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Introduction

The cohomology groups of the moduli space of complex vector bundles of
coprime rank n and degree d over a compact Riemann surface M have been com-
puted by Harder and Narasimhan [H & N] and also by Atiyah and Bott [A & B].
The basic idea of Atiyah and Bott is to apply equivariant Morse theory to the Yang—
Mills functional on the infinite-dimensional affine space of connections on a fixed
C= bundle. However they avoid the analytic problems involved in infinite-dimen-
sional Morse theory by giving an alternative definition of the Morse stratification
in terms of the canonical filtrations introduced by Harder and Narasimhan. This
stratification turns out to be equivariantly perfect relative to the gauge group of
the bundle, which means that the equivariant Morse inequalities are in fact equal-
ities. These then provide an inductive formula for the equivariant cohomology of
the minimal or semistable stratum, from which the cohomology of the moduli
space can be calculated.

Atiyah observed that the same idea could be applied to the action of a com-
plex reductive group G on a finite-dimensional nonsingular complex projective
variety X. Such a variety has a symplectic structure which is preserved by a maximal
compact subgroup K of G. To this symplectic action there is associated a moment
map. The Yang—Mills functional can be regarded as an analogue of the norm-
square of the moment map. In [K] it is shown that the norm-square of the moment
map always induces an equivariantly perfect stratification of X. In good cases when
every semistable point of X is stable, this stratification can be used to obtain a for-
mula for the Betti numbers of the geometric invariant theory quotient of X by G.

One method of constructing the moduli spaces of vector bundles over M is
to identify them with quotients of certain finite-dimensional quasi-projective varieties,
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which are spaces of holomorphic maps from M into Grassmannians. The question
arises whether Atiyah and Bott’s formula for the cohomology of the moduli space
can be rederived by applying the theory of [K] to these varieties. One of the two
aims of this paper is to show that this can be done.

The major obstacle is that we are dealing with varieties which are not projec-
tive. This causes technical problems of convergence. Moreover a property of projec-
tive varieties which was important in [K] is that their equivariant cohomology is
easy to compute. In fact it is just the tensor product of the ordinary cohomology
of the variety with that of the classifying space BG. This fails in general for quasi-
projective varieties.

Another problem is that the stratifications of these varieties do not correspond
precisely with Atiyah and Bott’s stratifications using canonical filtrations. How-
ever they correspond outside a subset whose codimension tends to infinity with
the degree d. Such a subset will only affect cohomology in high dimensions. We
then observe that the moduli space of bundles of rank » and degree d can be iden-
tified with the moduli space of bundles of rank n and degree d+ne for any integer
e by tensoring with a fixed line bundle of degree e. By choosing e large we get an
approximate solution giving the cohomology of the moduli space up to some arbi-
trarily high dimension.

The inductive formula which we obtain in this way involves the cohomology of
a space R of holomorphic maps of degree d+ne from the Riemann surface M
to an infinite Grassmannian G(n, «). The inductive formulas of Atiyah and Bott
look very similar except that they involve the cohomology of the entire space of
continuous maps from M to G(n, ). From this it is possible to deduce inductively
that R and the space of all continuous maps have the same cohomology up to an
arbitrarily high dimension provided the degree is high enough.

This is not an entirely unexpscted result. Indeed Graeme Segal has shown
in [S] that the inclusion of the space of all holomorphic maps of degree d from M to
any complex projective space P, into the space of all continuous maps of the same
degree is a homology equivalence up to dimension (d—2g)(2m—1) where g is
the genus of M. He conjectures that analogous results hold for maps into a much
larger class of algebraic varieties including Grassmannians and flag manifolds. The
first part of this paper gives a proof of this conjecture in the case of Grassmannians
G(n, m) for finite » and m. (For related results about maps into flag manifolds
see [G].) The proof is by induction and relies heavily on Cegal’s original theorem.
It uses the fact that any nonsingular variety has the property that its cohomology
groups in low dimensions are unchanged when a closed subvariety of high codimen-
sion is removed. This follows trivially from the existence of the Thom—Gysin
sequence. Moreover it is necessary to know that certain singular varieties have a
similar property (see § 6).
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In the case m=o> one finds that the inclusion of the space R mentioned above
in the space of all continuous maps is a cohomology equivalence up to some high
dimension depending on d but one does not obtain the same result about the space
of all holomorphic maps. The space R is an open subset of the space of all holo-
morphic maps, but is not dense (see § 7).

Thus we have a triangle of results, any two of which imply the third, but which
can all be proved independently. The first is Atiyah and Bott’s inductive formula
for the cohomology of the moduli space. The second is the formula obtained by
finite-dimensional methods, involving the cohomology of a space of holomorphic
maps from M to G(n, ). The third is the special case m=< of the extension of
Segal’s theorem to maps from M to a Grassmannian G{n, m).

I would like to express my gratitude to Michael Atiyah and Graeme Segal to
whom many of the basic ideas of this article are due, and to M. S. Narasimhan for
some very helpful comments.
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I. THE EXTENSION OF SEGAL’'S THEOREM
1. Statement of results

Let M be a compact Riemann surface of genus g. Let Map, (M, P,) be the
space of continuous maps of degree d from M into the complex projective space P,,.
Let Hol, (M, P,) be the subset of Map, (M, P,,) consisting of holomorphic maps,
which is a quasi-projective variety. Segal shows ([S] prop. 1.3) that the inclusion of
this subset is a cohomology equivalence up to dimension (d—2g)(2m—1). Note
that this dimension tends to infinity with d.

Our aim is to extend Segal’s result to the case when the projective space is
replaced by an arbitrary Grassmannian G(n, n7). However difficulties arise because
Hol, (M, G(n, m)) is a singular variety. Therefore it is technically simplest to show
first that the result holds for a certain nonsingular open subset A,(n, m) of
Hol, (M, G(n, m)). It turns out that the codimension of the complement of this
subset tends to infinity with d. From this together with some conditions on the
singularities we can deduce that the cohomology of A,(n, m) is isomorphic to
the cohomology of Hol, (M, G(n, m)) up to some dimension which tends to infinity
with d.

The subset A,(n, m) will reappear in II.

Without any loss of generality we may consider quotient Grassmannians instead
of the ordinary ones.

Definition. Let G(n, m) be the Grassmannian of n-dimensional quotients of C™.
Then there is a natural one-one correspondence between holomorphic maps

h: M- G(n, m)
and holomorphic quotients
MXxXC" - E

with rank n of the trivial complex bundle of rank m over M. The fibre of E at x is the
quotient h(x) of C™.

Let A4,(n, m) be the space of all those holomorphic maps 4 such that the induced
bundle F has degree d and satisfies

HY(M,E)=0.
We shall prove

1.1. Theorem. Let k be a positive integer with k=n—2g. Then the inclusion
A4(n, m) ~ Mapy(M, G(n, m))

induces isomorphisms in cohomology up to dimension k, provided that d=d,(k, n)
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where
do(k, n) = 2n(2g+k+1)+n max (k+1+nQRg+k+1), 4 ng).

We shall deduce

1.2. Theorem. Let k be a positive integer with k=n—2g. Then the inclusion
Hol, (M, G(n, m)) ~ Map, (M, G(n, m))

induces isomorphisms in cohomology up to dimension k—2m®g, provided that
d=dy(k,n) where dy(k,n) is defined as in theorem 1.1,

1.3. Remark. Of course by the universal coefficient formula it is equivalent to
consider homology instead of cohomology.

1.4. Remark. There is an anti-holomorphism between the complex manifolds
G(n,m) and G(m—n,n) which one obtains by choosing a hermitian inner product
on C™ and taking orthogonal complements. This anti-holomorphism induces a
homeomorphism

Map, (M, G(n, m)) ~ Map, (M, G(m—n, m))

which restricts to a homeomorphism from Hol,(M, G(n, m)) to the complex con-
jugate of Hol,(M, G(m—n, m)) in Map,(M, G(m—n, m)) and also to a homeo-
morphism from A,(n, m) to the complex conjugate of A,(m—n, m). Therefore
the inclusion of A;(n, m) (or of Hol,(M, G(n,m))) in Map,(M,G(n,m)) is a
homology equivalence up to dimension k if and only if the same is true when 7 is
replaced by m—n.

1.5. Remark. When d=2g—1 where g is the genus of M then every line
bundle L on M satisfies H'(M,L)=0 and hence A,(1, m)=Hol,(M, G(1, m)).
_Thus both theorems follow immediately from Segal’s result in the cases n=1 and
n=m-—1.

1.6. Remark. The fact that the bound d,(k,n) in theorem 1.1 depends only
on k and n but not on m will be important later when we consider what happens
as m—o> (see § 7). We shall be able to deduce that the inclusion of A,(n, <) in
Map,(M, G(n,)) is a homology equivalence up to any dimension k provided
that d is large enough. The fact that in theorem 1.2 one only has isomorphisms up
to dimension k—2m2g will prevent us from deducing a similar result about the
inclusion of Hol,(M, G(n, m)).

Note that Segal proves that the inclusion of Hol,(M,P,) in Map, (M, P,)
is a homology equivalence up to dimension k if d=2g+(k+1)/(2m—1). In partic-
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ular the same is true if d=2g+k+1, and 2g+k+1 is independent of m. Of course
when m and k are large the bound 2g-+(k+1)/2m—1) is much better than the
bound 2g+k+1. In the same way one can obtain better bounds than dy(k, n)
which depend on m.

2. Reduction of Theorem 1.1 to four lemmas

Theorem 1.1 will be proved by induction, using four lemmas. In order to state
these we need some definitions.

If m=n=1 let G(n, m) be the subset of G(n, m)XG(n—1, m) consisting of
all pairs (¥, W) where V is an n-dimensional quotient of C™ and Wis an (n—1)-
dimensional quotient of V. Then G(n,m) is a nonsingular complex projective
variety, and a holomorphic map h: M—G(n, m) may be identified with a sequence
of surjective holomorphic maps between holomorphic vector bundles over M

MxC"—~E - E’

where the ranks of E and E’ are n and n—1. Let Hol, (M, G(n, m)) be
the space of all holomorphic maps #: M—~G(n, m) such that the associated
holomorphic vector bundles E and E’ have degrees d and d’ respectively. Define
Map, (M, G(n, m)) similarly as the space of all continuous maps &: M~G(n, m)
such that the associated topological vector bundles E and E” have degrees d and d’
respectively.

The obvious maps from G(n,m) to G(u,m) and G(n—1,m) are locally
rivial fibrations with fibres P,_, and P,,_, respectively. They induce maps

q P Mapd,d’ (Ma 6(”3 m)) e Mapd(M> G(n’ m))
an
q: Map, o (M, G(n, m)) ~ Map, (M, G(n—1, m)).

These restrict to maps between the appropriate spaces of holomorphic maps.

Let A, 4(n,m) be the space of holomorphic maps h: M—~G(n, m) such
that the associated holomorphic vector bundles E and E’ over M have degrees d
and 4’ and satisfy

H'(M,E)=0=HM,E.

Then p and g restrict to maps
pat Ay o (n, m) -~ A,(n, m)

and 5
qq- Ad’dz(n, m) - Ad' (n—l, m).
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Recall that any continuous map g: X—Y has a canonical factorisation

X—-P

WA

Y

as the product of a homotopy equivalence s: X—~P and a fibration =n: P-Y.
Let I be the unit interval and let Y7 be the space of continuous paths in ¥; then
P = {(x, 0)€XXY"0(0) = g(x)},
n(x, w) = w(l)
and

S(X) = (x9 a)g(x))
where @, denotes: the constant path at y for any y in Y. The fibre g=%(y) of g at
any y in Y is embedded in the fibre of z at y by s. The fibre of # is called the homotopy
fibre of g. When it is necessary to specify the map g we shall write P(g) for P, =,
for m and HF(g, y) for the homotopy fibre n~1(y).

Associated to the fibration n: P—Y is a spectral sequence E;, with E}
given by the p™ homology group of ¥ with respect to a local coefficient system
with stalk H,(HF(g, y)) at y. This spectral sequence abuts to the homology of P
which is isomorphic to the homology of X.

2.1. By standard homotopy theory the inclusion of every fibre of
p: Map, (M, G(n, m)) ~ Map,(M, G(n, m))

into the homotopy fibre is a homotopy equivalence.
The same is true of

q: Map,, ,.(M, G(n, m)) - Map,. (M, G(n—1, m)).

In particular the homotopy fibres of p and g are homotopically equivalent to
Mapy—,(M,P,_;) and Map,_,; (M, P, _,) respectively.

Suppose that one knew that the restrictions p, and g, to the appropriate spaces
of holomorphic maps had the same property. Then one could hope to prove Theo-
rem 1.1 by induction, first using the spectral sequences associated to ¢ and ¢, as
above to deduce that the inclusion

Zd,d' (n, m) ~ Mapy, o (M > G(n, m))

induces isomorphisms of homology up to some dimension, and then using the
spectral sequences associated to p and p, to deduce that the same is true of the
inclusion

Ay(n, m) > Map,(M, G(n, m)).
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In fact p, and g, do not possess this property. However it will be shown that they
satisfy a weaker condition which ensures that there exists a spectral sequence abutting
to the homology of the domain, with E?  term given by the homology of the range
with twisted coefficients in the homology of a suitable fibre for p, g=k, where
k can be taken to be arbitrarily large by appropriate choice of 4 and d’. This will
enable us to prove Theorem 1.1. The basic idea is to show that p, and g, behave
like fibrations outside a subset of codimension k, and then to use the fact that remov-
ing a subset of codimension k from a manifold does not change the homology in
dimensions less than k.

We shall call a continuous map g: X—Y a homology fibration up to dimen-
sion k if for each y¢Y the inclusion of the fibre over y in the homotopy fibre at y
induces an isomorphism of homology groups in dimensions i<k and a surjec-
tion for /=k. This definition coincides with the definition given in [G] and cor-
responds to the definition of a homology fibration given in [McD). Alternatively
one might generalise the definition of a homology fibration given in [McD & 8]
(see also [S] definition 4.4, p. 50) by defining g to be a homology fibration up to
dimension k if every y€Y has arbitrarily small contractible neighbourhoods U
such that the inclusion of g~'(y) in g~2(U) induces isomorphisms of homology
in dimensions less than k¥ and a surjection in dimension k. The latter is a stronger
condition; any map which satisfies it is a homology fibration up to dimension k
in the sense of this paper (see [G] lemma 4.9).

Given any continuous map g: X—Y we shall call a fibre g=(y) k-clean if
its inclusion in the homotopy fibre HF(g, y) induces isomorphisms of homology
in dimensions less than k and a surjection in dimension k. Thus g is a homology
fibration up to dimension k if and only if every fibre of g is k-clean.

