On sums of primes

H. Riesel and R. C. Vaughan

1. Introduction

In this paper we prove the following

Theorem. Every even natural number can be represented as a sum of at most
eighteen primes.

It follows at once that every natural number n with n=>1 is a sum of at most
nineteen primes. The previous best result of this kind is due to Deshouillers [2] who
has twentysix in place of nineteen.

Let N(x) denote the number of even numbers # not exceeding x for which »
is the sum of at most two primes. Then it suffices to show that

(1.1) NG) > x/18 (x = 2),

for then the theorem will follow in the usual manner (for example as in §6 of [7]).

The proof of (1.1) is divided into three cases according to the size of x. When
log x=375 we use the method described in § 7 of [7], but with an important modifi-
cation that enables us to dispense altogether with the Brun-Titchmarsh theorem.
When log x=27 the inequality (1.1) is easy to establish. This leaves the intermediate
region 27<log x<375. Here we develop a completely new argument, based partly
on sieve estimates and partly on calculation.

2. Some constants

We give here a list of constants that arise in the proof together with estimates
for their values. A detailed description of the more difficult calculations is given
in §10.

Let
.10 7, = lim (2”m=1m'1 (log m)*—

n—roo

(logn)"“]
k+1 )’
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Then it is well known that
2.2) 0.577215 < y4 < 0.577216, —0.072816 < y, <-—0.072815.

In fact y, and y, are easily calculated by means of the Euler-Maclaurin summation
formula.

Let
_ 2(p—-2)
2.3) C=2][,., TR
the twin prime constant. Then
2.4) 1.320323 < C < 1.320324.

Define the multiplicative function g by taking

(2.5) g(P)=0 when k=3, g(2)=0, g4 =—3/4, g8 =1/4
and

(2.6)
4 " —3p-2 3 2
= , = = =-———— when 2.
Let
@7 Hw) =3~ _ lgmm™.
Then
2.8) 251.0127 < H(—%) << 251.0128.
Futher define
logp
2.9 A, = —_—,
( ) 0 ZP p(p—l)
(2.10) A = %log 2424,,
_ 8p2—10p+4 .
(2.11) Ay = Z’p'—pg(_p__:T)T'(logp) >
(2.12) Az =4y +24,,
1 2 2 1 2
(2.13) Ay = —4—A3—2y0—4y1+—4—(10g 22— 4,.
Then

(2.149) 6.023476 < Az < 6.023477, 1.114073 < 4, < 1.114074.
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Let
(2.15) A; = 3.282CH[——13—],
(2.16) Ag(A) =24;,—4log2—2log A,

@17 A4, = % n2+44,—4d4,log 2+ (log )*— (24, — 4log 2) log 4,

(2.18) Ay() = 84,415,

(2.19) Ag() = 44, i1,

Then

(2.20) 8.463433 < A, [%] < 8.463434,
@.21) —9.260623 < A, [%) < —9.260622,

(2.22) 9310.076 < A, (%] < 9310.077, 29.50888 < A, [—;—} < 29.50889.
Let

1
2.23 Ay =T, (1 +____]
( ) 10 HP 2 p(p _ 1)
and
2p—1
2.24 Ay =]],- (1—{-—————].
( ) 11 Hp 2 p(p_1)2
20(3) (2 105
Then Am:——C;—C)é)(—) =—~{@3) and {(3) is readily estimated by means of the
7
Euler-Maclaurin summation formula. Thus
(2.25) 1.295730 < A,, < 1.295731.
We also have
(2.26) 1.772431 < A;; < 1.772432.
Let
p—1
(2'27) T(u) = 223§p1<p2§u _[Z-p[pz—p1 ____2"
p>2 p
and define
(2.28) s=mn(u)—1.

Then we have
2.29) Ty <1



48 H. Riesel and R. C. Vaughan

where ?=t(u) satisfies

(2.30) 1(79) = 328.5614, 1(99989) = 80096031.
We also have
2.31) s(79) =21, 5(99989) = 9590.

3. The sieve estimate

The fundamental information concerning prime numbers that we use in the proof
is embodied in Lemma 5 below. It is a refinement of Lemma 8 of Vaughan [7] and
likewise follows from Corollary 1 of Montgomery and Vaughan [4]. The improved
values for 4 in Lemma 5 are essential to our argument.

The principal term that arises from Corollary 1 of [4] is related to the sum

2
Za=q L(@)* 11, p>2 p_——2

and in turn this is related to the sum

Sar 2D

The following lemma gives a good quantitative estimate for this latter sum.

Lemma 1, When x=0, let

dim_1

3.1 E(X) = Jp=x ) (log x)>—2y,log x — y§+2y,.

Then
[E(x)] < 1.641x713,
Proof. We have

5t _

1 2
= stxlla Znsx/m (2m<x1/a ] .

1 1 142 .
Let Bl(y)=y~—[y]—5, By (y =3[y—[y]——2-) . Then the Euler-Maclaurin

summation formula gives

1 1 w -
Znéy'; = IOgy+70—")7Bl(}’)‘y_2Bz(y)+fy By (u)2u~3du
and
logm 1 Io gy —logy o 3—2logu
2m§y m = 71082}’4‘7’1 B (y )"‘"‘y_“Bz(J’) f By ( )'_—‘d u.
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Hence
E() :—%BZ(Vm S Bawu=(6—4log (ux%) du—D(ﬁ)?—zzméﬁ%D(x/m
where

D(y)= %Bl(y)-i-y"sz(y)—f;ﬂ B, (1)2u~2 du.

