Subharmonic functions in strips

S. J. Gardiner
1. Introduction

The contents of the present paper are most easily introduced by referring to
previous studies on half-spherical means of subharmonic functions s in the Euclidean
half-space D=R"X(0, +<), (n=1). Originally these means were defined as weighted
integrals of s over the curved part of the boundary of a half-ball (see, for example,
Huber [11], Dinghas [4, 5] and Kuran [12]). For these means to have desirable prop-
erties, it was necessary to require that

(1) lim sup s(M) = 0 (NER"X{0)).

Two distinct lines of development can be traced from these origins. The first,
due to Ahlfors [1] (n=1) and then Kuran [13] (n=1), was to extend the half-
spherical mean to include also a term involving the integral of s over the flat part
of the half-ball boundary. This permitted the restriction (1) to be relaxed to

s(N) = lilrwn_.slyp s(M) <+ (NER"X{0)).

Analogous results, using different methods, were obtained for the infinite strip
Q=R"X(0, 1) by Armitage and Fugard [2].

The second, more recent, development due to Norstad [14] (z=1) and then
Wanby [15] (n=1) involved instead a modification of the integral over the curved
part of the surface. The requirement (1) was changed: for example, when n=1 it
became

% {s(—x,0)+s(x, 0)} = cos(n/2)s(0, x) (x = 0)

where 0<A=1. Analogous results for the infinite strip have recently been obtained
by Wanby [16]. This current study brings together both lines of development, present-
ing a new mean incorporating both the modified mean over the curved surface and
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a term involving the flat surface. For reasons of geometric simplicity, we work in
the infinite strip Q, and make use of the material in [2). In fact the results in [2]
will be seen to be a special case (A=1) of the theorems stated below; we use similar
notation to facilitate this comparison.

2. Notation and definitions

The closure and boundary of a subset E of R**?* are denoted respectively by
E and OE. An infinite strip of height o will be denoted by

Qz = {M: (X> y) = (xla x2a sty x,,, y) 0 =y=< d},
so that Q=Q,. We also write
Y| = G+ 22

Let B(r) and S(r) denote the open ball and the sphere of radius r in R” centred
at the origin, and define I',(r)=S(r)X(0, «). The surface area measures on S(r)
and I,(r) are denoted by ¢ and t respectively (when n=1 we mean o({—r})=
o({r)=1). We write 6,=0c(S(1)) and define a related dimensional constant

Nn=0Cn)7, y,= {(n—1o, 1} (n=2).

Lebesgue measure on R” is denoted by dX.

We shall say that a function s belongs to the class &, if:
(i) s is subharmonic in Q,, and
(i) him supy,y S(M)=5(N)< Foo (NEOS).
MeQ,
If we wish to include also the possibility that s= —ec, then we shall write s€7,.
Clearly, if s is subharmonic in an open set containing @,, then s€%,, but the con-
verse is false.

We will define a weighted mean of s€%, in terms of the Bessel functions 7, ,
and K, , which are defined in Watson [17; pp. 77, 78]. Following [2] we abbreviate
these to I and K respectively and denote K/I by L. These functions have a simple
form when n=1:

I(H) = /a2 cosh t, K(t) = (n/20)Y2e~t, L(f) = n/(1+€¥).

(see [17; pp. 79, 80)).
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Let f be an extended real-valued function on € and O<A=2. Provided the
integrals exist, we write

