NEVANLINNA THEOREMS IN PUSH-FORWARD VERSION
Shanyu Ji

I. Introduction

We consider a polynomial map f of C", i.e., a holomporphic map
f:C,—>Chz=(21,---,20) = (fi(2),-.., fa(2)), where C, =
C,=C" 2= (2,...,2,) and w = (wy,...,w,) are the coordinate
systems for C}, and Cj,, respectively, and fi,..., f, € Clz1,...,24).
For any polynomial map f : C; — Cj, with det(Df) # 0, it is

naturally associated a dominant rational map F : P} — — — Py,
defined by [z : 21 : ... : 23] +— [zgegf : Fi(20, 215y 2n) ¢ -nn
F,.(zp,...,2,)], where F; is the homogeneous polynomial of degree

deg f := max;<;<, deg f; uniquely determined by F;(1, 21, ..., 2,) =
f,-(zl,...,z") for i = 1,2,...,n.

There is the well-known Jacobian problem which was raised by
Keller in 1939 [K] and is still unknown (cf.[V]): If f : C; — C,
is a polynomial map with the Jacobian det(Df) = 1, then f has an
inverse of polynomial map. In [J, corollary 4], we have proved: Let
f:C; — C} be a polynomial map with det(Df) = 1. Then f has
an inverse of polynomial map if and only if suppF.D,, = suppD,,,
where D,, is the divisor given by 2y = 0 and Fi.D,, is the push-
forward current which is indeed a divisor.

From the above result, it leads us to take attention to the push-
forward divisor F,D,,. In order to investigate general push-forward
divisors, in this paper, we establish the Nevanlinna main theorems in
push-forward version which are analogous to the ones in the value
distribution theory. We shall study any polynomial map f : C; — C7,
with det Df # 0, its associated a dominant rational map F' : P;—— —
[P5, and any divisor D on P}. We shall prove the first main theorem,
the second main theorem, the defect relation and some other results.
For proving these theorems, besides the modified traditional method
in the value distribution theory, some estimate from [J, theorem 2]
about push-forward currents will be used.
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2. Preliminaries

Meromorphic maps Let M and N be connected complex man-
ifolds and let S be a proper analytic subsetof M. Let f: M —S — N
be a holomorphic map. The closed graph G of f is the closure of the
graph of fover M —Sin M x N.Letm:G— Mand f: G — N
be the natural projections. The map is said to be meromorphic on M,
denoted by f : M — — — N, if G is analytic in M X N and if 7
is proper. The indeterminacy Iy = {x € M | #F(rY(z)) > 1} is
analytic, where # B means the cardinacy of a set B, and is contained
in S. We know codim Iy > 2. We assume S = I.

If B C M is a subset, we define the image of B by f is the set

f(B)=F(n"Y(B)) ={y € N | (z,y) € G, for some = € B}.

Currents on complex spaces Let X be a reduced, pure n-
dimensional complex space and Reg(X) be the set of all regular points
of X. We can define currents on X (cf.[D, p.14]). Since the problem
is local, we assume that there is an embedding j : X — £2, where
QcCVisan open subset (i.e., X is identified with a closed analytic
subset of €2). We define

EPI(X) = 5*gp,q(Q)
with the quotient topology, where
7" : EP9(9) — EP9(Reg(X))

is the usual pull-back map and £P9(M) is the space of all (p, g)-forms
on a manifold M. It is known that the definition of £79 is indepedent
of the choice of the embedding j (see [D, p.14]). Then we define
DPI(X) = {0 € EPT(X) | o has compact support on X} with the
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inductive limit topology. The dual space D'”4(X) is defined as the
space of (p, q) bidimensional currents on X.

The operators d,d,0 and push-forward of currents (by proper
holomorphic maps) then are defined for currents on such complex
spaces as defined on manifolds.

Divisors on complex spaces For any reduced, pure n-dimen-
sional complex space (X, O), we denote M the sheaf of germs of
meromorphic functions on X and denote M* the sheaf (of multipli-
cation groups) of invertible elements in M. Similary O* is the sheaf
of invertible elements in O. A divisor D on X is a global section of
the sheaf M*/O* A divisor D on X also can be described by giving
an open cover U; of X and for each i an element f; € T'(U;, M*)
such that f;/f; € T'(U; N U;, O*) for any ¢ and j.

