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1. Introduction

A homeomorphism U of a compact metric space onto itself is said to be
uniquely ergodie if it possesses a unique invariant Borel probability measure yy.
For an introduction to the theory of unique ergodicity, we refer the reader to
J. Oxtoby [11]. A point « in the shift space Q% where Q is a finite state space,
is called a uniquely ergodic sequence if the shift S, (Sx); = z;,,, where i e Z,
x € Q% is a uniquely ergodic homeomorphism of the orbit closure 0, =
{S'z: i € Z} of x. We denote the shift invariant probability measure of a uniquely
ergodic sequence x by u, .

S. Kakutani [7], M. Keane [8], and K. Jacobs and M. Keane [5] have con-
structed a variety of uniquely ergodic sequences and investigated their measure
theoretic properties. The first examples of weakly mixing uniquely ergodic
systems were given by Jacobs [3]. F. Hahn and Y. Katznelson [2] constructed
uniquely ergodic sequences with arbitrarily high entropy and Ch. Grillenberger
[1] produced uniquely ergodic sequences in Q% whose entropy is arbitrarily
close to log |Q|. Further constructions of uniquely ergodic sequences were given
by W. Veech (Section 3 of [12]).

We shall prove in Section 3 that for every ergodic shift invariant measure u
on QF whose entropy h(y) is less than log |Q|, there exists a uniquely ergodic
sequence x € QF such that the systems (QZ, u, S) and (0,, u,, S) are isomorphic
and such that p, is in any given weak neighborhood of u.

This result and the finite generator theorem for ergodic measure preserving
transformations (see [9] and [10]) imply that every ergodic measure preserving
invertible transformation T of a Lebesgue measure space with finite entropy
h(T) is isomorphic to a system (0,, u,, S), where z is a uniquely ergodic sequence
in Q% and exp {M(T)} < |Q| < exp {#(T)} + 1. In Section 4, we shall show that
every ergodic invertible measure preserving transformation 7' of a Lebesgue
measure space is isomorphic to a system (U, C, uy), where U is a uniquely
ergodic homeomorphism of the Cantor discontinuum C. This was recently estab-
lished by R. Jewett [ 6] under the additional assumption that 7' be weakly mixing,
and conjectured by him to hold in the ergodic case. Our method of proof com-
bines the basic idea of Jewett with the methods that were developed for the proof
of the finite generator theorem for ergodic measure preserving transformations
(see [9] and [10]). We require some tools that we develop in Section 2.

. Jacobs has recently shown that every weakly mixing flow on a Lebesgue
measure space is isomorphic to a flow of homeomorphisms of a compact metric
space together with a unique invariant Borel measure [4].
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2. Cesaro properties and admissible sequences

We introduce some notation. Let Q be a finite state space. We denote the
cylinder set of an a € Q° for § = Z by

(2.1) Z, = {xe€Q%: (x))ico = a}.

Le* I € N and let #7 be the set of probability measures on Q. On #7, we use
the metric

(2.2) |u, v| = max [u(a) = va)|, 1, VEWT.
We define for y € #;,
(23) ’:(”') = z z “(ah“',al—l:a) lOg(Z ﬂ(ah“',al-l,a))
aeQl-1 2eQ aefd
- ¥ ua)log ua).

aeQ!

Every shift invariant probability measure p on QZ furnishes a measure ) € #7,

(2:4) 1) = p(Z,), aeQ
To every b € QX, K 2 I, there is a A¥)[b] € # assigned by

K-I+1
(2.5) A[b]@) = (K -1+ 1)7! Z Oa oyt acQ'.

. Now let ue #; and ¢ > 0. Also let K, L, MeN L = 3M(K + 1). Then

@£ (1, €) will denote the set of all a € Q" that have the following property : for
all i, where 1 < i <L — 3M(K + 1) + 1, there exist j(k)eN, 1 £ k = K,
such that

2.6) i 2 jlk) <jk +1) 2 L, l1sk<K,
4 j)y —i<3M, M <jk+1)—jk) <3M, 1<k <K,

an

(2.7) AP [(@: i 11, 1| < e, 1<k<K.

Fora e Q™ and b € Q", m, n € N, we denote by a + b the element c € Q™*" that
is given by
(2.8) (¢)i=1 = a, (C)im+1 = b.
Our first lemma will not be proved here.

LemMa 2.1. Let L, L' =2 3M(K + 1), and a€b\x(p, €), a' € Girku, &),
and let
(2.9) (@)i=L- smk+n+1 T (@)i=1
Then a + o' € i (1, ).

