Triangulations of non-proper semialgebraic Thom
maps

MASAHIRO SHIOTA

ABSTRACT. In [S3] I solved the Thom’s conjecture that a proper Thom map is
triangulable. In this paper I drop the properness condition in the semialgebraic
case and, moreover, in the definable case in an o-minimal structure.

1. Introduction

Let 7 be always a positive integer or co, X and Y subsets of R™ and R",
respectively, and f : X — Y a C" map (i.e., f is extended to a C" map from
an open neighborhood of X in R™ to one of Y in R™). A C” stratification of f
is a pair of C” stratifications {X;} of X and {Y}} of ¥ such that for each i, the
image f(X;) is included in some Y; and the restriction map f|x, : X; — Y; isa C”
submersion. We call also f : {X;} — {Y;} a C" stratificationof f : X — Y. We call
f: X =Y a Thom C" map if there exists a Whitney C” stratification f: {X;} —
{Y;} such that the following condition is satisfied. Let X; and X; be strata with
XN (X;—X;) =0. If {ax } is a sequence of points in X; converging to a point b of
X and if the sequence of the tangent spaces {T,, (f|x,) '(f(axr))} converges to a
space T'C R™ in the Grassmannien space G, m/, m' = dim(f|x,) " (f(ax)), then
To(f|x, ) ' (f(b)) € T. We call then f: {X;} = {Y;} a Thom C" stratification of
f:X =Y. In [S3] I solved the following Thom’s conjecture.

THEOREM 1.1. Assume X and Y are closed in R™ and R", respectively, and
f: X =Y is a proper Thom C*> map. Then there exist homeomorphisms T and
7 from X andY to polyhedra P and Q, respectively, such that mo for ™' : P — Q
is piecewise-linear.

Here a natural question arises. Whether can we drop the properness condition?
Indeed, the condition is too strong for some applications. For example, the natural
map from a G-manifold M to its orbit space is a Thom map but not necessarily
proper provided the action G x M 3 (g,z) — (gz,r) € M? is proper (see [MS]).
In the present paper we give a positive answer in the semialgebraic or definable
case. A C7 stratification f : {X;} — {Y;} of f : X — Y is called semialgebraic
(definable) if X, Y, f, X; and Y; are all semialgebraic (definable, respectively,) and
{X.} and {Y;} are finite stratifications.

THEOREM 1.2. Assume X andY are closed and semialgebraic (definable in an
o-manimal structure) in R™ and R", respectively, and f : X =Y is a semialgebraic
(definable, respectively,) Thom C* map. Then there exist finite simplicial complexes
K and L and semialgebraic (definable, respectively,) C° imbeddings 7 : X — |K|
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and 7 :Y — |L| such that 7(X) and w(Y) are unions of some open simplexes of K
and L, respectively, and wo for= 1 : 7(X) — n(Y) is extended to a simplicial map
from K to L, where |K| denotes the underlying polyhedron to K.

The theorem does not necessarily hold without the condition that X is closed
in R™. A counter-example is given by X = R*—{(z,y) ¢ R* : 2 = 0, y #
0}, Y = R? and f(x,y) = (2,2y). Such f is not triangulable in the weak sense
that there exist C° imbeddings 7 of X and 7 of Y into some Euclidean space R"
such that 7(X) is a polyhedron and mo fo7~ ! : 7(Y) — 7(X) is extended to a
piecewise-linear map 6 : 7(X) — R" for the following reason. Assume there exist

7 and 7 as required. Then 7(X) is of dimension two and 6~!(y) is of dimension
0 for each y € 7(Y) because 6 is piecewise-linear and G\T(X) is injective. Hence a
small compact neighborhood U of 7(0) in 7(X) does not intersect with 6~ (7 (0))
except at 7(0). Choose a point (x71,z2) in X with 25 # 0 so close to 0 that the half-
open segment L with ends (0,72) and (z1,72) in X is included in 7=*(U). Then
f(L) — f(L) = {0} and 7o f(L) — 7o f(L) = {x(0)}. Hence (7(L) — 7(L))NU =
{7(0)} or (7(L) — 7(L)) NU = @ since §~(x(0)) = {7(0)} in U. The former case
contradicts the definition of L and the fact that 7 is a C° imbedding, and the latter
does the fact that U is compact.

An open problem is whether a Thom C! map f : X — Y is triangulable in this
weak sense under the condition that X is closed in R" or, equivalently, X is locally
compact.

2. Tube systems

If r is larger than one, C" tube at a C" submanifold M of R" is a triple
T = (|T|,m, p), where |T| is an open neighborhood of M in R", w : |T| — M is
a submersive C" retraction and p is a non-negative C" function on |T'| such that
p~1(0) = M and each point # on M is a unique and non-degenerate critical point
of plr-1(z). We will need to consider a C' tube. Assume M is a C' submanifold
of R". Let |T| be an open neighborhood of M in R", 7 : |T| — M a C' map
and p a C! function on |T|. We call T = (|T|,m,p) a C* tube at M if there exists
a C! imbedding 7 of |T| into R"™ such that 7(M) is a C? submanifold of R™ and
7.T = (7(|T]),Tomor Y por~1)is a C? tube at 7(M). (See pages 3340 in [S2],
which says the arguments on tube systems in [G] work in the C*! category.) A C”
tube system {T;} for a C” stratification {Y;} of aset ¥ C R" consists of one tube T}
at each Y;. We define a C” weak tube system {T; = (|T}|,7;, p;)} for the same {Y;}
weakening the conditions on p; as follows. Each p; is a non-negative C° function
on |T};| with zero set Yj, of class C” on |T;| — Y; and regular on Y;» N 7rj_1(y) -Y;
for each y € Y; and Y. Note a C" tube system is a C” weak tube system if {Y;}
is a Whitney stratification by Lemma 1.1.1, [S2]. In the following arguments we
shrink |T);| many times without mention.