M(f,r; 2) = r"2{I(nAr)} 1 /rm S@)sin {a (53— |§— y|)} de(an),
Holfors Hy =212 f . {cosh(z2}~2 f(m cosh(miu){f(u, 0)+£(—u, 0)
+f(u, D+f(—u, 1)=2cos w4/2) [ f (u, 3)+S (~ s Dyduar (=1,
Milhyrs 2) = [T I@An}2 [ X PR IAlX )
X{ (X, 0)+£(X, 1) ~2 cos (n2/2)f (X, $)}dxdi (n=2),
e Po(firs D) = M rs D+ A(frs D).
My(f, 75 ) =log M (b, exp (flhy), 5 1)
h (M) =|X "2 I(mA|X | cos {nd (y—3)} (McQ),
Mo(f, 75 A) = sup {f(M)/h,(M): MET1(r)},

and, if fis non-negative,

We also define

where

My(fir; D) = 2 (ndr)}?
X [ V@O 082 [12 (3= D] sim [5G~ - »])] de @O},

3. Results

The central result of the paper is Theorem 1 below, most other results being
deduced from it. When a function is described as “increasing”, the term should
be understood in its wide sense, i.e. non-decreasing. We list the following boundary
conditions which will be referred to in statements of results:

@ fs(,)% [s(X, 0)+s(X, D] do(X) = cos (n4/2) fS(r) 5 (X, 3)do(X)

3) sup {s(M): MeS(r)x {0, 1}} = cos (n}/2) sup {s (M): McS(r) x{%}}
@ A{[,, TP 0+ X, D]do@? = cos i) {[ . s?(X, L) do (X))?

2 s®

©) J sy 5 1exp {sCX, 0/ (X, 0} +exp {s(X, D/ (X, D}] do(X)

w2
= [0 0 {3 (X 3) 12 (X, )} do (X).
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Clearly conditions (2)—(5) are satisfied if
max {s(X, 0), s(X, )} = cos (n4/2)s (X, 3)  (X€R").

Theorem 1. If 0<A=2 and sc,, then Py(s,r; ) is real-valued and increasing
as a function of re(0, +<) and convex as a function of L(nlr).

Corollary 1. If O<A=2, s€% and (2) holds for a.e. (Lebesgue) r=0, then
M (s,r; A) is increasing as a function of r€(0, +o) and convex as a function of
L(zr).

Corollary 1 (0<A<1), together with Theorems 6 and 7 below, are to appear
also in [16] where different methods are used (I am grateful to Professor Wanby
for sending me a preprint of his paper). The greater generality of Theorem 1 appears
to be new.

The conclusions of the above results could alternatively be stated in terms of
convexity with respect to the family {AJ(rlr)+BK(nir): 4, BER}. The case n=1
warrants special mention, the following result being a generalization of a theorem
due to Heins [9], who gave the A=1 case.

Corollary 2. If 0<A=2 and s is subharmonic in a rectangle (a, b)X(0, 1) and
(extending s to (a, b)X[0, 1] by its lim sup)

3G 0)+5Cx, D] = cos (n4/2) s (x,3)  (x€(a, b)),
then the function
. 1 1
x.-»fm.n s(x, y) sin [ni (?—l?—~y|)] dy
is convex on (a, b) with respect to the family {Ae™ + Be="™**: A, BCR}.

The following result is implicit in [2; Theorem 2]). By taking n=1 and
s=log|f| (where f is holomorphic in Q) and using an appropriate conformal
mapping, it can be seen to be a generalization of a well-known uniqueness theorem
of F. Carlson: namely that a holomorphic function of exponential growth in the
half-plane cannot approach zero exponentially along the boundary unless it vanishes
identically.

Theorem A. If s€ 7,

@ fim infr@-mze== f v D sin () de(M) < + o
and '
(i) S (L |XDA-D2enIX S0 st (X, k)dX

< fRn a+ |X|)(1—n)/2e—1¢IXl Z’;=0 s~(X, k)dX =+,
then s= —oo.
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It is natural to ask if other results of this type can be obtained by weakening
the growth restriction (i) and compensating with a stronger “decay” in (ii). We
answer in the affirmative by stating the following easy application of Theorem 1.