1 1 1
Clearly ——2—§B1(u)<—2— and O§Bz(u)§—8-. Thus, for x=1,

_ ,;:—y; 3-2log (ux—V% - 1 po du
E(X) = f}/:_c 41;3 du+x 1/2+Zm§}/§ E x/m 2u®
- 1 1 —3) —1 —~1f2
= {2 + 3 ¢ x4 xTHE,
and
1 w  3-2log(ux~"?) _ m 1 132
EXy=z——x"14+ ] 2 dy—x"42— ——__(-— -—]
¥=-7 fezy; 448 m=¥3 2 oyx T ex

z—x‘l/z—%x“l-k[

oo
3

ey

3—2log (ux"”z)]
—8u?

— _x—l/Z_[%_}_% e——3] x—l__;_x—Ii/Z_ngx—Z'

Therefore, for x=2 we have

|E()|xV3 = 2—1/6+[%+% e-a) 2~2/3+_é,2—7/6+-6€T 2758 <15,

When 1=x<2 we have

1
E(x) = 1—=-(log x)*—2y,log x—7§ + 271

Moreover E(x) 1s strictly decreasing on (1, 2), E(1)=1 —3242y,<0.53 and
1
EQ2—)=1- (log 2)*~2y, log 2—73+27,> —0.52. Hence
|E(x)[x3 < 0.67.
When O<x<1 we have
1
E(x) = —= (log x)?— 2y log x =73+ 2.
Let
1
F(x)=— [5 (log x)*+ 2y, log x +73 — 2),1] 8,
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Then F(x)-»0— as x—-0+, F(x)>—o as x—>+o and F(x) has a local mini-
mum at x_ and a local maximum at x, where x. is given by

log xy = —2y,—3+Qy2+9+4y,)2.

Moreover O<x_=<x,=<I, F(x;)=3(logx.+2y)x{, F(1—)=2yp,—ys>—0.48
and
—1.641 < F(x_) <0 < F(x,) < 0.13.
Hence
|E(x)|x'/3 = |F(x)] < 1.641.

Lemma 2. Let
(G2 SO = Zasy (@ IT f )
Then for y=1,

12CS(y)—(log y)*~Azlog y—Ay| < Az~
1
Proof. Let g be as in (2.5) and (2.6) and define for w= ~3

(3.3) Gw) =" gmn=>.

Then it is easily verified that when w=0

- 2
(.4 S B g, <2 = (o 1260,
p>2 p—
Thus, be the identity theorem for Dirichlet series,
d
3.5 SOV = o 8m) Snzym 2L

Therefore, by (3.1),
00 50)= Zngom (Lo 2) + 2008 L 48-2+5(2)).

By (2.7) and Lemma 1,

(3.7) ‘ >, g(mE (%]l < 1.641y~13H [—%)

The main term in (3.6) is
(38) (3 Uogy)y+2y,log y+v5—2y:) G(0)+ (log y+2y9) G’ (0) + 3 G” (0).
By (3.3), (2.5), (2.6) and (2.3),

(.9) G(0) = % ]],>2(1+4L;22(p%_3’2’;“—2) =c1,
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By (3.4), when w=0

—2 —W 2
GW) = {ow+ D)2 (1 +2 )17»2(“17”(7——2))'

Hence
G =70

where

2log2 log2 2logp 2logp
Jw) = Wil 2p>2( G 1—pw(p—2)+2 .

Letting w—0+ gives, by (2.10) and (2.9),

(3.10) G'(0)=4,C.
We also have

G’ (w) = (W) +J(W)HG(w)
and

J'(w) =
Hence, by (2.11),

2% log?2 +3 [pr(p—2) log?p ~Zp“”fllogﬂr))
N N N

&(0) = (5 (tog 2y~ 4y 4] -

Therefore the main term in (3.6) is

1 1
oie (108 )%+ 4+ 240) Qog ) + 298~y + 430y - (log 2P Ay 43).

The lemma now follows from (2.12), (2.13), (2.15), (3.6) and (3.7).

Lemma 3. When n is even, let

1
(3.12) S,(2) = quz 1i(zqzlq [H pJ{ ) I]pl(q n) —1
Then
(313 5.0 = SO o 277
and, for z=1,
(3.14)

[2CS,(z) —(log z)z—%Ae(l) (log z)—-%A7(1)[ < %A8(1)2‘1/3+—}A9(1)z‘1.