If F : P} — P, is a dominant rational (also meromorphic) map.
Let G be the closed graph and , F are the natural projections. For
any divisor D on P}, we can pull back it on G as a divisor 7*D in
an obvious way. ‘

The Carlson-Griffiths singular form Let D;,..., D, be divi-
sors on P} such that suppD;,...,suppD, are manifolds located in
normal crossings and each D; = D,,, where g; € C|z,...,2,] is a
homogeneous polynomial of degree p;. Denote D = 2;1.:1 D;. Each
D; is also given by the system {U;, g;/ 7" }o<i<n, Where U; = {[zo :
... 1 25] € P™ | 2 # 0}. The associated holomorphic line bundle Lp,
of D; has the Hermitian metric h; = {Uj, hji}o<i<n, Where

hii = Ll .
N (P N PAD
Let L = Lp ®...® LDq. Then the Hermitian metric A of L is

h = {U;, hai- - . .- hgi Yo<i<n- For each Dj;, as the section {g;/ zf "Yo<i<n
of Lp,, a globally defined function || D;||* on P} is defined by

|2

hijilg;|? |9;
D- 2 U = /] = !
D511 | Us eCy, || eCy(|20f? + ...+ |2a[?)Pi’

where Cy, > 0 is a constant such that
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l9i* < Cy (|20l + . .. + |2af*)

for all #, ..., 2, € C. We know the Chern form ¢(Kpr) of the canon-
ical bundle Kpn

C(Kp;l) = —(n + 1)9[;»;1, (2.1)

which is also defined as the Ricci form of the volume form Qpr on
P%. Let’s recall the notions of Ricci form and volume form. Let M
be any complex manifold. The canonical bundle K of M is the
holomorphic line bundle whose transition functions are the Jacobian
of the coordinate change mappings in the intersection of domains in a
covering of M, i.e., let {Uy, W*}, be a coordinate syatem covering
of M, then on U,NUp, the transition functions gog = det(aw;?‘ / Bw,f ).

If &, =[I,, 3%dw;,” A dwy on U, is the local Euclidean volume
form, then a positive (n,n)-form Q which is defined locally on U, as
Aa®, is a global form on M if and only if Ag = |gag|?Aa in Us NUp.
Such (n,n)-form § is called a volume form. The Ricci form of ,
denoted by Ric(?, is defined by RicQ) | U, = dd°®log A,.

The Carlson-Griffiths Singular volume form ¥ on P, — suppD
is defined by (cf. [SHA, p.79])

B COp:
j=1(l0g [[D;[1)?(1 D41’

v

where the constant C > 0 is determined by the following properties
(22) Ric¥ > 0
(2.3) (Ric¥)" > ¥,
24) fpg_suppD(Ric U)" < 4005
(2.5) Ric¥ | (P} —suppD) = ¢(Lp) + c(Kpr)
— 2 _j—1 dd° log([|D;]|*)>.

3. Push-forward of currents by F

Let f : C; — C;, be a polynomial map with the Jacobian
det(Df) # 0. Let F : P; — — — P} be its associated dominant
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rational map. Let G be the closed graph of F', and m and F be the
projections. G is an irreducible, pure complex n-dimensional analytic
subset in P} x [P}, so G is regarded as an irreducible reduced complex
space. Therefore 7 and Fare proper holomorphic maps from complex
space onto complex manifolds.

For any divisor D on P}, we pull back it on G as a divisor
m*D. Then we obtain a pushforward current f‘*(ﬂ'*D) on Py. We
want to show that this push-forward current is indeed a divisor. Before
doing that, we need the following lemma. The proof below is due to
Shiffman.

Lemma 3.1 Let M and N be n-dimensional complex manifolds and
let f: M — N be a surjective proper holomorphic map. If D is a
divisor on M, then the current f,D is a divisor on N.

Proof Let A = suppD, and f = f | A: A — N. We assume that
codim f(A) = 1. Let § = {z € A | dim f~'(f(z)) > 1}. Then
because of codim f(A) =1,

codim f(S) > 2.