Definition. A representation of a group m on a vector space V is nilpotent if V
has a w-stable filtration such that m acts trivially on the associated graded module.

Now the four lemmas needed for the proof of Theorem 1.1 can be stated. Let &
be any positive integer and suppose that n=2.

2.2. Lemma. Let d;=max (2g—1,0) and
dy(k,n,d—d’) = n(2g + k+1+d—d’ +max (k+1+n(d—d’),+r).
If d—d’=d, and d=d,(k, n,d—d’) then the map
pa: Ay g (n,m)— A4(n, m)
has a k-clean fibre whose inclusion in the corresponding fibre of

p: Map, (M, G(n, m)) — Map,(M, G(n, m))
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induces isomorphisms of homology in dimensions less that k. Moreover
7,(A4,(n,m)) acts nilpotently on the homology of this k-clean fibre in dimensions
less than k.

2.3. Lemma. If d—d’>2g+k and d’>(n—1)2g+1) then the map
94: ‘Zd,d’(na m) - Ad’(n— 15 m)

is a homology fibration up to dimension k. Moreover there is a fibre of q, whose inclu-
sion in the corresponding fibre of

g: Map,, o (M, G(n, m)) ~ Map,. (M, G(n—1, m))

induces isomorphisms of homology up to dimension k. Finally m,(A4;(n—1,m)) acts
nilpotently on the homology of any fibre of q, up to dimension k.

24. Lemma. If m=>2 then n,(Map,(M, G(n, m))) is abelian.

2.5. Lemma. If m=2 and m=>n>0 then n,(Hol,(G(n, m)) is abelian for
d>2g+1. The same is true of m,(Ay(n, m)). Moreover when d=2g+1 the inclu-
sion of Ay(n, m) in Mapy(M, G(n, m)) induces a surjection of fundamental groups.

Proof of Theorem 1.1 given these four lemmas. The proof is by induction on n.
For n=1 note that any line bundle L on M of degree strictly greater than 2g—1
has H*(M,L)=0. Thus A;(1, m)=Hol,(M,G(l,m)) when d>2g—1. As in
Remark 1.4 we may identify Hol,(M, G(1,m)) with the complex conjugate of
Hol,(M,P,,_,) in Map,(M,P,_;) and thus we find that the case n=1 follows
immediately from Segal’s theorem ([S] 1.3).

Now assume that n is greater than 1. We can thus also assume that m=2.
Suppose that k=n-2g and let K=k 4 1. Suppose also that

d = dy(k, n) = 2n(2g+k+1)+nmax(k+1+nQg+k+1),+ ng)

and let d’=d—(2g+K+1). Then d’=dy(K, n—1), the conditions of Lemmas 2.2 and
2.3 are satisfied for k and K respectively and d” satisfies the condition d’>2g+1
of Lemma 2.5. We have a commutative diagram

Ay o(n, m)—24——s 4, (n—1,m)

ik .
¥
Map, o (M, G(n, m))~2> Map,, (M, G(n—1, m))

where #; and #, are the inclusions. Associated to ¢, and g are spectral sequences
E;  abutting to the homology of 4, ;.(n, m) and Map, ,.(M, G(n, m)) respectively
such that the E; term is given by the p* homology group of 4, (n—1,m) and
Map,.(M, G(n—1, m)) respectively with twisted coefficients in the g™ homology
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group of the homotopy fibre of g, and g respectively. It follows immediately from
2.1 and 2.3 that the inclusion of the homotopy fibre of g, in the homotopy fibre
of ¢ induces isomorphisms in homology up to dimension K. Moreover since d’'=
dy(K, n—1), by induction i, induces isomorphisms in homology up to dimension K.

By Lemmas 2.4 and 2.5 the fundamental groups of Map, (M, G(n—1, m))
and A, (n—1, m) are abelian, and hence in particular they are nilpotent. Moreover
by Lemma 2.3 x,(4, (n—1, m)) acts nilpotently on the homology of the homotopy
fibre of g, up to dimension K. Since the action of 7;(Map, (M, G(n—1, m))) on
the homology of the homotopy fibre of ¢ up to dimension K is determined by the
surjection

7,(4g (n—1, m)) > my(Map, (M, G(n—1, m))),

the isomorphisms
H,(HF(q4, y)) ~ H(HF(q, »))

for ;=K and the action of =,(4,(n—1,m)) on H(HF(q,, Y)), this action of
#;(Map, (M, G(n—1, m))) is also nilpotent. Therefore it follows immediately from
Hilton and Roitberg’s extension to quasi-nilpotent fibrations of Zeeman’s comparison
theorem for spectral sequences (see [H & R]) that the inclusion 7, induces isomor-
phisms in homology up to dimension K—1=k.

We also have a commutative diagram

"Zd,d’ (na m) Pa Ad (n’ m)

lil l‘a

¥
Mapd,d’(Ma G(ns m)) —£» Mapd(Ms G(na m))’

where #; and 7, are the inclusions. We have shown that J; is a homology equivalence
up to dimension k. By 2.1 and 2.2 and the definition of a k-clean fibre, the
inclusion of the homotopy fibre of p, in the homotopy fibre of p induces isomor-
phisms in homology in dimensions less than k. Therefore by the argument used
above for ¢, and ¢ we may apply Hilton and Roitberg’s comparison theorem again
to deduce that 7; induces isomorphisms of homology up to dimension k. This
completes the induction step and the proof of the Theorem.

Remark. For the case M=S52 Segal proved that the inclusion of Hol,(M, P,)
in Map,(M,P,) is a homotopy equivalence up to dimension (d—2g)(2m—1),
and he conjectured that the same holds for all Riemann surfaces M. Theorem 1.2
and Lemma 2.5 tell us that the inclusion of Hol,(M, G(n, m)) in Map,(M, G(n, m))
is a homology equivalence up to some dimension k& which tends to infinity with d,
and hence also that it induces an isomorphism of fundamental groups since these
are both abelian. Therefore to show that the inclusion is a homotopy equivalence
up to dimension k it would be enough (by [H & R]) to show that the fundamental
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group of each space acts nilpotently on the higher homotopy groups up to dimen-
sion k. It seems likely that one could prove this by induction using methods similar
to the proof of Theorem 1.1 if the result was known for maps into projective spaces.

To complete this section there follow some results about homology fibrations
and k-clean fibres which we shall need later.

2.6. Proposition. Let g: XY be a smooth map between connected manifolds X
and Y, and let k be a non-negative integer.

a) Suppose h: X—~Z is such that (g, A): X->YXZ is a homology fibration
up to dimension k. Suppose also that for each y¢cY the restriction of h: X—~Z
to the fibre g7*(y) is a homology fibration up to dimension k. Then g is a homology
fibration up to dimension k. Moreover if 7,(Y) acts nilpotently on the homology
of the homotopy fibre of the map (g, #) up to dimension k then the same is true of
the map g.

b) Suppose that ZC X is a closed submanifold of codimension d in X with
orientable normal bundle such that the restriction §: Z--Y of gto Z is a fibra-
tion up to dimension k—d+1. Suppose also that the derivative of & is surjective
everywhere on Z so that g=(y) is smooth near g~ 1(»)=g 1(y)nZ and §71(y)
is a closed submanifold of codimension d in g~1(y) for every ycY. Then g: XY
is a homology fibration up to dimension k if and only if the restriction of gto X—Z
is a homology fibration up to dimension k. Moreover if 7,(Y) acts nilpotently on
the homology of the homotopy fibres of g (up to dimension k) and of g (up to dimen-
sion k—d+1) then 7, (Y) acts nilpotently on the homology of the homotopy fibre
of the restriction of g to X—Z up to dimension k.

¢) Suppose that 4 and B are closed submanifolds of codimension at least k+1
in X and Y respectively, such that g71(B)=A4. If ycY—B then the fibre of g
at y is k-clean if and only if the fibre at y of the restriction of g to X—A4 is k-clean.

Proof. To prove (a) first note that there is a homotopy equivalence between
P(g) and P(g,h) such that the diagram

X——-> P(g, h)— P(g)

YXZ
N\
Y
commutes. This is because
P(g, h) = {(x, 0, ®,)| € X, 0€Y!, 3€Z", 0(0) = g(x), ®(0) = h(x)}
and a homotopy equivalence P(g, h)—~P(g) is given by

(x, », @) - (x, ®)
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with homotopy inverse
(x> O)) - (x> , wh(x))'

For each y in Y this restricts to a homotopy equivalence between the homotopy
fibre HF(g,y) and the inverse image

A = {(x, 0, ®)|w(0) = g(x), (1) =y, @(0) = h(x)}
of {y}XZ under r,,. There is a fibration ¢: A—~Z given by

>, o, @) - (1)

whose fibre at z is the homotopy fibre HF((g, ), (,2)) of (g, h) at (y,z). Under
the inclusion
g7'(y) > HF(g, y) ~ 4

this fibration restricts to the map A: g~1(y)—~Z. By assumption this is a homology
fibration up to dimension k. Its fibre at any z€Z is (g, A)~1(y, z). By assumption
the inclusion of this in HF((g, /), (», z)) is a homology equivalence up to dimen-
sion k. So the inclusion of the homotopy fibre of A: g7(»)—~Z in the homotopy
fibre of ¢: A—~Z is a homology equivalence up to dimension k. Therefore there
are spectral sequences abuiting to the homology of g71(y) and of A4 (or equivalently
of the homotopy fibre HF(g, »)) such that the natural map between the spectral
sequences induced by the inclusion mduces isomorphisms on the E?  terms with
g=k. This is because when g=Fk the E} terms are given by the p** homology groups
of Z with respect to the same local coefﬁcxent system. Therefore it is easy to deduce
that the inclusion of g=*(y) in HF(g,y) is a homology equivalence up to dimen-
sion k (see [Z] or [H & R]). This proves (a), since the part about nilpotent actions
is now obvious.

Now consider (b). There is a diffeomorphism from a neighbourhood U of
Z in X to the normal bundle N to Z in X, which implies by use of the Thom iso-

morphism that
HY(X, X—2Z) = H'%(2)

for all ¢=0. Since the derivative of g: Z—Y is surjective everywhere in Z the
fibres g7X(y)nZ of ¢ are all closed submanifolds of the fibres g=(»); and by
using the exponential maps associated to the restrictions of some metric on X to
these fibres we may choose the diffecomorphism U—N such that the diagram

IR

U N
N
g

commutes.
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Foreachyin Y

HF (&, y) = {(x, 0)€ HF(g, y)|x€Z}
so the subset

U’ = {(x, 0)€ HF(g, y)|x€ U}

is a neighbourhood of HF(g,y) in HF(g,y), and the diffeomorphism U-N
induces a homeomorphism of U’ with the pull-back to HF(g,y) of the bundle N.
Hence by the Thom isomorphism again we have

HY(HF(g, y), HF (g, y)—HF(8, y)) = Hi*(HF(g, »)).

Since HF(g, y)—HF(&,y) is the homotopy fibre of the restriction g” of gto X—Z
we have two long exact sequences of cohomology

...~H"%(HF (g, y)) ~ HY(HF(g, y)) ~ H“(HF(g”l, y) —~ Hq"‘“(HlF(E, y)) ..
it i i i
Y v ¥

HTYEN(y) - HY(g7'()) -~ HY(g" () - HT(ET0) ~..

where ;, 7, and /; are the inclusions. By assumption #} is an isomorphism for g—d=
k—d+1, so 73 is an isomorphism for g=k if and only if 7} is an isomorphism
for g=k by the five lemma. Finally note that the first of these two long exact sequences
is compatible with the action of 7,(Y) on the cohomology of the three homotopy
fibres. By assumption the action on H(HF(g,y)) and on H* *Y(HF(§,y)) is
nilpotent for g=k. Hence the action of n,(Y) on HY(HF(g”, y)) is also nilpotent
for g=k. This completes the proof of (b).

The proof of (c) involves a similar and straightforward use of Thom—Gysin
sequences.

3. Facts about holomorphic bundles

The space Hol,(M, G(n, m)) is a quasi-projective variety of which A,(n, m)
is a Zariski open subset (cf. [Se] § 6 and also [N] Theorem 5.3). The Zariski tangent
space at an element /4 corresponding to an exact sequence of bundles

0>-K->MXC">E-~>0

can be canonically identified with H°(M, K*QE).

The variety Hol,(M, G(n, m)) parametrises in an obvious way a family of
bundles of rank »# and degree d over M. More precisely, there is a quotient £ of
the trivial rank m bundle over Hol,(M, G(n, m))XM such that for every & the
restriction of E to {h} XM is just 4. (See e.g. [Se] §6.)

Suppose that #€ 4;(n, m), so that HY(M, E)=0. Then K*QE is a quotient
of (MXC"y*®E, which is isomorphic to the sum of m copies of E and so has
vanishing first cohomology. It follows that H(M, K*®E)=0. Therefore the
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dimension of the Zariski tangent space H®(M, K*®E) is independent of 4 in
Ay(n, m). In fact Seshadri has proved that the variety A,(n, m) is nonsingular
(see [Se] Remark 6.1).

We next need some facts and definitions from [H & NJj and [A & B).

3.1. A holomorphic bundle E over M is said to be semistable if it has no proper
sub-bundle E” with
¢, (ENrk(E”) = ¢ (E)/rk(E).

Here ¢, is the first Chern class or degree, and rk is the rank.
3.2. Every bundle E has a canonical filtration

0=ES..SE=E
with semistable quotients
D; = E;|E,_,
such that
cl(Dj)/rk(Dj) = Cl(Dj+1)/rk(-Dj+1)

for 1=j=s—1. The degrees d; and ranks »n; of the quotients D; determine the
type p of the bundle E, which is an element of the positive Weyl chamber of the
group GL(n) for n=rk(E). In fact u is the vector

(dl/nl LIRS ] ds/ns)

in which each ratio d;/n; appears n; times. If ¢,(E)=d and rk(E)=n we say that
uis an (n, d) type. (See [A & B].)

3.3. If L is a line bundle on M with degree e then the type of EQL is pu-te,
where by abuse of notation e stands for the n-vector all of whose coefficients are
equal to e. If % is a set of types we write % +e for the set (u-+elue%).

3.4. If d=n(2g—1) is a positive integer and E is a semistable bundle of rank
n and degree d on M then E is generated by its sections and H'(M, E)}=0 (see
[N] Lemma 5.2). We deduce that for any fixed type u there is some integer m, such
that if m=m, and E is of type u-+m, then

HYM,E)=0
and E is generated by its sections.

