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Abstract. We introduce noncommutative deformations of locally symmetric
Kihler manifolds. A Kihler manifold M is said to be a locally symmetric
Kihler manifold if the covariant derivative of the curvature tensor is vanish-
ing . An algebraic derivation process to construct a locally symmetric Kéhler
manifold is given. As examples, star products for noncommutative Riemann
surfaces and noncommutative CP are constructed.
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1. Review of the Deformation Quantization with Separation of
Variables

In this section, we review the deformation quantization with separation of variables
to construct noncommutative Kihler manifolds.

An N-dimensional Kéhler manifold M is described by using a Kéhler potential.
Let ® be a Kihler potential and w be a Kihler two-form

: _ 0*®
w = igyd2® A dZ W] )
where 2%,z (i = 1,2, ..., N) are complex local coordinates.

In this article, we use the Einstein summation convention over repeated indices.
The g* is the inverse of the Kihler metric tensor g,;. That means g* gy, = 6z,
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In the following, we use

_ 0
92k

Deformation quantization is defined as follows.

O op = 2)

dzk

Definition 1 (Deformation quantization). Deformation quantization of Poisson
manifolds is defined as follows. F is defined as a set of formal power series:

F = {f ) f=> fxh®; fr e C® (M)} . A star product is defined as
frg=>_ Ci(f,g)h" 3)
k

such that the product satisfies the following conditions

1. (F,+,*) is a (noncommutative) algebra.
2. Cy (+,-) is a bidifferential operator.

3. Co and Cy are defined as Co(f,9) = fg, C1(f,9) — Cilg, f)={f g}
where { f, g} is the Poisson bracket.

4, fx1=1xf=f.

Karabegov introduced a method to obtain a deformation quantization of a Kéhler
manifold in [6]. His deformation quantization is called deformation quantizations
with separation of variables

Definition 2 (A star product with separation of variables). The operation * is called
a star product with separation of variables on a Kihler manifold when a x f = a f
for an arbitrary holomorphic function a and f x b = fb for an arbitrary anti-
holomorphic function b.

We use
U Ik
D" = g™ 0y
and introduce S := {A; A=>"_a,D* a, € C®(M) }, where « is a multi-
index a = (a1, 2, ..., Q).
In this article, we also use the Einstein summation convention over repeated multi-
indices and a, D* := )  a.D".

There are some useful formulae. D! satisfies the following equations.

D!, D™ =0, [D!0:®] =4y,  forall I,m 4)

where [A, B] = AB — BA . Using them, one can construct a star product as a
differential operator L such that f * g = Lyg.
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Theorem 1. [Karabegov [6]]. For an arbitrary Kahler form w, there exist a star
product with separation of variables * and it is constructed as follows. Let f be an
element of F and A,, € S be a differential operator whose coefficients depend on

f,ie.,

A =ano(f)D*,  D*=T[(D), (D) =g"5 5)
i=1
where « is an multi-index o = (a1, g, . . ., @y,). Then
Ly=> A, (6)
n=0

is uniquely determined such that it satisfies the following conditions.
1. For Ry¢ = O;® + hoy

Ly, Roa] =0. @)
2.
Lil = fx1=f ®)
Then the star products are given by
Lig := fxg (€))
and the star products satisfy the associativity
Li(Lgf) = hx(g*f)=(hxg)*f=Lp,,f (10)

Recall that each two of D! commute each other, so if a multi index o is fixed then
the A,, is uniquely determined. The equations (8)-(10) imply that L;g = f x g
gives deformation quantization.

Definition 3. A map from differential operators to formal polynomials is defined
as

o (A;8) =) ant”
where

A= ZaaDa.

This map is called “twisted symbol”. It becomes easier to calculate commutators
by using the following theorem.
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Proposition 2 (Karabegov [6]). Let a(&) be a twisted symbol of an operator A.
Then the twisted symbol of the operator [A, 8;®] is equal to da/IE?

o (4, 8:8]) = ;;a(A).

This proposition follows from (4), i.e.,
o ([Df, a;@]) = ot
2. Deformation Quantization with Separation of Variables for a
Locally Symmetric Kihler Manifold

In this section, explicit formulas to obtain star products on local symmetric Kéhler
manifolds are constructed. A method of Karabegov in Section 1 is used for the
constructing.

Operators D" and DY are defined by using D* = ¢*¥0,;, and Di = ¢i'9; as

D% .= DY Do ...Dk,  DPr .= phph... DN
where
DOk = (Dk)ak, D = (03)53'

and «y, and 3 are N-dimensional vectors whose summation of their all elements
are set to be n

N
0_2n € {(7?775" 77]?[) € ZN ; Z’Yl? —TL}
k=1

N
k=1
ie.,

an = (al,ay, - ,al), |@n] =) af=n

= 1[M])=

By = (BY. B3, BY)". 1Bk = Br =n.
k=1

For o, ¢ ZJZVO we define D" := 0.

) « N2/ s\4
For example, D(1:23) = D1 (D2)2 (D3)3’ D(240) (D1> <D2> and DG—2:3)
= (0 for a three-dimensional manifolds case with n = 6.
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¢; is used as a IN-dimensional vector
e_7t: (51i752i7”' 75N7,) (11)

A Riemannian (Kidhler) manifold (M, g) is called a locally symmetric Riemannian
(Kéhler) manifold when VmRZ-jkl = Ofor all 4, j, k, [, m. Only locally symmetric
Kéhler manifolds are disscussed.