We first show that f,D | N — f(S) € D' (n — f(S)) is a
divisor. In fact, for any point w € N — f(S), f~}(w) is a finite set.
Then there is an open neighborhood W (w) of w in N — f(S), and
finite disjoint open subsets U (w), . . ., Ur(w) in M such that for each
U;(w), there is a holomorphic function g; € O(U;(w)),

FYW(w)) N A= U_Ui(w) N A, and
D | Uj(w) = dd°log|g|?, fori=1,2,...,r,

where the Poincaré-Lelong formula is used. Let Jy = {z € M | z is
a critical point of f}. Then f(J;) C N is an analytic subset. Since
W(w) — f(Jy) is connected, there are integers Ay, ..., A, such that
for any u € W(w) — f(Jy), there is an open neighborhood W (u) of
u in W(w) — f(Jy), and disjoint open subsets Uy ;(u),...,Usx ()
C Ui(w);...;Upa(u),...,Unp.(v) C Up(w), so that f | Uj;(u) :
U;j(w) — W(u) is biholomorphic for all 2 = 1,2,...; 1 < j <
)\i- Then
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rN

LD W) =33 ddlog |gio (f | Uiy(w) ™’
i=1

2

roN
= dd°log Hng'O (f | Ui,j(“))_l

i=1 j=1

= dd°log |g|*,

where g = [[i_; ]_[?‘:1 gio (f|Ui;(uw))™! on W(u). g is a well-defined
holomorphic function on W(w) — f(J;), which can be extended on
W (w) holomorphically. Therefore we have proved that f,.D is a di-
visor on N — f(9).

Let V = suppfiD | N — f(S). V has a decomposition V =
U;V;, where V; are irreducible hypersurfaces on N — f(.S). Since we
have proved f.D | N — f(S) = 3 ;n;V;, V; has an extension V; in
N for all j. _

It suffices to show the current T' = 3. n;V; — f,.D € D'V(N)
must be zero. Since T | N — f(S) = 0, and dimg f(S) < 2n — 4.
Then the current 1" = 0 follows from the following lemma. QED

Lemma 3.2 Let 0 < p < 2n, and Q C C" be and open subset and
E C Q be a closed subset with h?(E) = 0, where h? is the Hausdorff
measure of order p. If o € D'P(Q) is d-closed and of order 0, then
llo||(E) = 0.

Proof This is a special case of Federer [F, 4.1.20], or cf. [Sh, lemma
A.2]. QED

Now we can prove that the current F(* D) is a divisor. In fact,
by Hironaka’s theorem of resolution of singularities [H], there is a
modification o : G' — G, where G’ is a compact complex manifold.
It follows that F,D = (fr 0 0)x(c*D). Thus F.D is a divisor on P5
by the lemma above.

In [J], we proved that let f : M — — — N be a surjective
meromorphic map, where M and N are compact connected com-
plex manifolds of complex n-dimension. Let £ be a semi-positive
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holomorphic line bundle over M with a nozero holomorphic section
s. The locus of s on M is denoted by V' as an analytic hypersurface.
Then the image f(V) is also an analytic hypersurface on N.

We take an open covering {U,} of M and a Hermitian metric
h = {hqa} of L such that the curvature of (L, h) is semi-positive. Let
the given holomorphic section s = {s,}. Then we have a globally
defined function on M : ||s|? = hy|s4|? on U,. Put ¢ = —log ||s||%
By [J1, f.«y is the plurisubharmonic exhaustion function of N — f(V).
By the lemma 3.1, if we denote D, to be the divisor determined by s,
f«Ds = fo(m*D,) is also a divisor. Then for any point w € NNF(V),
there exists an open neighborhood U; of w in N and a holomorphic
function g € O(U;) such that f,D; = dd°log|g|>. We notice that
fep € C®°(N — f(V U JfUIy)). Then we can present

lemma 3.3 (See [J, theorem 2]) Let f, M, N, L, s and @ be as above.
Let w be any given point in N N f(V') with a neighborhood U, as
above. Then there exists an open neighborhood U of w with U C U;
and a positive constant number C = C(w, f, g) such that

0 < fup(u) < —log|g(u)]>+C
forallueU — f(VUJrNIj).