We call a C" (weak) tube system {77} for {Y;} controlled if for each pair j and
§ with (Y, —Y;)NY; £0,

7l'jO7Tj/:71'j and pjoﬂj’:pj on |TJ|Q|TJI‘

Remember there exists a controlled C” tube system for a Whitney stratification (see
[G] and [S2]), note if {T}} is such a C" tube system then the map (7}, p;)ly, ;|
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is a C" submersion into Y; x R because
(75, i)y, nry) 0 w0 = (75, p5)  on [T;[ N [Ty],

and if we assume only mjom; = m; on |T;|N|T}| then 7|y, ;| is a C" submersion
into ;. In the case of a C" weak tube system (7, p;) \yj,mT_j |-y, isa C' submersion
into ¥; x R. Let f: {X,;} — {Y;} be a C” stratification of a C" map f: X =Y
between subsets of R™ and R", respectively, {T' jY = (|YJY|, W;/, p}f)} a controlled C”
(weak) tube system for {Y;} and {TX = (|TX|, 7%, pX)} a C" (weak) tube system

for {X;}. We call {T;*} controlled over {T)"} if the following four conditions are

satisfied. Let f be extended to a C” map f : Us|TX| — R".
(1) For each (,j) with f(X;) CYj,

forX=m¥of on|TX|nF NI}

(2) For each j, {TX : f(X;) C Y;} is a controlled C" (weak) tube system for
{Xi: f(Xs) C Y}
(3) For each pair i and ¢ with (X, — X;/) N X; # 0,

oy =7 on [T N|T.

(4) For each (i,7) with f(X;) C Y; and (¢/,j") with (X — X)) N X; # 0 and
[(Xy) C Yy, (7, Flx, njrx| is a C" submersion into the fiber product X; X(fmY)
(Yy 0 |T)|)—the C™ manifold {(x,y) € X; x (Y; N|T)]) : f(x) =7 (y)}.

Note (4) is equivalent to the next condition.

(4)' For (i,7), (¢,j') asin (4) and for each x € XyN|T;*|, the germ of 7, [ x At~ (f(2))
at x is a C” submersion onto the germ of X; N f~*(x) o f(x)) at 7% (2).

This definition of controlledness is stronger than that in [G]. In [G], (4) is not
assumed. However, if f : {X;} — {Y}} is a Thom map then (4) immediately follows
from (1), (2) and (3), and existence of a C” tube system {T;X } for {X;} controlled
over a given controlled C” tube system {7} for {Y;} is known (see [G] and [S2]).
We shall treat a C! stratification f : {X;} — {Y;} of f which is not necessarily a
Thom C' stratification but admits a controlled C' tube system {7} for {Y;} and
a C' weak tube system {T;¥} for {X;} controlled over {T}"}.

In [S3] theorem 1.1 is proved in the following more general form.

THEOREM 2.1. Let f : {X;} — {Y;} be a C* stratification of a C* proper
map f: X — Y between closed subsets of Fuclidean spaces. Assume there exist a
controlled C™ tube system {TJY} for {Y;} and a C> tube system {TX} for {X;}
controlled over {ij}. Then there exist homeomorphisms T and m from X and
Y to polyhedra P and @, respectively, closed in some Fuclidean spaces such that
mofor l: P — Q is piecewise linear and 7(X;) and w(Y;) are all polyhedra. If
[ X} = {1 {TXY and {TjY} are semialgebraic or, more generally, definable
in an o-minimal structure, thenm we can choose semialgebraic or definable T, w, P
and Q.

(Note a semialgebraic closed polyhedron in a Euclidean space is semilinear,
i.e., is defined by a finite number of equalities and inequalities of linear functions.)
Moreover, the proof in [S3] shows the following generalization though we do not
repeat its proof.
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THEOREM 2.2. Let f: {X;} — {Y;} be a C! stratification of a C* proper map
f X =Y between closed subsets of Fuclidean spaces. Let I denote the set of
indexes i of X; such that f|x, is not injective. Assume there exist a controlled C*
tube system {TJY} for {Y;} and a C' weak tube system {TX} for {X;} controlled
over {T}"} such that {T;* :i € I} is a C* tube system for {X; : i € I}. Then the
result in theorem 2.1 holds.

We will prove theorem 1.2 by compactifying f : X — Y in theorem 1.2 and
applying theorem 2.2 to the compctification. There are two unusual problems which
we encounter. First the arguments do not work in the C? category and apply the C!
category. Secondly we construct {TJY :Y; CY}and {T/ : X; C X} by induction
on dimY; and dim X; but the induction of construction of {T7X : X; ¢ X — X} is
downward. The two inductions are not independent and we need special conditions
(iv) and (ix) for tube systems in the proof below. It is natural to ask whether we
can extend f to a Thom map f. The answer is negative. To keep the property that
f is a Thom map also we use (iv) and (ix).

3. Proof of theorem theorem 1.2

Proof of theorem 1.2. We assume X is non-compact and X and Y are bounded
in R™ and R", respectively, by replacing R™ and R"™ with (0, 1)™ and (0, 1)"
respectively. Then X — X and Y — Y are compact. Let f : {X;} — {Y;} be a
semialgebraic Thom C' stratification of f : X — Y. Then we can assume f is
extendable to X. Apply Theorem I1.4.1, [S1] to the function on R™ measuring
distance from the compact set X — X. Then we have a non-negative semialgebraic
C? function ¢ on R™ such that ¢~'(0) = X — X and ¢|gm _(x_x is of class O
Choose € > 0 € R so that ¢ is C* regular on ¢~1((0, €]) and let ¢’ be a semialgebraic
C* function on R such that ¢'(0) = 0, ¢’ is regular on (0, €) and ¢’ =1 on [, o).
Set

®(z) = (¢ o p(x), ¢’ o p(x)x) for x € X.
Then @ is a semialgebraic C'! imbedding of X into R™*! such that ®(X) is bounded

and ®(X) — ®(X) = {0}. Hence replacing X with ®(X) we assume X — X = {0}
from the beginning. Moreover, replace X with the graph of f. Then we suppose
X is contained and bounded in R™ x R", X — X C {0} xY, f: X — Y is the
restriction of the projection p : R™ xR"™ — R" and hence f is extended to a
semialgebraic C! map f: X =Y.