Theorem 2. Let 1<A1=2. If s€¢7;,

. . . —n —nir . 1
(1()1 lim inf ra-mi2g=nl f rl(r)S(M) sin {m’t (- lg—yl)} dt(M) <+
27!
(ii) [ A+ 1XDa-PBe=mIXl 52 st (X, k/2) dX

- fRn(l X |)a-m2g=nalX] 2:=0 s~(X, k/2) dX =+,
then s= —oo.

The new feature of Theorem 2 is that condition (ii) involves three hyperplanes
instead of two. To see that this is essential, consider the harmonic function (r=1)

s(x,y) = e**cosmd(y—3)  (¥€[0, 1))

It is clear that s satisfies (i) of Theorem 2. It would also satisfy (ii) if the term k=1
were omitted from the sums, since cos (74/2)<0.

Theorem 3. Let 0<A=1 and let s€%, be non-negative. If (2) holds for a.e.
r=>0 and
(6) li,r'n inf A (s,r; ) =0,

then s=0 in Q.

The case A=1 of Theorem 3 is the usual type of Phragmén—ILindelsf result
where s=0 on dQ. When 0<A<1 we are weakening the boundary requirement
at the expense of a stronger growth restriction in (6). Similar observations can be
made concerning the following criteria for harmonic majorization in , which gen-
eralize [2; Theorems 5, 6].

Theorem 4. Let O0<A=l. If s€¢% and P(s, ;) is bounded above on
(0, +oo), then s has a harmonic majorant in Q.

Theorem 5. Let 1=A1=2 and suppose that s is subharmonic in an open set W
containing Q. If s has a harmonic majorant in Q, then Py(s, -; 2) is bounded above
on (0, +o).

Finally we give results on other types of means.

Theorem 6. Let 0<A=1 and sc¢¥%, be non-negative. If p=>1 and (4) holds
Jor a.e. r=0, then M ,(s,r;2) is increasing as a function of rc(0, +<) and con-
vex as a function of L(mAr).
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Theorem 7. Let 0<A=1 and sc¢%,. If (3) holds for all r=0, then M_(s,r;2)
is increasing as a function of r€(0, +<) and convex as a function of L(mAr).

Theorem 8. Let O0<A=1 and s€¥,. If (5) holds for a.e. r=0, then MHr(s,r;2)
is increasing as a function of rc(0, +<=) and convex as a function of L(nir).

4. Preparatory material

4.1. For the purposes of proving Theorem 1 we need to widen some of our
definitions. We will keep close to the notation of [2]. We put A(¢, R)=B(R)\ B(g)
(so that A(0, R)=B(R)) and define

Qu(Q, R) = A(Qa -R)X(Os d), A; (Q’ R) = A(Q’ R)X{O’ o‘}'

If =9, then A(p, t) should be understood as the empty set. We shall say that
s€# (e, R) if
(1) s is defined at least in Q,(p, R),
(ii) s is subharmonic in £,(g, R), and
(i) imsup poy S(M)=s(N)=<+e (NEA; (0, R)).
MeR(e,R)

Suppose that g<r<R and let f be an extended real-valued function defined
at least on Q (g, R). Then, provided the integrals exist, we write

M, 75 0y @) = 1B {I (Ao}~ [ gy /M) sin [74(Fa— ]; - y|) [«] dz(a1),
H(fir; A, @) = 271272 )2 “—2f; {cosh(nlt/a)}—zf(a N cosh (nlu/oc){f(u,O) +f(—u, 0)

+f(u, ) +f(—u, 0)—2 cos (mAf2) [f(u, —;—a) +f(— u, % a)]} du dt
(n=1),
No(fsrs A 0) = nioc‘lf:nin{l,m t'l{I(n/lt/a)}‘afA(M) X "2 I(rA|X |[o)

X{S(X, 0)+f(X, ) —2cos (mA/Df (X, Ta)}dXdt  (n=z2),
Po(firs 2o o) = M 15 A )+ NG (fi 75 25 ).
Whenever a=1 and =0 these definitions coincide with those given earlier.