We assume that a star product with separation of variables for smooth functions f
and g on a locally symmetric Kidhler manifold M has a form

Lfg—f*g—ZZTnﬁ* (D) (Dg) (12)
ey

where T, G are covariantly constants. If a;, ¢ Z>0 or ,Bn ¢ Z o then we define

anf;,
T"n G = = 0. Z is defined by the summation over all an and ,6’;; satisfying
an by
‘a}l’ = B_;’; = n. In brief
N N
n:|a_i§‘::Zoz?, n= |p ::ZBZZ Z = Z
i=1 i=1

- A% — >
anfy  ldnl=|A|=n

Theorem 3. When the star product with separation of variables for smooth func-
tions f and g on a local symmetric Kéhler manifold is given as

Pro= 30 3 T (05) (%)
e

these smooth functions 7", ., which are covariantly constants, are determined by

the following recurrence relations for all ¢

Zhgd an edbﬁ‘*@;

Br — Okp — Gir + 1) (B — kp — dir: +2)
EPFS 3L )
k=1p=1
N—-1N—-k N
kk n
R Tanﬁ* —épt2€f,— el+ Zh _6krp_(5ik+1)

b
Il
-
—~
Il
—

1 p=

X (B = Oeanyp — Oierny + 1) R TO

anBi—eptéitenii—€"
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Outline of Proof. Let f and g be smooth functions on a Kdihler manifold M and
Ly be a left star product by f given as (12). Then

7 ([Ly.0,9)) = 8“82’—;“
=SS g () (€% 6T e
or equivalently, e
Ly, 8:®] g = nzo Z BITE (Da”f> (D@“f@?‘g) . (13)

The following formulas are given in [10]. For smooth functions f and g on a locally
symmetric Kdhler manifold, the following formulas are given.

l In
v;l...vjn'f:gllil...glnjnDl...D f
Vi Vi, 9 =9miky - Gk, D™ - D™ g
Dh...Dlnf =ghi.. .glnjnv31 V5 f
_D’m’1 .. Dm’”g :gmlkl P gmnknvkl P ang
If M is a locally symmetric Kdhler manifold, these formulas derive

[Ly; 159

_ hz Z Z Z ﬁk R kk_ Tri - <D07nf> (Dﬁ%w;fe;g)

n=0 Hﬁ*k laﬂﬁ*
—1N—k

N LN T o (D7) (D)

nok‘lllaﬂﬁ*

_hz Z Zg_d -1 e (Da,;ﬁetif) (Dﬂ;ilg)'

an 15

Details of this proof are given in [5].

3. x—Products for Riemann Surfaces

x—products for Riemann surfaces are studied in this section for arbitrary Riemann
surfaces regarded as locally symmetric Kéhler manifold. Applying Theorem 3
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for complex 1 dimensional case, *—products for Riemann surfaces are obtained
concretely. A formal discussions are given in [11], and star products are studied in

[9].

The Scalar curvature R is defined as
R=gR;=Rj".

Theorem 4. Let M be a one-dimensional locally symmetric Kédhler manifold
(N =1) and f and g be smooth functions on M. The star product with separation
of variables for f and g can be described as

o= 5 [0 et (0 2) TH(2) )

Example 1. Let (C, g) be a complex plane as a one-dimensional locally symmetric
Kihler manifold. The star product with separation of variables for f and g can be

=S ) HE) )]

n=0

Example 2. Wellknown flat torus embedding X : S x S' — R*

X (u,v) = (cosu,sinu, cosv,sinv), u = Re(z), v =Im (z)

-1 0 1 ovG 0 1 ovVE
— R=—+7—<— | —= +— | —= =0
VEG | 0u \ VE Ou ov \ VG Ov
where first fundamental forms are

0X 0X 0X 0X 0X 0X
ou  Ou ’ ou Ov 0 ¢
hence u, v are isothermal coordinates on a torus and the pullback metric is defined
as

G1=E=G=1

If (M,g) = (S* xS',g) then R = Riﬁi = 0. Hence the star product with
separation of variables for f and g can be described as also

oS HE

"Here we correct the typos in page 562 in [5]. Hz;ll in [5] should be TT}_,.
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4. Projective Space Cases

In this section, we calculate star products of CPY. These star products are also
equal to the ones given in [1, 4, 10]. A projective space is a special Grassmann
manifold and a Grassmann manifold is a special flag manifold. Deformation quan-
tization of flag manifolds and Grassmann manifolds were studied in [2, 3,7, 8].

At first, a function similar to the determinant is defined on the matrix space.

Definition 4 (permanent). Let C = (Cy 1)y pc,, <1<, D€ @ 1 x 1 matrix. We
define | - |* as a C-valued function on M (n,n; C) such that

C1* = > T Croni-

on€Sn k=1
This is called “permanent”.

Definition 5. A matrix G is defined by using the Hermitian metrics on M. Its
elements are metrics on M and are located as follows. o, and (,, are elements of

ZN

G -+ Gin
Gan:Brn — .
énl . énn
where
1 ... 1
Gpg=1Gpg | * "~ GM(aZaﬂZ];‘C)'
1 ... 1

Theorem 5. Let f and g be smooth functions on a projective space CPV. A star
product with separation of variables on a projective space CP* is given as

oo 1043 L6 (i T ()0 %)

n=1 o B _
(14)

Here, we correct the typos in (5.4) in [5].

Proof. We show that

T

‘Gcfn B

+ (& n h
(ll;ll aln!ﬁln!> I1 L+ h— fik)

k=1

n
n,Bn
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satisfies (3)

N

Q.

hg—d Tn—l .
( +h— hn) B dn—ciBi—é

N N n
" h 1 h
ng“d (1+h— hn) <Eaflﬁf!>]}_[1(1+h—nk)'

Gon— €a.85—

Using cofactor expansion of permanent, the R.H.S. of the above is rewritten as

‘ G5

+ (Y - h
(1;[ a;l!ﬁln!> 1;[ (1+h—hk)

This shows the given T” G satisfies the recurrence relation (3). |
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