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1. Summary

First, a few remarks are made on invariant probability measures of a transition
probability operator. The notion of irreducibility is introduced for a transition
operator acting on the continuous functions on a compact space, and implications
of this assumption are examined. Finally, the unitary and isometric parts of the
operator are isolated and interpreted in terms of the behavior of iterates of the
operator.

2. Preliminary remarks

Let us consider a space @ with a Borel field of subsets ®. We shall call P(z, B),
z € Q, B € ®, a transition probability funetion if P(z, -) is a probability measure
on ® for each z € @ and P(-, B) is a ®-measurable function for each B € ®.
Higher order transition probability functions can then be introduced recursively
starting with P(-, -):

Py(z, B) = P(z, B),

(1)
Pou(z, B) = f Py(z, dy)P.(y, B), n=12---, z€9Q, BeG.

It can easily be seen that the functions P,(-, -) probability measures on ® for
each z € 2 and measurable in z for each B € ®. Further, a small argument shows
that

@ Puin(®, B) = [ Pula, dy)Puly, B), mm=1,2- "

There is an operator T taking bounded measurable functions into bounded
measurable functions induced by P(-, ):

) (TH@) = [ P, d)S Q).

The operator T is positive in that Tf > 0 if f > 0; by f > 0 we mean that
f(x) > 0 for all z € Q. Also, T maps the function one onto itself. A convenient
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norm can be introduced for the bounded functions f in terms of the transition
function P(-, -). Let

4) 171l = {inf [sup P(z, {4l 17 @) = ¢}) = 0}

Then ||Tf|ls < ||f]s, and hence the corresponding norm of the operator T, || T|,,
is less than or equal to one.

The transition function P(-, -) also induces an operator acting on finite
measures and taking them into finite measures. At the risk of a lack in clarity,
we shall also denote this operator by 7 and let

(5) WI)(B) = [ u(de) P(z, B) = »(B)

for any finite measure u on ®. The operator T takes probability measures @ into
probability measures since

®) @@ = [ Q@2 Pz, 9) = [ Qus) = 1.
We shall call @ an Znvariant probability measure with respect to P(-, ) if
@) @M)(B) = [ Q(d2) P(z, B) = Q(B)

for all B € ®. The set of probability measures is obviously a convex set, and the
set of invariant probability measures is a convex subset of the set of probability
measures.

Given any specific invariant probability measure @, we can consider T as an
operator on the space L:(dQ) of square integrable functions with respect to Q.
For if f € L.(dQ),

® [ew)|[Tne[ = [ e@s)|[ P@, ) s@)

< [ @) [ P dlf @)l = [ QEnls @I,

so that (Tf)(x) is well-defined for almost all z with respect to Q and Tf € L.(dQ).
Further, || Tf|| < ||f]] in the norm of L»(dQ), so that T is a contraction operator
on L.(dQ). Since T is a contraction on L,(dQ), it follows that given any
J € Ly(d@),

12 -
9) =2 TH—f

N rg=1

converges in Ly(dQ) to f € Ly(dQ) as n — . We shall say that the invariant
measure Q is ergodic with respect to T if

(10) 7= Eof = [ 1@)Q@)
for all f € L.(dQ).

THEOREM 1. Given any two invariant probability measures @, Q: ergodic with
respect to T, it follows that they are either singular with respect to each other, or else
identical.
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If the measures Q;, 7 = 1, 2, are not singular with respect to each other, there
is a set M on which they are absolutely continuous with respect to each other
having positive ¢; and @, measure.

Given any bounded funetion f,

(1 ¥ TY—Fef, Fof

in measure with respect to both @,, @, as n — » on M. Then Eqf = Eq, for all
bounded f. Let f be the characteristic function of a set B, cg. It follows that

@ [ewlf o=

=1

= [ @u(ds) Bocs = [ @u(d2) Eaca = Qu(B).

Thus the two measures Q; and Q. are identical.

We shall call an invariant probability measure Q an extreme point of the set of
tnvartant probability measures if whenever @ is expressible as a convex combi-
nation of two invariant probability measures @, @,

(13) Q=aldy+ (1 — )@, 0<a<l,

it automatically follows that @ = @, = Q.. First, it is easy to see that every
ergodic measure @ is an extreme point of the set of invariant probability
measures. Since Q = a@; + (1 — a)@s, 0 < a < 1, it follows that @, and @, are
absolutely continuous with respect to @. However, theorem 1 then implies that
Q=@ =2Q.