Next, we note a relation between the sets

2.10) Dyx(e) = () {weQF: @fIMED1 e gRYE Dy, g)

j==w

M(K+1) ¢ (6(6M(K+ My, ¢).
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and the sets
(2.11)  Uy(u, ¢ ﬂ ﬂ {x e QF: |AD[(x)iZ¥ ], p| < &}, NeN.

j=—w N'=N
LemMma 2.2, LetO < e < 1l,letIeN,letpueW;, andlet K, M, N € N be such
that
(2.12) M I<e K'<e, N MK +1)£e

Then Dy x (1, €) < Uy (p, 2°%).

ProOF. Let x € Py g(p,€), let i€ Z, and let " =i + N — 1. Since
(@:)iz i € Doy k(1 €), there is an Re N and j(r,k)e Z, for ] <r < Rand 1 £
k < K, such that

0=<j1,1) —i < 3M,

013 04 —j(R, K)<3MK + 1),
(2.13) 0 <j(r+1,1) —j(r,K) < 3M, 1 <r <R,
M <jirk + 1) — j(r, k) < 3M 1<r<R 1<k<K,
and
(2.14) |ADO[(@ ekt S, 11, 1] < e, 1<r<R 1<k<Kk

This together with (2.12) implies that
(2.15) |AOL@)i=e ] ul < 2%,

which was to be proved.

Let ve #;. We say that an a € Q’, J 2 [, is v admissible if v((a;}{Z] ') > 0
for1 £j £ J — I + 1. The set of v admissible sequences in Q’ will be denoted
by &(v,J). We say that an a € £(v, m) and a b e &(v, n) can be v connected
in k steps if there exists a ce€Q such that @ + ce&(v,m + k) and
(@ + o) filmsn-141 = .

Now let u be an ergodic shift invariant probability measure on Q% The
following four lemmas are well known from the theory of Markov chains. For
a e &u?P, I), denote by m,(u) the smallest of all positive integers p with the
property that a can be p'"’ connected with itself in kp steps, prov1ded that & is
sufficiently large.

LemMA 2.3. Leta e &, I) and let b € &', n), where n > I, be such that
a = (b)fey = (b)'=p—1+1. Then n — I is a multiple of 7,(1)

Proor. Let q be the greatest common divisor of n,(u) and » — I, and let
M e N be such that, for all M’ = M, a can be p!) connected with itself in

(u) steps. If £e N, 1 < ¢ < q~'m,(u), then there are N,, 4,, B, € N such
that N,m,(u) + ¢q = A,m, (1) + By(n — I). Let

(2.16) k= Mq 'm,(u) + max {g"'B,(n — I):1 £ ¢ < g 'n ()},
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and let
tk) =k — [kqn,(n)~']g ™ 'm,(n),

2.17
( ) M(k) = na(p)'l(kq — By (n — I))-

Then a can be p'’ connected with itself in kq steps. Indeed, there is a
ce &, I + M(k)m,(1)) such that

(2.18) o= (C)i=y = (ci){:m(kk))::((:))+l~
Hence,
Be i
(2.19) c+ Y (b)i-r+1€ 6D I + kg).
m=1

LEMMA 2.4. For a, be &Y, I), one has m,(u) = my(u).

Proor. The ergodicity of u implies that there are N, K € N such that for all
K' 2 K, b can be u® connected with itself in N + K'n,(u) steps. Application of
Lemma 2.3 concludes the proof.

We shall write n(u") for n,(u), a € &P, I). It follows from Lemmas 2.3 and
2.4 that the set &(u'", I) carries an equivalence relation, where a, b € &(u®, I)
are equivalent if they can be u connected in kn(u") steps for some k € N.
The classes of this equivalence relation will be called u” classes.

Lemma 2.5. Let X < &P, I) be a pV class. Then there exists an M € N
such that for all M' = M all a, b € X can be u™ connected in M'n(u®) steps.

Proor. For all c € X, there is a k. such that for all ' = k,_ the sequence ¢
can be u® connected with itself in k'n(u®) steps. For a, b € X, let n(a, b) e N
and ¢@(a, b) € &, where ¢ = n(a, b)n(u?) — I, be such that a + ¢(a,b) + b is
pD admissible. It follows that for all
(2.20) M' = max n(a, b) + max k,

a,bex ceX
and all b € &, there is a Y(b) € Q™, where m = (M’ — n(a, b))n(u”) — I, such
that

(2.21) a+ @@, b) + b+ yYb) +bes" I+ M), aeX.

LemMa 2.6. Let & < &P, I) be a @ class and let a € &P, n) for n > I
and (@) =y, (@) =p_1+1 € X Then n — I is a multiple of n(u).
Proor. There is a k € N such that for some ¢ € Q™, where m = kn(u®) — I,

(2.22) @) cn-1s1 + € + (@) =y € EWD, T + kn(uD)).
Hence,
(2.23) a+c+ (@), €W n + kn(u?)).