4.2. We now recall some results about the special case A=1 which was studied
in [2] and implicitly in [8].

Theorem B. (i) Suppose that either 0=gy<g<R or O=g,=¢<R. If
5€%,(0o> R), then 2,(s,r; 1, a) is real-valued on (o, R) and is a convex function of
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L(nr/a) on (o, R). If s€%,(0, R), then P,(s,r;1,a) is also an increasing function
on (0, R).

(ii) If h is real-valued and continuous in Q,(¢, R) and harmonic in Q,(g, R),
then in the case where @=0, P,(h,r;1,0) is a linear function (i.e. polynomial of
degree at most 1) of L(mnr/a) on [g, R] and, in the case where ¢=0, Py(h,r; 1, ®)
is constant on (0, R].

This result is [2; Theorem 1], trivially modified to deal with strips of arbitrary
width «. Clearly it covers the case A=1 of Theorem 1. Further, the 1=2 case
follows easily by applying the above in 2, to the functions s and s;, where 5, (M)=
s(X,y+%), and then considering Zy(s,r; 1, 2)+Py(s1,75 1, %)

However there is more work to be done when A¢€(0, 1)U (1, 2), and we require
the following related result.

Theorem C. If s€%,, then there exists a unique measure A; on 0Q, and a posi-
tive constant ¢ such that

Po(s 75 Loy = M(s, 15 La)+e [T 1741 ()}~ 4,42 (0, 1))

+ 2.00,0 | X [1="21(m| X | /o) sin (my/er) dﬂs(M)]dt,

where g is given by vy, As in the distributional Laplacian sense. Further, if s is con-
tinuous on Q,, then A, is the zero measure on 082,.

The first assertion of the above theorem is a special case of [8; Theorem 2]-
for further details, see [6; Chapter 4, § 11]. The second assertion is implicit in the
proof of [8; Theorem 1].

5. Proof of Theorem 1

5.1. Itis perhbaps worth remarking that Theorem 1 is straightforward to establish
for s€C2(Q)nC(Q); the more sophisticated argument below is necessitated by
the much weaker assumptions we make concerning s. We will in fact prove the
following more general result which is directly analogous to Theorem B. The greater
generality is needed to prove some of the other results of this paper.

Theorem 1’. (i) Suppose that either 0=g,<g<R or O=g,=¢<R. If
5€%(00> R), then P,(s,r; A, 1) is real-valued on (¢, R) and is a convex function
of L(nir) on (9, R). If s€%(0, R), then Py(s,r; A, 1) is also an increasing func-
tion on (0, R).

(i) If h is real-valued and continuous in Q(o, R) and harmonic in Q(g, R),
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then in the case where >0, P,(h,r; 2, 1) is a linear function of L(nir) on [g, R]
and in the case where ¢=0, Py(h, r; 2, 1) is constant on (0, R].

In view of what was said in § 4.2, Theorem 1 is already established when A=2,
so from now on we will assume A€(0, 2). The proof of the finiteness of Z,(s,r; 1, 1)
is almost identical to the A=1 case, so we refer the reader to [2; § 7.1].

As for the rest of Theorem 1’ (i), we need only prove it under the additional
hypothesis that s is harmonic in A(g,, R)X(5—¢, 5 +¢) for some £€(0,3). To
see this, we consider the case @,=0 (the argument when ¢,>0 being similar),
and suppose that this special case of Theorem 1” has been proved.

Let O<R’<R. For each integer m=2, let

E(m) = B(Rl) X(';L _’m-l’ %’+ m—l)’
and define
~ { HE™ (M) if MCE(m)
Sm(M) = s(M) elsewherein  2,(0, R),

where HE denotes the Perron—Wiener—Brelot generalized solution of the Dirichlet
problem in E with boundary data s(M) (see [10; Chapter 8]). Then, by the special
case of Theorem 1’, 2,(s,,r; 4, 1) is increasing as a function of r and convex as
a function of L(nAr) for r¢[0, R’). It is easy to see that s,¢s in €,(0, R), whence
by monotone convergence Z,(s,r; A, 1) has the same properties on [0, R"), and
hence on [0, R) since R’€¢(0,R) was arbitrary.