S1
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Proof. Let s(q)=II,,p, the squarefree kernel of ¢. By considering the expan-
sions
2

- (2 1 -
p—2 = 2h=1[;] > T3 T 2 =1
it follows that

1

S, (2) = 2s<q)§zm-2 PRAC)

@,m=1

where f is the multiplicative function with f(p™)=2""1. Thus

f_(_q_)] [Zs(qnnf(qq)) r

s(gdry =z
S(qgln.qodd q

_ )
S"(Z) = Zs(dﬂ =TT 171 dr+z'1drs(dr) (2

1 1 2 22 !
= Dlsmy=z m Zklmf(k) len [ (1+ + =+ .. )]
(len P 2] S2(2),

which gives (3.13).
By (3.12) and (3.2),

S

5.2) = 3 S@+ [T rd
Let
(3.15) M(y) = (log y)*+ 45 log y+4,.
Then by Lemma 2,

[ = zM (u) ! S zAu~Y8
‘2CS2(Z)——M() f (Z+ )2 du| < A5 +f Tz_—l—_u_)z_ u

= -;—Asz‘l/3+z”1A5f: u=V3dy.

Therefore
1 2 zM (u) _
(3.16) |2CS2(z) ——2-M(z) f Gru )2du < 2A45z7Y3,
By (3.15),

zM (u) zM () =2M’(4)
f (Z-I-:j)2 [ Z+uu] fl z+u du.

The first term on the right contributes

ZA4
,Z+

——(1 gz)2~—1~A310gz———;— A,
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and the integral on the right contributes

fz (ogu)du+f

1u(z+ u) tu(z +u)du

On expanding z(z+u)™" as an infinite series in powers of u and interchanging the
order of summation and integration (obviously justified by bounded convergence)
the first integral becomes

- 22 u)" o o 1Y (z zh—1
Zh=of1 ;(——;) (log ) du = (log z)? +Z’h=12[——?) (Tlng——hz_]
- 2(_ )h -1
= (logz)*~2(log 2) (10g2)+ ~ i
Hence, by (3.15),

z ZM(U) ’
M( )+f (zt+u)? du = (log z)*+(4;3—21og 2) log z+ A4,
2 o 2(=1)p-t A 1
+%—A3log2—2h=1 (Zhh)z - +A3log [1—{-———-)

The terms in the series >, 2z~"(—1)"~1h~2 decrease in absolute value and oscil-
late in sign. Thus the series lies between 0 and 2/z. Also, by (2.16) A4;—2log2=

1 2 1 ‘

> As(D), by @17) A4+%——A310g2=ZA7(1), by (2.14) O<dA,<A;—2, by
1 1

(2.18) 245=— Ay(1), and by (2.19) A3——A9(1) Hence, by (3.16) we have the

lemma.

Lemma 4. Suppose that x=2A and z=(x/A)"2. Then
18CS,(2) —(log x)* — Ag(4) log x — A, (1)} <A3(A)x‘1/6+A9(4)xf1/2.
Proof. The lemma follows at once from (2.16), (2.17), (2.18), (2.19) and Lemma 3.
Lemma 5. Let
3.17 R(x,a,b) = sup P 1

ap+b prime

where the supremum is taken over all intervals I of length x. Suppose that L and
A=A(L) are related by the table below. Then, whenever x=e" and ab#=0 we have

8Cx
(log x)(4 +log x)

- 1/2 r—1
100 x )]]ﬁ[ﬁg p_2.

R(x,a,b) < (
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L A B L A B

24 0 0.97 48 8.2 8.2054
25 1 2.31 60 8.3 8.302
2 2 3.40 82 835 8.3503
27 3 4.28 100 837 8.3708
28 4 5.00 127 839 8.3905
29 5 3.58 147 84 8.4004
31 6 6.45 174 841 8.4102
34 7 7.24 214 842 8.4201
36 7.5 7.56 278 843 8.4301
42 8 8.04 396 844 8.44004
44 8.1 8.11 690  8.45 8.45001

Proof. We may suppose that (a,b)=1 and ab is even, for otherwise
R(x, a, b)=2 and the conclusion is trivial. Let N=[x] and let I denote a typical
interval of length x. For some integer M the integers h in I satisfy M<h=M+N+1.
Let

2 2
(3.18) z= (3 x] .
Then
Zoer 1=30 1+2r(2)+
ap+b prime (hah-+b), Q)=1

where Q=]],..p. Therefore, by Corollary 1 of Montgomery and Vaughan [4],

_ngP -t
80002 (Son G (o) (272
Hence, by (3.12) and (3.18),

R(x, a, b) = x(S,,(2)) 71 +2x12,
Therefore, by (3.13),

(3.19) R(x, 0, b) = ((52(2) 7 +25) [T 2= p_1

_2'

3
By Lemma 4 with /1=-2— we have

8CS,(2) > (log x)?+ F(x) log x

o3 ) 4G)

logx  xlogx x"?logx’

where

F&) = 44(3) +
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By (2.20), (2.21) and (2.22), F(x) is an increasing function of x for x>1 and
F(x)>=B (x=z=eb
where B is given by the above table. Hence, by (3.19),

8Cx 1,2] p—1
Tog B 1logx) 2% Mpa ;=3

(3.20) R(x,a,b) < (

—1/8

Since (log x)x is a decreasing function for x=e® and, by (2.4),

4CB=A)

3.21) (log x)(4 +logx)(B+log x) < =1

when x=e® and 4 and B are given by the above table, it follows that (3.21) holds
whenever x=e". Moreover (3.21) is equivalent to

8Cx 8Cx

1/2
(log x)(B+log x) 102242 < (log x)(4+logx) *

The lemma now follows from (3.20).