By the same reason we assume Y — {0}. Note then {Y;,0} is a semialgebraic
Whitney C' stratification of Y. Let {T}} be a controlled semialgebraic C" tube
system for {Y;} and {T7*} a semialgebraic C! tube system for {X;} controlled over
{T)"}. Assume the set of indexes of ¥; does not contain 0, set Yy = {0} and add Y,
to {Y;}. Then we can assume there is a semialgebraic C! tube Ty = (|Ty |, 7Y, o3 )
at Yp such that {TjY, TY : j # 0} is controlled for the following reason.

Let |Ty| be the closed ball B(e) with center 0 in R™ and with small radius
€ > 0 (we treat closed balls in place of open balls for simplicity of notation), and
set ¢ (y) = 0 and, tentatively, p¢ (y) = |y|? for y € |Ty'|. Then the condition
py oy = p¥ on [TY|N |TjY| for j # 0 does not necessarily hold. For that condition

J
it suffices to find a semialgebraic homeomorphism 7 of R™ of class C'! outside of
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0 and such that 7(0) = 0, 7 = id outside of B(e) and py o7} o7~! = p} on
B(e') N 7(|T)]) for j # 0, shrunk |T)"| and some € > 0.
Let Y; be such that dimY; is the smallest in {Y; : 0 € Y;, j # 0}, and choose €

so small that pg |y, zy| is C' regular, which implies that pe "H(€?) is transversal

to Y; for any 0 < ¢ < e. Set Yj(¢/) = Y;Npy *(¢?). We will define a semialgebraic
homeomorphism 7; of R" of class C'! outside of 0 such that 7;(0) = 0, 7; = id
outside of B(e) and p§ o7} o7, ' = p§ on B(e/2) N 7;(|T}|) for shrunk |T}].
Since the problem is local at Y;, we can assume by Thom’s first isotopy lemma (see

Theorem I1.6.1 and it complement, [S2]) that
1Ty |NY; = Yj(e) x (0, €], after then, |Ty | N |TjY| =U{y+Ly,:yeY;(e)}x(0, €]

and w}/ (y+2,t) and p} (y+2,t) are of the form (y, W}/’(y—i—z, t)) and ¢, respectively,
for y € Yj(e) and (z,t) € L, x (0, €%], where L, is a linear subspace of the tangent
space Typp ' (€?) of codimension =codim Y; in R™ such that the correspondence
Yj(€) >y — Ly € Gy codimy; is semialgebraic and of class C' and W}/’ is a semial-
gebraic C' function defined on U{y + L,} x (0, €?]. For simplicity of notation we
write Uyey, (o) {y} X Ly as Yj(e) x L. Transform Y;(e) x L x (0, €] by a semialgebraic
C! diffeomorphism (y, z,t) — (y, z/kt*,t) for sufficiently large integer k. Then we
can assume

orY’
0) |7} (y+z1)—t| <€/28 and | 8; (y+2,t)—1] <1/4 for |z| <1
since ' (y,t) =t.

Let ¢ be a semialgebraic C' function on R such that 0 < ¢ < 1, £ = 1 on
(=00, 1/2), £ =0o0n (2/3, o0) and |%| < 7. Set

Ti(y + 2, t) = (y + 2, (1 = £Q2t/)E(|2)t + £(2t/2)e(|1zD)m) " (y + 2, 1))
for (y,2,t) € Yj(e) x L x (0, €*].
Then 7; = ) if t < €2/4 and |z] < 1/2, 7; = id if t > €2/3 or |z| > 2/3 and,
moreover, 7; is a diffecomorphism because

0

51 (L= €@/ )eD)t + &t/ e (2D (v + 2,1)) — 1]

Y/
< 6PV ~ T2y + 20 + | o (1) e~ 7+ 2, D)l
<1/44+1/4=1/2 for |z| <1.
Thus we can assume py o) = py on [Ty | N [T} ].
Repeating the same arguments by induction on dim Y} for all Y}, with 0 € Yy
we obtain the required 7. Here we note only that for j* with Y;, — Y DY}, though
Y;/(e) is not compact, (0) can holds. Indeed

oy = py ow}/ Oﬂ'}// =py ow}f on |Ty | N |TjY| N |Tj},/|.

Hence when we describe ﬂj}f as above there is a semialgebraic neighborhood U of
Y;(e) x (0, €] in Y/ (e) x (0, €?] such that
ﬂ}f’(y +z,t) =t for (y,2,t) € Yj(e) x Ly, x (0, €] with (y,t) € U.

In conclusion we assume Y is compact.
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If f:{X;} — {Y;} is extended to a Thom C! stratification of f : X — Y,
then theorem 1.2 follows from theorem 1.1 in the C! case. However, such extension
does not always exist. Instead we will find a semialgebraic C! stratification f :
{X}} = {Y]/} of f, a controlled semialgebraic C' tube system {T}'} for {Y},} and
a semialgebraic C! weak tube system {T;*'} for {X,} controlled over {T)} such
that {X/ }|x and {Y }|y are substratifications of {X;} and {V;}. Here {Y}} is a
Whitney stratification but {X/,} is not necessarily so.