3.5. From [A & B] we know that there is an infinite-dimensional affine space
% whose points can be regarded as unitary connections on some fixed C* bundle
over M, or equivalently as holomorphic structures on this bundle. Atiyah and Bott
show that there is a smooth stratification of € by types so that a holomorphic struc-
ture lies in the stratum %, if and only if it is of type u.
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3.6. Let E be any holomorphic bundle on M representing a point in % and let
End E be the bundle of endomorphisms of E. Then the normal in € at E to the
submanifold consisting of all bundles isomorphic to E can be identified with
HY(M, End E). If E is of type g, let End’ E denote the bundle of endomorphisms
of E which preserve the canonical filtration, and define End” E by the exact sequence

0 —>End"E—-End E—~End”E-0.

Then H'(M, End” E) can be identified with the normal to the stratum €, at E
(sece [A & B] § 7). So
d, = dim H(M, End” E)

is the complex codimension of %, in 4.
3.7. If we take the dual of the exact sequence
0-K-MxXC"-E~OQ
corresponding to an element 4 of A,(n, m) and then tensor with E we obtain
0->End E—~ E®QE®...®E ~ K*QE - 0.
This gives us a homomorphism
¢: H'(M,K*®E) -~ H(M,End E)

which is surjective because H (M, EGE®...E)=0. This homomorphism is the
infinitesimal deformation map at 4. It can be interpreted as follows in terms of
the space ¥ described at 3.5.

There is a small neighbourhood N of /2 in A4,(n, m) such that the restriction of
the bundle £ to NXM is differentially isomorphic to NXE. If we fix a hermitian
metric on E this gives us a family of unitary connections on the underlying C*
bundle of E, parametrised by N. So we get a map ¥ of N into the space € of all
unitary connections. By [A & B] Lemma 15.5, the infinitesimal deformation map
¢ is the projection of the differential diy(4) of  at h onto the normal to the sub-
manifold of € consisting of bundles isomorphic to E.

Remark. Define a stratification (4,) of A4,(n, m) by
A, = {h|the corresponding bundle E has type u}.

Then since ¢ is surjective for all 2 in 4,(n, m), it follows from 3.5 and 3.6 that
each stratum A4, is nonsingular, and if it is nonempty then it has complex codimension
d,in A;(n, m).

3.8. By [A & B] 7.16 we have

dy =2, ;(md;—n;di+mn;(g—1)
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if p is the type (dy/ny, ..., dy/n;) defined as at 3.2 by integers dy,...,d; and
Py, ..., n,>0 such that d,+...+d,=d, ny+...+n,=n and di/n,>...> d/n;. From
this it is easy to see that

dyrm=4d,

for any (n, d) type p and any integer m. It is also easy to see that given any integer
k there are only finitely many (n, d) types u such that

d, =k
3.9. Lemma. Let k and e be any positive integers. Then if
d = n(2g+e+max (k, +n’g, n(1—g)))
there exists a finite set U of (n,d) types such that

a) if pisan (n,d) type and pu¢% then d,>k;

b) if E is a bundle of type p€% and L is a line bundle of degree at most e on
M then H(M, L*QE)=0;

¢) the union of the strata {,|uc%} is an open subset of ; and

d) if d,,...,d, are integers such that d,+...+d,=d and [d/n]=d;=[d/n]+1
for 1=j=n then the type u of any sum of line bundles on M of degrees d,, ..., d,
is an element of #.

Proof. It is well known that if E is a semistable bundle of rank » and degree
d then there are no nonzero holomorphic bundle maps from E to aline bundle L of
degree less than d/n (see e.g. [N] § 5). Hence if L, ..., L, are line bundles on M
each of degree [d/n] or [d/n]+1 then the type pu=(d\/ny, ..., ds/n;) of L;®...8L,
satisfies d,/n;=[d/n]+1. From this it follows that s is at most 2 and that
dy/n,=[d/n]. Hence

d, = nlnz(dllnl—d2/n2+(g—1)) = g = %nzg.

Without loss of generality we may assume that k= ;— n2g. Therefore if we define %
to be the set of all (n, d) types u such that d,=k then it remains only to check
that (b) is satisfied.

By 3.4 it suffices to show that if u=(dy/n;, ..., d,/n) is an (n,d) type such
that d,=k then d;/n;,—e=>2g—1 for 1=j=s. Since d;/n;=d/n; for all j it is
enough to show that d/n,=2g+e. We have

d, = 2;>,- nn;(d;/n;—diln+g—1) = k.

Moreover d;/n;>d;/n; when i>j, andif g=0 theneach d;/n; isaninteger because
every semistable line bundle on P, is a sum of line bundles all of the same degree.
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Hence

whenever />j, and therefore
dy/my—dn+s(g—1) = 2i>i d;/n;—di/ni+g—-1) = k.
But dy/ny=d/n=2g+k+e, so
difn,=2g+e+s(g—1) =2g+e

if g=1. Finally when g=0 then dnz=k+e+n so d/n=e+n—s=ze=2g+e.
This completes the proof.
We also need a technical lemma.

3.10. Lemma. Suppose that T is a nonsingular quasi-projective variety which
parametrises a family of bundles of rank n=2 over M, in the sense that there is a
holomorphic bundle E over TXM such that for any t in T the restriction E, of E to
(tYXM is the bundle parametrised by t. Let k be any non-negative integer. Suppose
that for every t in T and every line bunale L over M of degree at most k-+1, we have

H'(M,L*QE) = 0.

Then there is a bundle W over T such that the fibre W, at any (€T can be naturally
identified with H°(M, E,). Let n: P(W)~T be the projective bundle associated
to W. Let Sy be the image in P(W) of the nowhere-vanishing sections in W under
the identification of points in W, with sections of E,. Then the restriction of & to S,
is a homology fibration up to dimension k. Moreover n,(T) acts nilpotently on the
homology of the homotopy fibre of n: Sy—~T in dimensions less than k.

Proof. The existence of the bundle W is well known (see e.g. [H] III Corol-
lary 12.9). The proof of the rest of the Lemma is by induction on k. First note that
7,(T) acts trivially on the homology of the fibre of the projective bundle P(W)
over T because the homology of any projective space in any dimension has rank at
most 1 and GL*(1, Z) fis trivial.

For any t€T and seW,, let

D) =x+...+x;

be the zero-divisor of s regarded as a section of the bundle E, over M. For each
Jj=0, let S; be the image in P(W) of those sections s which vanish at precisely j
points of M with multiplicity. Then the sets {S;|j=0} form a stratification of
P(W). We shall see that the strata S; for j=k are all smooth, and that the strata
S; for j=>k have real codimension at least k+1 so we shall be able to ignore
them.

Let M be the j* symmetric power of M, which is a smooth projective variety.
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Elements of M) can be thought of as positive divisors of degree j on M. So for
each j=0 there is a map

whose first component sends a point of S; represented by s€ W to the zero-divisor
D(s) of s, and whose second component is the restriction of = to S
The fibre of #n; at (D,r) consists of the image in P(H°(E,Q0(—D))) of
the nowhere-vanishing sections of the bundle E,®0(—D). The variety MYXT
parametrises the family of bundles E,Q0(—D) over M, and we know that

H'(M,L*®E,®0(—D)) =0

for any line bundle L of degree at most k-+1—j, because the degree of 0(—D) is
—j. Therefore it follows by induction that if k=j>0 then

is a homology fibration up to dimension k—j, and n,(M X T) acts nilpotently
on the homology of the homotopy fibre of =; in dimensions less than k—j. Simi-
larly for every fixed #¢T the variety M) parametrises the family of bundles
E,®0(—D), and the fibre at D of the map S;nzn~*(t)~M" given by restricting
the first component of =; is the image in P(H°(E,®0(—D))) of the nowhere-
vanishing sections of E,®@0(—D). Therefore by the same argument this map is
also a homology fibration up to dimension k—j. Hence by 2.6(a) the restriction
of # to S; is also a homology fibration up to dimension k—j, and =,;(T) acts nil-
potently on the homology of the homotopy fibre of z: S;—T in dimensions less
that k—j. Of course this is also trivially true when j=k.

Our aim is to apply 2.6(b) to the strata S; of P(W) for each j=0 in turn in
decreasing order of j. (There are only finitely many j such that S; in nonempty.)
For this we need to check that when O<j=k then S; is smooth of real codimen-
sion at least j+1 in P(W) and when j=k then S; has real codimension greater
than k+1. It does not matter whether S; is nonsingular for j=>k since we can
always refine the stratification so that this becomes true.

If k=j=>0 then S;is an open subset of a smooth projective bundle over MW X T
and hence it is smooth. Moreover the derivative of n; and hence also of = at any
point of S; is surjective. In particular the intersection of S; with the fibre P(W))
of 7 at any t€T has the same codimension in P(W,) as S; has in P(}¥). But if
DEMY and k+1=j>0 then H'(M, E,Q0(—D)) has complex codimension nj
in H°(M, E) by Riemann—Roch, because the first cohomology of both E, and
E,20(—D) vanishes and the degree of E,Q0(—D) is deg E,—nj. Since MV
has dimension j it follows that the real codimension of S;nP(W)) in P(W) is
2(n—1)j for k=j=0, and at least 2(n—1)(k+1) for j=k. By assumption n=2
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so 2(n—1)j is strictly greater than j for all j=1. Repeated application of 2.6(b)
now shows that the restriction of 7 to S; is a homology fibration up to dimension &
and that 7, (T) acts nilpotently on the homology of the homotopy fibre of =z:
So~T in dimensions less than k. This completes the induction.

4. Proof of Lemma 2.2

An element % of A4, ;(n, m) can be identified with a pair of bundles E and
E’ of rank n and n—1 and degree d and d” respectively, with surjective maps

MxC"* -~ E -~ E’

satisfying  HY(M, E)=0=H(M, E’). The kernel of the quotient map E-E" is
then a line bundle L(%) of degree d—d’. Let

D' Ja,a'(", m) — Ay(n, m) XPic,_, (M)

be the map whose first component is p, and whose second sends h to the isomor-
phism class [L(#)] of L{#) in the Picard variety of M. We shall show that p” has a
k-clean fibre (in fact that the generic fibre of p’ is k-clean) provided that d—d’" >
max (2g—1,0) and d=n(2g+k+1+d—d +max (k+1+n(d—d’), 3 n®g)). More
precisely we shall show that there is an open subset U of A,(n, m) such that the
complements of U in Ay(n, m) and of P;*(U) in A, 4 (n, m) have codimension
strictly greater than & and such that the restriction

p’: p3'(U) ~ UXPic;_4 (M)
is a homology fibration up to dimension k. We shall also show that the restriction

P': pi*(g) ~ {g}XPics_s (M),

is a fibration up to dimension k for every g in U. By 2.6(a) and (c) this will be enough
to prove that for every g€U the fibre of p, at g is k-clean.

Let g be any element of A,(n, m) represented by a quotient bundle E of the
trivial bundle of rank m. Let L be any line bundle of degree d—d’. Since
HY(M, E)=0, if

0-L—-E—-E -0

is an exact sequence then H(M, E")=0. Moreover embeddings L—~E correspond
to nowhere-vanishing sections of L*®E, and the group of automorphisms of L is
C* acting as multiplication by scalars. Therefore the fibre of p” at (g, [L]) can be
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identified with the image in the projective space
P(H°(M, L*®E))

of the nowhere-vanishing sections of L*®FE.

The nonsingular variety A,(n, m)X Pic,_4 (M) parametrises a family of bundles
L*®E on M, obtained by tensoring the dual of the universal line bundle on
Pic,_4;(M)XM with the tautological bundle £ on A,(n, m)X M. Similarly for
any fixed E the variety Pic;_, (M) parametrises the family L*®E where now
only L varies. Therefore by Lemma 3.10 and the remarks made at the beginning
of this section, to prove that the fibre of p, at every g in some nonempty open sub-
set U of A (n,m) is k-clean, it is enough to show that the complements of U
and of p7'(U) both have codimension strictly greater than k and that (*) for any
bundles E and L representing elements g of U and [L] of Pic,_,.(M) and any line
bundle H of degree at most k+1 we have

H'M,H*QL*®E) = 0.

These conditions also imply that the action of =,(4;(n, m)) on the homology of
the homotopy fibre of p, is nilpotent in dimensions less than k. We shall show
that it is possible to find such a U provided that d—d’ and d are sufficiently large.

First choose d—d’ positive and strictly greater than 2g—1. Then every line
bundle of degree greater than or equal to d—d’ has a nonzero section. By 3.9 if
d is at least

n(2g+d—d’ +k+1+max(k+1+n(d—d), 4 n’g)

there is a finite set % of (n, d) types such that
a) whenever y is an (n, d) type not lying in % then

d,>k+1+n(d—-d’);

b) whenever E is a bundle of type u¢% and L is a line bundle of degree at
most d—d’+k+1 then H'(M,L*®E)=0; and

c) the type p of any sum of # line bundles whose degrees lic between [d/n] and
[d/n]+1 and add up to d lies in %.

By 3.7 there is a smooth stratification of A,(n, m) into strata A, where an
element lies in 4, if the corresponding bundle E is of type u. Moreover if 4, is
nonempty then its codimension in A,(n, m) is d,. So (a) implies

d) if p¢% then the codimension of A, is greater than k+1+n(d—d’).

Let U be the union of those strata 4, such that u belongs to %. By enlarging %
if necessary we may assume that U is open in A,(m, n). Then since d—d’ is posi-
tive, by (d) the complement of U has codimension at least k+1 in A;(n, m) and
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by (b) the condition (*) is satisfied. Therefore it suffices to show that the codimension
of the complement of p7*(U) in A4, 4.(n, m) is greater than k-+1.

Suppose that L is a line bundle of degree d—d’ over M and g in Ay(n, m)
corresponds to the bundle E. Then by our assumption L has a nonzero section s.
Tensoring by s gives us an embedding of H°(M, L*®FE) into H°(M, E). Since
HY(M, E)=0, by Riemann—Roch we have

dim HY(M, L*QE) = dim H(M, E) = d+n(1—g).

So the fibre of p” at (g[L]) has dimension at most d+n(1—g)—1 because it is
contained in P(H°(M, L*QE)).
On the other hand, if E is of type uc%, then

dim HY (M, L*QE) = n(d’—d)+d+n(1—g),
because of (b). Also if x€M then
dim H(M,L*® EQ U(~ x)) = n(d’'—d)+d+n(1—g)—n

by the same argument. Since n=2 and &’<d and dim M=1, it follows that
there do exist nonvanishing sections of L*®E. Hence the dimension of the fibre
of p” at (g,[L]) is exactly

dim P(HYM, L*®E)) = n(d’ —d)+d+n(l—g)—1
when geU.

