0’ y‘gx, 0) = (ul, Us, W)

’1|dmfy(yi, 0, 0) = ((y;)az’ 0, 0) = (vls Uy, W).

Thus, one can give a unique meaning to n*(w’), n*(w”) as single-valued 1-forms
on any simply connected subset of I’ disjoint from £. It is useful to have an explicit
expression for these forms. To obtain this, define for i=1,2

@4) 5(D) = 220D — o) —e01. ).

Lemma 9. As multi-valued 1-forms on D’ one has:

i) 7* (@), a5 = @ YFPPPY-R, (0, 1)@ B,,(0, 15) dy,.

i) 7@, 05 = —R(VDFPPPI IR, (31", 0)]4® &, (D™, 0) dyf.
i) 7" (@) 4 05 = @ yF@PPOIR, (0, ¥5)F9 &,,(0, ¥5') Log (35) s
V) 70" 4 05 = 2 GDF@PPDL[R, (1), 0)]° &,,((¥1)*, 0) X

X Log ((y1)*) dyi.

Proof. This is a straightforward calculation that is left to the reader to check. O



120 B. Lichtin

5. Proof of theorem 1

The basic idea of the proof is to express each summand R(D) of u (cf. lemma 7)
in terms of the Mellin transform of a family of periods in the fibers of P over an
interval in (0, o). This is accomplished by lifting the expression for R(D) to the
divisor 1), defined in (4.3), and then arguing as Varcenko does in [16].

Before stating the theorem, it is helpful to recall certain well-known ideas.

(1) As shown by Verdier [17], the map P: C?®—~C is a locally trivial fibration
over C minus a discrete set # of bifurcation points. Set C*=C—4, and define
P*=Pl|p_scy- For teC* set X,=P-1(t). Let H' denote the flat vector bundle
on C* with fiber at ¢ equal to the finite dimensional vector space H!(X,, C). Let
H'=H'!Q®0y. be the sheaf of germs of analytic sections of H'. Any rational dif-
ferential 2-form w, regular on an open set U, determines an analytic section of
#|pwy, defined as

Op: t - [w/dplxtnul

where w/dP|y ny=Res (72)|x,nv-

Similarly,. the locally trivial fibration P* determines a 1-homology bundle H,
whose fiber at t€C* equals H,(X,, C). If 4 is any point of C* and y,c H,(X, , C),
one can construct a continuous (multi-valued) section of H; by using parallel trans-
port in the fibres of P*, If x is a real analytic path from ¢, to e (that is, 7. =0) with
no self-intersections, then there exists a unique continuous section of H, over x»
which equals y, at £,.

(2) 1t is well-known [6, pg. 113] that if w(¢) is an analytic section of #! and
7, continuous section of H; over a ray x» for which y, is a bounded cycle [12, pgs.
82—83], then the function I(f)=f, w(¢) is a solution of a differential equation
with regular singular point at infinity. Now define the Mellin transform of I(¢) as
the line integral

H(s) = f T I(ndr.

The above remarks imply that #(s) is analytic in some halfplane Re(s)>B and
is meromorphic in C. There is moreover a connection between the poles of £ (s)
and the exponents in the Nilsson function expansion for () in a neighborhood of
infinity. This is described in detail in [8, ch. 1].

Notation. From (4.2), set {,=e*™la, [,=¢2"% (/= "=, For a, b positive
numbers and ye€C*, y[a, b] denotes the oriented line segment from ya to yb. For
O<e=<1, set a(e, i)=&, be,i)="Y4,i=1,2. O

Theorem 1. Assume that P, ¢ have positive coefficients and p(¢) is a simple
pole of Ip(s, @). Then for each divisor DEB,, there exist
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1) An open subset (or “wedge” cf. (5.7)) @ of C*, and an analytic section
wp () of H?, defined in Q;
ii) An interval [B, <)<=, and a continuous section ¢(D,t) of H, over
[ﬁa °°);
ui) An explicit constant y(D) ( ¢f. (5.8), (5.11)) such that

R(D) = y(D) [coefficient of (s—o(@))™" in the Laurent expansion for

f:t“ [fm),') wD(q))] dt] .

Remark 5. An immediate analytic corollary of Theorem 1 is the following. De-
fine the function

d
f(t):zf{ @ dz,dz,.