Set Z = X — X, which is compact. Note Z = {0} x f(Z) and f|z is a home-
omorphism onto f(Z). Let {Y},} be a semialgebraic Whitney C" substratification
of {Y;} such that each stratum is connected, f(Z) is a union of some Y/’s and
{Xi, {0} x (Y, N f(2))} is a Whitney C! stratification of X, which is constructed
in the same way as the canonical semialgebraic C* stratification of a semialgebraic
set since f(Z) is closed in Y. Note {Y],} satisfies the frontier condition. Set

(XL} ={x:nT  (¥}),Zn{0} x Y},}.

Then {X/} is a semialgebraic (not necessarily Whitney) C! stratification of X;
{X!, N X} is a substratification of {X;}; f: {X.} — {Y]/} is a C" stratification of
f; we can choose {Y},} so that for each Y, {X], : f(X1) = Y]} is a Whitney C!
stratification for the following reason.

Assume Y}, ¢ f(Z). Then Y/ N f(Z) = 0 and there is Y; including Y], By
definition of {X/,},

(X0 F(X) =Yy ={Xin T (Y))}

Therefore the assertion follows from the fact that given a Whitney C” stratification
{My, M}, a C" map g from M; UM to a C" manifold N such that g|as, and g|as,
are C" submersions into NV and a C" submanifold Ny of N then {M;Ng=*(Ny), MaN
g 1(N1)} is a Whitney C™ stratification.

Next assume Y}, C f(Z), and let le/l and X£§ be such that f(XZf;c) =Y, k=
1,2, and (Xzf,1 - Xl{i) N le/z # (. Then we need to see (XZ(,I,X;,Q) can satisfy the
Whitney condition. Since f|z is injective, there are only two possible cases to
consider: X, = X, ﬁ?_l(Yj’,), k= 1,2, for some iy and iz or X}, = X, ﬂf_l(Yj’,)
and X{,Z = {0} x YJ\. In the former case there is j such that Y}, C Y;. Hence the
Whitney condition is satisfied by the same reason as in the case of Y}, ¢ f(2).
Consider the latter case. If {X{,1 {0} x Y]} is not a Whitney stratification, let Y}/
denote the subset of Y, consisting of y such that (X; ,{0} x Y},) does not satisfy
the Whitney condition at (0,y). Then Yj'/ and hence Yj’,’ are semialgebraic and of
dimension smaller that dimY,. Divide Y, to {Y}, =Y}/, Y]/} and substratify {Y, N

= J
f(Z)} by downward induction on dimension of Y}, so that the above conditions on

{Y},} are kept and Y}/ = ). Then {X{,l, {0} x Y}, } becomes a Whitney stratification.

Now we define a controlled semialgebraic C'! tube system {Tj},/’ = (|Tj¥’ [, 7735’ , p}/,’)}

for {Yj’, }. For simplicity of notation, assume dim Y; = j gathering strata of the same
dimension. For each j, set

(j/:Y,CY,y ifj>0,
Ji=1 4 L
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We define {Tj}f’ : j' € J;} by induction on j. Fix a non-negative integer jo, and
assume we have constructed a controlled semialgebraic C'' tube system {Tj’,/’ S
ijj < ]0} so that TJY/ = TX“TJ};/‘ for j/ S le, 71 < jo, with dim Y}// =71,

(*)y m on) =m)' on |T))|N|T) | for j' and j with Y}, C Y},
(s%)y py/omY =pY' on|T}|N|T)] for j' € J;, and j with j; < j,

W;/,/ are of class C' and p}i’
the first and (x*)y we need to proceed in the C! category because there does not
necessarily exist such {Tj},/’ } of class C? even if {T}"} is of class C?.

We wil define a semialgebraic C* tube system {TJX' 1 jh € Jjo} for {Y] 1§ €
Jjo }. For the time being, let {T)" : j' € J;,} be a semialgebraic C' tube system for
{Y], - j' € Jj,} such that {T)7": j" € J;,5 < jo} is controlled (Lemma IT.6.10, [S2]
states only the case where Uje s, Yj’, is compact but its proof works in the general
case. We omit the details.) We modify {Tj’,/’ :j' € Jj, } so that the conditions are
satisfied. Let j' € Jj,.

Restrict 7, and pY/ to Y}, for j' € Jj, and define afresh them outside of Yj,

5
Y/ Y/

as follows. Let 7}, and pj/, j* € Jj,, now denote the restrictions. If dimY}, = jo,

we should set T},/' = TJ§;||TJ§;,|. Then (x)y and (xx)y are satisfied because {YJY}

is controlled. Assume dim Yj’, < jo and hence jy > 0. In this case, define the

extension of 7’ to |T}/'| to be 7)) o 7}, and keep the same notation m),’ for the

extension. Then by controlledness of {T}}, (+)y holds for any j with Y/, C Y;.
The problem is how to extend p}/,’ .
As the problem is local at Y, (see IL.1.1, [S2]), considering semialgebraic tubu-

are of class C! on |Tj¥’| —Y],. For the conditions of

lar neighborhoods of Y}, and Y}, we can assume for eachy € Y}, w}f'_l (y), W;jl_l (y)n

Yj, and w}f}fl(y) are of the form y + Ly, y+ Lo, and y + L, where L, and Lo,

are linear subspaces of R" with L, D Lo, and L(J)-,y is the orthocomplement of Lo,
Yi—1 Yi—1

with respect to Ly, and 7} Loy s (y) — @ (y) MY, is induced by the
§!

orthogonal projection of L, to Lg, and
p};(y + 21 + 29) = |22|? for (y, 21, 22) € Yj’, x Lo,y X L&y,
where Y/, x Lo, x Lg, denotes Uyey, {u} X Loy x Ly,

Set Py (y+ 21+ 22) = |21]* + |22 for (y,21,22) € Y], x Loy X L,

Then (|Tj},/’|, 7TJY,/, pY") is a semialgebraic C'! tube at Y/, but not always satisfy the

j/
Y Y Y Y

condition pj;" om; = p3,". We need to modify pjr

a neighborhood of Y}, — Yj'/. Let £ be a semialgebraic C' function on R such that
&€=1on (—o0, 1], £ =0o0n [2,00) and d§/dt < 0. Set

