ON THE ENERGY OF THE
GRAVITATIONAL FIELD AT SPATIAL INFINITY

Piotr T. Chrudciel*"

Abstract: Different frameworks for defining energy at spatial infinity are reviewed.
Some new results concerning the definitional uniqueness of energy-momentum are

presented.

1. INTRODUCTION

There have long been at least five different frameworks which allow to define
energy and momentum at spatial infinity, but it is only recently that one has been
able to answer the question, can one define global gravitational energy in a
unambiguous way. The aim of this paper is to review the known and present some
new results about the definitional uniqueness of energy-momentum in each of these
frameworks. The approaches discussed here can be naturally divided into two groups,
the first in which a Cauchy surface is the fundamental object one deals with, the
second in which a four dimensional space-time is the starting point of the analysis.
The problems arising in three dimensions, discussed in chapter 2, are much better
understood because in that case one can ignore our lack of knowledge of the long time
behaviour of solutions of Einstein equations. In the Cauchy setting one can uniquely
define a number m and an O(3) vector pi which are usually called energy and
momentum.  Unfortunately our understanding of the four dimensional picture,
discussed in chapter 3, is far from being complete. In the natural four dimensional
coordinate framework we present two sets of conditions under which definitional

uniqueness of a four-vector p” can be established. It should be stressed that one
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would like to be able to prove uniqueness under weaker conditions. We also present a
condition under which the ambiguities in the Ashtekar-Hansen structure of spatial
infinity can be analyzed, but the general case for this definition still remains an open

problem.

In this paper we shall not attempt to derive (whatever this means) the various
expressions which are used to define energy-momentum, the reader is referred to
[As3] [BOM] [Fa] for a satisfactory analysis of this issue in the ADM spirit, to [Kil]
[Ki2] [Chl] [Ch2] for more fancy four-dimensional symplectic methods. In this paper
we shall be concerned with spatial infinity - the reader interested in energy at null
infinity is referred to the review papers by Trautman [Tr], Goldberg [Go], and
Ashtekar [As4], which also contain many references to early work on problems

relevant to spatial infinity.

2. THE 3+1 APPROACH
As noted in the introduction, this is the approach in which the most complete
results have been obtained. We shall distinguish between the ADM coordinate

approach and Geroch's attempt to geometrize the ADM ideas.

2.1  The ADM Framework

In this framework ([ADM], cf. also [As3] [AG] [RT] [BOM]) one assumes the
existence of preferred asymptotically flat coordinate systems in which the metric has
some decay properties towards the flat metric as r goes to infinity. More precisely,
one considers coordinate systems defined on IR3\K, where K is conditionally

compact (i.e. open and its closure is compact), in whichl

(2.1.1) g~ 0= o(r 12 0,8 = or™%/2) |

0,8, € L2R*\K) , *R(g) € L*RA\K) ,

1 r=06Y it |f] < c+)® forsome 0< CeR; £=00™ if Lmr ®f=0, at infinity
or at the origin, whichever case occurs being usually obvious from the context, 1(x) =

{Z(Xi)2}1/2

. The signature is —+++ .
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and the metric is uniformly elliptic in IR3\K :

gij(x)Xin >c) (Xi)2 , forall x¢ [R?’\K , X eR? ,

for some ¢ € R\{0} . One then defines

0 _ o 1 _
(2.1.2) p =lim 16W§S(R)(gik,i gii,k)dsk

and the limit is taken as R goes to infinity. We have:

PROPOSITION 2.1.1: ([Bd] [Ch2] [OM] [Sol]) Under (2.1.1) the integral (2.1.2)

converges to o finite value.

PROPOSITION 2.1.2: ([Ba] [Ch2]) The integral (2.1.2) is an invariant in the class of

coordinate systems satisfying (2.1.1).

The decay of the metric g; - 5ij = o(rnl/ 2) is the best possible [DvS]2.
Proposition 2.1.2 is a consequence of the foll(‘)\“&ing "asymptotic symmetries lemma',

which shows the strong rigidity of the structure underlying (2.1.1):

PROPOSITION 2.1.3: ([Bq] [Ch2]) All ¢! coordinate transformations’ preserving

(2.1.1) are of the form

y=ux e ¢l €00), (=o', ¢ =0l ¢ =0l
If one moreover requires
8= 05+ b0 1+ oY), g =y (00" + o),

then Ci must be of the form4

2 It has been pointed out to the author by J. Bicak that this has probably been first observed by
Mgller.

. . . ) . k .
3 It can be shown that if y(x) is C1 and the matrices g representing the metric are C~ in

+
both x and y coordinate systems, than y(x) must be Ck 1 .