2€[1,0)2: P(z)=1)

One knows there exists ' >0 such that

Ip(s, @) = f,,, 1= F(t)dr.
By Mellin inversion one now concludes

Corollary 2. Over the interval [, )< Q, defined in remark 5, there exist
1) A continuous section y, of H,
1) An analptic section @, of #*,
i) A positive number 0,
such that
— —0
J(t)—-fyt w, = 0% as t-c. 0

Proof of theorem 1. The argnment divides into two cases. In the notation used
in lemma 4 these are

Case 1: At least one 1,(D, D)—o(9)é4Z.
Case 2: Each 2,(D, D)—o(9)d€Z.

Proof in Case 1. By reindexing if necessary, one may assume that 2,(D, D;)—
2{p)o¢Z. Define the oriented 1-cycle ¥(e)=2; , ¥;(¢) with support in the
chart as follows,

(5.1)
1) ¥,(e) is the sector of the circle with radius &/® from {ya(e, 1) to af(e, 1).
Parametrize it by y,=g""1e'®®=9 9c[0, 2n/a,].
1)) ¥,(¢) is the segment [a(e, 1), b(e, 1)]. Parametrize it by py=x"%,
x€[e, £71.
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iii) ¥;(e)is the sector of the circle with radius (1/e)'® from b(e, 1) to {,b(e, 1).
Parametrize it by y,=&"Y%¢® 0¢[0, 2n/x,).

iv) Wg(e) is the segment (;-[a(e, 1), b(e, 1)). Parametrize it by y,=
L(—x+et+e D)o, xefe, e71].

This is sketched below.

An analogous l-cycle is constructed in the ./, chart. Denote this by ¥’(e).
Of use below is the parametrization of the 1-cycle in the &, chart to which ¥ (¢)
is identified under the overlap relation y3'=1/(y;)*. This is important because
one is dealing with multivalued forms and one needs to keep track of the arguments
of the integrands over the cycle in both charts. Define the following 1-cycle Z(g)=
i1 E(e), with support in the &, chart where

Figure 2
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1) E,(e) is the sector of the circle of radius &'/* from a(e, 2) to {a(e, 2).
Parametrize it by y;=gle'®m%=9 0¢[0, 2r/ay)].

ii) E,(e) is the segment {j{a(e, 2), b(e, 2)] with parametrization y,={;x"/*,
x€fe, 671,

iif) Z;3(e) is the sector of the circle of radius e~Y% from {}b(c, 2) to b(e, 2).
Parametrize it by yj=¢~Y%¢e", 0¢[—2n/a,, 0].

iv) Z,(e)is the segment [a(e, 2), b(e, 2)]. Parametrize it by y;=(—x+&+g 1)},
x€[e, 7).

It is clear that the compact cycle ¥ (g), resp. ¥’(g) has support disjoint from
% when ¢ is sufficiently small. Each is evidently the lift of a “Hankel contour” in
D’ to ¢, resp. ,. When the 1-form #*(w’) has poles or branch points other than
0, < then ¥(g), resp. ¥’(¢) is non-homologous to 0 in £, nD’ for ¢ sufficiently
small. On the other hand, since each of the coefficients of Q is positive, n*(@’) is
defined at each point of |¥(g)|U|¥’(e)| for small e.

By an abuse of notation, denote by n*(w’)(yy) resp. n*(@’)(y]) the func-
tion of y,, resp. y; which determines the factor of dy,, resp. dy] in n*(«’) and is
defined in lemma 9 part i) resp. part ii).

One now has the following, which is easily checked using lemma 4 and the
Argument Principle.

Lemma 10. Let
Argb(e, 1) = Arga(e, 2) = Arg R&on(b(e, 1)) = Arg Rgg‘”)on(a(s, 2)) = 0.

Then the branch of n*(w’)(y,), obtained by analytic continuation along ¥(c) and
starting at b(e, 1), agrees with the branch of n*(w’)(y;), obtained by analytic con-
tinuation along Z (&) and starting at a(e, 2).

In this sense, one says that the 1-forms n*(w’) e and n*(w’)
along the paths ¥ (e), Z(¢) via the overlap relation y&=(y;)*.