We can apply this theorem to any dominant rational map F' :
P% — — — P, and any holomorphic section s because of the fact that
any hypersurface V' on P} should be a locus of some holomorphic
section of some positive holomorphic line bundle over ;. For the
section s, it is associated a globally defined function ¢ = ||s|| on P}.
It was proved that F,¢ is an exhaustion plurisubharmonic function for
Py, — F(V). Furthermore, the lemma 3.3 said that

Fpe L} (P™) ) (3.4)

4. Notations in the value distribution theory

Let f and F' be as before. Assume deg f > 1. Consider the
inclusion map i : C} — Pg, (w1,...,wp) — [1:wy : ... wy,
which identifies i(C;)) = Cj,. We use (w,...,w,) as coordinates
system on i(Cy).
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On 3(C;,), we let

¢ =dd(jwi]’ + ...+ [wal’), w=dd°log(lwl”+ ...+ |wnl?),
op = dlog(lwi |+ ...+ |wn|) AW w=w, 1,

B(r)={[1:wi:...:w] €4(C}) | |wi]*+ ...+ Jwal* <},

Stry={[L:w:...: w] €4(CL) | |lwr> + ...+ |wn|> = r?}.

Lemma 4.1 (Jenson-Lelong formula) Let T be a real valued function
and T € L}, ,(C") such that dd°T is of order 0. Then for 0 < ro < r,
one has

T

/‘i—t/ddcT/\Q"*:-;-/T/\an_l—%/T/\o-n_1+o,

Ry B(Y) S(r) (o)
where the constant C is independent of r.
Proof See [Sh, lemma 2.3]. QED

We define the characteristic function of F' by

T
dt
T*F('I", ’I"()) = / —t- / F*Qp;l A anl,
7o B(t)
where Qpn is the Fubini-Study metric form on P%, and F, = ﬁ‘*vr*.

For any positive current x on i(Cy,) of (n—1,n—1) bidimension,
we define the counting function of x by

T
dt _
N(x;r,r0)=/t2n—_1/x/\9“ g

7o B(t)

Note that if y is d-closed, by Stokes’ theorem,

[ dt .
N(x;r,ro)=/7/x/\ﬂ" L
o B(t)
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Abbreviately, we denote
Nig(Dy;r,10) = N(F Dy, 7,70),

where D, is a divisor on P given by a homogeneous polynomial g.

5. The first main theorem

Let 0 # g € Clz, 21, . . ., 2,] be any homogeneous polynomial.
Denote D, be its associated divisor on P. Put

eCy(|20) + ...+ |zn|2)deg9
Ig(z07 vy z‘n)|2

pg = log

)
where Cj; is a positive constant satisfying

lg(z0,- - -, 2n)* < Cyll20]* + .. . + [zn]*) 87
for all z,...,2, € C. Thus ¢, > 0 and ¢, € C®(P} — suppD,) N
Lioo(P7).
Apply the Poincaré-Lelong formula, we see
dd°p, = degg - Qpn — D, on [P7.
Then
F.dd°¢p, = degg - F.Qp» — F, Dy, on P7.

Since f‘*, 7* commute with d, d°, we see F, commutes with dd®, then
we restrict the above relation 7(C}) to obtain

dd°Fyup, = deg g - F,.Qp» — F.D,, on i(P}).
By (3.4), it follows that
F*(Pg € ‘Clloc(cz)

Then by applying the lemma 4.1, we have proved
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Theorem 5.1 (First main theorem) Let f, F' be as before. Then

1
deg g - Tur(r,70) = Nip(Dg;7,70) + 3 / Fupgo +0(1)
S(r)

Jorr > .
Corollary 5.2 (Nevanlinna inequality)

N.r(Dg;r, 7o) < deg gTir(r, m0) + O(1).

Proof Note ¢, > 0, then | s(r) Fupgo <0. QED

We would like to give the following proposition to close this sec-
tion. The inequality here is conjectured to be equality which remains
a problem.

Proposition 5.3 Er_.w%;’:"l < (deg f)* .

Proof

Tir(r,m0)
logr

im0 < limy oo / Fuwpr Aw™™

B(r)

= /F*wp;» Aw™
pn

= / Trwpn A Fru™
G
— / dd°log(1+ |z + . .. + |za)A
¢ AS*(dde log(jwi? + ... + [wa[?))"