4 This can be established using proposition 2.1.3 and the methods of [Ch2].
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Ci = Cifn(r) + (i( 6,0) + o(r_l) , C' constant.
Let us note that due to the constraint equation
3 _ i) 2 _ u_ v
R(g) =K Kij— K* + 167y, u—TWn n”,

the condition 3R(g) e L' will be satisfied if Kij € L2(|R3\K) (finite "kinetic energy"
of the gravitational field) and if u € Ll([R3\K) , where p is the matter density (finite

amount of matter). These conditions are sufficient to ensure that the integrals

(2.1.3) D= 1im1—5§ Kias.
R T dsm) )

converge and transform as an O(3) vector under the transformations of proposition
2.1.3. if the matter current ji = Tiun” belongs to Ll([R3\K) . Proposition 2.1.2 and
the above remarks imply that in the class of metrics for which there exist coordinate
systems satisfying (2.1.1) one can in an invariant way define the two numbers pO ,

1Bl = {Z](pi)z}l/2 , and the number
m={(p)? - 181%}/2

(cf. [Ba] [BM] [Ch3] [OM] where it is shown that the square root makes sense under
the weak conditions considered here if the dominant energy condition holds), which we
shall call the mass of a three-dimensional asymptotically flat end. Let us note that
that one can also meaningfully speak of infinite mass under certain conditions, the

interested reader is referred to [Ch3].

2.2 The Geroch Approach.
At the heart of Geroch's description of spatial infinity [Gel] [Ge2] is the
observation, that if one applies the inversion X o yi = xi/r(x)2 to an asymptotically

flat metric in the sense of the previous section one will obtain

(221) g=gdx'd = {§+0(r(x)")} dx'dx = rly)™ {,+0(x(y) )} dy'dy’,
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so that the metric gij = r(y)4gij is continuous at the origin. Geroch considers the set

M =M U {io} , where i is a point (say the origin of the coordinates yi) and

0
describes the asymptotics of the metric g in terms\of local properties - in a
neighbourhood of the origin - of the metric g. In order to do this one needs to
introduce some structure on £ . There is a standard one point compactification
topology with which  can be equipped, the simplest way of defining a differentiable
structure on £ is to declare the coordinates yi we just have introduced by inversion

to be smooth, but there is no uniqueness in this structure: one can perform a

coordinate transformation of the type considered in Proposition 2.1.3,

l—CL’) 1+0./)

Xo%=x+ O(r , and then define yi = )‘(i/rz(i). One has yi = yi + O(z(y)

which is a differentiable transformation, but not in general C%. One can include such
coordinate transformations in the basic structure by enlarging the atlas on A in a
way which we describe below, but are these all ambiguities that arise? The following
example, due to B. Schmidt, shows that there can be non-uniqueness of C structure
when considering metrics which are merely continuous. The standard flat metric

on R?
ds? = dp? + p2du?
expressed in terms of coordinates
(2.2.2) r=p,e=U-m%,0<a<1,
takes the form
(2.2.3) ds? = (1+a2£n2(a_1)r) dr? + 20t % r drdy + r2dcp2.
In "rectangular" coordinates xt = T COs ¢, x? = rsing, the metric (2.2.3) is of the form

ds” = {6,40(en® )} d'ax = g dxd),
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and the coefficients g are continuous at the origin since a -1 < 0. It is easy to
check that the functions g; are smooth for r > 0 and that the transformation (2.2.2)
is continuous, smooth for r > 0 , however it is not ¢! on R?: the derivatives
8yi/ ) , Where y1 =rcosV , y2 =1sinV , are bounded but have no limit at p=0. It
follows from this example that the requirement of continuity of a metric may be
compatible with many differentiable structures (we just have exhibited a one
parameter family of them). As will be discussed below, the addition of the
requirement of Holder continuity of the metric together with an associated condition
on the rate of blow-up of its derivatives fixes the Cc® structure of A uniquely.
Before presenting our results in detail some terminology will be needed. Let f be a
C! function defined in a neighbourhood O of the origin in R® . We shall say that f
is of class Ak,a ,k>1,a€(0,1], if there exists a constant C such that

(224)  |0f(x)-8£0)] < Cr%, L ClE a1t 9 < i<k,

f will be said of class Ak if fe Ak,l and if the limits

(2.2.5) lim r Y(84(xh) - 9£0)), ..., lim 1729, &, f(rd)
I"‘)O 1 1 r_}o 11.. 1k

exist, where # is any unit vector. A pair (./f[,io) will be called an Ak a(Ak)

manifold if £ is equipped with an atlas in which the transition functions are of

Ak a(/_\k) class, io being the point where the derivatives are allowed to blow up. We
?

shall say that a function f is of class Bk o if f satisfies

)

1(x) - £(0)] < Cr%, |af] < Cc® L . 18 4 f] < Cr@k.
1 ..y

On an Ak o manifold one can define B 0o bensors, ¢ < k-1, ie. tensors the
7 ¢

components of which are B ‘o

t

in local charts. Analogously B ‘ functions and tensors

are defined by the requirement that the following limits as r tends to zero

lim 1™ {f(r1) - £(0)}, ..., lim 1510, £(x1)
{

exist and are finite. Following Geroch [Gel] [Ge2] we define:
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DEFINITION: A three dimensional Riemannian manifold (M,g) will be called

asymptotically flat if there exists an Ak a( A ) manifold #£=MU {io} ,k >2 ) with