5.2. It remains to prove Theorem 1’ (i) when s is harmonic in Aoy, R) X
(F—& 3+e). If 0=0 let ¢’=0, otherwise let 0’€(go, 0); also let Re(g, R).
We define #=A(2+1)/(2—2),

- [2 cos [mx (y— D) s(X, 1) if Med(en BX(5 1/7]
S =
s(X, »)+s(X, 1-3) if Med(e,, BX[0, 5],
and
o (M)= {2 cos [mﬁ ( y—%)] {82s/3y2) (X, 5)+ 7% (x, %)} if McA (.Q', _R’) X(:1/4)
0 elsewhere in 2y, (0o, R)-
We note that

Ya . 1 _
0 fm sin(niy)cos [mc (y 2)] dy =0.

Next we need to evaluate the distributional Laplacian of s* in A(¢’, R")X
(3—¢, 1/4). Routine calculations yield that, in A(¢’, R)X(%, 1/4), the ordinary
Laplacian of s* is given by A4s*=—g. Let ¥ be a C* function with compact sup-
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port in A(¢’, R)X(5—¢, 1/A). From Green’s theorem it now follows that
®) AsH(P) = fA s* (M) 4P (M) dX dy

(¢', RYX (/25 1/2)

= ¥ (M) As* (M) dX dy

A, R)YX(/2,1/2)

. 1 os*
+61-1»I!})+fA(e',R'){T( 2+5]8 (X 2+6J
- (1 5+0) 5 (0 5+9)

s( 2+5 5 X2+5
1

.

2
1 3s*( 1 )}
—T(X’i—é]w X,7—6 ax

¥(M)g(M) dX dy,

using the facts that s* is continuous in 4(¢’, R)X(3—¢, 1/4) and that
(35*/3J’)(X, -;—-I- 5) =273 sin (nx5) s (X, Y0,

(Bs*/(?y)(X, —;——5) = (8s/3y)(X, %—6) (0s/0y) (X, +5) -0

as 0-~0+.

Let G(-, -) denote the Green kernel for ©,,,, and define measures y; and
fy on 2y, by di(M)=y,*(M)dX dy and du,(M)=y,g~(M)dXdy. Since g
is continuous and bounded on A(¢’, R)X(5, 1/4), it is not hard to see that the
potentials Gy, and Gp, are continuous on €,,, and vanish -continuously at 02,,,
(cf. [10; Theorem 6.22 and Lemma 6.24]). In view of (8), the function sy=s*—
Gu,+Gu, has zero Laplacian (i.e. is harmonic) in  A(¢’, R)X(%—¢, 1/4). Further,
it is clearly subharmonic in A4(g’, R')X(0, %). Thus, if we could show that

©) Po(s, 15 A, 1) = Py(s, 75 1, 1/2)4-constant,

for re(¢’, R’), then from Theorem B, Z,(s,r;2,1) is convex as a function of
L(nir) on (¢’, R"). In view of the arbitrariness of ¢’ and R’, this must be true
on (g, R). The rest of Theorem 1’ (i) and (ii} would also follow directly from Theo-
rem B.