Jzly el ¢l _ |
Ny (21, 22) ={ f(‘zu?)(\zl\umwﬂ/z H1=8(p)  for (21,22) € (Loy — {0}) x Loy,

for (21,2’2) € {0} X L&y,

so that the equality holds on

and define a semialgebraic map 7, between |Tj’,/’ | by

Ti (Y + 21+ 22) = y+njr (21, 22) 21 +njr (21, 22) 20 for (y, 21, 22) € Y;'/’ X Loy ¥ L()L,y-
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! !
Then ﬂ;f 0Ty = 7T‘]Y, ;

Tio=1d on {y+ 21 + 22 : |22 > 2|21 1*}

|21] n |21 ;
(21 + 2P 72 T (a2 + [ P) 72

Ti(y+21+22)=y+

for (y, 21, 22) € Yj', x Loy % Léy with |z9] < |z1|2;

(% % %)y pj/” oTi(y+ 21+ 22) = |z1|* for the same (y, 21, 22);
for each line [ in {y} x Lo, x L&y passing through 0 parameterized by t € R as
z1 = z1(t) and 2o = 22(¢) so that |z1(t)| = |t| and |z2(t)| = a|t| for a > 0 € R,

730 (y + 21(8) + 22(8)) =yl = mje(21.(8), 22(E) (|21 (O + [22(8) )1/

=&( ))(1+a?) 2],

a
i+ (e
1
hence by easy calculations we see if a is sufficiently small then 7;/|; is a ' diffeomor-
phism of [ and, therefore by the above equality 7; = id on {|za| > 2|21/} shrinking
|T}| we can assume 75/ is a homeomorphism and its restriction to [T77/| — Y’, is a

]

C* diffeomorphism; moreover, if we set p), = p)” o 7j and T}, = (|TY’| YY)
for all j" € J;, with dim Y}, < jo then {TJ’I/’ J1 € Jj, 0 < jo} is a controlled semi-
algebraic C! tube system. Indeed, for j| € J;, and j5 with (Yj’1 — YJ'/i) N Yj/; # 0,
the following equalities folds on |T;Z/ [N |Tj2/’ |

Y Y Yr _Yr Y i Y7
Ty oy = mlomyl omy, by definition of T

=m0 7TY by controlledness of {TY lv,, 23" € Jjs 5 < jo}

= 71' i " by definition of 77 , in the case of j; € J;, and by (*)y in the other case.
In the same way we see by (x%)y and (* * x)y
Y Y Y
pj/ om;' = ,oj on T[N [Ty

Hence it remains to show 7,/ is a C'! diffeomorphism.

It is easy to show 7 is differentiable at Yj’, and its differential dr;, at each
point a of Yj’, is equal to the identity map. Hence we only need to show the map
\T}/'\ > a — drji, € GL(R") is of class C°. As the problem is local at each point
of Y}, we suppose

Y/, =R" x{0} x {0}, Yj, = R" x R™ x{0}, |T}'| = |T)/| = R" x R™ x R"2

and 7r7 and 7; ¥’ are the projections of R" xR™ xR™ to R" x R™ x{0} and

R" x{0}x {O} respectively. Then it suffices to see the differential at (zo1, 292) of the
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map R™ x R"™ 3 (21, 22) = (n;7 (21, 22)21, 17 (21, 22)22) € R" x R"? converges to
the identity map as (zo1,202) — (0,0). That is,
G312 + 122V = | )z

d =
(I21]? + |22[*)1/2

(z01,202)

(2h)]2 )7

—0
(I21[? + |22 Y2((J21 % + [222)Y2 + |21])

(201,202)
as (zo1,202) — (0,0) with |z2| < 2|21]%, i = 1,2, since 9 (21,22) = 1 for (z1,22)
with |2] > 2|21]%. That is easy to check. We omit the details.

Thus we obtain semialgebraic C' tubes 7)) for all j' € Jj,. The other re-
quirements in the induction hypothesis are satisfied as follows. By definition of
Ty’

Jo
Ty' =Ty |y for j' € Jj, with dim Y, = jo;
by controlledness of {TJY} and by definition of T},/’, for j" and j with Y}, C Y;, i€
Jjo and j Z j07
Y YI Y Y Yr Y Y1

(x)y 7735’ omj =mj omj onj =7y om; =my" on |Tj},/’| N |TjY|;

(*x)y holds for j/ and j with j° € J;, and j > jo for the following reason.
That is clear if dim Yj’/ = jo. Hence assume dim Yj’, < jo and use the above

coordinate system Yj’, X Lo,y X L(J):y' Then
P}//I(y + 21 + 22):/)}/,” oy + 21+ 22):7]?/(21722)“2“2 + 2P
for (y, 21,22) € Y}, x Loy x Ly,
and 7/ (z1, #2) depends on only |z1| and |z2|. Hence if we set
w;/(y +21+22) = 7T]Y1(y + 21+ 22) + 7rjy2(y + 214 2) + w%(y + 21+ 2),

7TJY1(y + 21+ 22) € Y], 7rjy2(y + 21+ 22) € Loy, W}E},(y +21+22) € L({y.
then it suffices to see

ﬂjyz(y+21 +29) =21 and |7r;;,(y+ 21 + 22)| = |22

By controlledness of {TJY} we have w% o 7TJY = 71'};. Hence by the equation 77}-; (y +
21 + 22) = y + z1, the former equality holds. The latter also follows from the

equations p}; o W}/ = p}; and p}; (y + 21 + 22) = |22]2.