In the o, resp. o/, chart one may speak of the oriented region Q;(¢) resp. Q,(¢)
enclosed by P(e) resp. Z(e). Thus, 9Q,(e)=Y(c), 0Q,(e)=Z(e). If g <egy=xl1
define the regions %;, &, by

a Ny patch

Q€)= (E) = BV Ry, Q(6) —Q(er) = KHUHA.
Here, one has (cf. figure 3)
(5.2) ORy = Wy (e1)+ ¥Pile) — Va(er) + Pialer),
ORy = W5 (e) + Paler) + V5 (81) — Wa(eo),
0%, = Ey(e1) + Ea(e) + Eile) — Zs (),
0%, = E{(e1) + E1(8) + Z5 (81) — E1(&0)-
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¥i(ea

Figure 3

To be precise, one should specify the branches of n*(w")(ys), n*(w’)(y;) over
the #;, &%. In order to insure that the branches patch in the above sense, it suffices
to choose the branches of these functions by lemma 10 and restrict them to the
paths comprising the loops #;, & as defined in (5.2).

Now define the oriented closed paths y;=n(0%;)(the u, chart), y/=n{(8F)c
(the », chart) for /=1, 2. Evidently, one concludes that y; patches with y; for i=1, 2
via the overlap u,=1/v,. One now shows

Lemma 11. For i=1,2

w{:f,w;=0.
Yi 141

Proof. The basic point is to observe that if ¢ is any rational exponent then
f 7 Ygdts= il y, V1dv;=0. This follows from a straightforward calculation that is
left to the reader. Next, over the regions enclosed by y;, resp. y, one can expand
into a uniformly convergent series in u, resp. z, the functions R&? . &, (0, u,) resp.
Rgg“’)- ®, (v1,0). This is possible when ¢, ¢, are sufficiently small so that no zero
of 9, (0, up) resp. Q,,(v1, 0) lies inside or on y, resp. y,. Thus, by interchanging
integration over each y,, y, with summation, one concludes that [ gy O1= f v w,=0.
By using the patching of the two branches from lemma 10, one concludes that
[, w{=fy; @,=0, and [, o=, w;=0. O
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Lemma 11 now implies that for & <eg,<«<1 one has

5.3) fsv(gl) n* (a)') — j‘w(zz) ,,l* (w')

Let S, resp. S, denote the circles of radius ¢ oriented clockwise and centered at
the points (cf. lemma 3) DnD, resp. DnD,. An elementary calculation now
shows that

(5.9 f%),?*(w/) = e~ 22,0, D1) (] _ g2nil2, (D, D)—0(0))) 3¢

1/e ’ 7
Xfe Uk @D R (0, uy) - @,,(0, u;) du, +fs a)1+fs, 5.

By assumption, each 2,(D, D;)> —1. Thus, one concludes that lim,_, ., f s, W=
Iim, ., f s @;=0. By (5.3) the left side of (5.4) is independent of &. Let ¥ denote

the typical cycle ¥ (¢). Then, fixing e on the left side of (5.4), while on the right side
letting ¢—0, one finds, by (3.6), that

(5.5.1) fw n* (@) = e~2mir(D, D) (] — g2xi(2,(D, D) —e(@)3)) R(D).

An obvious modification of the above arguments uses the typical cycle ¥ =¥'(¢)
in o, if 2,(D, Dy)—0(p)d¢Z so that

(5.5.2) f.,,,”* () = e—27i25(D, Dy) (] — g2ri(14(D, Dy -e9)®)) R(D).

Because ¥ is disjoint from #UD,UD, (cf. (4.3)), there exists an open tubular
neighborhood 7 of ¥ in A (D) which remains disjoint from #uD,uD,. By
[16, pg. 489], one sees that this implies that the 2-form (ton)! te@ED p*p* gy extends
to a well-defined 2-form on 7. A straightforward calculation (following that in [ibid])
using proposition 4, 5, shows that

E(D ,
2D} @y = (o) HOE® g2 0 d(eom) o

Now, since ton is defined at each point of 7, reasoning as in [ibid] allows
one to assert the existence of a continuous family of 1-cycles EZ(D, w) satisfying
these properties.

(5.6) (a) |E(D,w)c(ron)~'(w) forall weron(J).
®) EMD,0)="".

(c) %fyrl*(m') = kg}) wl+e(@)E(D) fE(D.W) o* n* w,/d(Ton).
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Thus, the wedge alluled to in the statement of theorem 1 is the set
5.7 Q = voron(J),

or viewed in the range of P, it equals the image of this set under the reciprocal map-
ping t.—~t=1/t.,. From the construction and proposition 2, it is clear that the
wedge contains a line segment whose pointset equals an interval of the form [0, o]
T.., for some o=0.