On the other hand, if @ is not ergodic, it cannot be an extreme point of the set
of invariant probability measures. Since € is not ergodic, there is a funetion
f € Ly(dQ) such that f is not constant almost everywhere. Let ¢ be such that
Q(4) = a,0 < a < 1 where A = {z|f(x) > c}. The fact that T is a positive
contraction on L,(dQ), taking one into one, implies that P(z, A) = 1 for almost
all 2(dQ) in A. Thus @, and @, are invariant probability measures where

QB = QBN 4),

(14) .

Q:(B) = i QB N 4),
and
(15) Q=adi+ (1 — a)Qs.

Here 4 denotes the complement of A. We therefore have the following theorem.
TaEOREM 2. The extreme points of the set of invariant probability measures with
respect to P(-, -) are precisely the ergodic probability measures with respect to P(-, ).
Blum and Hanson [1] have discussed related questions for point transforma-
tions.
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3. Transition operators on a compact space

In this section we shall assume that Q is a compact Hausdorff space and & the
Borel field generated by the topology. Further, T s to take continuous functions
into continuous functions. Therefore, we may take it for granted that P(x, -) is a
regular measure on ® for each z € Q. Given any fixed point z, let ¢.(x) be the
spectrum of P,(z, ), that is, the set of points y such that for every open set O
containing y, Pn(x, 0) > 0. This set is a closed set for every zand m = 0, 1, - - -.
By P, we shall understand the identity point mapping. The following lemma
was obtained in [4].

LemMma 1.  The spectral set
(16) omin() = U 0a(y).

yEom(r)

The sets o,(x) correspond to exit from z to points n steps later on. One can
also introduce sets 7,(z) corresponding to entrance into the immediate neighbor-
hood of z from points n steps before. Let f be any nonnegative continuous
function with f(z) > 0. Consider

a7) 8. = {&l [ Patey i) 1) > 0}
and set
(18) @) = IS

Notice that z € 7,(2) if and only if z € ¢.(z). For if z € 7,(2), given any con-
tinuous f > 0 with f(2) > 0, it follows that (T%f)(z) > 0, and hence z € ¢.().
The converse statement follows by going in the reverse direction.

We say that T is irreducible acting on the continuous functions if for any con-
tinuous f > 0, f £ 0, and any given point z there is a positive integer n(f, )
such that 3% (T*)(z) > 0. The compactness of @ implies that we can find an
n(f) such that 21 (T%) > 0 for all z.

LemMa 2. The probability P,.(z, o.(z)) is equal to one.

Consider any open set O containing ¢,(z). Let C be the complement of O. For
each y € C there is an open set O, with y € O, such that P.(z,0,) = 0. C is
compact, and hence there is a finite subcovering Oy, j = 1, - - - , n, of the cover-
ing {0,, y € C} of C. Now P,(z, C) < X Pa(z, 0,,) = 0so that P.(z, 0) = 1for
every open O with ,(x) C 0. Thus P,(z, o.(z)) = 1 by the regularity of P.(z, -).

THEOREM 3. The operator T is trreducible acting on continuous functions if and
only of

(19) l’fn(x) =Q

iCs

for every z.
For suppose U o,(x) = © for every z. Consider any f > 0, f # 0. Then there
is a point z such that f(z) > 0. Since z € U 0,(x) (=9), there is a 2 € U aa(z)
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such that f(2') > 0. Then for some n, (T*)}(xz) > 0. Thus T is irreducible. Now
assume that U o.(z) # Q. Then there is a z ¢ U o.(x). This implies that there
is a continuous f with f(z) = land f = 0 on U e,(z). By lemma 2, (T"f)(z) = 0
for each n > 0, and hence T is not irreducible.

Given the transition function P(-, -) we can construct the corresponding
Markov process starting at x at time zero. Consider the space of sequences

(@0, X1, X9y + - ) With 2o = 2 € Q, 21, 25, - -+ € Q. Define the measure P(- - |2y = x)
on product sets of the form B; X By X «++- X By, B;e®,i=1,--- ,kby
(20) P(BiXB:X - XBilzo=12) =P(x;eBj,j=1, -, klzg = 2)

= fBlP(x, dzy) fBZP (21, dxo) - - - .[B._,P (@1, By),

and extend it in the natural way to the Borel field generated by these product
sets.

Lemma 3. If T ts irreductble on continuous functions, then for each point x and
every nonvacuous open set O,

(21) P(z, € O infinitely often, n = 1,2, - - -|zy = z) > ¢(0) > 0.