)
a Bk—l, a(Bk—l) metric g and a conformal diffeomorphis\m M- ,j{\{io} , such
that the conformal factor 0 defined by g = Q_Q\If*g can be extended to a function

Q: AR U {0} satisfying

>0 on J{\{io}, Q(io) =0,
V€A (B (A 0)),
V Vi) =28, (3)-

In [Ch4] the following has been proved:

PROPOSITION 2.2.1: A Bk_1 a conformal structure on an Ak M ,io) manifold,

705(
a€(0,1), k >3, defines the Ak o differentiable structure uniquely.

PROPOSITION 2.2.2: A Bk_l(J{,iO) conformal structure on a three dimensional
manifold M defines uniquely a three parameter family of Ak(./( ,iO) differentiable

structures. Two inequivalent structures differ by a transformation of the form
(2.2.6) yi =x+ (Cir2 - 2Ckxkxi) £n(r)
where C' is a constant vector.

Proposition 2.2.2 implies in particular the existence of a three parameter family of
inequivalent conformal completions of an asymptotically flat (in the sense of section
2.1) Riemannian manifold. Let us derive an expression for the ADM mass in the
conformal framework. It is convenient to start with the Ashtekar-Hansen formula for

the ADM mass ([AH], cf. also section 3.2, equation (3.2.8)):

(2.2.7) pO =lim & I 4R0i0jninj dQS, n'= Xi/r , d%s = sinf do dy,

-0 8T S(r)

which holds if (2.1.1) holds and if one moreover assumes

(2.2.8) Buﬁng: o(r_5/2), T = o(r_3).

Ly
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From the Codazzi-Mainardi equations and the decay conditions on the metric and on

the energy-momentum tensor one has

0
(2.29) p
87rr_m0 87Tr_)00

= Llimf}; 2 %R alndd®s = L lim r3(3R..-3Rg../4)ninjd2S.
S ij S 1j 1j

The formula for the transformation of the Ricci tensor under conformal changes of the

metric yields
ln, _ & _lps ~15% 0 _ 10250125
Rij - ZRgij = Rij - 4Rgij +0 ViVJ.Q 2(2 | V82| g

(we have dropped the superscript 3 on the Ricci tensor since no confusion is likely to
occur), so that after performing an inversion yi = xilr(x)"2 , setting Q = r(y)2 , one
obtains
0 _ 1 4. 15 _ lps 155 0 _ 102150125 \Fi0 qqi
(2.2.10) p° = o7 (1111(1)1 s Q (Rij 4Rgij +0Q ViVjQ 2Q |V gij)VQdS ,
d

where S d denotes either a coordinate ball r(y) =d or a geodesic ball (with respect to
the metric g ) of radius d . The convergence of the integral (2.2.10) and its
independence upon the choice of 2 in the appropriate class can be either derived in
the conformal framework making use of proposition 2.2.1, or follows directly from the
results of the previous section. A formula for p, can be derived by inversion in a

straightforward manner. Let us finally note the following propositions:

PROPOSITION 2.2.3: Let (Jll,il,gl), (./It2,12,g2) be two Aka conformal

completions, « € (0,1) , k > 2, of an asymptotically flat three dimensional
Riemannian manifold (M,g) . There exists an Ak o conformal diffeomorphism

between Jll and le.

PROPOSITION 2.2.4: A Bk_l(J{ ig) s k 22, asymplotically flat metric on a

manifold M defines uniquely o three parameter family of inequivalent Ak

differentiable structures on A .
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Remark: Proposition 2.2.3 and 2.2.4 improve by one order of differentiability the
results of propositions 2.2.1 and 2.2.2 when a preferred (physical) metric is singled out.
It should be noted that the proof of propositions 2.2.3-4 i§ considerable simpler than
the proof of 2.2.1-2. '

Proof: We shall prove proposition 2.2.3, proposition 2.2.4 can be established in a

similar way. In local A, o charts {xi}7 {yi} in neighbourhoods of i and i, we

2
have

g = g;,dx'dx] = {g(0)+0(x(x)M}dx'dx, 0, = g (0)xx+0((x)*"%)
2 2 i, (2 Oy a4 i ] 2 i 2+
g = gl dy'dy’ = {g](0)+0((y) M)} dy'dy), 0, = g (O)y'y+O(y)*" ),

and performing linear coordinate transformations if necessary we have
g%j(O) = g?j(O) = §ij . The inversions x =% = xi/r(x)2, yi - yi = yi/r(y)?‘ give two
asymptotically flat coordinate systems for the physical metric g, and the result

follows by proposition 2.1.3.