The map n’op (cf. figure 1) induces the family of cycles

{(D, 1) = n'00 (E(D, w))

in the fibers R=¢.. Note that the support of each cycle is contained in ©(7),
where w,, is regular. Arguing exactly as in [ibid] one concludes that for each w0

f D) ¢* n* w,ld(ton) = E(D) wE®-1 f R wg/dR.

Define

(5.8)
o {A(D)eﬁ"“qn(D:Dﬂ(l—ezﬂ"(%“””n)—@(")“))‘l if  A,(D, D) —0(9)5¢ Z
(D) =4 (D) e2ite®. 031 — et D)-e@D)-1 if 3 (D, Dy)— ()54 Z.

One concludes the proof of case (1) by the following sequence of identities,
each of which is easy and left to the reader to verify. Set f=1/a.

— ; (1+e(9))E(D)
R(D) = y(D)lim wi+ete f{m w,ldR

 wE(D))
= i 1+e(e)
y(D) lim @ [ w,/dR
= y(D)(coefficient of tZ(+@) in the asymptotic
expansion as 7,0 of f e coq,/dR)
= y(D)(coefficient of (s—g(¢))~" in the Laurent
expansion of f . £, ( f ;

= y(D) (coefficient of (s—g(@))~' in the Laurent

o w,/dR)dt..)

expansion of f : = ( f N coq,/dP] dt] .

Proof in case (2).
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The arguments of case (1) fail to identify R(D) via f ¢ 17 (0w} because the
factors 1—e?"*e(D:D)—e(®)®) equa] zero for i=1,2. In order to avoid this problem,
the 1-form ®” (cf. remark 4) replaces w’. On the other hand, one can continue to
use the 1-cycles ¥ (g). As in case 1 one must specify the branches of the functions
(using the same abuse of notation as above) n*(w”)(yy), n*(w”)(y;) along the
cycles ¥(e), Z(e) so as to be able to patch and prove the independence from & of
Jwey n*(@") for & sufficiently small.

One observes that case 2 and lemmas 2, 4 imply that each 2,(D, D)eNu{0}.
Now, the branches of the logarithm factors are defined as in remark 4. Thus, after
traversal of ¥;(¢) Log (y%) changes by 2ni. After traversal of Z,(¢), Log (« y*)
changes by —2ri. By the identification of y& with 1/(y"), one concludes that the
analytic continuations of #*(w”)(y,) along ¥(¢) and n*(w”)(y;) along Z(g) patch
via the overlap relation between &, ND’ and &,nD’. Using the notation from
lemma 11, one now concludes

Lemma 12. For i=1,2
,iwl ——-fy;wz = Q.

Proof. By the above remark, it suffices to show that [, o7=f y, @z =0. Using
the same idea as in lemma 11 one reduces to showing that for any nonnegative
integer n [ s, Uz Log (1) duy= f ” " Log (v;)dv,=0. With the above discussion, this
is a straightforward calculation by an integration by parts that is left to the
reader. [

A standard calculation also shows that for any &=0

” . rle 2 (D,D) ” ”
So @) =271 [T uls®PORED 0, 1) 8., 0, ) du + [ 07 + [ 03
The nonnegativity of each 1,(D, D;) implies

lim oy = lim f wz = 0.
e~0V S, 1 =0 J 5, 2

Thus, one concludes, as in (5.5) and with the same notation,
5.9) /. , " (@) = 27iR(D).

It is clear that the topological situation is the same as case 1. In particular,
the neighborhood J and family of 1-cycles Z(D, w) can be constructed exactly as
in case 1.
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The one difference concerns the section of #1. One needs to interpret n*(w»”)
as follows. Define

(5.10) W= 0(7)c C¥(x).

It is evident that #” contains the origin. Let #°° denote the interior of # .

By construction Log (y,), Log (»]) are analytic and multi-valued on 4~ which
patch on the overlap o nsfynJ. (By choosing J sufficiently small this is pos-
sible.) Thus Log (), Log (v,) patch on prop(Z7). By using the inverse of
lx@yxr> {=1,2, which is given by a monomial transformation, one can view
Log (u,), Log (v,) as the composition of the logarithm on C2(x) and certain mono-
mials in x;, x; which are defined over #™° and possess well-defined limits at all
points in #°. Observe too that these functions patch on the overlap

[7lx(y (proe(I))] o [l xey (Proa(9))]

by construction. So one has constructed in this way a (multi-valued) section {,. of
Ocr(xylyo-

Set w,(#)=w,-{, . This is a 2-form which is holomorphic and single-valued
over #°. One can then repeat the argument in case 1 word for word, replacing w,
by @, (#").