Hence by induction we have a controlled semialgebraic C! tube system {Tj},/’ }
for {Y},} such that Tj}f’ = TJY|\T}7’\ for j" € J; with dimY}, = j, (*)y for j' and j
with Y}, C Y; and (xx)y for j/ € J;, and j with j; < j.

Next we define {T;*'} by induction as {T)7'}. Consider all X}, included in X
and forget X/, outside of X. We change the set of indexes of X;. For non-negative
integers 79 and jo, let X j, denote the union of X;’s such that dim X; = ip and
f(Xi) C Y, ie, dim f(X;) = jo, naturally define ng = (\ng ,wffj,pfj) and
continue to define {X/,} to be {X;; Np~'(Y},),Z N {0} x Y},}. Then dim X; ; =
and f|x,, is a map to Yj. Let I; denote the set of indexes of Xj, such that X},
is included in X;; for some j. Note X = U{X/ : i € I, for some i}. Fix a
non-negative integer 7o, and assume there exists a semialgebraic C! tube system
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{TFX = (|TX |, 7!, pX') + 4" € I, i < ip} for {X], : 4" € I;, i < ip} such that

the following four conditions are satisfied, which are, except (iv), similar to the

conditions (1), (2) and (3) in section 2.

(i) For 4, 7" and j’ with i <io, i’ € I; and f(X},) =Y},
X Y X - Y

fori'=x)"op on [T Nnp (|T})).

(i) For each j', {T;X': f(X},) =Y}, i' € I;, i <o} is a controlled semialgebraic

C* tube system for {X}, : f(X},) =Y/, i' € I, i <io}. -
(iil) For g, if,, k=1,2,3, is and jy with ix <io, i} € I;,, k =1,2,3, X}, 0(X],

XZI,2> 75 ¢ and Xz/g C Xi4,j4;

71'2-},1(’ owi' = 71'1-)/1(’ on |T1}/1(’| N |Ti)/:’|,

XX _ Xy X/ X
Tl oml s =mu' on [T | N [T5 51,
if 43 < 74 moreover, then
Xr X _ Xy X/ X
Py, 0Ty gy =P on [T | 0T 5, -

(iv) For 4, 4" and j with ¢ < iy, ¢’ € I; and dim X, =i,
X X
T = Tijlirs
Then we need to define {T:X' : i’ € I;,} so that the induction process works.

Before that we note a fact.
(v) Given iy, i}, jr, k=1,2, with iy, <o, 9}, € I;,, k=1,2, le,lﬂ(X;éfXgé) # 0,

— — ot b'e
Yj’1 C Yj’é - Yj/é and f(XZ{;C) = J'I;'c’ k = 1,2, then the restriction of the map (7r2./1’, )
/ X/ 5 1 : : l / Y/
to X7, N |T1’1 | is a C' submersion into the fiber product X x(fm;_fi,) (Yg; N |Tj1 .

The reason is the following.

Case where XZ{% C Xi.js k= 1,2, for some j; # j2. The condition (4) in
section 2 is shown to be equivalent to (4)’. Now also similar equivalence holds.
Hence it suffices to see for each = € X;,z N |Ti),f’|7 the germ of W§’|X£/2mf—1(f(l)) at
@ is a C'! submersion onto the germ of X, N ffl(ﬂ;? o f(x)) at wf,f’(z). We have
four properties.

Xz{g N (f(z) = Xiy o N fH(f(z)) Dby definition of {X/]};
Xy 07N my o f(@) = X 0 7 (f e (@) by (1)
= Xip 0 N fHfo Wff'(m)) by definition of { X/, };
by (4)" the germ of ng,jl X1y junf-1(f(x)) B T 15 2 C" submersion onto the germ of
Xiyjy N fH(f o (2)) at 7Y (); by (i)

Xr X _ Xy X7 X
T oy, =T on |Ti,1 |0 T5 -

X X .
Hence we only need to see the germ of T |Xilyjlﬂf_1(foﬂi;§yjl(w H, () s a

C' submersion onto the germ of X;,l Nfi(fo Wff’(x)) at ﬂf,f’(x). That is clear
by (i) because f|X1.w.1 : Xiyg
connected components of Yj, and fox\ ; (x) and fo wf,f’ (x) are contained in the

)) at m

— Y;, is a C'! submersion onto a union of some

same connected component.
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Note we use the hypothesis Xzf;c C Xi g kB = 1,2, j1 # jo in the above
arguments for only the property that the germ of ﬂff,jl|Xi2’hﬂf_1(f(m)) is a C!
submersion into Xy, j, N f~'(fom ; ().

Case where i1 # i9 and X’ Cc X; k = 1,2, for some j;. In this case also the

above property holds because f omX

ksJko

f on Xlle m| i1 Jl‘ and 71'11 2J1 |Xi2=]1m‘T

11,71 i1, ,1|

is a C'! submersion into X;, j, .
Case where i; = iy and hence X/, C X;
k

the reason is simply 7711 glx = id

Thus (v) is proved. Now we define {T;X’ : i € I;,}. For that it suffices to
consider separately {X/, : X/, C X, ;} for each j. Hence we assume all X/, with
" € I;, are included in one X, j, for some jy, and, moreover, f(X;, j,) = Y;, for
simplicity of notation. Then as shown below we have a semialgebraic C' tube
system {T:X' = (|TX'| X ,pl, i e Io} for {X/, : i’ € Iy} such that
(vi) for i’ and j' with i’ € I;, and f(X}) =Y,

1ji» B =1,2, for some j;. In this case

for¥' —wY/op on [TX'| N p~2 (1))

(vii) for j' € J;,, {TX" : f(X}) =Y/, i’ € I,, i1 <ip} is a controlled semialgebraic

C? tube system for {X’, Cf(X]) = j’/, i€, i1 <io};

(vm) for i1, iy, k= 1,2,3, ig and ja with i1 <ip, #} € I;,, 15,15 € I, X;,l ﬂ(XZ{,z —
Xi,) # 0 and X’ C Xi, s

i4,J4>
71'},(’ ow),(' = 71'),(’ on |Tf’| N |Ti),(’|,

TI')/(/OWX —w),(’ on|TX’|ﬁ\

14,74 i4 ]4|

if ig < i4 then
X1 X X X
i omi, s =py on [T IN|T,
(ix) for ¢’ € I;, with dim X/, = 4o,

X/

14 ]4|

107]0 |\TX’|

We construct {T:X" : i’ € Iy} as follows. First we define T:X' on |[T:X'| N
Xio.jos ¥ € Iy, so that (vi), (vii) and the first equality in (viii) are satisfied by the
usual arguments of lift of a tube System (see [1], Lemma I1.6.1, [4] and its proof).