4. An auxiliary lemma concerning prime numbers

In order to treat N(x) we need to know that the prime numbers are fairly plenti-
ful, and are reasonably well distributed. This information is provided by the follow-
ing lemma.

Lemma 6. (i) Suppose that log x=17. Then

4.1 n(x) > +(0 991 )( x)'

(i) Suppose that log x=300. Then

“4.2) n(x) < +(1 0151)( x)2'
Proaf. We quote a number of results from Rosser and Schoenfeld [6]. Their
Theorem 2 gives
0(x)—x| < xe(x) (logx = 105)
where

X3e—X

e(x) = 0.257634 [1 4290642 96642]
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with X=(Rllogx)/2 and R=9.645908801. Now &(x)logx=¢e(x)X*R and
X4e~X js decreasing for X=11/4. Hence

4.3 0(x)—x| < (0'000154)é52 (logx = 3000).
The table on page 267 of Rosser and Schoenfeld [6], the use of which is described at
the beginning of their §4, gives values of ¢ and b such that
W(x)—x| <ex (logx = b).
Inspection of this table shows that

(4.4) WE-x< (o.ooszz)é; (22 = log x = 5000).

Theorem 6 of Rosser and Schoenfeld [5] gives

0(x) > ¥ (x)—(1.001102) x1/2—3x1/3  (x = 0).
Thus

x
f(x) = W(x)—(0.0003961)Eg—x (logx = 22).
Hence, by (4.4) and (4.3),

(4.5) 0(x) > x—(0.00862) é} (log x = 22).
Now

o) 0(v)
(4.6) ~ Togx f (log u)2

Writing 6=0.00862, y=e* we obtain for x=y

X o x 1 v d
(0 = logx ™ (logx)? +fy (logu)®  (logu)® d

x ox u 30
- logx  (logx)? + [(log w2 (log u)3] f (log u)?  (log u)4

X x _ d y(log x)z)
= logx+ (log x)? (1 “logx  x(logy)3)”

When log x=32

6  y(ogx)?
logx  x(logy)®

is a decreasing function of x and so does not exceed 0.00028. This gives (4.1) when
log x=32.
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Corollary 2 to Theorem 7 of Rosser and Schoenfeld [6] gives

x
0(36) = x—m (x = 678,407)
Let y=678,407. Then, by (4.6), when x=y we have
x 1 1 x x
n(x) log x40 (log x)? f (logu)? 40 (logu)® du Iog x 40 (log x)?

n [ u_ u 2u 3u ] f 6 12
(logu)® 40 (log u)3 (logu)® 40 (log u)* (logw)* 40 (log u)5

X X X 79—logx 3 _y(logx)3[ 2]]
logx  (logx)?  (logx)? 40 40logx x(logy)? logy

Hence, for 17=log x=35 we have

n(x) >

which is more than is required.
It remains to prove (4.2). We have 6(x)=y(x). Hence, by (4.3) and (4.4)

x
log x (log x)?

0(x) < x+(0.00822) é; (log x = 22).

Let y=¢*° and 6=0.00822. Then, by (4.6),

0 x 1 o
“.7) (%) < Togx ( I_OE)E) +fy (log u)? (1 + log u] dutm(y).
Let
=J; aog W
Then

[_[ u + 2 ]+/~ 6du N 2x + 61
~ Logw)* " (logupl, "> (loguy* ~ (logx)* * (logx)® " (logy)*”
Hence, when log x=300,

x
7 < 1.006818 Toga®
Similarly

f (1 (0003385)——-—( 5

Therefore, by (4.7), we have (4.2) as desired.
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5. The estimation of N(x) when x is small

Lemma 7. Suppose that 2=x=e*. Then N(x)>x/18.

Proof. Each of 2, 4, 6, 8 is the sum of at most two primes. Hence N(x)>x/18
when 2=x=67.

By considering those numbers of the form p+3 and p+5 with p=3 it follows
that

Nx)=ax—3)+n(x—5— 1—2’??2%;3 1.
If p=7 and p—2is prime, then p —4 is not prime whereas both p and p—2 are count-
ed by n(x—3). Hence
Dasp=c—3 2 = n(x—3).

p—2prime

Thus, when x=8,

N(x) é%n(x——?a)-l—n(x——S)—l = —g—n(x)—4.

By (3.3) of Theorem 2 of Rosser and Schoenfeld [5], when x=67 we have

2x
ﬂ(x)z W .
Y 32 . . x 1/2
We have >( ] whenever y>1. Thus, on writing y= [___) we have
logy 3Ye =
6 4
—m+§<0 for x> 2.

Thus

3 4 1

Qlogx)—1 x 18

is decreasing for x=67 and is positive when x=e".

6. The intermediate region

It is in the proof of the following lemma that the improved form of Lemma 5
plays a crucial role.