This last proof clearly illustrates that the results about the coordinate
structure, as in the previous section, are equivalent to results about Geroch's
completions - in particular propositions 2.3.1 and 2.3.2 may be used to prove

proposition 2.1.3 by reversing the argument of the last proof.

3. THE FOUR DIMENSIONAL APPROACH
We shall start this chapter with the natural coordinate approach which goes
back to Einstein [Ei] and Klein [KI]. A fundamental contribution to this formulation

is due to von Freud [vF].

3.1  The Einstein-von Freud definition of energy-momentum.
In this approach one assumes that in a neighbourhood of the slice t =0 there
exists a four-dimensional coordinate system {x*} , x* ¢ Q , in which the metric

satisfies
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a-1

(3.1.1) |gW MV‘ < C(1+) %, Iaog;wl <C(+) a0,
(3.1.2) T, = o, e>0,
(cf. [Ch3][OM]). If a > 1/2 one defines
b 3 ueofy Ap ov
(3.1.3) p¥*= lim 16%35(}():}{)( B0, 8% 48 45
t=0

where X* is any vector field of the form XF=vH+ O™, Y”,y = 0. Under (3.1.1)
and (3.1.2) when @>1/2 (3.1.3) reduces to (2.1.2)-(2.1.3) so that the integrals
converge as noted in section 2.1. Because of the unpleasant transformation properties
of the integrand of (3.1.3) the number m? = —naﬁ PoPg could a priori assume quite
arbitrary values (cf. e.g. [DvS]), it turns out that under some hypotheses which we
present below one can establish rigidity of the structure associated with (3.1.1),
allowing to deduce that m is uniquely defined by the four-dimensional asymptotic

structure of the space-time. Let us note the following result [Ch5]:

PROPOSITION 3.1.1: Let {x"} = Q_, {y*} = Qy be two coordinate systems, suppose
that (8.1.1) holds throughout Q_ and Qy with some constants C_, Cy , € (0,1],
suppose that the slices x* = const. and yO = const. are spacelike submanifolds, let QX

and Qy contain boost-type domains:

X o [ M 0
QXDQHX,RX,TX'"{X .r(x)ZRX,|x|<0r +T}

IA

Q DQG R T = {y“:r(y) zRy, |y0| 0yr(y)+Ty}

(Tx and Ty are allowed to be equal to plus infinity)s. Let F denote the coordinate

transformation y* = ®#(x?%), wherever defined, let NE = {x cx0 = =0, > R}.

5  The subscripts x and y in TxR etc. do not denote a pointwise dependence of the
y

constants Tx and Ry but are meant to indicate that the constant in question is associated with

the coordinate system {xu } or {y'u’ }.
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If
X Y
(N R) C Q& RT
Y'Yy
then NI}; is the graph of a Lorentz transformation and a slowly growing term:
- _]__
(3.1.4) e St A T e e T I

1F<ca i 0<a<1, |¢* < Clr) if a=1.

Remark: If one assumes that the equalities

(3.1.5) k  (8,p)r > %)

uv,o o +o(r

9

8~ N =K 00T w0, g

hold throughout ©_ and Qy , it is simple to show that

(3.1.6) yH = A/Ijxy+ H0,0) + Cen(r) + o(1), C* =0,

Vv
- A= B o7,

9

7 45= Xagl bl + o(72).

Outline of the Proof: The idea of the proof is to use the transformation laws of the
connection interpreted as a set of differential equations for the functions y(x)
2 U Voap
(3..7) pern R b S e ey
to obtain a priori estimates on the behaviour of 6y”/ % and 02y”/ Bxaé?xﬁ . The

first step of the proof is to show that r(y(x)) goes to infinity as r(x) does. Next one

shows that
(3.1.8) ¢ hr(x) < 1(y(x)) for x € N?{.

The proof of (3.1.8) involves consideration of Riemannian distance with respect to a
rather unnatural supplementary metric one introduces on the hypersurface x° =0 - -
this is a technical trick and the author believes there exists a more natural argument

which leads to this inequality. One notes that (3.1.7) and (3.1.8) imply an alternative:
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either the derivatives (?yu / &Y are uniformly bounded or the sum of their squares
uniformly tends to iﬂfinity as 1(x) does. If the derivatives are bounded the final
result follows in a straightforward manner from (3.1.7)-(3.1.8), and to prove that they
cannot blow to infinity one shows that there exists at least one curve extending to
infinity along which the derivatives remain bounded. One checks that if there exists a
spacelike curve in space-time which is well behaved in both coordinate systems, i.e. if

there exist constant vectors n”x , n’}'f such that
(3.1.9) x¥= n”s+o y”:n’;s+o dx”/ds-n”+o dy“/ds—n”+o

then all derivatives dy*/8x® tend to finite limits along this curve as s goes to
infinity in virtue of (3.1.7) and (3.1.8). The obvious idea for a candidate curve is to
consider geodesics (but maybe a simpler choice exists?) and one is therefore led to ask
how do spacelike geodesics behave asymptotically. The estimates (3.1.9) are
established in the appendix B of [Ch5] for spacelike geodesics which remain
simultaneously in some x and some y coordinates boost-type domains - this last
step requires the introduction of the hypothesis that the x and y coordinates cover
at least some boost-type domain. To complete the proof one shows that under the
hypotheses above there exists at least one geodesic which lies both in an x and a y

boost-type domain.