Irreducibility implies that for each continuous f > 0, f £ 0, there is an n such
that 3% T% > & > 0 for all z. Consider any fixed z and any given nonvacuous
open set 0. Let z be a point in 0. Take f, a continuous function, 0 < f < 1, equal
to one at z and zero outside of O. Then for some m, 3.7 T* > & > 0. But this
implies that lim_,—. (1/n) 2% T% > (§/m) > 0, and this cannot be the case un-
less, starting with any specific z, there is a positive probability of entering O
infinitely often. Further, the probability of entering O infinitely often starting
with z is bounded away from zero by some positive number ¢ independent of z
but generally depending on O.

TueOREM 4. If T is irreductble on the continuous functions, for each nonvacuous
open set O and each point x € Q,

(22) P(z, € O infinitely often, n = 1,2, ---|zo = z) = 1.
Suppose there is an x and a nonvacuous open set O such that

(23) P(z, € O finitely often, n = 1,2, -+ -|zo = 2) > 0.

But then there is an integer k such that

(24) P(z,€O0ktimes,n=1,2, ---|xg = z) > 0.

For some ny, -+ -, n,

25 P(xn,€0,i=1,---,k;z, &€ O otherwise [z, = z) = ¢ > 0.

Let

(26) A= {x,,€0,i=1, -, k; z. & O otherwise},

27) Ay = {2,,€0,i =1, --- , k; x, &€ O otherwise, n < N},

where n; < ns < - -+ < m < N. Then, given any ¢ > 0 for some N (¢) sufficiently
large,
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(28) P(Anlzo = ) < P(A|zg = z)(1 + ¢).

However,

(29) P(Ax N {z. € O infinitely often n > N}|z, = x)
= /6 P(Awx; dzy|ze = z)P(zs € O infinitely often n > N|zy = z)
> cP(Ax|zo = 7)

where P(Ay; Blzy = x) = P(Ay N {zx € B}|x, = z). Further,

(30) P(Ax N {z. € O infinitely often n > N}|zg = z) > cP(A|zy = x),
and this is a contradiction if e < ¢.

4. Iterates of a transition function with respect to an invariant measure

Let Q be an invariant probability measure for the transition function P(-, -).
We have already remarked that the induced operator 7,

(81) (TN = [ Pz, a1 (),

acting on L.(dQ), is a positive contraction taking the function one into itself.
Consider the family of functions U; of La(dQ) for which T7is norm-preserving,
that is

(32) [ ls@ @) = [ (T @) Q)
for ¢ € U;. For f € L:(dQ),
(33) (TN@) = | [ P, an)s @)

< [ Pita, ali @)z = (T119(@).
Thus for g € U,

(34) [ i@ Q@) = [ (Tigl)@ Qua)
= [ (Tip@ @),

and hence,

(35) (Tilg|%)(z) = |(Tg)(x)|*

for almost all z with respect to Q. Given any z for which (35) holds, it follows
that g(y) is constant for almost all y with respect to P;(z, -). Thus it is clear that
qQ; precisely consists of those functions with the following property: for almost
all z (dQ), g(-) is constant for almost all y with respect to P;(x, -). Obviously,
q; is a closed linear space of functions. Further, the essentially bounded functions
in U; are an algebra since the product of any two essentially bounded functions
g1, g2 in U; is an essentially bounded function in U;. We thus have the following
lemma.
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Lemma 4. The set U; of functions in La(dQ) whose norm is preserved by T7 is
a closed linear space. The essentially bounded functions of U; are an algebra con-
taining the function one.

It immediately follows that there is a Borel field of sets ®; induced by u;.
In fact, U; is precisely the set of square integrable functions (with respect to Q)
that are measurable (modulo a set of @ measure zero) with respect to ®;. Clearly,
‘udD‘llzD ---and ® = (303(313 LN

Let
(36) U, = II U;, B = 1I &,

i=1 j=1
The set of functions U, is the closed linear space of functions whose norm is
preserved by all powers 7%, j = 1,2, - - - , of T and is the set of square integrable
functions measurable with respect to ®.,. In fact, T induces a measure-preserving
set transformation on the sets of ®;,; taking the sets of ®;,;into ®;,7 = 0,1, --- .
For if B € ®;44,

@37) (Tles|?) (@) = (Tes)(z) = [(Ten) (@)%,

so that (Tcs)(z) is the characteristic function of a set that we shall call +B.
Further,

(38) QB) = [ (Tew)(@) Q) = [ eala) Qd)

= Q(B).
Clearly, 7B € ®; since T takes U;;; in U;. If B € B; but not in ®;4;, we have
(39) T*cg = c.:p, k=0,1,---,3

but on the (7 + 1)-st application of T, it no longer acts as a set transformation.
Consider now the action of T on the characteristic functions of sets in ®.
Then

(40) Tkcg = cnp k= 0, 1, 2, e
if Be®, with #*Be ®, for £t =0,1,2, ---. Notice that the sets B € B,
correspond to a class of events in the backward tail field of the stationary Markov
process determined by the transition function P(-, -) and the invariant measure
Q(-).