Lemma 8. Suppose that 24=log x=424. Then
N(x) = x/18.
Proof. Let
6.1) R(n) = 223§p1§u,3§pz$u 1
4

1T Py=n
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where v is a parameter at our disposal with

6.2 3=u=105%

Note that R(m)=0 when n=>x. Hence, by Cauchy’s inequality
(ZR(M)? = N(x) 3, R(n)

We also have

2’” R(n)2 = 2" R(")+223§p1<p2§u Zazp.{;p_l‘_%p%,é'fn:u 2.
Therefore, by Lemma 5 and (2.27), ’ '

_ 16CxNx)T(w)
6.3) 2R (Zn R =N ) = oS s
By (6.1),
(6.4) ZnR(m) = (n(w)—1)(n(x—w)—1)

and, by (6.2) and Lemma 6,

ax—uw)—1l=nax)~u=z=a

where
X Dx
@5 *= logx ' (logx)?
and
(6.6) D=0 (24=logx=42), D=099 (logx=>42).

Therefore, by (2.28) and (6.4),

. as(as— N) = as(Sp R(1) = N@) = (Sn RO)( S R(m)— N ().
et

6.7 B
then, by (2.29) and (6.3)

_ 16Cx
" (logx)(A+logx) *

as(as— N(x)) = BtN(x).
Hence

o252
as+ Bt

N(x) =

Therefore, it suffices to show that for suitable choices of u we have

oc2s2 x
—_— e —,
as+ft 18

By (6.5) and (6.7) this is equivalent to

(6.8) s (%-i— 1) (?4— 1) [183 (—?—-}—1]—1] —16Ct =0

59
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where
1 =logx.

For given A, D, u with 4=0, D=0 the left hand side of (6.8) is a decreasing
function of /. We choose our parameters as follows.

A=0, D=0, u=79 when 24=l= 42.
A=8, D=0.99, 1u=99989 when 42 <1=300.
A=8.43, D=0.99, u=99989 when  300</=400.
A=28.44, D=0.99, #=99989 when  400</=424.

These choices are in conformity with Lemma 5 and (6.6). Then on inserting in (6.8)
the corresponding values of s and ¢ given by (2.29) and (2.30) and the upper bound for
C given by (2.4) we see that the left hand side of (6.8) is positive when /=42, when
1=300, when [=400 and when [=424 respectively. The lemma now follows.

7. Preliminaries to the estimation of N (x) when x is large

Let
(7.1) K =200, y=x/(K+2),
(7.2) L=(3ky shy+y] (k=1,2..K)
and define
(7.3) R(n)=2p» L
p+p'=n
pElLLp €l
(1.4) w(n) =T 22
' T, 1
and , »
(7.5) =353 Rmwn)

Lemma 9. Suppose that log y=350. Then
8Cy

[log —%] [8.3 +log _;_)

Proof. By (7.3), R,(n)=0 when n=ky or n=ky+2y,

¥ <(NEx)-N ()

R, (n) = Zikyqq_%ky 1 when ky<n=ky+y.

n—pprime

R.(n) = Zn_%ky_y%péiky+y1 when ky+y<n=ky+2y

#—pprime
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Hence, by (7.5),
(76) ¥ = 2y<n§2y Rl (n)W (n) +211c(=2 2ky<néky+y (Rk (n) +Rk—1(n))w(n)

+ 2Ky+y<n§Ky+2y RK(H)W(H),

and, by (7.4) and Lemma 5, when ky+e*<n=ky+y—e®® we have
(1.7 (Re(m)+ Ry (m)w(n)
g ( u : y—u ]
=3c (tog u)(8.3+log u)+ (log (y—u))(8.3+log (y—u))

where u=n—ky. If instead ky+y—e*<n=ky+y, then

8Cu
(log u)(8.3+1ogu)

(Re(m)+Ry_4 (mMw(n) < [ — 100024 eeo]

and since u=>y—e*=¢'? it follows that
8C
(Re(m)+ Ry (m)) w(n) < -

(logy)(8.3+1logy)”

A similar argument gives the same inequality when ky <n=ky+€*. Also, by Lem-
ma 5, we have

8Cy
(log »)(8.3+1ogy)

Therefore the lemma will follow from (7.6) and (7.7) provided that we can show that

Ry (mw(n) <

(k=1 or K).

(7.8)
u + y—u = Jy
(lc.>g w)(8.3+logu)  (log (y—u))(8.3+1og (y—u)) (10g%) (8.3+log%)

1
whenever e"'oéuéf y. Write f(u) for the left hand side of (7.8) and consider it asa
function of the continuous variable u. For brevity write / = logu, m = log (y —u),
sothat 60=1= 10g% =m. Then

f,(u)__l(8.3+l)—8.3—21_ m(@B.3+m)—8.3—2m
T B@B3+D? m2(8.3 + m)

Now (I(8.3+1)—8.3-20)]"2(8.3+1)~* is strictly decreasing for 1=60. Thus
f’(®)=0 when m=1=60 and so (7.8) holds. This completes the proof of the lemma.
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8. A lower bound for ¥

By (7.4),
d
v = 3y, 1
Hence, by (7.5),
(8.1) v= > v,
where
_ n(d)
(8-2) Y, = 2 (P(d) 2 k(n)-
By (7.3), when y=4 and d is odd,
8.3) S B =2, Zpen 1
din dlp+p’ dlp+p’

1
Hence, by (7.1) and (7.2), this expression is zero when d>—2—x. Let

= _ k()
(8.4 g =2, fo<d ¢(d)2 Ry (n).
Then, by (8.2),
‘ = 1(d)
(8'5) T - ‘-‘k+ Zi:‘-—q)(d) Z, k(")-
Let
(8.6)