T

dt
= limr_,oo[/. " / dd®log(1 + |21]* + ... + |za|)A

7o B(t,C})
A(dd®log(|f1]2 + ... + |fal®))* 1|/ log T,
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where G is the closed graph of F, and B(r,C}) = {(21,...,25) €
Cy ||zt + ...+ |z < 2}

/

Since
[ dt
/ i / dd®log(1 + |z1? + . . .+ |2a/))" A
T B(C) (ddelog(|ful2 + ... + | fa]?))" T

1
<3 / log | f(dd®log | £2)"% A dd®log(1 + |2?)A

8B(r,Cr) Ad¢log(1 + |2|?)
1 — c
T2 / log | f|*(dd°log | fI7)"~* A dd®log(1 + |2[*)A
9B(ro,C%) Ad°log(1 + |2|%) + O(1)

< (deg f -logr + %) / (dd®log | f|*)"2 A dd°log(1 + |2[*)A
o8B0 ) Ad®log(1 + [2[?) + O(1)

< (dog/-logr+4) [ (drloglfy* A (& log(1 + |21’
B(r,C}) +0(1),

where |f|2 = |f1|® + ...+ |fz|? and the positive constant A is inde-
pendent of , we then have

Tur(r, T0)
logr

(deg f -logr + A)
logr

1imr—)oo

<lim, o / (dd°log |£12)"2A

BCY) A(dd® log(1 + |2[2))?

< deg f / (ddlog | /12" A (dd°log(1 + |2%))?
ct

'z



Shanyu Ji 97

< (deg )™ / (dd®1og(1 + |2[2)"
c;
= (deg )"
QED

6. The second main theorem

In this section, we shall prove the second main theorem. Let f, F’
be as before. Let D, be the ramification divisor of the meromorphic
map F on P}, ie., locally on P} — Ip, it is given by the Jacobian
determinant of F, and then it is extended on P} (cf.[SH, p.73]). Let
D, be determined by a unique (up to a constant factor) homoge-
neous polynomial Jr € C[zy, ..., 2,]. We use Ar to denote the sheets
number of F'.

Theorem 6.1 (Second main theorem) Let f,F' be as before. Let
D, ..., Dy, be divisors on P} so that suppD:, .. .,suppD, are man-
ifolds located in normal crossings. Suppose each D; = D,,, where
9i € Clzo, ..., 2] is homogeneous polynomial of degree p;, for j =
1,2,...,q. Denote D = }1_ D;. Then

(i p— (n+ 1))T*p(r, o)

=1
< Nur(D;7,79) + Nup(Dyeir,m0) +logr + O(1)

forr > r.

Proof For any w € i(Cy,) — F(suppDy,), there is an open neigh-
borhood W (w) of w in i(C},) — F(suppDy,) and Ar disjoint open
subsets U1 (w), ..., U, (w) in C} such that

- Ar
FW(w)) = szl U;(w) and
the restriction F' | U;(w) is biholomorphic.

Consider the Carlson-Griffiths singular volume form ¥,
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F.¥ | W(w)

A
=) (F | U(w)):(¥ | Us(w))

i=1

AF
ddlog(1l + |z |2+ ...+ |z|?))"
= > (| Uiw)),
2(F U 7 (og | D; 21D

s nl(dde(|z1 | + ... + |2 ]2)"
A+ 21+ ...+ )

AF
=3 (1t
i=1 )
j=1(log |1 D;[1%)2|| D; >
= &(dd(Jun[* + . .. + [wn[?))",

where
. & n!
=2 FUw) T X@)
and
X(w) = [l det D(F | Uiw)) | (1 + 3 )™ x
« [Taog 0D .
Put

n!
)

AF
=lrmwyr=w

Apply the Poincaré-Lelong formula, dd®log || D;||* = —c(Lp,)+
Dy, so
dd®log§ = Fic(Lp,) + Fic(Kpr)

q
— ) " F.dd°log(log || D;||*)* — F.D — F,Dy,
i=1
= F,Ric¥ — F.D — F.Dy,,
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where the formula (2.5) was used.