So the dimension of a generic fibre of p” is d+n(1—g)—n(d—d’)—1, and
the dimension of any fibre is at most d+n(1—g)—1. Therefore it follows from
(d) that the codimension of the complement of p~1(U) in Ay 4 (n, m) is greater
than k-+1. This shows that U has all the properties we wanted it to have.

To complete the proof of Lemma 2.2 it is now enough to show that for some
particular quotient bundle E of MXC™ of type u belonging to % the inclusion
of the space of all holomorphic line sub-bundles of E in the space of all continuous
line sub-bundles is a homology equivalence up to dimension k. The following lemma
is needed for this and for the proof of Lemma 2.3.

4.1. Lemma. Let m, n and d be positive integers such that m=n+1 and
d=n(2g+1). Then there exists an exact sequence
0-H6...60H, ,~ MXC"~>~L,&..0L,~0

where H,, ..., H,,, are line bundles on M such that deg H;=0 for 1=j=m-—n,
and Ly, ..., L, are line bundles on M such that [d/nj=deg L,=[d/n]+1 for 1=j=n
and deg (L,®...®L,)=d. Moreover H'(M,L,®...®L,)=0.

Before proving this lemma, let us use it to complete the proof 2.2. Let E=L,®
«.@®L, where Ly, ..., L, satisfy the conditions of 4.1. By (c) above the type of E
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lies in %. Therefore the exact sequence of 4.1 defines a point of the open subset U
of A;(n, m).

Clearly if L is any line bundle of degree [d/n], then line sub-bundles of E of
degree d—d’ correspond one to one with line sub-bundles of L*®E of degree
d—d’ —[d/n]. But L*®F is a sum of line bundles each having degree 0 or 1. So
the result follows provided it can be shown that if £” is a sum of line bundles with
degrees 0 or 1 then the inclusion of the space of all holomorphic line sub-bundles
of E” of degree —e in the space of all continuous line sub-bundles of the same
degree is a homology equivalence up to dimension k provided that e is
at least 2g+k+1. We then only have to set e=[d/n]—(d—d’) and note that if
d=nQ2g+k+1+d~d") then e=2g-+k—+1.

Holomorphic (respectively continuous) line sub-bundles of degree —e of the
trivial bundle of rank # correspond exactly with holomorphic (respectively con-
tinuous) maps of degree e from M to P,_,. Therefore when E” is the sum of trivial
line bundles the result we want is just Segal’s theorem. But in fact Segal’s proof
can be adapted without difficulty to the case when E” is any sum of line bundles
to give the following result.

4.2. Theorem. Let N be a non-negative integer and for 0 =j =N let L; be a holomorphic
line bundle of degree d; on N. Then the inclusion of the space HL_(Ly®...®Ly)
of all holomorphic line sub-bundles of Ly®...®Ly of degree —e in the space
CL (Ly®D...®Ly) of all continuous line sub-bundles of the same degree is a homology
equivalence up to dimension

(e+min {d,|0 = j = N}—2g) 2N—~1).

In particular if d;=0 for 0=j=N then this inclusion is a homology equivalence up
to dimension (e—2g)(2N—1).

Proof. This theorem is exactly Segal’s result in the case when every L; is the
trivial line bundle. To prove the theorem in general one adapts Segal’s proof as
follows.

Let x, be any basepoint of M and let M'=M—{x,}. Let O™ (M") be the
space of all sequences (&, ..., &y) of positive divisors of degree e in M’ with &,
..néy=¢@. Let j: Div(M)—Pic (M) be the homomorphism from the group of
divisors on M to the Picard variety of M which associates to any divisor the iso-
morphism class of the line bundle which it determines. Then j restricts to a map
Ji Divg(M)—J(M) where J(M)=Pic,(M) is the Jacobian of M and Divy(M)
is the group of divisors of degree 0. Segal identifies the space of basepoint preserving
holomorphic maps f: M—~Py of degree e with the fibre at 0 of the map QW(M")—~
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J(M)Y which takes (&, ..., &y) to (j(&p—E1),j(Ea—&4), ...). He shows that this
map is a homology equivalence up to dimension (e—2g)(2N—1).

Let us choose a fixed 1-dimensional complex subspace V, of (L), ®...®
(Ly), such that the projection of ¥, onto (L)), is an isomorphism for each j. Let
Q be the space of all sequences (&, ..., &y) of positive divisors of degrees
e+dy, ...,e+dy in M’ with empty intersection. Given a holomorphic line sub-
bundle L of degree. —e in Ly®...®Ly such that L, =V, define an element
(&, --.., &x) of Q by taking &; to be the sum (including multiplicities) of those points
x in M such that the projection of L, onto (L;), is zero. In this way we can identify
the space of holomorphic line sub-bundles of degree —e in L,®...®Ly with
fixed fibre at the basepoint (as above) with the fibre at the point

(Lo® L), [L®LS), ..., [Ly-1®L3D
of the map

Q e Picdo—d1(M)><Picd1—dz(M)x"' XPich_l_dN(M)

which takes (&, ..., &y) to (j(&—&),j(€1—¢&s)...). Segal’s proof that this map
is a homology fibration up to dimension (e—2g)(2N—1) when each L ; is the trivial
line bundle extends with only the most trivial modifications to show that in general
this map is a homology fibration up to dimension

(e+min {d;|0 =j = N}-22) 2N-1).

The proof of Theorem 4.2 then follows exactly as in the case studied by Segal.
We have thus completed the proof of 2.2 except that it remains to prove
Lemma 4.1.

Proof of Lemma 4.1. First note that if L,,...,L, are line bundles each of
degree at least [d/n] and if d=n(2g+1) then H'(M,L,®..®L,)=0 by 3.4.
Moreover if

0-H->MXC*'>L&.6L, -0

is an exact sequence with the properties required in the Lemma when m=n+1,
then the exact sequence

0~ Ho(MXC" ") > MxXC" >~ L,®...®L,~ 0

has the properties required in the general case m=n-+1. Therefore it suffices to
consider the case m=n+1.

Since dim M=1, it follows from Riemann—Roch that if H is any line bundle
of degree e=>2g then there is a nowhere-vanishing section of H® H. Equivalently
there is an embedding of H* in the trivial rank 2 bundle on M whose quotient
is a line bundle L of degree e. Then L is generated by two sections s; and s, say.
By the same argument there is a line bundle L’ of degree e+1 generated by sec-
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tions s; and s;. Let S be the finite set of points x in M such that either s;(x) or s5(x)
is zero. We can find g, b, ¢, d in C such that ad—bc is nonzero and so are asj(x)+
bsy(x) and esj(x)+ds;(x) for all x in S. Therefore without loss of generality we
may assume that s; and s; are both nonzero if either s, or s, is zero.

Now write d=ne+p with 0=p<n and define a holomorphic map of vector
bundles ¢ from MXC™ to the sum L,&...®L, where L;=L if j=n—p and
L;=L" if j>n—p as follows. Let e, ..., e, be the standard basis of C™ It is
enough to specify ¢(x,e;) for each x¢ M and l=j=m. For l=j=n let

Xj: L] - Ll®"'®Ln

be the embedding of L; as the j™ factor of the sum.
Then let

@ (x, €1) = 11(s5:())

o(x, €)= 2j-1(s: (D)) +xi(s:(x)) 2=j=n—p
P, €npi)) = Xn—p(S2(¥)) + Xn- p+1(51(x))
o(x, ¢) = gj-1(3@))+25(51x)) n—p+l<j=n
P (x, eyi1) = 4n(53(%))-

(Recall that by assumption m=n-1). Since s; and s, generate L they never vanish
simultaneously, and nor do s; and s; for the same reason. Therefore the assumption
that s; and s} are both nonzero whenever either s, or s, vanishes implies that for all
XEM either 5,(x)=0 and sj(x)#0 or s,(x)=0 and s5,(x)=0. From this it is
easy to see that ¢ is surjective. The result follows.

5. Proof of Lemmas 2.3, 2.4 and 2.5

The proof of 2.3 is similar to the proof of 2.2, but easier. Assume that d—d’ >
2g+k. Let _
q': Ay g (n,m) > Ay (n—1, myXPic;_ (M)

have first component ¢, and second component the map which sends a point re-

presented by a sequence
0-L~FE—~E -0

to the isomorphism class of L in Pic;_4 (M), as described in § 4. Then points of
the fibre of ¢’ at a point (&, [L]) represented by a quotient

MxC"—~E’

and a line bundle L can be identified with isomorphism classes of commutative
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diagrams
Mxcr

PN\

0O-L-E—-E >0

such that H(M, E)=0. But H.M, E’)=0 because s les in A; (n—1,m) and
H(M,L)=0 because d—d’=2g—1 so the condition H'(M, E)=0 is satisfied
automatically. Hence by arrow-chasing we see that elements of the fibre correspond
simply to quotient maps K-L or equivalently to embeddings L*-K*, where
K is the kernel of the quotient map M XC™-E’ defining k. Therefore the fibre
of ¢’ at (A, [L]) can be identified with the image in P(H°(M, LK*)) of the no-
where-vanishing sections of LQK*.

Thus to prove the first part of 2.3 it is enough by 2.6(a) and 3.10 to show that
H'(M,LK*®H*)=0 for any line bundle H of degree at most k. But this fol-
lows from the long exact sequence of cohomology associated to the exact sequence

0~ LRE*QH*~ (H*®L)" - LQK*®H* -0,

on the assumption that d—d’=k+2g.

The first and last parts of 2.3 now follow immediately from 2.6(a) and 3.10.
To complete the proof we repeat the argument used in the proof of 2.2.

First note that if d’>(n—1)(2g+1) then by Lemma 4.1 there exists an element
of A, (n—1, m) represented by an exact sequence

where K* is a sum of line bundles whose degrees are all non-negative. To prove

2.3 it now suffices to show that the inclusion of the space of all holomorphic line

sub-bundles of K* of degree —(d—d’) in the space of all continuous line sub-

bundles of the same degree is a homology equivalence up to dimension k provided

that d—d’ is at least 2g+k+1. But this follows immediately from Theorem 4.2.
The proof of Lemma 2.3 is now complete.

Proof of Lemma 2.4. We need to prove that =,(Map,(M, G(n, m))) is abelian
when m=2. Clearly we may assume that O<n<m.

First consider m,(Map,(M, P,)) where m=2. Let p be a point of P,. By
standard approximation arguments any element of r,(Map,(M,P,)) may be re-
presented by a smooth map S'XM P, Since the real dimension of S'XM is
3 and the real codimension of p in P, is at least 4, by a general position argument
we see that we may assume that the image of S*XAM in P, does not contain p.
(First choose the base-point of Map,(M, P,) to be a smooth map whose image
does not contain p.) A similar argument shows that if m=3 then two smooth maps
M —~Map,(M, P,,—{p}) are homotopic as maps into Map,(M, P,,—{p}) if and



246 Frances Kirwan

only if they are homotopic as maps into Map,(M, P,). Hence =,(Map,(M,P,))
is isomorphic to 7, (Map,(M, P,,—{p})) when m=3. As P,—{p} retracts onto
P,_, we deduce that m,;(Map,(M, P,)) is independent of m when m=2.

By 1.4. Map,(M, G(n, m)) is homeomorphic to Map,(M, G'(n,m ) where
G’(n, m) is the Grassmannian of n-dimensional subspaces of C™. There is an open
subset W of G'(n, m) defined by

W = {VeG’ (n, m)| dim VnC""+1 = 1}

where C"~"*1is a fixed (m—n+1)-dimensional linear subspace of C™. The comple-
ment of Win G’(n, m) has complex codimension at least

nm—n)—~Q2(m—-n—1)+n-2)(m—n) =2

and so the argument used above shows that the inclusion of Map,(M, W) into
Map,(M, G’ (n, m)) induces a surjection from =,(Map,(M, W)) to

7, (Mapy(M, G’ (n, m)))

The map W-P,_, given by sending ¥ to VnC™"*! is a locally trivial fibration
with fibre C™-"-1 560 Map,(M, W) retracts onto Map,(M, P,,_,). Therefore
if Map,(M,P,,_,) is abelian, so is Map,(M, G(n, m)). We may assume that
m—n=2 since otherwise G(n, m) is a projective space itself, so it is now enough
to show that =,(Map,(M, P,)) is abelian.

Let Map* denote based maps. Then since n,(P;)=0 the fibration sequence

Mapj (M, P,) ~ Map,(M, P, ~ P,

induces a surjection m;(Map}(M, P,))~n,(Map,(M, Py)). Therefore it suffices to
show that =,(Map} (M, Py)) is abelian. Mapj (M, P,) is independent of d up to
homotopy, so we may take d=0. The 1-skeleton of M is a wedge V'S* of 2g copies
of S, and the result of collapsing it to a point in M is S2. Therefore there is an exact
sequernce

Q*P, = Map; (5%, Py) ~ Mapg (M, Py) ~ Map; (VS*, Py)
which gives an exact sequence

7, (2°P,) — ﬂl(Map?;(M , P 2)) - nl(gl(Pz))zg
because
Mapyg (V'S?, Py) = Map} (S, Py)* = (Q1(Py)¥.

Therefore as 7, (Q2Py)=m;(P,)=0 and =,(Q(Py))=n(P;)=Z the result follows.

Proof of Lemma 2.5. We need to prove that if m>2 and O<n<m and
d>2g+1 then m(Hol,(G(n,m))) and m,(A4(n, m)) are abelian and the inclu-
sion of Ay(m,m) in Mapy(M, G(n,m)) induces a surjection on fundamental
groups.
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Let W be the open subset of G(n, m) defined by
W = {C"VeG(n, m)|[dim VnC" ! = m—n—1}

where C™~' is a fixed hyperplane in C™. The complement W* of W has complex
codimension
dim G(n, m)—dim G(n—1,m—1) =m—-n

in G(n, m). By standard approximation arguments any element of
7, (Hol, (M, G(n, m)))

may be represented by a smooth based map S* +Hol,(M, G(n, m)), or equivalently
by a smooth map ¢: S'XM—G(n, m) such that the restriction ¢,: M—~G(n, m)
of ¢ to {t} XM is holomorphic of degree d for any ?€S%, and when ¢ is the base-
point of S* then ¢, is the chosen basepoint of Hol,(M, G(n, m)).