Since Q(-) is an invariant probability measure, we can consider the operator
T* adjoint to T

(41) [ IN@e@e@) = [ 1@)(T*)@)Qe)

forf, g € L:(dQ). The adjoint operator T* corresponds to the backward transition
function P*(-, -) of the stationary Markov process determined by T and Q.
As before, the set U} of functions in Ly(dQ) whose norm is preserved by T*/ is a
closed linear space consisting of the square integrable functions measurable with
respect to some Borel field ®}:

(42) iDW>D:--, B=@DBD:--.
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We set
(43) UL = I, &% = II &

i=1 =1
The operator 7* induces a measure-preserving set transformation 7* taking the
sets of B}y, into ®}, 7 = 0, 1, - - - , and the sets of ®% into ®%. The sets B € ®B%
correspond to a class of events in the forward tail field of the stationary Markov
process determined by T (or T*) and Q(-). The Borel field & = &, N &% is of
special interest because the set of functions 4l square integrable and measurable
with respect to ® consists precisely of those functions whose norm is preserved
by both T% k = 1,2, --- and T*, k = 1,2, --- . The map 7 acts as a measure-
preserving invertible transformation on the sets of @, that is 77*B = r*7B = B
for B € ® with Q(+B) = Q(+*B) = Q(B).

The set of functions f € L:(dQ) such that { [(Ti)(z)[> Q(dz) >0 as j— =
are of some interest. Call this set of functions . It is a closed linear space by the
Minkowski inequality. Let g € D and h € U,. By the characterization of func-
tions in U, it follows that

(44) Tigh) @) = [ P, dy)gw)hw)

= [ P, dy)g) [ Pitz, dy)hty)
= (Tig)@)(T'h) (=)

for almost all z with respect to Q. However,
45 |[ s@h@)euEn|=|[ i@
= | Tip@Th@eEs)]
<{[ Iro@reus) [ 1rh@ra |

which tends to zero as j tends to infinity, so that the U, is orthogonal to D.
The space D* is the set of functions f € Ly(dQ) such that [ [(T*f)(z)|*Q(dz) — 0
as j — », and in the same manner, one can show that ©* is orthogonal to U.

In the case of a countable state space or an almost periodic transition operator
T, U, = U% and D = D*. It is easy to consider a class of transition operators
for which this need not be the case. Let Q be the unit interval [0, 1] and 7 the
transition operator

(46) (Tf) (@) = ple)fGz) + @ — p@)fG + 32)

acting on the continuous functions on [0, 1]. It is assumed that p(z) is a con-
tinuous function with 0 < p(x) < 1 so that 7' takes continuous functions into
continuous functions (see [2]). There will then be at least one invariant measure

Q(-). In particular, consider the simple case in which p(z) = § and Q(-) is
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Lebesgue measure on [0, 1]. The set a1, contains precisely the constant functions
and D all functions orthogonal to them. On the other hand, T* is given by

(47) (T*) (=) = f([22])

where [y] = y mod (0, 1). In fact, T* is given by (47) in the case of any con-
tinuous p(z). Thus, UL = Ly(dQ), and D* is trivial since it contains only the
function zero. This is fairly obvious since with p(z) = % the stationary Markov
process generated by 7' is purely nondeterministic going forward in time and
purely deterministic going backwards in time.

In the case of an almost periodic transition operator, L.(dQ) is precisely the
Hilbert space generated by the two orthogonal spaces U, and D (see [5]). It is
an interesting question as to whether this is still true in general. In particular, if
U, is trivial, in that it consists only of the constant functions, can one find a
function f € Ly(dQ) such that | T*f|| | ¢ > 0 as k — «? Notice that if one for-
gets about transition functions and considers generally contractions on Hilbert
space, this is easy to arrange.