By Lemmas 2.3 and 2.4, n + kn(u'") — I is a multiple of n(u'"), which con-
cludes the proof.

We shall need the following fact which was already used in the proof of
Lemma 3 of [10].



UNIQUE ERGODICITY 331

LemMMa 2.7. For IeN, ue #;, ¢ > 0, there exists an NeN and an n > 0
such that

(2.24) [{a € QY |AP[a], u| < n}| < exp {(A(n) + &)N'}, N ZzZN.

Proor. LetJ = I. Any vector k = (k,), a € Q' in Z% such that k, = 0, for
all @ € Q! and such that

(2.25) Y k,=J-1+1

aef
determines a v, € #;
(2.26) i@ = =1+ 1)k, aeQl
Using Stirling’s formula, we have, for all such vectors k,
(X Kayrar-r0)!

2.27 aecQ D]l =v < |Q|f-1 aen
227  |{ [e] = v = 19| nn T Carorrm!)

aeQ
N
<ot II (——) exp {h(vi)J}.
acQlk,>0 ka

Let 0 <7 < p = $min,egr, >0 #(a) be such that for k € #;, |u, k| < n implies
that |A(n), h(x)| < ¢, and let N € N be such that
2.28) Q= 1p =129 < gxp (3eN'), N 2N
Then from (2.27),
(2.29) [{a € Q¥ |AD[a], u| < n}| < exp {(h(n) + &)N'}. N =N,

which was to be proved.

3. A construction of uniquely ergodic sequences

We write Uu for the Borel measure that is obtained when the Borel measure
i is transported by means of the Borel mapping U.

LEmMMa 3.1. Let0 < ¢ < 1,1€N. Let 0 be a finite set and let there be given
1(8), K(9), M(3) e N, &g > 0, and pg € Wy, 3 € 0. Let there further be given a
nonatomic ergodic shift invariant probability measure u on QF such that

(3.1) u(sﬂo Dres)y. ks (Hs €3)) =1
and e
3.2) L 2 max 6M(8)(K(S) + 1),

h(u®) — h(p) > 0. Then there exists a shift invariant Borel set X < Q% u(X) = 1,
a one to one Borel mapping U: X — QZ that commutes with the shift, and there
exist K, M, L' € N such that K > ¢ I, M > ¢~*, L' > max (L, 6M(K + 1)),
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(3.3) WMZHyAU 1 Z,) < g, aeQ,
(3:4) U"(Qo Dues), ko) (Bss &) = Un(Dyy, x (1P, 8)) = 1

and

(35) R(Uw®) > hp).

PrOOF. Let n be the number of elements in Q, and set 2!1%28 = A(uY) — h().
The proof will be given in four parts.

We begin the first part of the proof by selecting a u class X < &(u'?, L),
|#| > 1. By Lemma 2.5, there exists an m € N, mn(u”) > L, such that all
elements of 2 can be u'" connected in mn(u™ steps. We choose for all a,
a e X apPa,a’)eQF, where p = ma(u'®) — L, such that a + B(a,a’) + a is
pP admissible. By Lemma 2.3, we can find a'?, ¢V e &, te N, tn(uV) > 1,
as well as 89, bV e &(uV, L + tn(u")), such that
(3.6) a® # b,
and
an 0@ = By = BP)ay = b))

1) __ L+ tr(ptl)
oV = (bi)i=mﬁﬁ‘-)))+17

and such that a'® cannot be u'Y connected with itself in less than tn(u'Y) steps.
We denote

(38) ¢ = BN

By the individual ergodic theorem, we can find an N, € N such that for

(3.9) Fo= ﬂ {x € Q% |AP[(@)r. _ ], pP| < 27 %]},
k:“i"‘;’z’i(l)v|
(3.10) WF) > 1 — 2724252, 1,

By the Shannon-MecMillan theorem, we can find a J; € N such that
(3.11) |{a € 8P, ): (@), € X}| > exp {(R(u™) — 8)J}, J=J,.

(See Lemma 3.1 of [9].) Let 4 = (4m + t)n(u®) + 4tmn(u™)?> — L, and let
P € N be such that

(3.12) B = Pin(u) + L > max (2% 167 2ul4, N, J,).

We form the sequences s, = a® + XF_, c. The set {a € &(u'Y, B): (a;,)f=, € X'},
of which s, is an element, plays the role of an alphabet in this proof, and we
denote it by & From (3.11) and (3.12), we have

(3.13) || > exp {(A(p™) — 26)(4 + B)}.