Let S be the subgroup of the complex general linear group GL(m) given by

S = {geGL(m)|gW =W}
Then S contains every g€GL(m) which preserves C"~* so S is a parabolic sub-
group of GL(m) and hence GL(m)/S is compact. Consider the subset
{sS€GL(M)/S | p(S*X M) & gW'}
of GL(m)/S. This is the image of the submanifold
{(# %, gS)ES*X M XGL(m)[S | ¢,(x) ¢ gW'}
of SIXMXGL(m)/S under the projection to GL(m)/S. For any t€S?! and xcM
we have
{eS€GL(M)/S| 9,(x) ¢ e} = {gSEGL(m)/S | ¢,(x) S g(C"~ 1}

and it is easy to see that this has complex codimension m—n in GL(m)/S. If
m—n=2 this means it has real codimension at least 4. Since S*XM is compact of
real dimension 3 it follows that the subset

{2€GL(m) | o(S*XM) S gW'}

is open and dense in GL(m). In particular we see that by replacing the basepoint
@ of Hol,(M, G(n, m)) by go, for a suitable g we may assume that @, lies in
Hol,(M, W). Moreover we may then choose a continuous map ¢—g, from S* to
SL(m) which is homotopic to the identity, sends the basepoint of S* to 1 and sat-
isfies g,0,(M)SW for all t€S. Since g¢,: M—~G(n, m) is holomorphic of
degree d for any g€¢GL(m) and any ?€S' we deduce that the inclusion of
Hol,(M, W) in Hol,(M, G(n, m)) induces a surjection

my (Hol (M, W)) - m, (Hol,(M, G(n , m))).
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Moreover a similar argument involving homotopies between maps S'XM —~G(n, m)
shows that if m—nr=3 then this surjection is an isomorphism.

The map W—G(n, m—1) given by ¥—-¥nC™ ! is a holomorphic vector bundle
with fibre C”, so Hol,(M, W) is homotopy equivalent to Hol,(M, G(n, m—1)).
It follows that

my (Holy(M, G(n, m))) = mn;(Hol, (M, G(n, m—1)))

when m—n=3, and there is a surjection
m,(Holy(M, G(n, m—1))) — n,(Hol(M, G(n, m)))
when m—n=2. In particular since by 1.4
n(Holy (M, G(1, m+1))) = =, (Holy(M, P,,))

for all m we have that =,(Hol,(M, P,,)) is independent of m when m=2. More-
over by Remark 1.4 we have

m (Holy(M, G(n, m))) = n,(Hol,(M, G (m — n, m))).

Therefore it is now enough to consider those G(n, m) such that né—;— m. If n=>1
then m—n+1=n+1>2 and there is a surjection

m (Hol (M, G(1, m —n+1))) - n;(Hol, (M, G(n, m))).

Hence in order to show that z,(Hol,(M, G(n, m))) is abelian when m=2 it suffices
to show that = (Hol,(M, G(1, m))) is abelian for all m=>2. Moreover since
m; (Hol, (M, P,,)) is independent of m when m=2 the same is true of

(ol (M, G (1, m)))
when m=2.

Let G(1,=) be the Grassmannian of 1-dimensional quotients of a separable
complex Hilbert space C= (see § 7). Let Hol,(M, G(1, «)) be the union of the sub-
sets Hol,(M, G(1, V)) of Map,(M, G(1, <)) over all finite-dimensional subspaces
V of C=, where G(1, V) is embedded in G(1,) by using the orthogonal projec-
tion of C= onto V. Then Hol,(M, G(1,)) has the induced limit topology (see
§ 7 again). The proof that =, (Hol,(M, G(1, m))) is independent of m when m=>2
shows also that =, (Hol,(M, G(1, m))) is isomorphic to m,(Hol, (M, G(1, =))) when
m=>2. Therefore it suffices to show that the latter is abelian.

Let R be the subspace of Hol,(M, G(1, o)) consisting of all those maps 4: M —
G(1, V) for some finite-dimensional subspace ¥ of C= which induce a quotient line
bundle L of M XV such that the corresponding map of sections ¥—H*(M, L) is sur-
jective. If d=>2g—1 then H(M,L)=0 and dim H*(M, L)y=p where p=d+
1—g. Similarly define R to be the subspace of Hol, (M, G(1, p)) consisting of those
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h: M—~G(1, p) such that the corresponding map of sections CP—~H°(M, L) is an
isomorphism.

The proof of Corollary 7.2 below shows immediately that the inclusion of R
in Hol,(M, G(1,)) is a weak homotopy equivalence and in particular

m (Hol, (M, G(1, ))) = my (R).

(Note that when d=>2g—1 then Hol,(M, G(1, =))=4,(1, «)).

Let EGL(p) be the space of all quotient maps e: C=—CP. This is a contractible
space on which GL(p) acts freely and the quotient BGL(p) is the infinite quotient
Grassmannian G(p, =) (cf. § 7 and § 10). If we identify elements of R with quotient
bundle maps C?XM—L where L is a line bundle and elements of R with quotient
bundle maps C=XM~L then there is a map

RXEGL(p) - R

which sends an element of RXEGL(p) represented by y: C°XM—~L and e: C~—
CP? to the element of R represented by the composition Yo(ldyXe): C=XM—L.
It is not hard to check (cf. §10) that this induces a homeomorphism from
RX 61,»EGL(p) to R.

GL(p) acts freely on R and R/GL(p) is the moduli space of line bundles of
degree d on M, so it is isomorphic to the Jacobian J(M). (See § 9, noting that a
line bundle is always semistable.) Thus we have a fibration

R = RX g1 EGL(p) ~ J(M)
with contractible fibre EGL(p). Hence

(R = ny(J(M)) = Z2%.

(To make this argument more precise by replacing R and GL(p) by a compact
manifold acted on freely by a compact group see e.g. [K].)

This completes the proof that =,(Hol,(M, G(n, m))) is abelian for m=>2. One
can check that exactly the same arguments go through for the open subset A;(n, m)
of Hold(M, G(n, m)), or alternatively use the arguments of § 6 to deduce that the
inclusion of 4,(n, m) in Hol,(M, G(n, m)) induces an isomorphism of their funda-
mental groups.

It remains to prove that the map

7, (A,(n, m)) - m,(Map, (M, G(n, m)))

induced by the inclusion is surjective when d=2g+1. When n=1 it follows
immediately from Segal’s theorem that the map is an isomorphism since we know
that both fundamental groups are abelian and hence are isomorphic to the cor-
responding first homology groups. When n>1 we may assume n=m/2 as above
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and we have a commutative diagram

7:1(./1,,f (n, m)) >~ m,(Map, (M, G(n, m)))
4
7 (A4,(1, m—n+1)) = 7,(Mapy(M, G(1, m—n-+1)))

where the two vertical maps are surjective by the argument used earlier in the proof
of this lemma. The result follows immediately.
This completes the proof of Theorem 1.1.

6. On removing subvarieties of high codimension from singular varieties

It is well-known that the removal of a closed subvariety of codimension k from
a nonsingular variety does not change the cohomology in dimensions less than k.
In order to deduce Theorem 1.2 from Theorem 1.1 we need to show that a similar
result holds for singular varieties satisfying certain conditions. (Clearly some con-
ditions are necessary.)

6.1. Theorem. Suppose X is of the form
X = {x€Ulfi(x) =... =fu(x) = 0}

where U is an open subset of CN and fi, ....f, are analytic complex-valued func-
tions on U. Suppose that Y is a closed analytic subvariety of U of complex codimen-
sion k. Then

H, (X, X—Y) = 0= HY(X,X-Y)

for q<k—m, where H, and H? denote homology and cohomology with integer
coefficients.

6.2. Remark. By a theorem of Lojasiewicz ([L] thm. 1) there is a locally finite
triangulation of C¥ such that both X and Y are simplicial. In particular the simplicial
cohomology groups of X and Y coincide with the Cech and Alexander cohomology
groups. So we may take either kind of cohomology in 6.1.

Proof of the theorem. By the universal coefficient theorem it is enough to con-
sider homology. Moreover a standard Mayer—Vietoris argument shows that it is
enough to prove the result when U is a sufficiently small neighbourhood of any
point x of Y (cf. [Sp] 5.7.9).

If the case m=1 is true, then the other cases follow by induction as follows.
Suppose that m=>1 and that the result is true for 1 and m—1. Let

X, ={xeUlfi(x)=0, 1=j=m-1}
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and
X, = {xc U/, (x) = 0}.
X0X, = {xcU|f,, () f;(x) =0, 1=j=m—-1}=1X,,
say. So by induction if i=1,2 or 3 then
Hq(Xis XI_Y) = 0

for 0=¢g=k-m-+1. But since

Then

X,nX, = X,
there is a Mayer-~Vietoris sequence
v Hyp (X, X3-Y) > H(X, X-Y) ~
H, (X, X;—Y)®H,(X,, X,—Y) ~ H(X3, X3—Y) ~...
Hence H,(X,X—-Y)=0 for 0=g=k—m.
So we need only consider the case
X = {xcU|f(x) = 0}.

We may assume without loss of generality that XnY=Y. There is a stratifica-
tion of Y into nonsingular strata (the Whitney stratification). By removing strata
one by one we may assume that ¥ is nonsingular in U with codimension k. Thus
without loss of generality

Y={(z1, ... 20)EU |0 =z, =...= z,}.
Given a convex open subset ¥V of C¥—* and a real number >0, let A(V, ) be the
set of all points (zy, ..., zy) in C¥ satisfying
|z 2+...+|z2 <t and  (Zgyqs --or Zy)EV;

and let X(V,t)=A(V,t)nX. Then those X(V,t) for which A(V,?)SU form
an open cover of X, and the intersection of any two sets of this form is also of the
same form because

AWy, t)NAFs, 1) = A(Vlsz’ min (t;, t,)).

Hence by the Mayer—Vietoris sequence argument of [Sp] 5.7.9 it is enough to show
that for any x€Y and any sufficiently small ¥ and ¢ such that A(V, ¢) is a neigh-
bourhood of x in C¥, the relative cohomology
H(XW, 0, X(V,)-Y)
vanishes for g<k—1.
Without loss of generality x=0. It is enough to prove that

a HXW,n-Y)=0
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and
b) AHxXW,0)=0
for sufficiently small ¥, t and 0=g<k—1, where H is reduced homology.

To prove (a) let
W, =(0,HxV

and define A: A(V, t)~W(V,t) by
h(zy, ..o z8) = (2P + ... +zl% zesrs o5 20)-

Let h: X(V,t)—Y~W(V,t) be the restriction of A to X(V,t)—Y and let F be
any fibre of A. Then by [M] Theorem 5.2 we have

A((F)=0

for 0=¢g=k—2. (It should be noted that in [M] Milnor only considers the case
when the function £ is a polynomial. However the only time he uses this is in the
proof of his Curve Selection Lemma. Here he needs the fact that any one-dimen-
sional real or complex algebraic variety is locally the union of finitely many branches
intersecting at one point, each branch being homeomorphic to R or C. This is
true for analytic spaces too by resolution of singularities so his proof is valid for
any analytic )
Milnor’s proof that H,(F)=0 can be adapted to give the following

6.3. Lemma. Each point of W(V,t) has a base of neighbourhoods Uin W(V,t)
satisfying H,(hA~2(U))=0 for 0=g=k—2.

Before proving this lemma let us use it to complete the proof of Theorem 6.1.
The direct image sheaf R%(Z) is the sheaf on W(V,t) associated to the presheaf
U~ HY(h (D))
and hence by 6.3 it is 0 when ¢=0 and is Z when g=0. There is a spectral sequence

(the Leray spectral sequence) abutting to H*(X(V, f)—Y) with

Z when p=¢g=0
Ept= W, 0, RY@) = |
Hence (a) holds.
Applying (a) with ¥ as the origin we see that H,(X(V, t)—(0))=0 for 7 suffi-
ciently small and 0=g=k—2. Hence by excision every inclusion

Xy, nc,xw,e)

is a homology equivalence up to dimension k—2.
On the other hand by Theorem 1 of [L] X can be triangulated, which implies
that there is a base of contractible neighbourhoods of 0 in X. Hence for any V, ¢

0 otherwise.
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such that X(V, ) contains 0 we can find a contractible open neighbourhood A4
of 0 in X and ¥, ¢’ such that

XV ,tycAc X, o).
So there are homomorphisms
H(X®©0)~H(4)=0~ H(X({))

whose composition is an isomorphism for 0=¢=k—2 if V, ¢ are small enough.
Thus (b) holds, and the proof of 6.1 is complete except for the proof of Lemma 6.3.

Proof of 6.3. The proof that H,(F)=0 for any fibre F of h: X(¢)—Y->W(t)
given in [M] by Milnor runs as follows. He considers the function |f| on the fibre
containing F of the extension 4 of /& to V(¢). This fibre is a sphere S of dimension
k—1, and the subset of S on which | f] takes its minimum value 0 is SnX=F.
Milnor shows that every critical point of |f|: S—~R™* in S—F has index at least
k—1 ([M] 5.6). He also shows that the critical points of | f| outside F are contained
in a compact subset of S—F ([M] 5.7). Using [Mo] Theorem 8.7 he deduces that
there is a smooth mapping s: S—F—R™* all of whose critical points are isolated
and nondegenerate of index at least k—1, such that s=]f| in some neighbour-
hood of F ([M] 5.8). From this it follows that H%(F)=0 for g=k-2.

The deduction of the last statement is standard Morse theory. One method of
proof is to put a Riemannian metric on the sphere S and consider the gradient
flow of the smooth function s: S—F-~R*. The union of F with the set of all
points in S—F whose trajectories under the flow —grad |f| have limit points
in Fis an open subset S, of .S. For each critical point x in S—F there is a locally-
closed submanifold S, of S—F consisting of the points whose forward trajectories
under the flow —grad | f| converge to x. The codimension of S, in S is the index
of s at x which is at least k—1 for each x. The subsets S, together with S; form a
smooth stratification of S. This means that we can remove the subsets S, from S
one at a time so that at each stage we are removing a closed submanifold of codimen-
sion at least k—1 from an open subset of S, until eventually we are left with the
open subset Sy. At each stage the Thom—Gysin long exact sequence of cohomology
tells us that the cohomology in dimensions up to k—2 remains unaltered. We
deduce that

Hi(S) = A1(S)=0

for g=k—2. Finally since S, retracts onto arbitrarily small neighbourhoods of F
and Cech cohomology is continuous, by 6.2 we have that

H*(Sy) = H*(F).
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Now let M be a smooth manifold and let g: SXM—-R™* be a continuous
function whose restriction to the complement of g~1(0) is smooth and satisfies the
following property. For each x in M every critical point not belonging to g71(0)
of the restriction of g to SX{x} is isolated and nondegenerate of index at least
k—1 and there is a neighbourhood of g=1(0) in SXM whose complement con-
tains all such critical points for every x. Consider the flow on SXM—g~(0) given
on SX{x} by the projection of —grad g along SX{x}. The fact that the Hessian
of g at such a point is nondegenerate in the direction of SX{x} and that no such
point lies in some neighbourhood of g=1(0) shows that the set of all fixed points
is a disjoint union of closed submanifolds N of SXM each locally diffeomorphic
to M. Moreover the nondegeneracy condition and the assumption on indices imply
that SXM decomposes as the disjoint union of an open subset S, together with
locally closed submanifolds Sy of codimension at least k—1 in S, where (s, x)
belongs to S, if its forward trajectory T(s, x) under the flow has a limit point in
£71(0) and to Sy if T(s, x) converges to a point of N (see e.g. [H] IX § 5). Then
using Thom—Gysin sequences again we see that HY(SXM)=HI(S,) when ¢ is
at most k—2.