By (2.1) we obtain

q
N(dd°log&;r,mo) + )  N(F.dd®log(log || Ds|*)%; r, o)

j=1
q
= (ij —(n+ 1)) Tur(r,m0)
=1
*F(D; L "'0) - N*F(‘DJF; T, "'0) 6.2)

To prove the theorem, it suffices to estimate the left hand side of the
above identity.
Let’s estimate N (Fidd®log(log ||D;||?)?; r,ro) first. Since

2
112\2 _ Igj(zo,...,z.,,,)|2
log(log || D;{|*)* = log (log eCo, (202 + - - - + |2|?) 08 0)2 )

then

eCy, (|20 + .. . + |2 |?)de8

> 1.
|9 (20, - - - 2m)|?

pg; = log

Thus
0 < F. log(log || D;||*)? < 2F*log ¢, + 2log2. (6.3)
Take any w € i(C},), take W(w) and U;(w),...,Us,(w) as before,

we then have

F*log g, | W(w) = Z(F | Uy(w)), log

logHgay o (F | Up(w))™ 6.4)

v=1
Ar 1/x
= Arlog [ ] (g, © (F | Uy(w))™) "™

v=1
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AF
< Arlog) @y 0 (F | Uy(w))™ — Aplog Ar.

v=1

6.4)
= A log Fupy, — Arlog Ap.
By the proof of the lemma 3.3, we also know
F, log(log || D;||*)? € Lioo(i(C"))-
Thus apply the lemma 4.1 and by (6.3), (6.4), we obtain
q
N (F.dd°log(log || D;||*)?; 7, o)
j=1

1 ! 2\2
< -3 [ Flogllog|1Ds[*)'o +0(1)
=)

<Ar Z / (log Fupg;)a + O(1) (6.5)

q
<> log [ (Fapy)o+0)
= s

g
<Ar Z log(2 deg g; Tur(r,m0)) + O(1)
i=1

< O(log Tyr(r, 10))

for r > 7. Here the last second inequality is due to the first main
theorem 5.1.

Next we estimate the term N(dd°log&;r,ro) in (6.2). By the
previous argument, we see log¢ € L] (i(Cy)). Then
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N(dd°log&;r,ro) = —12— / log £Y/* 0 + O(1)
S(r)

= )‘TF / log ¢/ g + O(1)
S(r)

< )‘{ / logéa + O(1)

S(r)
(By the definitions of £ and E,
and by £'7r < &/r)

=3‘2E—/logc5%0‘+0(1)

(6.6)

where ¢ = W Since

~1 1 d ~1
[t =smrg [ (e 67

Put

~ r d ~1
T(T‘,To)=/zﬁt_—1 /(c{i)go"_ (6.8)

B(t)

From (6.6), (6.7) and (6.8), it follows
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N(dd¢log&;r,mo)

AFm 1 d{ ona dT 6.9)
< — —_ .
<5 log ( Sl g (r i )) +0(1)

By the classical result in the value distribution theory (cf.[Sha,
p.841), (6.9) implies that for any € > 0, there is § = §(e) > 0, so that
6(e) — 0 as € — 0 and there is a subset £ = E(e) C R} with finite
6-measure, such that

N(dd°logé&;r, o)
<e€logr+0 (log T(T, 7‘0)) +0(1),

(6.10)

forallre Ry — E

To complete estimating (6.10), we estimate the term T'(, o). Let
F ¥ | (i(Cy) — F(suppD UsuppDy,)) = 37 Rjkdw; A dW, where
the matrix R = (R;;) is positive definite. Recall the definition of ¢
and (2.3),

Z(dd°(|w1|2 +...+ I'wnlz))n
=F,U
< Fi(Ric¥)"
= nldet R(dd*(jw1[? + . . . + |wa|?)™
Thus £ < n!detR holds on i(C") — F(suppD U suppDy,). By

Hardamard inequality: for any positive definity matrix R, (det R)'/" <
1¢r R. Then we have

(g) 1/"(old'"‘ (lnf? + ...+ [wa )"

1 n
< = tr R (dd*(|w P+... + |wn|2))
n (6.11)

1 n
< =37 Ry (dd(junf + - )"

j=1

= F,RicU A (dd*(jwn? + ... + |wa[)" ",



Shanyu Ji 103

where since (dd°(jwy[* + ... + |w,,|2))n_1 = (n=1)137%, (-é‘/"_—ﬂl) "
dwi Adwy A . .. (Adw;)°™ A (d;)°™ A ... A dw, A dWy,, FiRic¥
A (dd(uil? + ...+ |wa®))"™ = L3 Ry (dd(jwn? +...+
lwn|%))" by direct computation.