Secondly, extend 73X’ to |T:X’| using 7% _jo @s in the above construction of 7TYI Then
mX! are of class C’1 (vi) holds because for ¢' and j’ with ¢’ € I;; and f(X’) s
dcﬁnltlon of n% it (vi) on |Ti),(’|ﬂX7; i
fO’IT),(/ - foﬂ— OTrZ)(f]o = 007{ Ofoﬂl)rfjo
(1) in section 2y, (%)

momyop =" 7} op on || Np T (IT)]);

the first equality in (viii) for i; = ¢ follows from definition of the extension; that for
i1 < ip does from the second equality in (iii); the second in (viii) does from definition
b'e b'e b'e X

of the extension and the equality m;; ; om;, ; = m; ;: trivially T = o for

i' € I;, with dim X/, = 4¢. Thirdly, extend pX’ to |T:| in the same way as p
Then {Tf’ : i € I} is a semialgebraic C! tube system for {X/, : i’ € I, }; (Vu)
holds because for i}, and 2’1 € I;, with i, € I, i1 < ip and f(X;E)) = f(X;,l),

_ Xr X s X1
’011 o 7r pz "o 7o j, Dy definition of m
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= pl/ omX . by (vii) on X;

0,70 %0,J0
= pf/f' by the third equality in (iii);

the extensions are chosen so that the third equality in (viii) and (ix) are satisfied,
which completes construction of a semialgebraic C! tube system {T:X' : i’ € I;,}
and hence by induction that of {T;X' : X/, C X} with (i), (ii), the first equality in
(iii) and (v) for any i, i.e., controlled over {T"}.

It remains only to consider X/, in Z, i.e., the case where X/, is of the form
{0} x Y}, for some j'. Set I = {7’ : X, C Z}. Obviously, we set

X (x) = (0,7} op(x)) for x € |T;X|, i' € O and j' with X/, = {0} x Y],
where |T;:X'| is a small semialgebraic neighborhood of X/, in R™ x R™. Then (i) for
i’ € OI is clear; the first equality in (iii) for ¢; € dI holds because

definition of Tl'l.),{

W)/(/OW)/(/(JC) = ' (0, ﬂ', opon')/(’(a:)) © (0, Y/OTF;C/Op( )

v/
oI T (0w 0 pa)) = 7' (a) for € [T AT,

where ji and j} are such that f(le;C) = Yj/],c, k=1,2; (v) for ¢} € 91 is clear, to
be precise, for ¢} € 91, i, 71 and j} with XZCI N (X;, — Xl(,z) # 0, YJ'/i C Yj/g - Yj’é
and p(XZ(;C) = YJ'/I'C’ k = 1,2, the restriction of the map (ﬂf,f’,p) to XZ{,2 N |Ti)/1(’| is
a O submersion into X X)) (Yj, n |Tj’{’|) because plX;ll 1 X =Y isa ct
diffeomorphism and p| xr, 0 X 1{,2 — Yj’é is a C'! submersion.

We want to define {pr,(’ 2 i’ € OI} so that {TX' = (|TZX’| 7r, " pX') i € OI}
is a semialgebraic C! weak tube system and for each j/, {T7X' : f(X]) = Y} is
controlled. We proceed by double induction. Let d > 0 € Z, and assume pff’

are already defined if dim X/, > d. We need to construct pii’ for i’ € dI with
dim X/, = d. As the problem is local at such X/,, assume there exists only one

it € OI with dim X/, =d. Set I' = {i' : X!, ¢ X}, — X/} and Y}, = p(X], ).
0 0 Jo %0
For the moment we construct a non-negative semialgebraic C° function pfz’ d
on lTX'| with zero set Xl(é which is of class C! on |Ti)§’| - leé and such that
X/ X/, -/ ! '\ — VI e :
{T3 T el p(Xl,)= Ygg)} is controlled, i.e.,

ig,d?

on jomy = pZ on lTi)/('| N T for i’ € I' with p(X],) =Y/,

Jo
where d = 1 + #I’ and T (lTX’|, T ,pl '4)- (Namely we forget the condition
that i le, An X~ (2)— X, is C regular for each x and any ¢’ € I'.) Order elements
0
of I as {i},...,3_1} so that d1mX’ - < dim X,

d—1

Let k € Z with 0 < k <d— l As the second induction, assume we have a
non-negative semialgebraic C° function p;X'k defined on |TX’| N (sz)/fll U---uU |Tf;§'|)
such that pX’ L0) = X',, pX' is of class C! outside of X’ and {ng’k,Tﬁ{’