It therefore remains to establish (9). From Theorem C,

%(—Gﬂi’ r; ly l/l) = ﬂ(— G‘ui, 1; 1’ I/l)-{_cf;t-l{.{(‘;[i{)}_z
xJ a0 X1 IEAX D sin(nhy) dp, (M) di

- _f A’ R)X(12,1/2)



184 S. J. Gardiner

(f=1, 2) and so using (7),

M (Gus—Gpy, s 1,1/2) = M(Gua— Gy, 1; 1,1//1)+C'f1't‘l{l(mlt)}‘2

1-n/2 .
xJ oy XTI @AX D sin (rAy)g (M) dX dy dt

= M(Guy—Guy, 1; 1, 1/4) = d,
say. Thus
‘@e(s09 r; 13 l/)') = d+yq(3*a r; 1, 1/2')

=d+2,(s,r; A D+r-"2{I(nir)}~ s*(M) sin (zdy) dt (M)

1
f S(r)x(1/2,1/4)
=d+P,(s,r; A 1)

using (7) again. This proves (9) as required.

6. The corollaries of Theorem 1

6.1. Again we prove a more detailed result, as follows:

Corollary 1. If 0<1=2, s¢% (0, R) and (2) holds for ae. re(g, R), then
M(s,r; X) is a comvex function of L(nir) on (¢, R). In the case where @=0,
M (s, r; A) is also an increasing function of ré(0, R).

Let ¢’¢(o, R). We recall that the Wronskian determinant of 7 and K evaluated
at ¢is ¢t~ [17; p. 80], and so

(d[A)L(mAt) = —t~H{I(ni)}"2 <0 (£ =>0).
Hence

(10)  dAyls,r; b DydL(miry ==nd [ |X[="PI@AX )
X {s(X, 0)+s(X, 1)~2 cos (z4/2) s (X, 3)} dX.

The boundary condition (2) ensures that the right hand side of (10) decreases as
L(nAr) increases, so A,.(s,r; 4, 1) is concave as a function of L(wir) on (¢’, R).
Since

1n M(s,r5 )= Pp(s,r; A D—AMp(s, 15 4, 1)

and ¢’¢(g, R) was arbitrary, .#(s,r;A) is convex as a function of L(nir) on
(0, R) as required.

If ¢=0, the monotonicity of #(s,r; A) follows from (10) and (11) since the
right hand side of (10) is non-negative.
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6.2. In proving Corollary 2, we assume without loss of generality that a=0,
and we define s, on Q,(a, b))U 4] (a, b) by

s(M) if Mé(a, b)X[0, 1]
so(M) = {0 if Mec(—~b, —a)X[0, 1].

Let a<x;<x,<b and choose ¢, d such that
M5y, X34y = c+dL(ndx) (=1,2).
From Corollary 17,

M(sy, x3 ) = c+dL(mAX) (%1 = x = X).
Since

M (S, X3 A) = x~ 12 {I(Mx)}_lf[o,u s(x, y)sin [nl (%— ]%—yl)] dy
and (n=1)
I(?) = 2/nt)2 cosh t, K(f) = (n[2t)Y2e?,
it follows that
f 0.y 5 ) sin [72 (G =[5 —3])] d» = c(@/A)2n " cosh (nax) +d (22)~ /e~

with equality when x=x;, x,. Hence we have the claimed convexity with respect
to the family {4e™*+Be="™*: A, BCR}.

7. Proofs of Theorems 2 and 3

7.1.

Lemma A. Let f be non-negative and locally integrable in R”, let 1>0
— (T4~ -2 1-n/2
40) = [{ e I@any X PR IEaX ) fX) dX do,

4,09 = [ BONBQ)

and let Ay(=) and Ay() be the limits of A,(r) and Ay(r) as r—oo. Then Ay(e)
is finite if and only if Ay(eo) is finite.

X |=mr2e=mAIX] £(X) dX,

The proof of Lemma A involves integration by parts. In fact, the A=1 case
is proved in [2; Lemma 6] and other values of A require only trivial modification
to the argument. We therefore omit the details.