Proposition 3.1.1 allows us to prove a reasonably satisfactory result about the

definitional uniqueness of m for vacuum space-times:

PROPOSITION 3.1.2: Let (M,g) be a vacuum space-time, let {y”} be a coordinate

system on M covering some boost-type domain , T € (~oo,m] , let (3.1.1)
0 R ,T

YUYy
hold in 90 R.T with some constants C € R*, o€ (1/2,1] . Let N_ be a spacelike
N A
submanifold of M , NX C 936', R.T and suppose that there exists a coordinate system
YUYy
{x} on N_,{x}> Nl’; = {x:1(x) > R }, such that the induced metric &; and the
X

extrinsic curvature tensor KV satisfy
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(3.1.10) lg.-6.]<Cr % ..10 .0, g.|<Cr%®,
xl 15 1]

KV < o ®h 10 .0 K9 < o @t
14

Then the invariant mass of N_ is equal to the invariant mass of the slice y0=0 .

Proof: A simple extension of the boost theorem [COM] shows that one can construct a
four dimensional coordinate system {xﬂ} covering some boost type domain in which
(3.1.1) holds. Proposition 3.1.1 implies that the coordinate transformation yH(x%) s
a boost plus a "supertranslation", and it is well-known (cf. e.g. [Ch3]) that such

transformations leave m invariant.
The hypotheses of proposition 3.1.1 consist of:

hl)  a condition on the largeness of the coordinate system {x”},

h2)  a condition on the largeness of the "reference" coordinate system {y*},

h3)  a condition on the asymptotic behaviour of the metric in the respective
domains of definition of coordinates x and y , Qx and Qy,

h4)  a condition on the way the slice x" =0 is embedded in Qy.

As is shown in the proof of proposition 3.1.2, the boost-type domain condition is not
too restrictive when dealing with vacuum asymptotically flat metrics. We also know
from the boost theorem [COM] that (3.1.1) will hold in boost-type domains with slope
f < 1. In the non-vacuum case no boost theorem is available, so that no result along
the lines of proposition 3.1.2 has been established. Hypotheses h1) and h4) appear to
be superfluous in the sense that one would expect them to follow from asymptotic
flatness. Let us show that in the 1+ 1 dimensional case the asymptotic symmetries

theorem is valid under much weaker assumptions:

PROPOSITION 3.1.3: Let dimM=1+1, let {x'} =0 c R?, {y"} = a,c R% be
two coordinate systems on M, let ®  denote the coordinale transformation

y” = dH(x% , wherever defined. Let the slices x = 0, yO = const. be spacelike, suppose
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that there ezists a constant C  such that (3.1.1) holds for x € NE = {xo =0,
r(x) 2R} C QX and for y" e @(NE) . There ezists o Lorentz matriz Aﬁ and a
constant C’ such that (3.1.4) holds for x € Nl’;.

Proof: Let t :=x S b= y0 , X 1= x! , Y= y1 . The curve x - y#(t=0,x) has infinite
proper length therefore multiplying y“ by minus one if necessary we can assume that
the limit as x goes to infinity of y(t=0,x) 1is plus infinity. Let E=/¢nD ,
D:= {2)(8y”/0x0‘)2}1/2 . From (3.1.7) we have

' 24
- -2 8 a _ (4 ’ o
(3.1.11) dE=D 2% —a\éxjdx =1 dx¥-17dy®,

where

c+ |xt)y ¥,

IA

P p
t,=D zgx%rgﬂgxla
;=20 OyH L ayP
foz:D ZQLI‘ w oy

1\-o-1
(9Xﬁ ap(?x'e CL+1y1) .

IN

Let I'_ De the straight line {XO =0,x'=s,s€ [so,xl]} . We have

1 _ o P
E(0,x7) - E(O,so) = JF fadx - JI‘ fady .
X X

The first integral is clearly finite whatever x!. To evaluate the second let us note

that by lemma 1 of [Ch5] I can be parametrized by y = yl, so that
7 7 / 1
lJr v < Jr |£:(dt/dy) + 17| dy* .
X X

Since I‘x is spacelike we have |dt/dy| < C in virtue of our hypotheses so that the
last integral is also finite whatever x1 , therefore E is bounded and (3.1.4) follows

from lemma 3 of [Ch5] .
Returning to four dimensions, let us write the condition NE C QX in the form

0 |
(3.1.12) Plyx € i lyx + T,
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There exists a condition similar in spirit to (3.1.12) whose geometric meaning is a

little more obscure and which allows to weaken h1) and relax h2)6 .