If we no longer require that the critical points of g restricted to each submani-
fold SX{x}—g~1(0) are nondegenerate, the result still holds with M replaced by
any sufficiently small neighbourhood U of any x in M. For the proof of [Mo] Theo-
rem 8.7 shows that if U is small enoungh there is a continuous function s: SXU—~R*
which is smooth away from g=(0) and satisfies s=g in a neighbourhood of
g H0)nSXU such that for each y in U the restriction of s to SX{y} has only
finitely many critical points and these are all nondegenerate of index at least k—1.
If we choose U to be contractible then it follows that for Cech cohomology we have

HY(SXUng 1(0)) = AY(SXUNS,) = H(SXU) =0

for g=k--2.

There is a diffeomorphism of V(¢) onto the product of S and W(t) such that
the composition of its inverse with & is projection onto W(#). So if we take M to
be W(¢) and g to be | f] it follows from 6.2 and the last paragraph that every point
of W(t) has a base of neighbourhoods U in W(¢) such that

Hi(h~(U)nf1(0) = 0
for g=k—2. Since A~ Y (U)nf~1(0)=h Y (U)nX=h~*(U) this completes the proof
of 6.3, and hence also of 6.1.

6.4. Corollary. Let X be a quasi-projective variety and m a non-negative integer
such that every x,€X has a neighbourhood in X which is analytically isomorphic to
an open subset of

HeCYAM =...=fu(x) =0}
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Jor some N, M and analytic functions fi, ..., fy depending on xo with M=m. If Y
is a closed subvariety of codimension k in X then

H/(X,X-Y)=0=HYX,X-Y)
Jor g<k—m.

Proof. By the Mayer—Vietoris argument used several times in the proof of 6.1
it is enough to prove this locally. Hence it follows immediately from 6.1.

Remark. If X is a local complete intersection of pure dimension » such that for
every x€X the dimension of the Zariski tangent space at x is at most #+m then
X satisfies the hypotheses of Corollary 6.4.

In order to apply this corollary to prove Theorem 1.2 we need the following
lemma.

6.5. Lemma. Any point of Hol,(M, G(n,m)) has a neighbourhood which is
analytically isomorphic to an open subset of

{xeCMAG) =...= fu(x) = 0}

N = (m+1)(d+ne+n(1—g))+n*(1—g)

where

and
M = d+ne(m+1)+n(1—g)

Jor some positive integer e, and fi, ..., [y are analytic functions.
Proof. Let hy be an element of Holy(M, G(n, m)) and let
MxC"—>E

be the corresponding quotient map of bundles over M. Choose a positive integer e
sufficiently large that H*(M, LQE)=0 for every line bundle L of degree at least e.
By Lemma 4.1 if e is large enough there is a line bundle L of degree e on M and an

exact sequence.
0~ K-> MxCrtl > Lom

where L®™ denotes the sum of m copies of L and K is a line bundle of degree —me.
Define a map

t: Hol, (M, G(n, m)) » Hol,,,.(M, G(n, m+1))
by sending a point represented by a quotient
MxC" - E’
to the point represented by the composition

MXCrtl - Lom o [ QFE’.
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The image of ¢ consists precisely of those points 2 of Hold+,,e(M, G(n,m+1))
represented by quotients E” of M XC™*! such that the composition

K-> MXCr+tl >~ E”

is zero. This composition can be identified with a section s(#) of the bundle
K*QE”,

Since H'(M, LQE)=0 the point #(/,) which is represented by the quotient
L®E of MXC™*! lies in the nonsingular open subset A;y,.(n,m+1) of the
variety Hol,,,.(M, G(n, m+1)). Moreover since H(M, K*® L®E)=0 there is a
holomorphic bundle over some neighbourhood of #(h,) in Ay4,.(n, m+1) whose
fibre at a point & represented by a quotient E” of M XC™*! is naturally isomorphic
to H'(M, K*®E") (cf. 3.10.) This holomorphic bundle has rank M where

M = dim H*(M, K*QLQE) = d+ne(m+1)+n(l—g)

by Riemann—Roch since K*QL®E has rank n and degree d+ne+nme and its
first cohomology vanishes. Let o, ..., 0 be holomorphic sections of this bundle
over an open neighbourhood U of t(hy) in A,,,.(n, m+1) suchthat oy(h), ..., a5 (k)
is a basis of the fibre H°(M, K*®E”") at h for every hcU. Then the components
Si(h), ..., fur(B) with respect to this basis of the section s(#) of K*®E” defined
above are analytic functions of AcU. Moreover the intersection with U of the
image of the map

t: Hol,(M, G(n, m)) ~ Holy, ..(M, G(n, m+1))

is precisely the subset
{he U|fi(h) =...= fu(h) =0}.

But U is an open subset of A;,,.(n, m+1) which is a nonsingular variety of
dimension
N=m+1)(d+ne+n(1-g)+n*(l—g)

(cf. the computation in [Se] § 6). Therefore it remains only to show that the restric-
tion of ¢ to some neighbourhood of %y in Hol,(M, G(n, m)) is an analytic iso-
morphism onto its image.

Clearly given the composition

MxCrtt o~ [om » [QE’

representing £(#) for any s we can recover the map L®"~L@E’ (because MX
Cn+1,[®m is a fixed surjection) and hence tensoring with L* we can recover the
map MXCm"—E’ representing the element 2 of Hol,(M, G(n, m)). Hence ¢ is a
bijection onto its image, and in fact it is not hard to see that the process just described
defines an analytic inverse to ¢ from its image in Hol,y,.(M, G(n, m+1)) to
Hol,(M, G(n, m)).
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This completes the proof of the lemma.

6.6. Corollary. Let k be a positive integer. If d=n(2g+max (k, 3 n’g, n(1—g)))
then the inclusion of A,(n, m) in Hol,(M, G(n, m)) is a cohomology equivalence up
to dimension k—2m?3g.

Proof. First note that if

0-K—-MxXC">E-0Q
represents any element & of Hol,(M, G(n, m)) then
dim HY(M, E) = mdim H(M, 0y) = mg.
Moreover from the exact sequence
0> E*QE—~E®...0E~ K*QE—~0

we obtain
dim H(M, K*®E) = m dim H\(M, E) = m?g.

The Zariski tangent space to Hol,(M, G(n,m)) at & is naturally isomorphic to
H°(M, K*®E). Since the dimension of this is
dim HY(M, K*®E)+m(d+n(l —g))+(1 —g)n?
the dimension of the Zariski tangent space at & is at most
mig+m(d+n(1—g)+(1—g)n

By 6.5 we know that there is a neighbourhood of » in Hol,(M, G(n, m)) which is
analytically isomorphic to an open subset of

{xeCV|fi(x) =...= fu(x) = 0}
where
N = (m+1)(d+ne+n(1—g))+n2(1—g)
and
M = d+ne(m+1)+n(1—g)

for some positive integer e, and f;, ..., f;, are analytic. We may assume that 4 is
mapped to the origin in CY. Then the Zariski tangent space to Hol,(M, G(n, m))
at A is isomorphic to the linear subspace of C¥ defined by the vanishing of the deriv-
atives dfi(0), ..., df,,(0) of fi,...,f, at 0. Therefore at least

N—(m*g+m(d+n(l—g)+(1-gn?) = (m+Dne+d+n(l—g)~m?g= M—m?g

of these must be linearly independent, say dfi(0), ..., dfy(0) where M—mig=
M’=M. Then the intersection, U, say, of some sufficiently small open neighbour-
hood of the origin in CV with

{xeCVA() =...= fu (%) = 0}
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is nonsingular. Thus there is a neighbourhood of 4 in Hol,,(M, G(n, m)) which is
analytically isomorphic to
{xEUIfM'+1(x) = fur+2(%) =---=fM(x) = 0}

and this is a subset of a nonsingular complex analytic variety defined by the vanishing
of at most m?g analytic functions. It is now enough by 6.4 to show that if
d=n(2g+max (k, 3 n’g, n(1 —g))), then the complex codimension of the comple-
ment of A,;(n, m) in Hol,(M, G(n, m)) is greater than k—m?3g.

Consider the infinitesimal deformation map

H*(M,K*®E) ~ H(M,End E)
at any heHol,(M, G(n, m)) represented by an exact sequence
0-K->-MxXC">E~Q
as above (see 3.7). From the exact sequence
0->E*QE~E®..QE~K*QE~ 0

we obtain a bound of
dim HY(M,E®...®E) = m’g

on the complex dimension of its cokernel. This implies that the elements 4 in
Hol,(M, G(n, m)) which correspond to bundles of any fixed type u are contained in
a subvariety of complex codimension at least

d,—m?g
(see 3.7 again).
By 3.9 if d is greater than or equal to #(2g+max (k, g n(l— g))) there is
a finite set % of types such that if p¢% then

d,=k
and if E is a bundle of type uc% then
H(M,E)=0

Since A,(n,m) consists precisely of those elements hcHol,(M, G(n, m)) re-
presented by quotient bundles M XC™—E such that H'(M, E)=0 the result now
follows immediately from 6.4.

This completes the proof of Theorem 1.2.
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7. Maps into infinite Grassmannians

Let G(n, ) be the Grassmannian of n-dimensional quotients of a fixed se-
parable complex Hilbert space C=, or equivalently the Grassmannian of closed sub-
spaces of codimension n in C=. Give G(n, ) the topology coming from the metric
o defined by

6(P9 -P,) = sup (Q(Ps P’)’ Q(Pls P))
where
o(P, P’) = sup (inf (|’ —x|, x€ PNS*=), x'€ P'NS=)

for any closed subspaces P and P’ of codimension # in C. Here S= is the unit sphere
of C=. Then G(n, ) is the classifying space for the group GL(n, C), (see e.g.
[V & LP], Exposé no. 3). In fact G(n, <) is the quotient of S(C=, C") by the
free action of GL(n) where S(C=, C") is the open subset of the -Hilbert space
Z (C=, C") consisting of all surjective maps C=--C". The projection S(C=, C")~
G(n, =) given by pw—ker ¢ is a universal principal GL(n)-bundie (fV & LP] Exposé
3, Thme 2).

Let Map,(M, G(n, <)) denote the space of all continuous maps of degree d
from M to G(n,-). As in the case of finite Grassmannians, a point of
Mapd(M, G(n, =)} defines a surjective map of continuous bundles over M

MXC*~>E->0

such that E has rank » and degree d.
We have
G(n, =) = uG(n, V)

where the union is over all finite-dimensional subspaces ¥ of C= such that dim V=n,
and G(n, V) denotes the Grassmannian of n-dimensional quotients of ¥ which is
embedded in G(n, ) via the orthogonal projection of C= onto V. Therefore if
we regard the set F of all finite-dimensional subspaces of C= as a directed set via
inclusion we obtain a natural continuous injection into Map,(M, G(n, <)) of the
direct limit Map,(M, G(n, ¥)) of the spaces Map,(M, G(n, ¥)) as ¥ runs over
all elements of F.

7.1. Lemma. This map
Map,(M, G(n, V))~Map,(M, G(n, )

Is a homology equivalence.

Proof. Since direct limits commute with homology by [D] 5.20 and 5. 5.23.1,
this follows immediately from
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7.2. Lemma. The inclusion
Map,(M, G(n, V))~Map,(M, G(n, =)
is a homology equivalence up to dimension 2m—n?—4 where m=dim V.

Remark. 1t is not hard to improve this bound to 2m—n—3.

Proof. An element of the homotopy group m(Mapy(M, G(n, «))) is re-
presented by a continuous based map

S* -~ Map,(M, G(n, <))
or equivalently by a continuous map
f: SRXM_’ G(n’ °°)

such that the restriction f;: M —~G(n,~) of fto {t}XM is the chosen base-point
of Map,(M, G(n,=>)) when ¢ is the base-point of S*.

Let Wy be the open subset of G(n, =) consisting of all closed subspaces U
of codimension n in C* such that the codimension of VAU in V is n. Let Wy
be the inverse image of Wy in the open subset S(C=, C") of the Hilbert space
ZL(C=, C") regarded as a GL(n)-bundle over G(n, ). Then the complement of
Wy in S(C™, C") consists of all surjective linear maps from C= to C* whose restric-
tions to V are not surjective. It is contained in U(n) 4 where U(n) is the unitary
group acting on (C~, C") and 4 is the closed subspace of Z(C, C") consisting
of all maps g: C*—~C" such that g(¥) is contained in some fixed hyperplane of
C". Moreover A has codimension m in £(C=, C") so Z(C=, C)=A&C™.

Locally f: S*XM-G(n, ) can be lifted to f: S*X M —~S(C.., C*) since the
quotient map S(C=, C")—~G(n, ) is a principal fibration (see [V & LP]). Using
the action of GL(n) this extends to a map

f: Un)xS*XM -~ S(C=, C").

In order to ensure that the image of fis contained in W) it suffices to ensure that
the image of the projection of f onto the orthogonal complement C™ to 4 in
ZL(C=, C" does not contain 0. But this can be achieved by standard approximation
techniques provided that 2m is strictly greater than

dim(U(n) X S*X M) = n®+k+2.
This shows that the inclusion
Map,(M, Wy) - Map, (M , G(n, °°))

induces surjections on homotopy groups up to dimension 2m—n?—3. A similar
argument involving homotopies between maps S*XM—~G(n, =) shows that these
surjections are isomorphisms up to dimension 2m—n?—4.
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Finally it is clear that the map from Wy to G(n, V) regarded as a subset of
G(n, ) which is defined by
U (UnV)oVL

is a retraction. Hence the induced map from Map,(M, W,) to Map,{M, G(n, V))
is also a retraction. It follows that the inclusion

Map,(M, G(n, V)) - Map,(M, G(n, =))

induces isomorphisms in homotopy up to dimension 2m—n?—4, and hence by
Hurewicz’s theorem it is a homology equivalence up to dimension 2m—n?—4.