1 1 2
Mk=[‘5k}’], Nkz[‘z‘k}’+Y]—Mks Z=Zk=[§'NkJ s W=Wk=—1m'-

1
When d§3— y it follows from (7.2) that every prime p in I, satisfies p{d. Hence,
by (8.3),

1
8.7 Z’EIan (n)= @ 2 ymoaa X(= DS (O
where
(8.8 Sk() = 2 per, 2(0)-

Moreover each term in (8.7) is unaltered if we replace y by the primitive character
x* that induces it. Let d* denote the conductor of y. Then, by (8.5) and (8.7),

(8.9) Tk = ¢k‘Ak+9k+Ek



On sums of primes 63

where
_ p(d) * *\ 12
(8.10) o, = Zgu o (@7 Zgg,gdx (= DIS MPE,
u(d) * *\[2
@8.11) - 2,,>ﬂ¢(d)2 me.,d.,x( DIS N
(d) 2
(8.12) = 2 gty Zqmoaa 1 DISKDP:
Let
(8.13) Se=Zper L.

Lemma 10. Suppose that log y=350. Then
Proof. The length of I, is y and in (8.3) p’ is determined by p modulo 24. Hence

1
when d>—2— y, p’ is uniquely determined. Therefore

Z,.[ Ri(n) = Sy.
din
Hence, by (8.4),

d 2
l""kl - 2%y<d$}x ‘;((d)) Sk'
We have
11 u(ry?
(8.14) @ = Z,[a OR
Hence
u(d)? plr)? 1 p(r)? x
it 0@ = 2o o) Srmaem 2, s 00 (141985

Therefore, by (7.1) and (2.23),
15, = A10(1+10g(202))S;.
Lemma 11. Suppose that log y=350. Then

104] = 3302 S,

1
Proof. When w<d=— y, it follows from (8.8) that

Zonss IO = 00) T, cn, ey, 15 05 (541) = 22 s,

p=p' {modd) 2d
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Therefore, by (8.12),

3 wa)?
wk] = Sk Zd>w d(p(d)
By (8.14),
n(dy? p(ry* 1_2 1
2d>w d(p (d) Zrodd r (p(V) 2m>w/rﬁ = w HP>2[1+p(p__1)] ’

The lemma now follows from (2.23).
Lemma 12. Suppose that log y=350. Then
[4i} = 84,,wS,.
Proof. Clearly
meodd lSk(x*)|2 = 2r|d meodr ISk(X)lz = ZrSw (p(r) ZZPEIk p’eclx 1
d*=w r=w

=p’ (modr

= 3., oS [%—i—l].
Hence, by (8.6) and (8.11),

_ u(d)®
(8‘15) lAkl = 2§i{>—}y (p(d)2 ZWySk

Define the multiplicative function g by

g@=0, g@ = =2 g@H=0 (k=1

Then for odd squarefree d
1

¢ (d)?

= %Zrld g(r)

Hence
g 1 _4 (r)
Zd>_y (p(d)2 2 2 y o= ;2 r

r p2 m>5-m
21d

Therefore, by (8.15) and (2.24), we have the lemma.
Lemma 13. Suppose that log y=350. Then

D,

Proof. By (8.10),
P = 2 D hmodq X(— l)lSk(x)FZa (g((j))z

HV

i [ S ZSk(Nk——SklogS))
2 K 15(—2.9024+1log Ny)




On sums of primes 65

where >* means that we sun only over the primitive characters modulo g. Let

1

@ =1I,, =2
when g is odd and squarefree, and let f(q)=0 otherwise. Then, by (2.3),

2, KO @@

Hence
(8.16) B = 1 C 3 oy D@ Sy moag 2= DISKI2
Let
S@ =3, e@p)

where e(f)=e***. Then, by (2.6) of Montgomery and Vaughan [4], (7.2) and (8.6),

( )
q

When y is a character modulo ¢, let 7(x) denote the gaussian sum associated with ¥,

2
=S,.

-1

8.17) Zqéz[NkJr%qZJ ot

@, q)=1

"0 = S0 x0e ().

1
Then, for qé-z— ¥,

$i(2) = 5 Smes KO DS

q
S (E] @

Let g* denote the conductor of . It is easily shown (e.g. on page 67 of Davenport [1])
that |t(x)[?)=¢* when g¢/q* is squarefree and (g/q*, ¢*)=1, and that [t(y)]*=0
otherwise. Hence
. 2
a
s(g)
g

a1
Therefore, by (8.6) and (8.17),

Hence
2

q
a=1
(a,9) =1

—— > TGOS QO

=Z?qq/r ry=1 #Q(Dq(/‘g : meOd"lSk(X)lz

(a,9)=1

Zréz Wr’.)' (stz/r I’L(m) . 1 —1) meodr ISk(X)IZ = Ska

(m,r)=1 (p(m) 1+rmz
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By Lemmas 3 and 8 of Montgomery and Vaughan [4] and (8.6), whenever

rEw
we have
r u(m)? 1 z
_ . > (0.361 +log —.
() 21",,,—’§§'=1 o(m) 1l4+rmz1! E7
Hence

(8.18)  Ssorew (0.361+1og§] S noar SO = SN, — 52(0.361 +log 2).