Proposition 3.1.4: Let {x"} = Q. and {y"} = Qy be two coordinate systems, let @
denote the coordinate transformation y” = Qu(xa) , Wwherever defined. Suppose that
NI’; ={x"=0,1(x) >R} C Q_ and that for x¥e N2 yPe <I>(N§) (3.1.1) holds with
some constant’ C , and assume that t(y(x)) goes to infinity as r(x) doess. If

(3.1.13) ylgx = o)),
R

there exists a Lorentz matriz A/Zf such that (3.1.4) holds on Nﬁ .

Proof: Suppose that the derivatives (?y“ / %% are not uniformly bounded on NX |
therefore by proposition 2 of [Ch5] we have, for r > Iy s [at)a] > Clr(x)a’ ,
EI&t/Oxil > C2r(x)a , where t := x° , t(xi) = y0 (t=0, xi). Consider any integral

curve I‘x C N; of grad(t) parametrized by the distance parameter s starting at x
0

let n' = dxi/ds = gradi(t)/[grad(t)l . Along I we have dt/ds = nigradi(t) =
0

0 ?

|grad(t) > C’rcl’+a which implies t(s) > ¢’s + t(0) , in particular ' cannot stay
0

within a ball of finite coordinate radius R and thus r(s) tends to infinity as s does.

Let x be any point lying on I‘x . From ginin 2C E(Xi)2 we have
0

t(x) = t(xo) + JI‘ dt/ds ds

*o
> t(x) + c'r%s = t(x) + et @@)1/2@
="\ I % r gij du du
X, X,
> t(xo) + J c’c1/2radr/du du
F X
*o
> 2c(r1+a_ r(l)+a) + t(XO) )

6  The proof of this proposition is due to R. Geroch.
7 It is not assumed that (3.1.1) holds throughout Qx and Qy .

8  cf. also lemma, 2 of [Ch5] .
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u being any parameter along I‘x , and for sufficiently large r(x) one has t(x) >
0

c”r1+a(x) which contradicts (3.1.13) therefore all the derivatives dy" / oY remain

bounded and the result follows from lemma 3 of [Ch5] .

Let us note that for sufficiently large r(y) the function y0 is equivalent to the

Lorentzian distance d(y) from the point {y”} to the hypersurface y0 =0:
¢ ld(y) < 1571 < cd(y) .

On the other hand for r(x) > L for some 1, r(x) is equivalent to the Riemannian

distance o{x) on N}’; from some fixed point x, € N; to x € Nl’; :

¢’ To(x) € r(x) < ¢’a(x) .
These remarks shed some light on the geometric content of the condition (3.1.13) .

3.2  The Ashtekar-Hansen Approach

The relationship between the Ashtekar-Hansen approach and the coordinate
approach of Section 3.1 is similar to the one between the Geroch and the ADM
approach: one replaces some coordinate conditions in "exterior regions" by coordinate
conditions in the vicinity of a point (differential geometry). While, however, the
Geroch approach is entirely equivalent to the ADM one, nothing is known about
generic existence of space-times satisfying the Ashtekar-Hansen (AH) conditions.
The AH requirements turn out to be satisfied by the Kerr family of metrics, so that
the whole framework is not vacuous, moreover the conditions given by these authors
contain a useful knowledge about the global structure of space-time very difficult to
capture in terms of coordinate systems of the previous section, so that there is little
doubt that the AH conditions deserve some attention. The most important still
unsolved problem of the Ashtekar-Hansen approach is the potential lack of uniqueness
of their structure. In this section we present a condition under which the AH

completions of a space-time turn out to be quasi-unique.
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The AH conditions are essentially the requirement that the metric be better
behaved, in local coordinates in a neighbourhood of "spatial infinity" conformally
transformed to a point, than what one obtains by a straightforward Lorentzian
inversion, applied to metrics as considered in the previ;)us section: in terms of
coordinates y* = x#/ (xaxa), xo‘xa = nlwx”x’/ , a metric of the form (3.1.1) defined

on a boost-type domain Q with slope ¢ smaller than one takes the form
P 9

R, T
(3.2.1) ds” = (y% o) 2(m b Jay#dy”, b | < CO)(y)®,
with huv defined on a wedge WH,R—l :

Wﬂ,ez{yu: |y0t < Oe(y),r< €,

and C(#) will generically blow up to infinity as # goes to 1. If 8 is the Kerr
metric and if the coordinates x* are carefully chosen (cf. [AH]) one obtains a metric

defined in W1 P with

(3.2.2) < Cr

Ith
with some constant C , but it seems that one cannot avoid a blow up of the first

derivatives of the metric as one approaches the light cone of i, = {y*=0}:

(3:23) 19, (65,0,0)1 < Cy1t1/1), 16,8 b ftr,0,0)1 < Cy (I81/1)7

with C1 and C2 being, say, monotonically increasing functions from [0,1) to R*
which tend to infinity in a reasonably mild way as one tends to 1: if we define, for

0<p<1,
n
gm=h%@m,
we have, in the Schwarzschild case (cf. [Ch6])

(3.2.4) g0 < Cy(n), | C(ndn <,
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with some constant ¢ . Proceeding in the spirit of Ashtekar and Hansen we shall say
that a space-time (M,g) is asymptotically flat if there exists a triple (A ’f’io) ,

called a completion of (M,g), such that

1) M=MU {io}

2) there exists no timelike curve in £ from any point in M to iO ,

3) there exists a coordinate system in M covering at least a wedge
W, ¢ €0, such that iy = {y”=0} and in which (3.2.2)- (3.2.4) hold?,

4) In M the metric g is conformal to g, 8 = Q_ng , and in the
coordinate system as in point 3) © satisfies

limQ =0, l@m(’?aQ:O,

Yo o

and vy“ewu, 10,050 - 20,1 < Cr

with some constant C . Ashtekar and Hansen also assume that for all |5| < 1 the
limits

(325) iirél haﬁ(t = I'?7,I‘,(9,Lp)/1‘, %‘lr(r)l Buhaﬁ(t=r777raea(p)7 i_lfél auayhaﬂ(t:rﬂaraea(p)r 9

exist and are finite. One can in an obvious way formalize along ihe lines of section 2.2
the structures described above, we shall leave this as an easy exercise to the reader. It
is natural to consider two completions as equivalent if the appropriate coordinate

gystems in the vicinity of i o are related to each oterh via a transformation of the form

yu = A'(foy + r%’u(t/r,ﬁ,go) + o(r2)

with Aﬁ - a Lorentz matrix , ¢* - bounded and appropriately differentiable. Two
completions will be called almost equivalent if they differ by a coordinate

transformation of the form

9 The ultimate motivation for (3.2.4) is, that it is satisfied by the completions of the Kerr metrics,
and that this condition allows to prove theorem 3.2.2.
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y# = A’;XV + (CMXQXa - QXMXO{CO!)[R(I’) + rzg‘“(t/r,ﬂ,cp) + o(r2) ,

C¥ - a constant vector. A completion (A, f’io) will be called geodesically regular if

for every spacelike geodesic T' of the physical metric g -extending up to i0 there

€ R such that for all y*(s) e and s > s

exists numbers #T') < 1 and S o e
havel0
(3.2.6) r(y(s)) < o) 1y%s)1 -

In [Ch6] the following has been proved:
PROPOSITION 3.2.1: Ewvery completion of a Kerr metric is geodesically regular.

The above is one of the motivations for the introduction of the notion of geodesic

regularity. We also have [Ch6] !

THEOREM 3.2.2: Let (M,g) admit o geodesically reqular completion (Jll,y,io) .

Then all completions of (M,g) are geodesically regular and almost equivalent.
From Theorem 3.2.2. and the results of [As2] it follows:

THEOREM 3.2.3: Let (Jt,f,io) be a geodesically regular completion of a space-time

(M,g). The total energy-momentum of (M,g) is a uniquely defined four vector at iO .

Let us for completeness recall a simple derivation (cf. [Ch3]) of the Ashtekar-Hahsen

formula for the four-momentum. Simple algebra leads to the identity

- U lh 0YB 3Py Vsl 03 Dy 1.0
(3.2.7) 2d({-detg € X g F,Ypdx ) = ~{-detg € XFR pde Adx

afY~V_vp oL Xrat -1-2a
+35wa 0,08 g eaﬂxiﬁdx Adx” + O(r )

where XM is any constant coefficients vector, d denotes exterior differentiation, and

we have assumed that (3.1.1) and

10 This condition could be violated by spacelike geodesics which are asymptotically tangent to the
light cone of iO .

1 ¢f. [Ch6] for more general results if (3.2.4) is not assumed to hold.
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-2-Q
Igwj’aﬂl < C(1+r)

hold. If one also assumes that (3.1.2) holds then Raﬂ uw may be replaced by the
Weyl tensor Caﬂw/ with a supplementary O(r_znf) term added to O(r—l_Qa) .
When integrated over a sphere r(x) = const the left hand side of (3.2.7) gives zero by
Stokes theorem and the limit of the second term at the right hand side of (3.2.7) gives
327rpuX” so that if 2a > 1 we have

L 1 — pV~0f Pr 40
D, X = }1{1111 397 §S(R)4 detg EW(WX x C pgdx Adx

The double dual identity for the Weyl tensor

o _ ~of
€uvaﬂc pa_C 7% pcrozﬂ

gives the Ashtekar-Hansen formula:

p_lim 1 UV 1008 off _1 af 7 v
(3:2.8) p XV =110 16”35 (R)J_——dethW(wadS , 451 axbnax.