I' p(X]) = Y],} is Controlled ie.,

Py X omX! = pl on |T£’|O(|Tﬁf’|u~ : ~Ule§’|)ﬂ|Tff’| for i' € I' with p(X}) = Y,
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where ng' = (|TX’| ﬂ)/(’,p, ). Then we need to define p, ‘op1- Let ﬁfg’k be
any non-negative semlalgebralc C° extension of pi(,J k|‘T;/c/‘ﬂ(‘T;;/‘u._.U‘T;;/‘)ﬂX{/ to
it i it ;
\ng’| N XZ{;C with zero set XZ((,), let V' be an open semialgebraic neighborhood of
+1
X!, U---UX/ in X/, U---UX/ whose closure is included in |T:X'|U--- U [T,
3t Yk 1 Yht1 Y1 K
approximate ﬁff ! k|\T.X’\o X/, —v by a non-negative semialgebraic C° function ﬁfg ’ &
k1
in the uniform C° topology so that pX' 1( )= Xzfé, and ﬁfg’k is of class C' outside
of Xl{é (Theorem I11.4.1, [3]), let £ be a semialgebraic C! function on |Tf§’| N Xl{i
1
such that 0 < ¢ <1, ¢ =0on [T)'|NX, NVand & =1on |TX|NX], -
0 k41 0 k+1
| TX'| — -+ |T;"'|, and set
1 k
AX =x by X
PE (@) = §@)F(@) + (1 €@)pde) fora e TN X,
Then ﬁfg’k is a non-negative semialgebraic C° extension of pié’k‘sz/lmVﬁX2k+1 to
\TX’| ﬂX( with zero set X( and of class C'! outside of XZ%. If p(X;L ) # leév we
+1 +1
X X X
continue to extend 7y k to the required p;y ' e |Tl() N (|Tle nu---u |Ti;€+’1 )= R

1

shrinking |Tf,1(’ ooy | T i),(’ | and using a partltlon of unity in the same way so that
k
Pfgfkﬂ = Pfgfk on |TZ)§’\ N (|Ti),f’| U---U |Tﬁ:’|). Otherwise, set

Y Pk on [T N (1T U -+ UITX))
= ;X7 X X
i k+1 Pk O lrr  on \Ti6’|m|7;;il|,

which is well-defined because
pZ k o 7rf§7k+1 = pZ k o 77;)/( k41 by definition of ﬁfg:k
= pi{],k by controlledness of {TX X i el p(X) = Y}
on T[N (1T TU--- U TN |T1€i:1| for shrunk [T7], ..., |T7].

Xr—1 l : 1 3 /
Then clearly p;, wr1(0) = X5, pl ‘i1 is of class C outside of X, and

Pig,/k+1o7rz')’(l = pig,k+1 on |Tz)g)(l|m(|ﬂ)'l(l|u ‘ U|Tz);§il NN | fori' € I' with p(X]) = Y]/(',

as follows. It suffices to consider only the case where Xil’, - X/ > X] ;k and
+1

p(X}) =p(X}, ) =Y} and the equation on |TZ%(’| N \Tf{’1| N|T:X'|. We have
+1 o+

X ~ X7/ X X7 L X
pzo,k+1 O Mir' = Pig g © Wit © T by definition of Pit k1

=Pipkom by the first equation in (iii)
= piy k1 by definition of p’y ) on [T [N [N T
Thus by the second induction we obtain p1 a1t |71f’|ﬂ(|Tf,f’\U . 'U|Tj(,:i71|) —R.
It remains only to extend pig ;1 to a non-negative semialgebraic C° function
p),(’ 4 on \ng’ | with zero set X 1(6 and of class C! outside of X i/{,' However we have

already carried out such a sort of extension by using a partition of unity &.
We need to solve the problem of C! regularity of p?f/d'X’,ﬂﬂ'_),('_l(w)fo/ . For
‘0 ‘0

each z € X, , the restriction of pX’ to X7, ﬂw),(’ Yz )ﬂp),(' L((0, 6,)) is C* regular
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for some d, > 0 € R and any ¢+’ € I’. Here we can choose J, so that the function
X !/, 3 x — J; € R is semialgebraic (but not necessarily continuous). Then there
ex1sts a semialgebraic closed subset X /; of X !, of smaller dimension such that each
point x in Xf X’(’) has a neighborhood in X " where 0, is larger than a positive
number. Hence if we replace Xig with Xz{{) zlg/)v ie., YJ’(,] with Y]/(,J - p(Xl’é) and
shrink |Tl€( ’| then the C! regularity holds. Thus we obtain the required pi}g " though
Xl{é is shrunk to Xl(‘,) — Xl’é
The shrinking is admissible as follows. Substratify {Y}, N p(ﬁ) Y, — p(ﬁ)}
to a Whitney semialgebraic C* stratification {Y}/,} such that {Y’ - p(X”)} =
Y, — (X:é)}, set {X/} = {Xi,j Np~'(Y])), Z N {0} x Y/}, which implies
{X!, —p~t(p (X(’))} ={X, —-pp (X”))}, and repeat all the above arguments
to f: {X/} — Y} Then we obtaln a semialgebraic C! tube system {TY”
for {Y]/,} and a semialgebraic C* tube system {T;" : X/, C X} for {X], C
X} controlled over {T}/} such that {T)" : Y/, Np(Xj) = 0} and {TxX" -
noC X, XL nptp (leé)) = 0} are equal to {TJ')'//“TJX'\—WJ’_’,’*I(p(Xi%))} and

{Ti)’(/‘|Tﬁ”|—”§/7l(P’I(P(T%)))}’ respectively, by (iv) and (ix), where the domains

of the latter two tube systems are shrunk. Moreover we continue construction of
px/" for X" C Z. Since {X/,, C Z : dim X[}, > d} = {X/, C Z : dim X, > d} and
{X/l, cZ:dimX], =d} = {Xf X”} we choose p3' as p/" for X!, C Z with
dim X7}, > d and pj}'|ipx0 as piX/ for Xl” C Z with dim X[}, = d. Hence we can
0 jll

assume X l’é = () from the beginning, which completes the construction of pfg’ and
hence of the required {p;’ : i € I} by induction.

Thus f: {X}} — {Y}}, {T;X'} and {T}/"} satisfy the conditions in theorem
2.2. Hence theorem 1.2 follows. (I
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