Theorem 2 will now be proved. Suppose s —<=. Then hypothesis (i) together
with the fact (see [17; p. 202)) that

Qri)Pe=tI() ~1 (> +)
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imply
Hminf H(s, 7; ) <+ o

Also, hypothesis (ii) together with Lemma A yield
lm A(s™, 75 ) <lim Ho(s™, 75 A) = +oo,
since cos (zA/2)<0. Hence
liminfgo(s, r; )= liminfﬂ(s, r; l)—i—}ijg Ho(st, r; 1)—1&1101: Ho(s—,r; A) =—oo,
yielding a contradiction to Theorem 1. Thus s= —eo as required.

7.2. To prove Theorem 3, we apply Corollary 1 to show that #(s, -; 1) is
increasing on (0, +<0). This, together with (6) and the fact that s=0 implies that
M (s, -3 A)=0. It follows that s=0 a.e. (Lebesgue) in Q, and so s=0 in Q by
the volume mean-value inequality.

8. Proofs of Theorems 4 and 5

8.1. We prove Theorem 4 when n=2, the proof for #=1 requiring minor
modification due to the fact that the first integral in the definition of AG(f, r; 1) is
over (0,r) rather than (1,r). Let s, be the function equal to HE in E=Q,(0, m)
and equal to s elsewhere in Q. Then s, =s and s,¢%, ([2; Lemma 2J]). Since A1€(0, 1],
it follows that Ay(s,,r; Dy=HN(s,r; 1) for all r=0, and so Z(s,,r )=
=2P,(s,r; A) for r=m. Hence, using Theorem 1,

(12) M(Sm> 15 2) = Po(sps 15 1) = Po(sm> M5 A) = Pi(s, m; 4)
= sup Py(s, r; A) <+ .
r>90

It is easy to see that (s,),.r IS an increasing sequence of harmonic functions in
©,(0,R), and so lims, is either identically +< or harmonic in Q. From (12)
and the monotone convergence theorem the former is impossible, so the result
follows.

8.2. Let s, be in Q equal to the least harmonic majorant of s in Q, and in W\ Q
equal to s. Also, let R=0. Then s, is subharmonic in W ([2; Lemma 3)), and s,
equals Hs‘i in E=Q,(0, R), since the latter is regular. Since the restriction of s, to
JE is u.s.c. and bounded above, there is a decreasing sequence of continuous func-
tions ( f,,) on JF such that f,—s,. Let

HE(M) if MCE
(M) = {f,,,(M) if MCOE.
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Then #y(h,,r;A) is constant on (0, R] for all m, using Theorem 1’ (ii). Since
h,is, on E, it follows that 2,(s,, r; ) is constant on (0, R]. Since R=>0 is arbi-
trary, 2,(sy, ;) is constant on (0, +=), and since A€[l, 2],

Po(s, 15 A) = Po(so, 15 A) = Py(s, 15 A) ("E(O» +°°)),

proving the theorem.

9. Proof of Theorem 6

9.1. We require the following two lemmas.
Lemma B. If A>0, then the functions
|X t-"2I(nA| X |) sin (mAy), |X[}~"2I(mA|X |) cos (niy)
are harmonic in R, and the functions
|X 2K (mAX |) sin (rAy), |X[*="2K(nA|X]) cos(niy)
are harmonic in {(X, y)€R"*': |X|>0}.

Lemma C. Let W be an open subset of R*™Y, let s be subharmonic in W and let
h be positive and harmonic in W. If f: R—>R is convex and increasing, then hf(s/h)
is subharmonic in W.

The proof of Lemmma B is only a trivial modification of the proof of [3; Lemma 1].
Lemma C is given in [7; Theorem 1 — see the end of § 3].

9.2. The A=1 case of Theorem 6 is [2; Theorem 7], so we will assume in what
follows that A€(0, 1). Let &, be the function defined in § 2, which is harmonic in
R"*+1 by Lemma B, and clearly positive in @ since A¢(0, 1). It follows from Lemma C
(with S(x)=[max {x, 0})) that the function s;=h}~Ps? is non-negative and sub-
harmonic in Q.