UNIQUE ERGODICITY 333

Next we choose d, V), e? e A, eV # 2, and we form sequences w,, €
&, A) by setting

4mn(u(l))
é= Y ¢
(3.14) k=1
wp,a = B(d, a(o)) + b(l) + B(a(l), e(ﬂ)) + e(P) + ﬂ(e(ﬂ), e(d')) + e(ﬂ)
+ B(e?, a®) + @ 4 (é,)mrw L p.o =12

Let & € Q4, where g = (2m — t)n(u®) + 4tmn(u®)? — L be such that bV +
h + bV is u®™ admissible. For fe QX f € Q¥ k, k' = L, such that (f)f—,_r+1,
(f))k=, € A, we form sequences y(f, f') € &(u®, 4),

(3.15) WES) = B((fi)?=k—L+1’ a(o)) + 00 + b+ b+ /}(a(l), (fi {‘=1 -
Next, let /9 € N be such that

(3.16) Ay < h(p) + 6.
By Lemma 2.9, there is a J, € N and an > 0 such that
(3.17) [{a € Q: |29 [a], p¥| < n}|

< exp {(A(u) + o)}

< exp {(h(p) + 20)J}. J = J,.
We have from the individual ergodic theorem that there is a ¢ € N,
(3.18) Q > 6 'al,,
such that for
@19 F= ﬂo {x e QF: AV _], k| < n},

s
k' +k” >Q(A+B)

(3.20) w(F,) > 1 — 272426271,
Let Re N,
(8.21) 2%71Q < R < 2%7'Q.

We set M = (R + Q)(A + B), choose a Ke N, K >¢™'I, and set L' =
6(R + Q)(4 + B)(K + 1). Once more appealing to the individual ergodic
theorem, we see from (3.11) and (3.20) that there is an N, € N,

(3.22) N, > 2% 16"l
such that for
.
F, = ﬂ {x eQZ: (1 +k + k" ! z A aF (S)
k720 =K
(3.23) Krkramn

>1 - 2_1282527&_1},
wF;) > 1 — 27 %51
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Next, as the second part of the proof, we prepare for the construction of X
and U to be given in the third part of the proof. For the actual construction of
X and U, we shall need for every £ = N, a mapping a — q,(a) € N, (a € Q°) and
a mapping ®,: Q& - UX; o/* where ®,a € 99, g € Q. We proceed to describe
these mappings. Let s,, 1 < r < 4, be different elements of o/, all different from
sg, and let oy = o — {s,:1 < r £ 4}. By (3.11) and (3.13),

(3.24) | o] > exp {(A(u™) — 38)(4 + B)}.
Denote

C,=[t 4 +B) '] -1,

D, =[C)Q + R)'],

K, = [6@QD,], K,, = [e7'07'nQD,],

(3.25) M, =[(1 - 2°)Q], M, , = [67'nQ],

je = [e0*n71C,},

A, ={k(Q +R)+K:05k<D,1<k =Q)},

I, = {1,"',0,} — A,

and let 2(I;) be the set of subsets of size j of I, 1 £ j < RD,. Further, for
aeQ let

(3.26) F@) = {kel,: Mm[(ai)'fi”(ff)w+a)+A+1], #(I)l < 27 %},
and let .#, be the set of a € Q such that |[['(a)| < j, and such that
827) 10 £J < Dyt [0 [@fGRALASATP] w0 2 n}| < 7D,

We see from (3.12), (3.21), (3.22), and (3.24) that there is a one to one mapping

(3.28) @y QI CB o Ko,
and we set
Ce—1 p
(3.29) $r1a = ‘Pz( z (ai)’i‘gk&BlJﬁfﬂ + (ai)t{=Cg(A+B)+ 1>, ael)
k=0

We compute with the help of (3.12), (3.21), (3.22), and (3.24), that there are
one to one mappings
je
: P,(T,) x Q8 AKen,
(3.30) r21 jt___)i (#(T,) ) = A5
Ep 2,20 QRO > Afe

For a € Q, we set

{,’z,l(r(a), ) ;( ) (ai)’i‘(=A(ltf)l)(A +B)+A+ 1) if |r(a)| < Jos
(3.31) £ 00 = €a . .
2 &s,2,2( 2 (ai)?(=A(:—B)l)(A+B)+A+1) if |F(a)| > Je-
kel,
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and

K if |T(a) <,
(3.32) Ka={"1 ) i
¢ K(’z lf !F(a)' > ]/.

We find from (3.17), (3.18), and (3.24) that there is a one to one mapping

(3.33) W, QUATE) _, oglMes ) ogMe.
such that
(3.34) WaegMer if [A9a], B < 1.

Let, for a € Q24 +B)

. 0 0
(3.35) ﬂMm={gx zmﬁ;E&”MW<m
We define for a € Q’,
(3.36) @0 = (s0) + &p1a + (51) + &ppa + (82)
v T (AHGRRIR) + 60) + o0
D.-1
(3.37) qua) =2* + D, + K, + Ksa + JZO M((@: Y &R (b 1)-
We have from (3.18),
(3.38) q.(a) £ 22¢7 16" 'nQD,, ael,
and we have
(3.39) q.(a) £ (1 — 46)QD,, a€ M,

Observe that we have constructed the ®, in such a way that I'(a) is uniquely
determined by ®,a and that a is uniquely determined by ®,a and the
(ai)i"(=A(z—B)l)(A+B)+A+ 1 ke, — I(a).