There is only one primitive character y modulo 3, and for that character we have
x(—1)=—1. Hence, by (8.16),

1

@k = C(S;?—ngqgwf(q) Z;modq ISk(X)‘Z)'

N

Therefore, by (8.18),

@, = ; C (SE— FS,Ni+ FS2(0.361 +log 2))
where

S

F = max P
0.361+10g71—

S=q=w

The lemma will now follow from (8.6) if we show that the maximum occurs when
g=5. Consider the function of «

« (0.361+1og§] (=a=2)
This has its maximum when a=z exp (—0.639), i.e., by (8.6), when a=w. Hence

it is strictly increasing when 5=«=w. Therefore, when 7=¢g=w and q is odd and
and squarefree we have

1@ =[17mp12] [
q

0.361+log =
q
By (8.6) and the hypothesis log y=350 this is

1 1 1
0.361+10g%) 3 7[0.361+10g%)

1

15 [0.361 +log -g—]

-

This establishes that the maximum occurs when g=5 and completes the proof of
the lemma.
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Lemma 14. Suppose that log y>350. Then

_c logS) .Y ( 2.9267J
Ye=13 [[8+logy S log y 1+ logy Sef -

Proof. By (2.25),

y .
(log )

6.314,y < e300

Hence, by Lemma 10 and (2.4),

€ 1o-s0._Y

2 1/2 z
By 86), y—1<Ne<y+1, z=(§—Nk) W
(log y)®. Therefore, by (2.25), Lemma 11 and (2.4),

1
Therefor —— y12=> !
eretore w>200y >e

y
—50
=510 Tog ) F

2\
Similarly w<(?Nk) <yt2<e=1%y (log y)~2. Hence, by (2.26), Lemma 12 and
2.4),

(8.20) 16,

=€ o0 Y
(8.21) |4, = 15 10 Tog ) S
We have
N, y (1 1 ) (1 2.9024 )*1 y
< —_ —_ =
—2.9024+log N, logy ¥y log y logy
y logy log y (2.9024) log y ]
2, .
+ oz y® (log y)? ( +(2.9024) —2.9024+logy = y(—2.9024+1ogy)

Since log y=350, this does not exceed

———4(2.92667) ———

lg ‘(log y* )2

—2.9024+1log N, < —2.9024+log (y+1) < log y.

We also have

Hence, by Lemma 13,

C log 5) ¥y ( 2.92667)
= (s 2 _ )
15 [( + logy St log y 1+ log y St

The lemma now follows from this and (8.9), (8.19) (8.20) and (8.21).

D,

IIV
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We now have to estimate S} from below, and the following lemma gives a sui-
table bound.

Lemma 15. Suppose that log y=350. Then

Zf=1 Sk >
Proof. By (7.2) and (8.13),

Ky [1 3.6581J
log y logy

(8:22) St Si= (3 Ky+3y)+ (3 Ky +y) == (3 7)~n ).
By (4.1), when A=1 we have

Ay
(log Ay)*

Ay 1 ( logy ( logy ]2)]
= Tozy (I— Togy (ogl) Tog 13 (0.9911) Tog iy .

Moreover, when A=exp (1.9822)

n(ly) > A +(0 9911) —r

(log 2)z—(0.9911) 22

is an increasing function of z for z=1 and (log y)/log Ay is an increasing function
of y bounded above by 1. Thus

/1 log 4)—0.9911
(8.23) T(Ay) > y [1— (log I)ogy ]
By (4.2),
¥ 1.0151 ]
m() = log y (I logy
and

77) = gy (1 iy (082 iy 00130 (575 )
n(zy)< oy 1+logy (log2) /2+(10151) Togy/3

_ (l 0.85683)
logy \2 logy J°

Therefore, by (8.22) and (8.23),

Ky [l— Ayp )

K
S
=15k > Tog y log y
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where
1 K—I—l[ K+1 ]
Ay = K[ 1= (10 5= ~0.9911
+ ng [log K;rz —0.9911J+1.0151+0.85683].

The lemma now follows from (7.1).

9. Completion of the proof of (1.1)

In view of Lemmas 7 and 8 it suffices now to show that
©.1) N(Xx)—N(y)>—— 18

where logx=375 and y is given by (7.1) (so that log y=>350).
By Cauchy’s inequality and Lemma 15,

3.6581

- J2;‘+lsk.

K S2—_ 2 (
2k=1 k (Zk 1 k) logy logy

Therefore, by Lemma 14 and (8.1),

C log5 3.6581 2.9267
po O [8+ < ]{1— ]—(1+ ) V3K s,
15 logy log y logy ))logy
C [ 30.5989) y
> 17—
15 logy ) logy

Zklk

Thus, by Lemma 15 again,

©.2) ¥ - C ( 56.2056] Ky*

15U logy ) (ogy)"

Since log y=350 we have

[log%] (8.3 +log %)

(logy)?

(8.3—1log 2)log 2]

o |
—-1+Tgy' 8.3 210g2— logy

6.8986
logy °
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Therefore, by (9.2) and Lemma 9,

_ Ky [ 56.2056] ( 6.8986)
Nx-NG) = 120 = logy logy
Ky [ 9.0233] Ky

Hence, by (7.1),
N(x)—- N(y) = (0.0578)(x—y),

which gives (9.1) and so completes the proof of (1.1).