In particular, as in case 1 one has the identity

EMD

AED; (0] 55 = (Ton)'+e@ED o™ 1 @, (W)ld (on)l 4 5 -
As such one finds that
(5.11) 7(D) = A(D)/2ni.

This completes the proof of theorem 1. O

Remark 6. From lemmas 4, 5 it is clear that for fixed I, I,, m, the set of pos-
sible vectors J,, J, for which A,(D, D;)—o(9)d, A,(D, D,)—o(9)S€Z corresponds
to a subset of the positive integral solutions (x;, y;), (x,, ;) to the pair of con-
gruence equations

xl—'m1+1, — <
e (yl-m2+1, M—Il] = 0(4(D))
xg—‘m1+19 — -)
M-I, = 0(4(D)).
© [J’2"‘m2+1, z ( ( ))

In this sense one may call a polynomial ¢ “generic” if case 1 of theorem 1 applies. 0

Two corollaries of interest to the diophantine problem discussed in the in-
troduction follow from theorem 1.
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Corollary 3. Assume the following hypotheses are satisfied.

(1) @1, @y, P satisfy the conditions in theorem 1;
(2) @1, @, are generic polynomials in the sense of remark 6:

(3) e(pD=0(9y).

Then one concludes the following. If o, =a,_ forall t€C*, then for all x>0 Nf% (x)=
N% (x).

Thus, the dominant term for N,(x) is a type of cohomological invariant. It
would be interesting to understand the implications and extent of this observation.

In general, it is clear from the expression (3.6) that each R(D) is the value of
some generalized hypergeometric function. As such, it is not yet possible to detect
an “algebraic part” within each R(D), which is presumably a highly transcendental
number. On the other hand, if g(p)€Z then one is in case (2) of theorem 1. Assume
further that both P, ¢ are defined over a number field K. Here the situation is dif-
ferent. For now one can cvaluate f w 1" (w”) directly via standard residue caiculus.
Let B:(D), ..., Br(D) denote the poles of

Uy » (Rom)*@ n* (w%)|p.

These are algebraic numbers. One concludes

Corollary 4.

DP(S’ (P)

2ri RCSS=Q(¢) 3 =

Soea, S, %(D) Log (B.(D)),

where each o,(D) is an algebraic number that depends explicitly upon the polyno-
mials P, ¢.

Remark 7. The cycles &(D,t.), constructed in theorem 1 have support in
C2(x)nC%(z), when t..0, as is easy to check. Thus, each £(D, t.) is a l-cycle
in X;, ={y€C?(z): P(y)=1/t.} which is non-homologous to zero.

Broughton [2] has studied the homology of the fibers X,. Because n=2, P

is “tame” [ibid] if it is not the square of another polynomial. Thus one has [ibid,
thm. 1.2]

Theorem C. There exists a nonnegative integer u such that for all but at most
finitely many ©€C one has

(5.12) H(X,,Z) ~ 7"

One says t is “‘generic” if (5.12) holds.
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For 7 generic, let {&;(t)})l., be a basis of H,(X,,Z). By Verdier’s fibration
theorem [17], one can move the basis to any other generic fiber X,, 7, by parallel
transport.

In the notation of the proof of theorem 1, Broughton’s result implies as an
immediate consequence

Corollary 5. There exist integers ny, ..., n, such that for each tc[f, -) one has

B, Un] = Zi_, m&(/.

In this sense one can say that the coefficient of N,(x) is “determined by the
global topology” of the fibers of P. O

Concluding remarks. Theorem 1 should be extendable to the case in which P,
¢ are both non-degenerate with respect to their polygons at infinity, and positive
on [1, «)2. On the other hand, under these conditions, it is not yet known if N,(x)
admits the description given in theorem A. One only knows a priori that N,(x)~
N'q,(x) (actually one knows slightly more by Freud’s tauberian theorem). So, an
extension of theorem 1 to the non-degenerate case would still have something to
say about the diophantine problem of interest in this paper. However, the case
of positive coefficients was emphasized here because one has the strongest result on
N, (x).
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