In the following simple example, S is a contraction on a Hilbert space of square
integrable functions with the property that the constant functions f are the only
ones for which ||f|| = |[T*f||=1,n= 1,2, ---,and yet ||T"g|| | c(g) > O for
all g£0asn-—o. Let ¢g = 1, ey, 5, - - - be a complete orthonormal family of
functions, say on [0, 1]. Let S be the operator determined by

Seq = ey,

) Ses = Mejan i=1,2

with 1 > A; > 0 and II®\; = L > 0. The transformation S is clearly a con-
traction, and if

(49) = io C4€4y
i~
then
© i—1
(50) 1Tl L el + 35 led?L/ TE AP

An even more interesting example is given by a class of irreducible transient
chains with an invariant measure. Let the invariant measure be r = (;) so that
©T = = where T is now the matrix of one-step transition probabilities ;.
Notice that f with f; = 1 does not belong to Ly(r) since the chain is assumed to
be transient. Any nontrivial random walk, that is, with ¢, ; = ¢;_;and #; < 1 for
all 7, has

(51) 171t = S AT s | O

as n — o if f € Ly(w) with 7; = 1. In fact, one would expect this to be the case
with most irreducible transient chains with an invariant measure. However, the
following simple irreducible transient Markov chains do not exhibit this be-
havior. Let T = (¢;,;) with
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1—¢ if j=4i+1,
(52) ti,j= q: lf j='l:—1,

0 otherwise,

and 0 < ¢; < 1 where 2 3 ¢; < 1. Then one can show that there is an invariant
measure with lim; o 7; = 8 > 0, lim;,_ . m; = a@ > 0 given by

o«
— 3 0) — 1 __ S
(63) = Z%) o with o =1, of™" = giaf + gjpaf?y,
e

s = 0, 1, ...
Note that for all f € Ly(x), ||Tf|| < |Ifll, and since
(54) Tl l e >0

as n — », it follows that for most f € La(x), ||T*f|| | ¢ > 0asn — «. It seems
natural to call the irreducible transient chains, for which | T#f|| | 0as n —
for all f € Ly(x), purely nondeterministic and to say that the irreducible transient

chains with an f € Ly(r), for which ||T%f|| | ¢ > 0, have a deterministic com-
ponent.

Let us consider a real-valued function g € L:(dQ). We can then consider the
distribution function F,(¢) = Q({z|g(z) < a}) of the function g. The following
lemma remarks on a plausible and almost obvious continuity property of the
operator 7.

Lemma 5. If g is real-valued and ||g||2 — ||Tg||%> < €%, € > 0, then
(55) Frila —¢) — e < Fyla) < Frjla+ ¢ + e
Now

66 ol = 1@ = [ @) {lo@i* ~| [ P dngif}

= [ @) [ P@ dlg@) — [ P, dg@).
Thus, if [lgl]* - [ 7gll* < ¢, then
(57) 5= {al [ P anlow) - [ P a@l = <}

has @ measure less than e. If we look at the measure space of points (z, y) with
measure p generated by

(58) R4 X B) = [, Q)P B) = u({(z, 9)|(@ v) € 4 X B}),
then
(59) w{@ullie) - [ Pe ds@l 2 & <

But this immediately yields the conclusion of the lemma. Notice that this implies
that the distribution functions Fr., of T"g converge as n — .

It is well known that the sequence of operators T** T* converge as k — o
(see [6]). Let M = limz—. T** T* be the limiting self-adjoint operator. The fol-
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lowing lemma indicates that the problem of determining when L,(d@Q) is gener-
ated by the spaces U, and D is related to the character of the operator M.

LeEmMA 6.  Let the probability measure Q be an invariant measure of the tran-
sition probability operator T. The space Ly(dQ) s generated by U, and D if and
only if M 1is a projection.

Suppose that U, and D generate Ly(d@Q). It is then clear that M is the pro-
jection operator leaving the functions of 4l invariant and annihilating the
functions of . Conversely, if M is a projection, the functions left invariant by
M are U, and the functions annihilated by M are the functions of . The space
Ly(dQ) is then the direct sum of 1, and D.

Notice that if the constant functions are the only functions belonging to U,
then M is a self-adjoint positive, positive definite operator with @ as an invariant
probability measure. Further, one is the only eigenvalue of absolute value one
and is simple for M acting on L.(dQ). Thus, the Markov process with M as
transition operator is mixing. A transition probability operator T is strongly
mixing if
(60) sup (7)) — [ £d@l -0

esssup |f] <
as n — o (see [3]). It is quite clear from lemma 5 that if U, is trivial (contains
only the constant functions) and there is an f such that || 7*f|| | ¢ > 0, then M
cannot be a strongly mixing operator.

Lemma 7. Let Q be an invariant probability measure of T. If T* is normal for
some positive integer k, then M = M* and L.(dQ) is generated by U, = Us and
D = D*,

Since T* T*k = T*k T* it follows that M = lim,_,, T T** = M*, Further,
M is a projection for M = lim,_,, T*¥%* T2 = (lim,,, T*** T"%)? = M2 The
conclusion follows immediately from lemma 6.
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