10, The computations

The different products taken over all primes p with p=q were computed in the
following manner. Consider

Q = [l =/ ()
R=logQ = 3 ,=4logf (D).
In each case it is possible to expand log f(p) in the form
Zf=r+1ajp—j/r'
Usually r=1, but in the case of (2.8) it is necessary to take #=3. Thus
R = Z?=r+1aqu(j/r)
Pq(S) = Zp;q .

The value of P,(s) can be easily deduced from the corresponding value of the prime
zeta function

or equivalently

where

P(s) = Py(s).

For some values of s this has been computed by Fréberg [3]. In general the value of
P(s) can be obtained from the relation

P(s) = Sy, 0k log (ks).

Since log {(ks)~log (14+2~*)~2~* this converges more rapidly than the geometric
series

S @7
However the convergence is still quite slow when s is close to 1. For instance, to find

4
P[E_] correct to 10 decimal places would already require about 25 terms. This dif-
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ficulty was surmounted by using instead the relation
Py(s) = 2, n(k)k " log Ly (ks)

Cq(ks) = Hp-zq(l '_p_s)—l = {(s) ]]2‘§p<q(1—p—s)-

We chose ¢=19 and terminated the summation at k=15, Then the relative error is

where

P19(S)—12:=17 ﬂ(k)k—l log {14(ks)

1 1
and since n—sé—z—f"“u" du, so that Sls(s)§1+19‘s+—2—f;;u"du, the re-

n—1
lative error is majorized by
S oo 27.—1 —ks 11 19y —16s -1 —22
19° 3= u(k)*k~119 1+T€(§5] < 1971157 < (2.4)1072,

Thus we have only a small error in P,(s) provided that log {;4(ks) can be computed
with a small error. Since {,4(ks) is close to 1 when ks is large it is necessary, in order
to avoid loss of accuracy in this case, to write x={;4(ks)—1 and to calculate
log(1+x) as
1 1
——y2 L 43
X 5 X4+ 3 X°—...

This in turn requires an accurate estimate for {;4(s)—1 when s=1. This was ob-
tained, without much cancellation, from the relation

L10(s) = (5(9) H3A§p‘§l7 1-p~9
l(®—1= THa;péu A-p+U

T=_2apn™°

nodd

rewritten as

where

and U is a finite sum consisting of powers of primes not exceeding 17. The sum T
was computed, as usual, via the Euler—Maclaurin summation formula and the rest
of the calculation introduced only rounding errors.

As a check on the programme we also computed log{;4(s) as

ks Pro(ks)k™?

for different values of s. In no case was the difference larger than 107" log {;4(s).
All the sums and products needed were computed by using the calculated values

1
of Pyy(s). For example, in the case of (2.8), the general factor in H (~—3—] when
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p=3 is given by
4 3p+2 2
+ +
P*~2)  p(p-2)  p(r—2

and on writing z=p~1® this becomes

1+ 35 e 2*

14

with
=3, ¢c=4, ¢, =21 (k=3D), ¢g=2""" (k=3l+1, k=31+2)

when [=2. The logarithm of this has an expansion of the form
Ziea bz

be= Zizjep DTV 0 e Oy

tetl=k

where

1
We calculated H (—3—] by truncating at k=62. This probably gives rise to a

truncation error <10~**, However this is quite difficult to prove. Instead the follow-
ing crude argument suffices for our purposes.
Clearly, when 0=z=9/16.

SrealbyzF =—log (1 — e ckz").

Hence
- 6 Y (9 9
|Zandl= (5] rlg) (0=2=7)
where
4z° 3244227 228 ]
F@) ——tog (125 322222 )
Thus
F(ng) <35
and
63
IZI:;ss byz* < 3.5 (—1-96—2) .

It follows that

4 3p+2 2 62
log IT,s10 (1+ -2 e p(p—z)] = 2=y ePro (/D +E

where

|E| < (3.5) (199]63P1,,(21) <101,



On sums of primes 73

The coefficients b, were evaluated exactly by a computer programme when k=62.
Then the prior estimates for Pig(s) give

52 b Pio(k/3) = 0.8850635511946....

The estimate (2.8) now follows.

The series containing log p and (log p)? were computed as derivatives, via the
relation

gs—k p~—f(p) = (—log pYp*f(p),

by Richardson extrapolation with successive differences h=0.08, 0.04, 0.02, 0.01.
An analysis of the errors arising shows that, using floating point, double precision
arithmetic (61 bits=18 decimals) throughout we obtained about 16 decimal places
in function values, 14 in first derivatives, and 12 in second derivatives.

The very laborious computation of T'(x), given by (2.27), for all primes u<10%
was speeded up in the following manner. First of all the value of

p—1
H?Ez p—2

was calculated for each even d<10° and stored. Then for each prime u the value of
T(x) was updated from the value of T for the previous prime by adding on the contri-
butions arising from each d with d=wu—p and p<u. This required about

1
5—7r(10"’)2%46-106 accesses to the values stored at the beginning. Using double

precision arithmetic we finally found
T(99989) = 80096030.30...

correct to at least 10 significant figures.
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