Define Hol,(M, G(n, «)) to be the direct limit of the spaces Hol,(M, G(n, V))
where ¥V runs over the set F of finite-dimensional subspaces of C*. That is,

Hol,(M, G(n, =) = U, cc- Holy(M, G(n, 7))
n=dimV=<e

with the induced topology. A point of Hol,(M, G(n, =)) defines an exact sequence
of holomorphic bundles
O0-K—-MXV—-E->Q

where V is a finite-dimensional subspace of C* and E is a holomorphic bundle
of rank n and degree d on M. Conversely any such sequence defines an element of
Hol,(M, G(n,)). We can define an open subset Ay(n, ) just as we defined
Ay(n,m) in §1 by imposing the condition that H'(M, E)=0. Then A;(n,~)=
v A4,(n, V) with the induced topology. Since direct limits commute with homology
and the bound dy(k,n) in Theorem 1.1 is independent of m it follows from 7.2
that the analogue of 1.1 in the case m=o is true.

7.3. Theorem. Let k be any positive integer with k=n—2g. Then the natural map
Ay(n, ) — Map,(M, G(n, =))
is a homology equivalence up to dimension k provided that d=dy(k, n) where
do(k,n) =2nQ2g+k+1)+nmax(k+1+nQ2g+k+ l),i— n?g).
Proof. Suppose that d=d,(k, n). Then by 1.1 the inclusion
Ay(n, V) > Map,(M, G(n, V))

1s a homology equivalence up to dimension k for every finite-dimensional subspace
¥V of C=. Moreover if dim Vz=k+n?+4 the inclusion

Map,(M, G(n, V)) -~ Map,(M, G(n, =)

is a homology equivalence up to dimension k by 7.2. It follows that the inclusion



262 Frances Kirwan

of Ay(n, V) in Map,(M, G(n, <)) is a homology equivalence up to dimension k
if dim V=k+n®+4. Since Ay(n, o) is the direct limit of the subsets A;(n, V) as
V runs over F the result follows because direct limits commute with homology by
[D] 5.20 and 5.23.1.

Remark. Alternatively one can prove Theorem 7.3 directly using exactly the
same proof as for Theorem 1.1. This works basically because none of the bounds
obtained in the course of that proof depend on m.

Unfortunately in Theorem 1.2 one only has that if d=d,(k, n) then the inclu-
sion of Holy(M, G(n, m)) in Map,(M, G(n, m)) induces isomorphisms of cohom-
ology up to dimension k—2m?g. This means that one cannot prove that the inclu-
sion of Hol,(M, G(n,)) in Map,(M, G(n,)) is a homology equivalence up to
any dimension by using the same methods.

Remark. By Theorem 7.3 the inclusion of Hol,(M, G(n, <)) in Map,(M, G (n, =))
is a homology equivalence up to dimension k for d=d,(k,n) if and only if the
same is true of the inclusion of A;(n, <) in Hol,(M, G(n, «)). It seems unlikely that
this is true, because the open subset A;(n, =) is not even dense in Hol, (M, G(n, =))
when d is large (in contrast with the case m=<co: cf. Corollary 6.6). Indeed if
heHol, (M, G(n, <)) let s(h): V—~H'(M, E) be the map of sections induced by
the quotient map of bundles corresponding to 4. Then if d is large enough the subset

W = {h|dim (im s(h)) = d+n(l —g)+1}

is a nonempty open subset of Hol,(M, G(n, <)) which is disjoint from A,(n, ).
In part II we shall consider an open subset R of the space A;(n, o) defined
as follows. An element of A;(n, =) represented by an exact sequence

belongs to R if the induced map on sections
V-~ H'(M,E)

is surjective. We shall need the following corollary of Theorem 7.3.

7.4. Corollary. Let k be a positive integer. Then the inclusion of R in
Map, (M, G(n,=)) is a homology equivalence up to dimension k if d=d,(k,n).

Proof. By 7.3 it suffices to show that the inclusion of R in 4,(n,<) is a
homology equivalence up to dimension k. But R is the union of its subsets
R~ A4,(n, m) with the direct limit topology. Since direct limits commute with homo-
logy by [D] 5.20 and 5.23.1, it suffices to show that the inclusion of Rn A4,(n, m)
in Ay(n, m) is a homology equivalence up to dimension k if » is sufficiently large.
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Therefore since A4,(n, m) is nonsingular it suffices to show that the codimension of
RnA4,(n,m) in A,(n,m) tends to infinity with m.

Let 0-K—-MXC">E-~0 be an exact sequence of bundles which defines a
point of A,(n, m), and suppose that the map on sections C"—~H®(M, E) is not
surjective. Then its kernel contains a subspace U of dimension # in C™ such that
uz=m—d—-n(l—g)+1. So E is a quotient of the trivial bundle M X(C"/U) on
M. Therefore when m is large the complement of RnA,(n, m) in A,(n, m) is con-
tained in the union over all integers u satisfying m=u=>m—d-n(l1—g) of sub-
varieties V(1) such that

dim V' (u) = dim G(u, m)+dim 4,(n, m—u)
=u(m—u)+(m-—w)(d+n(l-g)—n*(1—g)
(see the computation in [Se] § 6). Since

dim 4,(n, m) = (d+n(l —g)—n2(1—g)
it follows that

codim V() = u(d+n(l—g)—m+u) = m+1—d—n(l—g)

which tends to infinity with m. The result follows.

Ii. MODULI SPACES OF BUNDLES OVER M
8. Using stratifications to compute cohomology

In [A & B] the moduli space of semistable bundles on M of coprime rank n
and degree d is represented as a quotient of an open subset of an infinite dimensional
affine space by an infinite group. This affine space % is the space of unitary con-
nections, or equivalently of holomorphic structures, on a fixed C* bundle on M
of rank n and degree d. Atiyah and Bott show that there is a stratification {%,}
of & such that the stratum %, consists of the holomorphic structures of type u (see
3.5to 3.7 above). The unique open stratum %* consists of all semistable holomorphic
structures. They show that this stratification is equivariantly perfect, in the sense
that the equivariant Morse inequalities are in face equalities. (The equivariant
cohomology is taken with respect to the action of the gauge group %.) That is,

8.1 PY(®) = 2,1%P°(%,)
= ng (%“)+Zn¢d,,, tzduP? ((6")

where d, is the complex codimension of the stratum €, in %, and Py denotes the
equivariant Poincaré series (over any chosen field of coefficients).
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Atiyah and Bott show that the equivariant Poincaré series of the unique open
stratum %* is the same as the ordinary Poincaré series of the moduli space except for
a factor of (1—1¢2). They also show that the equivariant cohomology of the higher
strata can be computed inductively. In fact if

u= (dl/n17 rees d.s/ns)

as in 3.2 and if €(d;,n;) denotes the space of unitary connections on a fixed C*
bundle of rank #n; and degree d;, then the equivariant cohomology of %, is iso-
morphic to the tensor product of the equivariant cohomology of the semistable
strata of the spaces %(d;, n;) with respect to the appropriate gauge groups. More-
over since the total space % is contractible its equivariant cohomology is just the
ordinary cohomology of the classifying space of the gauge group. By [A & B] 2.4,
this is homotopy equivalent to the space Map,(M, G(n,=)), and its Poincaré
series is given at [A & B] 2.15 as

Hlékén (1+ tzk-l)zg/(nlékén—-l (L=25%(1 —£*).

Thus Atiyah and Bott are able to compute the cohomology of the moduli space
from the inductive formula

(8:2) P, (Mapy(M, G(n, <)) = PE( &)+ 2y Il ;2 PE (Cn), d))7)
where P, denotes the ordinary Poincaré series and

(8.3) d,= 3., (md;—n;d)+nn;(g—1)
by [A & B} 7.16.

On the other hand the moduli space can also be represented as the geometric
invariant theory quotient of a reductive action on a nonsingular quasi-projective
variety R (see §9 below). The results of [K] show that this variety can also be
stratified, and that the equivariant cohomology of the unique open stratum is the
same as the ordinary cohomology of the moduli space. Moreover this stratification
is also equivariantly perfect over any field of coefficients, at least in an approximate
sense (see § 12 below for more details).

The variety R parametrises in a natural way a family of holomorphic bundles
over M. We shall see that outside a subset of codimension k(d, n) the stratifica-
tion of R corresponds precisely with the stratification given by the types of these
holomorphic bundles. Moreover outside the subset of codimension k(d, n) the
strata have the same codimension in R as the corresponding strata have in €, and
their cohomology can be computed inductively just as the cohomology of the strata
%, can be (see § 11 below). Therefore we shall find that the finite-dimensional strati-
fication gives a formula for the equivariant cohomology of R in terms of that of
the semistable stratum and the higher strata which corresponds precisely with the
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right hand side of 8.2 up to dimension k(d, n). Moreover k(d, n) tends to infinity
with d.

In § 10 we find that the equivariant cohomology of R can be identified with the
ordinary cohomology of the space R defined in § 7 above. We saw there that the
inclusion of R in Map,(M, G(n, <)) induces isomorphisms in cohomology up to
some dimensions which tends to infinity with 4.

We then use the fact that the moduli space of bundles of rank » and degree d
is isomorphic to the moduli space of bundles of rank n and degree d-+ne for any
integer e. (An isomorphism is obtained by tensoring with a fixed line bundle of degree
e). By taking arbitrarily large values of e we find that the finite-dimensional stratifica-
tions give the same inductive formula for the cohomology of the moduli space as
does Atiyah and Bott’s infinite-dimensional stratification.

9. Reduction of the moduli problem to finite dimensions

Let us recall how the moduli problem is reduced to a problem of geometric
invariant theory, following [N] chap. 5.

By [N] 5.2, if E is a semistable bundle of rank »n and degree d greater than
n(2g—1) over M, then

9.1. E is generated by its sections, and
0.2) H(M,E)=0
By Riemann—Roch, 9.2 implies that
dim H*(M, E) =d+n(1—g).

Let p=d+n(l—g). Then it follows that there is a holomorphic map from M to
the Grassmannian G(n, p) such the induced quotient bundle of M XC? is iso-
morphic to E.

Now define R to be the subset of Hol, (M, G(n, p)) consisting of those maps A
such that if E is the induced quotient bundle of MXCP then HY(M, E)=0 and
the map on sections

C? >~ H(M, E)

is surjective. (Equivalently we could require that the map on sections be an iso-
morphism.) This is an open subset of the space A,(n, p) defined in § 1 above. There-
fore it is a nonsingular quasi-projective variety. Provided that d>n(2g—1) there
is a quotient E of the trivial bundle of rank p over RXM with the following prop-
erties (see [N] 5.3 and 5.6).
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9.3. (i) E has the local universal property for families of bundles over M of
rank zn and degree d satisfying 9.1 and 9.2. That is, if F is a family of such bundles
parametrised by a variety S, then any s in S has a neighbourhood ¥ such that the
restriction of F to ¥V is equivalent to the family induced from £ by some morphism
V—~R.

(i) If ~ belongs to R then the restriction E* of E to {h}XM is the quotient
of MXCP induced by 4.

(iii) If % and g belong to R then E* and E? are isomorphic as bundles over
M if and only if /& and g lie in the same orbit of the natural action of GL(p) on R.

Moreover by Theorem 5.6 and the remark (a) before Theorem 5.8 of [N], if N
is any large integer then R can be embedded as a quasi-projective subvariety of the
product (G(n, p))V by a map of the form

h > (h(xy), ..., h(xy))

where X, ..., xy are points of M. This embedding gives us a linearisation of the
action of SL(p) on R. If N and d are large enough then the following condition is
also satisfied.

(iv) A point 4 of R is semistable in the sense of geometric invariant theory
for this linear action of SL(p) on R if and only if E* is a semistable bundle. More-
over if a point % of the closure of R in (G(n, p))¥ is semistable then Z€R.

Since n and d are coprime by assumption, it is not hard to check using the
definition of semistability for bundles that PGL(p) acts freely on the set R* of
semistable points of R. It then follows from geometric invariant theory that the
quotient R*/PGL(p) is a nonsingular projective variety, which is the moduli space
of semistable bundles of rank » and degree d over M. Furthermore its cohomology
is the same as the PGL(p)-equivariant cohomology of R*. Thus its Poincaré poly-
nomial over the field of rational coefficients is given by

(9.4) P,(moduli space) = (1 —12) PSL®) (R*),

(The factor (1—g% occurs because for the sake of convenience later we are using
equivariant cohomology with respect to GL(p) (cf. [A & B] §9).

10. The equivariant cohomology of R

In order to calculate the equivariant cohomology of R*, we first need to know
that of R itself. This is by definition the ordinary cohomology of the space

RX gL EGL(p)

where EGL(p) is the total space of a classifying bundle for GL(p). We can take
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EGL(p) to be the space of all quotient maps
e: C=—->C?

with the obvious action of GL(p), since this is a contractible space on which GL(p)
acts freely. (See § 7 and [V & LP] Exposé No. 3 for more details.) The quotient
BGL(p) is the infinite quotient Grassmannian G(p, «).

By definition R consists of those holomorphic maps 4 from M to the quotient
Grassmannian G(n, p) such that the induced bundle E on M has degree d and the
map on sections

C? -~ H'(M, E)

is an isomorphism. Let Hol,(M, G(n, «)) be defined as in § 7. Given # in R and e
in EGL(p) denote by f(h, e) the element of Hol,(M, G(n,)) which sends x
in M to the quotient C*/K where K is the kernel of the composition of the
quotient map v

e: C* -~ C?

with the projection of C? onto its n-dimensional quotient A(x)€G(n, p). Equiv-
alently when elements of Hol, (M, G(n, <)) are identified as in § 7 with quotient
bundle maps VXM—~E for suitable finite-dimensional subspaces ¥ of C= then
f(h, e) is given by the composition

MXV -~ MXCP ~ E",

where V is chosen so that the restriction of e: C°—C? to V is surjective. Thus
f(h, &) belongs to the set R (which by definition consists of all elements of
Hol,(M, G(n, <)) such that the associated bundle E satisfies H'(M, E)=0 and
the map on sections from C= to H°(M, E) is surjective). This gives us a well-
defined map

f: RX 61 EGL(p) ~ R.