3.3  The Background Metric formulation.

The idea of using a background metric to define energy-momentum goes back
to Rosen (cf. [Ro] and references therein) and seems to have been rediscovered more or
less independently by several authors ([AD] [Chl] [Fr] [GPP] [Ka] [NAS] [Sor]). The

idea is to replace (3.1.3) by

(331)  p(X)-= élm%§ L XEEI Ay o7 (et dS

r(x) =R
where = fy p is a background metric, a bar denotes covariant differentiation with
respect to the background and Xt s a Killing vector of the background metric. It
seems that in the asymptotically flat case the most natural thing to ask is that the
background metric f » be equal to the Minkowski metric Ny in the coordinate

system in which (3.1.1) holds, so that one is in fact back in the situation of section 3.1,

gaining however the flexibility of using non-asymptotically Minkowskian coordinate
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systems in actual computations. (3.3.1) can also be used to define energy in
non-asymptotically flat space-times ([AD] [AM] [Chl] [HT] [DrS]), one should
however bear in mind that the expression (3.3.1) is potentially background-dependent.
For this reason a definition of energy via (3.3.1) for a given \set of boundary conditions
should be implemented by a proof of background independence, in the appropriate
class of backgrounds singled out by the boundary conditions. In this respect the
analysis of [AD] or [HT] is far from being complete, the numbers one obtains in the
asymptotically anti-de Sitter space-times can be potentially as meaningless as pu
calculated for asymptotically Minkowskian space-times in coordinate systems in which

8 tends to hW as T /2 (cf. [DvS] [Ch3] [OM]).

Returning to Minkowski space-time, it appears natural to admit in (3.3.1) any
background for which, in a coordinate system in which the physical metric satisfies
(3.1.1), the background metric also satisfies (3.1.1) (cf. also [Pe] for a similar approach

at null infinity). Let us note the following:

PROPOSITION 3.3.1: Let Qx c Rt ,n >1, be connected and simply connected,

let fMV be a flat metric defined on QX satisfying (3.1.1), suppose that

N¥={x"=0 ,1(x) >R} c Q. There exist functions z°*: Q_ - R2*1 satisfying (3.1.4)
R b4 X

along Nl};m such that
fw/dxudxy = —(dzo)2 + E(dzi)2 .

Proof: Let x,€Q_, let e*(x define e*(x) as

0 O)
the parallel transport of e*(x

be any orthonormal frame at X

0) along any curve from X, to x. By simple
connectedness of QX and by flatness of fW the tetrads e* are well defined and

covariantly constant. This implies in particular

(3.3.2) [ea,eb] = Veaeb - Vebea =0,

12 1f QQ,R,TC Qx then (3.1.4) will hold in Qtp,R,T .
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where e, are vector fields dual to e* . Define the functions z* as solutions of the

equations

(3.3.3) dz®* =%, z%(x

The integrability conditions of (3.3.3) are satisfied by (3.3.2). (3.3.3) shows that
nabdzadzb = 77abea‘eb =f " de”dxv ,

in particular det(dz%/dx" )2 = _det f;w # 0 so that the transformation z*(x") is a

diffeomorphism. Let us show that the tetrads e® are of the form

. - -o-1
(3.3.4) eZ = A; + hz , AZ - a Lorentz matrix, thl < oY lﬁUth < Cr .
Since the frame is covariantly constant we have

a _n0 _a
(3.3.5) ; ey Ful/ea .

L = Yee? . (3.3. i
et e Eeueu (3.3.5) gives

_-l, -l a a V_ -l an0 _ag UV _ ~1-0n 3,V
d(fn(e)) =e "de=¢e Eeueu’ydx =e Eeul‘uyeadx =0(r ydx”

so that by Appendix A of [Ch5], e has a finite angle-independent limit at infinity, in

particular all the coefficients e are bounded. (3.3.5) and Appendix A of [Ch5] imply

a
1
(3.3.4), a simple analysis of (3.3.3) and (3.3.4) yields (3.1.4).

Proposition 3.3.1 implies that p(X) is background independent for a > 1/2
in the class of backgrounds described above: in the coordinate system given by
proposition 3.3.1 we have

_lim 3
P(X) = R 167r§( )

r(x)=
t=0

LeoBy. Ap ov oV
RX@\W?; Mol =T ) 80g

oV _ (,OV_cOV\  _ OV OV
p = &), =87

which will give no contribution in the limit if « > 1/2) , the term involving

(r-1—2a)

and

(g + "D(g-f)" termis which are O

derivatives of %7 is the negative of the four momentum of the flat metric f ) which
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proposition 3.3.1. It should be emphasized that the family of admissible backgrounds,
as introduced above, is potentially dependent upon the choice of the coordinates one
started with, to free oneself from those one can make appeal to the results of section

3.1.
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