For the third part of the proof, let
(3.40) Ec | 8§z,

aeX
be a Borel set of positive 4 measure such that
(3.41) EnS™E = ¢, 1<i<N,,
and such that for all z € E the sets {ie N: Sx ¢ E} and {ie N: Sz ¢ E} are
infinite. Let

2nL’
(3.42) E= &

r=1

be a partition of E,
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(8.43) 2u(E,) = n~ Y uE), 1 <r <267,
We denote for x e U2 _, S'E,
i"(x) =min {i 2 0: 8"z € B},
(3.44) i*(x) = min {ie N: §"* 'z € £},
{(x) =i (x) + i (x).
We shall construct a shift invariant Borel set

(3.45) Xe |y SE

and one to one Borel mappings
(3.46) U,:X - Q% 1 <r < 26b,

that commute with the shift. The construction of these U, will be achieved by
assigning to everyx e En X

(3.47) u, (k) € o, 1 £k £ Cpyy.
and

(3.48) 4e(Cpy + 1) € B, £(x) — Cpry(4 + B) — A).

We shall have

(3.49) u,(l) = 3¢, rxelnX.

Moreover, the u,(C,,, + 1) will have the property that their first L elements
and hence also their last L elements form sequences that are in ). Hence,
according to Lemma 2.6, it will be possible to define the U, by the requirement
that they commute with the shift, and by setting U,x, x € £ n X, equal to y,
where

Ce(x)
(350) (yl)f(:)l = wp(x),a(x) + So + Z (‘V(ux(k)v ux(k + l)) + ux(k + 1))5
k=1

1 if z€k,,
p(x) ={

2 if x¢E,,
1 if 87 "™xek,,
) =g i g4 g ¢E,
In order to define the u,(Cy, + 1), for all £ 2 N,, let d” be an element of

(P, ¢ — C,(A + B) — A) that ends in d and does not contain b* as a sub-
sequence. Then set

(3.52) U (Cpy + 1) = @Y, xek.

(351)

In order to produce the u.(k), 1 < k < C,(x), we shall first construct certain
v.(j) € &, 1 £ j £ QDy,. For this we need the mappings g, and @, as defined
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in the second part of the proof. We set

e o]
(3.53) qx) = q{(x)((xi):';(f)i'(x)+l))’ zE U S'E.
We have from (3.21) and (3.23) that
(3.54) p({x € QF: ()i LD -(xy+1 € Myxy}) > 1 — 2755701,

From this and from (3.38) and (3.39), we compute that
(3.55) fnz ¢(x)"ql) — @Dy) du(z) < —2-786(4 + B)~\.

Hence, by the individual ergodic theorem, the set
i=—o00 k=1

(3.56) X = {xe U SE: Y (q(8*) — QDysux)xe(S*x) = —oo}

has u measure one. We set for x € X

. ={(0,))eZxN:SzecEnX,15j<qS)},

[1]

(3.57)

p

«={(,/)eZxN:S2eEnX,1 < j= QDysin}-
Exploiting the defining property of X, we obtain for all x € X a mapping
1,.: B, — &, by setting for (i, j) € &,,
(3.58)
i(0,§) = min {i' > i:j = QDysuy + 3, (a(8%) — @Dyseotz(82) < 0},
i<ks?
J6.0) =j = QDusiy + Y (q(8*0) — @Dysen)xe(S*x) + q(8™ ),
i<k<i(i,J)
and by setting
(3.59) To(6, ) = (ix(3, ), Jx (6, 9))-

The 7, are one to one (see the second part of the proof of Theorem (2.1) of [9]).
Denote now

(3.60) (wx(j))‘}(:)1 = (Da(x)((xi)?(:;), xeEnX,
and set forr e £ N X,

wsi(§) i (1, )) € 1.(E,) and if 7,(5, §') = (1, ),

83 if  (1,)) ¢ 12(Ey)

Finally, we choose a g € «,

(3.62) [AP[g], u?| < 27 %,

and we let {, stand for a one to one mapping of A, onto {1,---, @D,}. We
define then forx e EnX,1 £ k £ Cyy,

(361) o) = {
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@ By uemrass if ke Do — D@6 2+ as1);
(3.63) u.(k)=<g if ker((xi)’:"g(;—B)l)(A+B)+A+l)’
V2 (Leerk) if ke Ay,

This construection is such that (3.49) holds.
Let A be the mapping that assigns to an x € X the

© z
(3.64) ze ({¢} v Y &1“)
k=1
that is given by

(3.65) 2 = {q)a(x)((xi)f(ﬂ) if Szek,

) if S'zéE.