Now suppose that g: M—~G(n, <) belongs to R. Then the associated bundle E
is generated by its sections, and by Riemann—Roch dim H®(M, E)y=p. There-
fore by choosing a basis of H°(M, E) we can regard E as a quotient of M XCP.
This quotient defines an element # of R such that f(k, ¢)=g for an appropriate e
in EGL(p). Therefore fis surjective. Moreover it follows from 9.3 (iii) that f'is injec-
tive. It is now not hard to check that f is an open map, and therefore a homeo-
morphism. Thus we have proved

10.1. Lemma. The equivariant cohomology of R under the action of GL(p) is
isomorphic to the ordinary cohomology of R.
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11. Stratifying R

We saw in Section 9 that R can be embedded as a quasi-projective subvariety
of the product (G(n, p))" for sufficiently large N. So there is a stratification of
R which is the intersection with R of the stratification of (G(n, p))¥ described in
[K] § 16.

Recall that an element x=(L,, ..., Ly) of (G(n,p))" is semistable for the
natural linear action of SL(p) if and only if there does not exist a proper subspace
K of C? such that

(2, dim KnL))/dim K > (2; dim L;)/p
(see e.g. [Mu] § 4).

It was shown in [K] § 16 that to each sequence x=(L,, ..., Ly) of subspaces

of C? there corresponds a unique filtration

0=K,S K,S...SK, = CP

such that
ki/p1 = kao/ps >...> k /P,
where
pi =dim K/K; _,
and

ki = ZléjéN dlm(I{lnL1+I<z—1)/K—ls

and such that for each i the sequence of subspaces
(Kiij'{‘Ki—l)/Ki—l

of K/K;_, is semistable. Then the stratum of (G(n, p))¥ to which x belongs is
indexed by the p-vector

ﬁ = (kllpls M ks/Ps)
in which k;/p; appears p; consecutive times.

Hence when h: M—~G(n, p) is an element of R and h(x;)=C?/L; for each
of the chosen points xi, ..., xy, then the index of the stratum of R containing % is
the vector f just described. We need to link this § with the type u of the bundle E*
corresponding to A.

Recall that p=d+n(l1—g).

11.1. Definition. Suppose that

u=(d/ny,....,dJny)
is an (n, d)-type (see 3.2 above). Suppose also that

d;>nQ2g—-1)
for 1=i=s. Let
k; = N(d;—n;g)
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and
pi=d;+n(1—g).
Then define B(u) to be the p-vector

ﬁ(ﬂ) = (kl/pla cvy ks/.ps)

in which each k;/p; appears p; times.

Note that p;>n;g and so is positive for each 7, and that >; p;=p and 2, k;=
N({d—ng)=N(p—n).

11.2. Remark. Note that when the denominators are positive

N@d—-ng)(d+n(1—g)) = N -n'g)/(d +n'(1-g))

if and only if
din=d'ln’.

The crucial lemma is the following.

11.3. Lemma. (i) Suppose that d>n(2g—1). Let h lie in the stratum of R
indexed by B, and let u=(d,/ny, ..., d;/n;) be the type of the bundle E=E". Then
the first component of B is greater than or equal to N(dy—n; g)/(d1+n1(1 )

(ii) Moreover if d,, ..., d, are all sufficiently large depending only on ny, ..., ng
and g, and if N is sufficiently large depending on dy, ..., d;, ny, ...,n, and g, then

B = B.
Proof. Let
O:EogElg...gEs=E

be the canonical filtration of E (see 3.2 above). By 9.3(iv) we may assume that E
is not semistable, so s is greater than 1. Use the map on sections to identify C? with
H°(M, E). Then

0=H'(M, E) S H'M,E)S...C H(M,E) = C?

is a sequence of the subspaces of C?.

The fibre of E at x; is h(x;)=C?/L;. The image (H°(M, Ey)+L;)/L; of
H®(M, E,) in this must have dimension at most the rank of E,, which is n,. More-
over by Riemann—Roch

dim H'(M, E)) = d;+n,(1—g).
These two inequalities together with 11.2 and the equality

dim HY(M, E)nL; = dim H'(N, E)—dim (H° (M, E)+L})/L,
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and the fact that d;/n; is strictly greater than d/n imply that
(11.4) 2 ;dim (H"(M, E))nL;)/dim H*(M, E,)

= N(1—ny/dim H(M, E,))

= N(d,—nmg)/(d;+n(l—g))

> N(d—-ng)/(d+n(l—g).
It now follows from [K] 16.9 that the filtration

0=K,CEK CS..EK=C*
corresponding to % is a refinement of the sequence
0E H'(M,E) S C?,

and thus using 11.4 again that the first component of f is greater than or equal to
N(dl—nlg)/(dl +n (1 _g))-

Now assume that d;>n;(2g—1) for each 7. Then by 3.2 and 3.4 each quo-
tient D,=E,/E,_, is generated by its sections and satisfies H'(M, D;)=0. By
induction we see that the same is true of each E;. Therefore if we set

K;= H'M, E)
then we can identify H°(M, D;) with K/K;_; and deduce that

dim Ki/K;_; = p;.
Moreover the image
(K+L)/L;

of K; in the fibre (CP)/L; of E at each point x; has dimension equal to the rank of
E;. Therefore

dim (K;nL;+K;_1)/K; - = dim (K0 L)/(K;-10Ly)
= dlm K—rkE—dlm K}_l-{—rkEi_l

= Di—H;.
Hence
21§j§N dim (IqﬂLJ +I<i—1)/(1<i—l) = ki
where
k, = N(d;—n;g) = N(p;—ny,
and
ki/py = ks[pe > ... > kJ/ps
by 11.2.

Therefore by [K] 16.9 it remains only to show that for each 7 if 4; and N are
sufficiently large then the image of the sequence (L,, ..., Ly) in the appropriate
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product of Grassmannians of subspaces of K,/K;_,=H°(M, D;) 1is semistable.
But this follows directly from the semistability of D; and Theorem 5.6 of [N].

11.5. Corollary. Suppose U is any finite set of types of bundles of rank n and
degree d,. Let e be a large positive integer, and set d=dy+ne. Let R be embedded
in (G(n,p))¥ as above, where p=d+n(l1—g), so that the action of SL(p) on R
extends to a linear action on (G{n, p))". Then if e and N are sufficiently large and p
is any type in U +e, a point h of R lies in the stratum indexed by B(n) if and only if
the bundle E* is of type p.

Proof. Consider the set of all (n,d) types (di/m, ..., d,/n) whose first com-
ponent is less than some fixed bound ¢. There are only finitely many possible values
of s and ny, ...,n, such that a type (di/ny, ..., d,/n;) belongs to this set because
each n; is a positive integer and n,+...+n,=n. Also

¢ =dyfn >...>dng
so all the d; are bounded above. But d,+...-+d,=d so the d; are also bounded
below. Therefore the set of such (n, d) types is finite. Thus we may assume that
if p€# and p’ is an (n, d) type whose first component is less than that of y, then
weu. The same will then be true of % +e for any e.

Since % is finite, if e and N are sufficiently large then Lemma 11.3(i) applies
to all g in % +e. Therefore if 7€ R and E, is of type u€% +e, then # lies in the
stratum indexed by f(u). Conversely suppose 4 lies in the stratum indexed by f{(w)
for u=(d/ny, ..., dy/ny), and let p’=(dj/n], ..., d./n.) be the type of E,. By Lemma
11.3(i) the first component (dy—n8)/(dy+n,(1—g)) of B(u) is greater than or
equal to (d;—n;g)/(d;+n;(1—g)). This implies that the first component d,/n; of
u is greater than or equal to that of y’, by 11.2. Eence u” belongs to % +e, and
therefore 4 lies in the stratum indexed by 8(u’). So B(u)=B(y"), which implies that
u=y’. The result follows.

Next we need to consider the codimensions of the strata of R. Let k be any
integer. By 3.9 we can choose a finite set % of (n, d;) types such that d,>k when-
ever p is an (n, dy) type and uc%. Suppose that e and N are large enough that
Lemma 11.5 applies to %. Then we have

11.6. Lemma. Every stratum of R indexed by B(u) for some uc-+e bhas
codimension the integer d,, defined at 3.6, and every stratum not indexed by [(u) for
some UEG +e has codimension greater than k.

Proof. By 3.8 we have
dp+e = d[t

for every (n,d,) type u. The result now follows immediately from Lemma 11.5
and the Remark at 3.7.
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12. Some technicalities

We now have a description of the stratification of R obtained by embedding it
in a product (G(n, p))" for large N and d, provided that we allow ourselves to ignore
a subset of dimension k(n,d) in R, where k(n,d) tends to infinity with d. Next
we would like to show that this stratification is equivariantly perfect, in the sense
that its equivariant Morse inequalities are in fact equalities. If R were a projective
variety this would follow from Theorem 5.4 and Section 8 of [K]. Since R is not
projective we need to check that condition 9.4 of [K] holds. In fact we shall only
show that it holds outside the subset of codimension k(n, d) previously mentioned.
This will imply that the Morse inequalities are equalities in dimensions less than
k(n, d), which suffices for our purposes.

It is easy to see from [K] 9.4 and 16.9 that the necessary condition can be inter-
preted as follows. Suppose / is any element of R, represented in (G(n, p))" as
the point (A(x;), ..., h(xy)), and suppose that the associated filtration of C? is of
the form

0CEV,SENer,S..EV®...eV,=C?

where each V; has a basis B; such that the union B,u... U B, is the standard ordered
basis of CP. Then there is required to be some A" in R such that, for each j, #'(x;)
is the direct sum over 7 of the projections of the subspace /(x;) onto the subspaces
V; with respect to the decomposition C?=V,®...@V,.

This condition is satisfied provided that % belongs to a stratum indexed by
B () for some type u in the set % +e chosen before 11.6. For it was shown in the
proof of 11.4 that the filtration of C? associated to % is then of the form

OS H(M,E)S...S H(N,E)=C?
where
OSECS.CE=E

is the canonical filtration of E=E". Moreover each subquotient D,=E,/E,_, is
spanned by its sections and satisfies H°(M, D;)=0. From this it is straightforward
to check that for each 1=/=s the isomorphism C?--H°(M, E) induces an iso-
morphism

V,—~ H(M, D)
and that the quotient map

MXC? = (V,®...0V)XM ~ D,®...6D,

corresponds to an element 4’ of R satisfying the required property.
Thus using 11.6 we conclude that condition 9.4 of [K] holds outside a subset
of codimension k(n, d), where k(n,d) tends to infinity with d.
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12.1. Remark. For general quasi-projective varieties the condition 9.4 of [K]
only implies that the stratification is equivariantly perfect over the rationals. How-
ever by Remark 16.11 of [K], the stratification is equivariantly perfect over all
fields of coefficients when GL(p) acts on a subvariety of a product of Grassmannians
of the form (G(n, p))*.

From this, together with 10.1, 11.5, 11.6 and 7.4 we obtain the following for-
mula for the equivariant cohomology of R* up to some dimension k(n,d) which
tends to infinity with d.

(1 2. 2) Pt (Map,, ( M, G (n’ oo))) - PtGL(p) ( _Rss) 4-Zr2d, P,GL(”) ( S ﬁ(u)) +0 (t"("’ d))’

where the sum is over all types pin % +e except for p=e-+d/n. Here PF-® denotes
the equivariant Poincaré series with respect to the action of GL(p), and S, denotes
the stratum of R indexed by f.

It therefore remains to consider for each type u in % +e the equivariant
cohomology of the stratum indexed by f(u).

When it is necessary to specify the rank » and degree d then R will be denoted
by R(n,d). We have

12.3. Lemma. Let u be an (n, d) type belonging to the set U +-e. Then provided
that d is sufficiently large the equivariant cohomology of the stratum indexed by B(u)
is isomorphic to the tensor product of the equivariant cohomology of the semistable
strata R(n;, d;)** with respect to the action of GL(p;) where p;=d;+n;g. Thus

PELD (S, ) = H1§j§s PELPD(R(n;, d))*).

Proof. Tt is shown in [K] that the GL(p)-equivariant cohomology of the stratum
indexed by B(u) is the same as the equivariant cohomology of a quasi-projective
subvariety Z7, of the stratum Sy, under the action of a subgroup Stab f(x)
of GL(p). By [K] 16.9 this subgroup is isomorphic to the product GL(p,)X...X
GL(p,) where p;=d;+n;g. Moreover Zg, consists precisely of the points /" in
R of the form described just before Remark 12.1 (see [K] 16.9 again). Thus the
elements of Zgt,, are those holomorphic maps

W: M- G(n,p)

which factor through the natural embedding of Gy, py)X...XG(n,, p,) in G(n, p)
and which also belong to Sy, . From this it is easy to see that Zg,, is naturally
isomorphic to the product

R(nl H dl)ss Xoee X-R(ns H ds)“

with the natural action of GL(py)X...XGL(p,).
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13. Conclusion

From 12.2 and 12.3 we know that
(13.1) P,(Map,(M, G(n, =))) = PF“P(R™)
+ Zu#d/n L ] P PFMeD(R(ny, d ) +0(1 D)

where the sum is over all types
u= (dl/nh Tt ds/ns) = (d/na (A ] d/n) = d/n

and k(n, d) tends to infinity with d. Moreover by [A & B] 2.15 the Poincaré series
of Map,(M, G(n, <)) is

H1§k§_n (1 + tzkhl)zg/(ﬂl§k§n—1 (1 - t2k)2(1 - t2n).

13.2. Remark. The left hand side of 13.1 is thus independent of d. Moreover
if e is any integer and u is an (n,d) type then p+e is an (n,d+ne) type and
d,+.=d,. We also know from 9.4 that provided » and d are coprime the Poincaré
series PSLP(R%) is the product of (1—¢2) with the Poincaré polynomial of the
moduli space of semistable bundles of rank n and degree d. The latter is unchanged
up to isomorphism if d is replaced by d-+ne for any integer e.

The inductive formula 13.1 enables us to calculate the GL(p)-equivariant
cohomology groups of R(n, d)* up to some dimension which tends to infinity
with d. Therefore by Remark 13.2 if # and d are coprime and we replace d by d+ne
in 13.1 for some sufficiently large e we obtain a formula for the dimensions of the
cohomology groups of the moduli space of bundles of rank »n and degree d up to
any preassigned dimension. This formula is identical to the one derived by Atiyah
and Bott using infinite-dimensional stratifications, and by Harder and Narasimhan
using number theory.

Note that even when n and d are coprime there may well be some n; and d;
occurring in the inductive formula 13.1 which are not coprime. This does not inval-
idate the computation; compare the argument of [A & B].
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