Recall the definition of T'(r, ) and (6.4), we see

r

7(r,r0) / s / (B ing"

</t2n - /F Ric W A (dd®(jwr|> + ... + Jwn|?))"

To B(t)
= N(F, Ric¥;r, 1)

- (ipj —(n+ 1))T*F("'a o)
j=1 +N (F.dd®log(log || D;||*)% 7, mo)
< O(Tyr(r, o))
Together with (6.10), for any € > 0, and r € R} — F,
N(dd®log&;r,mo) < € logr + O(log Tyr(r,m0)) + O(1) (6.13)
< elogr + O(log* logr) + O(1).

Here the proposition (5.3) is used. Also by a classical result (cf. [Sha,
remark 1, p.88]), we obtain

N(dd°log&;r, o) < € logr + O(log™ logr) (6.13)

for all r > ro.
Combinating (6.2), (6.5) and (6.13), we proved the theorem.
QED

7. Other results

For any divisor D = D, on P}, we define the defect of D
under f by
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N*F(D7 T, TO)

6* :de _m—n—_,(x)
F g9 T T;F(’l",’l‘o)

where 6, (D) is independent of the choice of ry. By the second main
theorem, we have the following

Theorem 7.1 (Defect relation) Let f,F,Dy,...,D, be as in the
theorem 6.1. Then

q
> " 8.p(Dj) < o+ 1+ deg(Jp).
j=1

Theorem 7.2 Let f,F be as above. Let D be a divisor given by
a hyperplane on P, with codim (suppD N F(suppDy,)) > 2. Let
F*D = D,, and suppose that suppDy, is smooth and g, divides g,
where g1, 9 € Clz, ..., z,] are homogeneous polynomials. Then

deggi < A\r+n+1+degJr.

More precisely,

logr

————+n+1+degJp.
T.r(r,70) 8r

deg g1 < Aplim, o

Proof If we can show that
Nyp(Dg;7,m0) < ApN(D : 7, 10), (7.3)
then by the theorem 6.1, for any € > 0 and 0 < rg < 7 < 400,

(deg g1 — (n + 1))Tor(r,m0)
< Nug(Dg,;1,70) + Nup(Dgp; 7y 10) + € logr + O(1)
< ApN(D;r,79) + deg Jr - Tup(r,10) + € logr + O(1)
< Arlogr + deg Jr - Toup(r, m0) + € log +0O(1).

Here the hypothesis that D is a hyperplane is used.
Now we prove (7.3). By the proof of [Dr, lemma 3.2], we know
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F*D < [suppF*D] + Dy,

holds on i(C}), where [suppF*D] is the current by integration on
suppF*D. Then if U C i(C}) is an open subset with U N suppD,,
=0,

[suppF*D] |U < F*D | U < [suppF*D] | U.
ie., F*D | U = [suppF*D] | U. (7.4)

For any w € i(C}}) — F(suppDy,). There is an open neighbor-
hood W (w) of w in 4(C},)— F(supp Dy, ) and Ar disjoint open subsets
Us(w), ..., Ur,(w) in §(CT), such that F~1(W (w)) = U, Ui(w),
and F' | Uj(w) : Ui(w) — W (w) is biholomorphic. Then

F.Dy, < F,Dg | W(w) = F.[suppD,] | W (w)
Ar
=Y _(F | Ui(w)) " [suppDy]

i=1
A
= Z [supp(F | Uy(w))™"* [suppDy]]

i=1

AR

=) “[suppD)]
i=1

= ApD.

Thus F,.D, | i(C}) — F(suppDy,) = AgD. Since codim (suppDN
F(suppDj,)) > 2, then F.D, | i(C};) = ArD, ie.,

F.D, < F,D, = ApD
holds on #(C7,). This proves (7.3). QED
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