The mapping that carries ¢ = Az, x € X, into the

o z
(3.66) Ze ({d)} v w’")
k=1
that is given by
(ve k)25 if S'zek,
¢ if S'z¢E,
is one to one and commutes with the shift as can be shown by an argument

that is similar to the one that was given in the second part of the proof of
Theorem (2.1) of [9]. Let

(3.67) 3 = {

B-L
§=a2+ Y ¢

i=1
(3.68) B = 4min(uV)? + P.

The , 4, Y(f, f'), and the d*) were structured such that « € E ~ X if and only if
(3.69) (U,x)ilrp-p+1 = 8, 1 <r<2nt.

These two facts and the observation that was made at the end of the second part
of the proof allow us to conclude that the U, are one to one.

For the fourth and final part of the proof of Lemma 3.1, we proceed to show
that all of the U, have the properties (3.3) and (3.4) and that at least one of
them has also property (3.5).

We have from (3.12), (3.21), and (3.22) that

(3.70) p({reX:|{ieZ: —i"(x) <i < i*(x), (Uwx), # x;}| < 3el(@)}) > 1 — 3¢
1< r <20,

Hence, the individual ergodic theorem shows that the U, have property (3.3).
The U, were also constructed such that we can infer from (3.11), (3.21), and
(8.62) that forallx e £ N X,
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I j H
(3.71) AUk @ CaYn i) u®| < e, 0 < j < Dy,
1 <r< 20t

From this and from (3.1) and (3.2) together with Lemma 2.1, we see that the U,
have property (3.4).
Last but not least there is an r, and an a € QX such that

A TIA

(3.72) @k, =5,
and
(3.73) WE,) > wUy,'Z,nE,) > 0.
With )
G_={xeZ,; ®)-p-a-p+1 €{01,1, 01 2}},

(3.74) Gy = {xe Z,;: (@)1 € {012, 03,5} },

k() = min {k > L': (@) 28 e {w,, + so:p,0 =1,2}},
we have from (3.43) and (3.73),
0 < Uy Zo 0 6-) < Uy, plZy),

(3.75)

0< Urou(zan G+) < Urou(Za)’
and
(3.76) U, (Z,nG-nGy) =0

Hence, U = U, has property (3.4).

LEmMMA 32. Let 0 <e <1, I€eN, and let u be a nonatomic ergodic shift
invariant measure on QF such that h(u) < log |Q|. Then there exist a shift
invariant Borel set X < Q% u(X) = 1, and a one to one Borel mapping U: X — QF
that commutes with the shift and K, L, M € N, such that

(3.77) K>e I, M>¢tl, L>6MEK+1),
and such that

(3.78) Up(@r x (1P, 8)) = 1

and

(3.79) R(Uw"P) > h(p).

The proof of this lemma is similar to the proof of Lemma 3.1.
THEOREM 3.1. Let 0 < 8 < 1,I€ N, and let u be a nonatomic ergodic shift
invariant probability measure on Q%

(3.80) h(u) < log |Q|.

Then there exists a uniquely ergodic sequence x € Q% such that the systems
(QZ% u, 8) and (O,, u,, S) are isomorphic, and such that

(3:81) |u(Z,) — pe(Z,)| < 96, aecQl
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Proor. We are going to construct inductively a decreasing sequence X; = Q%
of shift invariant Borel sets, u(X;) = 1, and a sequence V;: X; - QF of one to
one Borel mappings that commute with the shift. At the same time, we shall
obtain inductively also 4(j), K(j), M(j) € N, u; € #;, and sets
(3.82) €(a,j) I[1 < aeQ,

AR <iZAQ)

such that for all je N with n = |Q|

(3.83) M(j) > jn¥,
(3.84) K(j) > n%,
(3.85) Lij) =6 Jnax M(k)(K(k) + 1),
SkZi
(3.86) W((V;u) ") > h(w),
Jj
(3.87) ViXj kOl Dt kaio (P> 17 %),

(3.88) wu(lJ (ViZAZyAV[ 'Z,))) < 817127 340-D A'(j) = max A(k),

aeQ 15ksj

(4'0)=0,V,=1),
(3.89) wMZHAV7H (U Zy)) <27
ac¥b(a, ))
We set A(1) = 1 and we use (3.80) and Lemma 3.2 to obtain a set X; and a
mapping V; as well as K, L,, M, with the desired properties, setting
(3.90) €, 1) = {(a)}, e Q.