The condition (4) on s can be rearranged to give

f Sm% cos'~2(n2/2)[s (X, 0)+ (X, 1)] do (X) = cos (n4/2) [ o (X, 1) do(X)

which, on multiplying across by {|X|'~"2I(zA|X|)}*~?, shows that condition (2)
is satisfied by the function s,. By Corollary 1 of Theorem 1, #(s,,r; A) 1is real-
valued and increasing on (0, +<o). Since A, (s, r; A)={#(sy,r; A)}'/?, the same
properties hold for ,(s,r; ) on (0, +e<°).

Further, # (s;,r; A) is convex as a function of L(nir), and from this the con-
vexity of (s, r; ) may be deduced. The details are as in the A=1 case, so we
refer the reader to [2; § 11.2].
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10. Proof of Theorem 7

The A=1 case of Theorem 7 is contained in [8; Theorem 9], so we assume
A€(0, 1). The monotonicity of #_(s,r;A) will first be proved. Let O<ry<r,.
The function s/k; is u.s.c. and so attains its supremum, a say, on the compact set
@,(0,r,). Let NeQ,(0,r,) be such that s(N)=ah,(N). If NeQ,(0,r;), then the
subharmonic function s—af,; attains its supremum in €,(0, r,) and so is constant
there by the maximum principle. Hence

(13) Moc(S, 115 ) = Meo(5, 735 1)-

If Ne Ay (0, r,), then it follows from (3) that there exists N’€A(0, r;)X {5} for
which s(N’)=ah,(N’) and (13) again follows. The only remaining possibility is
that a€TI';(r;), which clearly implies that J#_(s, ry; A)=A_(s,ry; 2). Hence the
monotonicity is proved.

To prove the convexity, choose a, b such that

14 Mo(s, 133 2) =a+bL(mir) (i=1,2).

Letting
u,(M) = | X [1-"2K(n2| X |)cos [nl (y—%)],

which by Lemma B is harmonic for |X|=0, it follows from (14) that s=ah,+bu,
on I'y(r,)UTI(r;). Applying the maximum principle to the subharmonic function
s—ah,—bu, in the open set Q,(ry, ry) shows that (following the same type of argu-
ment as in the previous paragraph) s=ah,+bu, in ,(r;, r;), whence

Mo(s,7; D) =a+bL(nhr) (H=r=ry)
as required.

11. Proof of Theorem 8

We again assume A€(0, 1) since the A=1 case is covered by [8; Theorem 10].
From Lemma C and (5) the function s;=#, exp (s/h;) belongs to & and satisfies
(). 1t follows from Corollary 1 of Theorem 1 that .# (h; exp (s/h,), r; A) is real-
valued and increasing as a function of r, whence the same must be true of (s, r; 1)
since /1, is positive in Q.

To show the convexity property, let 0<r;<r,, choose a€(0, r,), and observe
from Lemmas B, C that the function

s1 = hy exp [(ku, +s)/h;]
where

(15) k = {My(s, ro)~Mg(s, r)}/{L(zAr;) — L(nlry)}
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belongs to % (a, +). Further, it is easy to see from (5) that (2) holds for s, and
a.e. r>0. From Corollary 1’ in § 6 it follows that .# (s, r; A) is real-valued and
convex as a function of L(nlr) on (a, +). Thus, if ré(r;, ry), then

exp {kL(nAr)}exp {M(s, r; )}

= {f (E;tjr’:))—— [I,J (%:)) } exp {kL(nArp)}exp {Mg(s, r1; A}

Ary—L(nliry
+{LL ((;m:)) —-i((?z/lrr))} exp {kL(nry)} exp{ Mz (s, 13 A)}

which, upon rearranging, using (15) and taking logs, yields

L(nlry) —L(nir) . L(nAr)—L(nlry) )
L(mdry)—L (ﬂlrl)} Mz D+ { L(nArs)—L(niry) } M5, 723 2)

Mg(s,r; A) é{

as required.
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