Assume now that we have already carried out the construction up to index j.
Because of (3.85), (3.86), and (3.87), we can apply Lemma 3.1 to the measure
V,p with 6 = {1,---, j} and

(3.91) g =n" 2k 1<k <y,
and produce a shift invariant Borel set ¥ = V,X;, u(V;"'Y) = 1, a one to one

Borel mapping U:Y — Q% that commutes with the shift, and K(j + 1),
L(j + 1), M(j + 1), such that

MG+ 1) > (j + 1?2

(3.92) KG + 1) > a2i*2,

LGj+1) 26 max Mk)(Kk) + 1),
such that 1Sksj+1
(3.93) V;u(UQ (Z AU 1Z,)) < 81712797 1p 7340
such that

(3.94) AUV =+ D) > h(p),



UNIQUE ERGODICITY 341

and such that with

Hiv1 = (UVjII)(j+ b,

(3.95) vy « () Do, koo (i 0~ ).
15ksj+1
We set then
X. = y-1!
(3.96) =V
I/j'f"lx = Uij, xer+1.

We find from (3.93) that
3.97) KU (7] 2V Zg) < 617127310340,
aeQ

Since V; ., is one to one, we can find an A(j + 1) and

(3.98) Ca,n+ 1) < I1 Q, xeQ,

A(j+1)<iSA(G+1)

such that
(3.99) WZ AV U Z)) <27i7h

acé(a,j+1)
This concludes the induction.

It follows from (3.88) that there is a Borel mapping W: Q% — QF that com-
mutes with the shift such that for u-a.a. x € Q%

(3.100) (Wx); = lim (Vix);, i€ Z,
and
(3.101) WMZ AW =1Z ) < 8171 a e Q.

We infer from (3.88) that for all j € N,
(3102) p(V 'ZAW ™ Zy) £ ¥ wVW ' ZgAVi 1 Zy) < 2707340,

k2j
Hence,
(3.103) w(VirZ,AW™1Z,) < 27in7 240, ee ] @
A <is A
Hence, also
(3.104) w(Vi (U z)AW U Z) <27 aeQ,
ac€(x, j) acé(a,j)

and from (3.89),
(3.105) WZ AW U Z,)) <279, xeQ.

ac€(a,j)
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Exploiting shift invariance. we conclude from this that there exists a shift
invariant Borel set X < N;_, X;, u(x) = 1, such that W if restricted to X is
one to one. We claim that, for all x € X, Wx is a uniquely ergodic sequence such
that

(3.106) Uwe = W
To establish this, we prove first that

(3.107) WX < ﬂ .@M(j)ymj)(uj,n“”).
i=1
Indeed, for je N, i € Z and x € X there is a j/ = j such that
(3.108) Wa), = (V). & <i<i + 3MG)EG) + 1),
and by (3.87), Vyx € Dy, k(5. = *) and (3.107) follows. By Lemma 2.2, for
(3.109) N(j) = n¥M(j)(K(j) + 1),

WX < Uy, 2°n~ ), jeN.
From the individual ergodic theorem, therefore, for all j € N,

(3.110) |, (W9 < 252~ %,

Hence,

(3.111) WX < () Uy (W)Y, 260~ %)
ji=1

This implies that every element in WX is uniquely ergodic and that (3.106) holds.
Equation (3.81) follows from (3.101).

CoroLLARY 3.1. For every ergodic invertible p preserving transformation T
of the Lebesgue measure space (E, B, p) with finite entropy h(T) there exists a
uniquely ergodic sequence x € Q%, "D < |Q| < "D + 1, such that the systems
(E,p, T)and (O, u,. S) are isomorphic.

Proor. We know from the finite generator theorem (see [9] and [10]) that
there is a shift invariant probability measure u on Q% " < |Q| < "T + 1,
such that the systems (£, p, T') and (QZ, u, S) are isomorphic. Hence, the corollary
is a consequence of Theorem 3.3.

4. Infinite entropy
We define for a mapping ¢: 0 — 6':
(4.1) &r = ((x)2 — x e 0%

For the case of infinite entropy, we need yet another version of Lemma 3.1.
LEmma 4.1. Let 0 < ¢ < 1,1 e N. Let 8 be a finite set and let there be given

I(8), K(9), M(3)e N, ¢ > 0, finite sets I'y, mappings @g: Q = Iy, and prob-

ability measures pg on Ti®, 9 € 0. Let there further be given a nonatomic ergodic
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shift invariant probability measure p on QF such that h(p) < log |Q| and
(4.2) ﬂ(aﬂo &y 1@M(s),x(s)(lfls, 33)) =L

Then there exists a shift invariant Borel set X < Q% w(X) = 1, a one to one
Borel mapping U: X — QZ that commutes with the shift such that

(4.3) WMZHAU ™1 Z,) < &, xeQ,
and also M, K € N, such that

(4.4) M>e I, K>eg !

and such that

(4.5) U“(:Qo ?5 ' Dus), ke (M. &) = UI»‘(@M,K(N(”, e)) = 1.

In the proof of our last theorem, we shall use the shift space ({0, 1, 2}N)%
Again, we say that an x € ({0, 1, 2}N)? is uniquely ergodic if the shift is a uniquely
ergodic homeomorphism of 0, = {S'z: i € Z} and we denote the corresponding
invariant probability measure again by u,.

THEOREM 4.1. For every ergodic invertible p preserving transformation T of
a Lebesgue measure space (E, B, p) there exists a uniquely ergodic point x in
({0, 1, 2}N)% such that the systems (E, p, T) and (O, py, S) are isomorphic.

Proor. Let (E, %, p) be the unit interval together with Lebesgue measure and
let {F(j): j € N} be a collection of Borel subsets of £ that generates #. We set

(4.6) Pj k@ = (@)f=1, ae{0,1,2},j 2 k.

We are going to construct inductively a decreasing sequence X; < E of T invari-
ant Borel sets, p(X;) = 1, and a sequence V;: X; — ({0, 1, 2}’)* of Borel map-

pings such that the diagrams

4.7) E— 1 g

n
({01, 2)9)2 — ({0, 1, 2}/

are commutative. At the same time we shall obtain ‘inductively also K(j),
M(j) € N, probability measures y; on ({0, 1, 2}/)’, such that for allje N,

(4.8) M(j) < j3%7,

(4.9) K(j) > 3%,
i
(4.10) ViX; < () @5k Pracor. koo (B> 372,
k=1
and A(j) € N and sets
4.11) %G, k)<= [I {012} 1<k <y

A()<isAQ)
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such that
(4.12) p(F)AV7Y( ) Z,)) <27, 1

ac¥(j,k)

lIA
B
IIA

~

Also, we shall have with A'(j) = max, 5, <; A(k),

2
(4.13) P(I"j_—llzmAVj_l( U Z«al,n-,aj-,,a»)) <27/373UmY,
a=0 .
aef{0, 1,27 i > 1.
Let

(4.14) Vox = (Xra)(S'x))2 - » € {0, 1, 2}%, xek.

We can apply Lemma 3.2 to obtain M(1), K(1) > 9, a shift invariant Borel
set Y, = {0, 1, 2}% p(V5 'Y;) = 1, and a one to one Borel mapping

(4.15) U,: Y, -»{0,1,2}%
that commutes with the shift such that
(4.16) U,Y © Dyy, k(U1 Vop)?, 372).
We can set
_ p-1
(4‘17) Xl - VO Y19
’ le = UlVox, xEX

Since V; is one to one there exist A(1) and €(1, 1) with the required properties.
Assume that the construction has already been carried out up to index j € N.
We define then a Borel mapping @: X; — ({0, 1, 2}/* )% by setting

(4.18) Qx = (V&) + (Xrg+ (S - s z € X;.

We apply Lemma 4.1 to the measure Qp and to I, = {0, 1,2}% ¢;,, and
& =372, 1 £ k £ j, to obtain

(4.19) MG+1)> G+ 1)32(i+1)2, KG+1) > g2u+1?

a shift invariant Borel set ¥;., < ({0, 1, 2}/* )% p(Q~'Y;,) = 1, and a one
to one Borel mapping

(4.20) Ujr1: Yjer = ({0, 1, 2}7 1)
such that with
Hji+1 = (Uj+1VjP)UH),

j+1

A1 —2k2
Uit 1Yy © m @ik Dy, ity (Bie> 3 ),
k=1

(4.21)

and such that
(4.22) p(Q Y ZWAU M Z,)) < 27i713734°0), ac{0,1,2}i+
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We set
(423) Xj+l = Q—IYj+1, Vj+1x = Uj+1Qx. xEXj+1.

Since U;, ; is one to one, we can infer the existence of suitable A(j + 1, k)
and €(j + 1, k).

It follows from (4.13) that there exists a Borel mapping W: £ — ({0, 1, 2}N)%
such that for p-a.a. x € £,

(4.24) (Wa),; = lim (V;a),.;, /eN,ieZ.
j=o

Since 4 is generated by {F(j): j € N}, we can infer from (4.12) and (4.13) that
there exists a 7' invariant Borel set X = N7, X;, p(X) = 1, such that W if
restricted to X is one to one. Set

(4.25) Yy = Wl=1 ye{0,1,2}N jeN.
To establish that for all x € X, Wx is uniquely ergodic such that
(4:.26) qu = Wpa

it is, by (4.8), (4.9), Lemma 2.2, and by the individual ergodic theorem, enough
to show that for all je N,

(4.27) Ui Wa € Dogisyoxepy (B> 37H0).
That this is indeed so follows from (4.10) and (4.24).
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