CHAPTER 8

Inductive complements

8.1. Examples

Roughly speaking the main idea of this chapter is to discuss the following
inductive statement:

if a two-dimensional pair (X/Z, D) is lc but not kit and —(Kx + D)
is nef over Z, then Kx + D is 1, 2, 3, 4 or 6-complementary.

It is known that this assertion is true when —(Kx + D) is big over Z (see Propo-
sition 5.3.1) and in the local case. Unfortunately examples 8.1.1 and 8.1.2 below
shows that in general, this is false and some additional assumptions are needed.
The main result is the Inductive Theorem 8.3.1 which is a generalization of 5.3.1.

EXAMPLE 8.1.1 ([Sh3]). Let £ be a indecomposable vector bundle of rank two
and degree 0 over an elliptic curve Z. Then £ is a nontrivial extension

O_’OZ_—’S_’OZ—‘—’O

(see e.g., [Ha]). Consider the ruled surface X := Pz(£). Let f: X — Z be the
projection and C a section corresponding to the above exact sequence. Then for
the normal bundle of C in X we have N¢,x = Oc, hence C|c = 0. In this situation
we also have —Kx ~ 2C (see [Ha]) and (Kx + C)|c = 0. This yields Kx|c = 0.

Since p(X) = 2, the Mori cone NE(X) is generated by two rays Ry = Ry [F],
where F is fiber of X and another ray, say R. Since C? = 0, C is nef and C
generates R. In particular, both —Kx and —(Kx + C) are nef and numerically
proportional to C.

We claim that Kx + C is not n-complementary for any n. Indeed, otherwise
we have L € | — m(Kx + C)| such that C is not a component of L. Then L-C =0
and L = mC. The divisor L — mC is trivial on fibers, hence L — mC = f*N for
some N € Pic(Z). Further, C N L = @. From this (mC — L)|c ~ 0 (because
Clc ~ 0). Since flc: C — Z is an isomorphism, f|zN = (mC — L)|c = 0 gives
N ~ 0, i.e., L ~ mC. Then the linear system |L| determines on X a structure of
an elliptic fibration g: X — P! with multiple fiber C. Hence C|¢ is an m-torsion
element in Pic(C), a contradiction with C|¢c = 0.

EXAMPLE 8.1.2. Let X = P! x Pl. We fix a projection f: X — P!. Let C,
H,, H, be different sections of f and F;, F5, F3 different fibers. Consider the log

73



74 8. INDUCTIVE COMPLEMENTS

divisor Kx + D, where

1 6 1 2 5
= =H,+ -Hy+ -Fy + -F, + - F3.
D C+7 1-0-7 2+2 1+32+63
It is clear that Kx + D is lc and numerically trivial. We claim that there are no
regular complements of Kx + D. Indeed, assume that Kx + D has a regular n-
complement K x +D™. Then Kp+Diff¢(3 F +2 F,+ 2 F3) is also n-complementary.
Therefore n = 6 (see 4.1.12). On the other hand, by definition we have
2 5

| 1 1
>C+ = + + —F + -y + =
DT >C 6H1 H, 2F1 31?2 6F‘3,

a contradiction with Kx + Dt = 0.

The following example shows that under additional assumptions we can expect
some inductive theorems even if —(K + D) is not big.

EXAMPLE 8.1.3. Let D = C' + B be a boundary on X := P? such that Kx + D
is lc and C := |D]| # 0. Assume that —(Kx + D) is nef. Then there exists a
regular complement of Kx + D. Indeed, for some n € R, the log divisor K¢ + B|c
is n-complementary. Since H'(P?,£) = 0 for any invertible sheaf £ on P2, n-
complement (where n € R;) on C can be extended to some Q-divisor D* on X.
We write Dt = C + B*. By Corollary 2.2.7, Kx + D% is Ic near C. It is sufficient
to show that Kx + D7 is Ic everywhere. But in the opposite case Kx +C +aB™* is
not lc for some a < 1. By Connectedness Lemma, LCS(X, C + aB™*) is connected.
This gives a contradiction.

8.2. Nonrational case

Now we consider the question 8.1 for the case when the surface X is nonrational.

THEOREM 8.2.1 ([Sh3]). Let X be a normal projective nonrational surface and
D a boundary on X such that Kx + D is lc and —(Kx + D) is nef. Assume that
(i) Kx + D is not kit;
(ii) there is a boundary D' such that D' > D and Kx + D' is lc and numerically
trivial. :

Then Kx + D is n-complementary for n € Rs.

PRrOOF. By taking a log terminal modification we may assume that X is
smooth, Kx + D is dlt and |D] # 0 (see 3.1.1). Since D # 0, k(X) = —oo0.
So there is a morphism f: X — Z onto a curve Z of genus g > 1.

LEMMA 8.2.2. Let f: X — Z be a contraction from a projective surface onto
a curve of genus g > 1. Assume that Kx + D is lc and —(Kx + D) is nef.
Furthermore, assume that the general fiber of f is a smooth rational curve. Then
no components of SuppD are contained in fibers.
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PROOF. Let L be such a component. Replace (X, D) with a dlt modification.
Then we may assume

(%) Kx 4+ (1 —¢€)D is klt for 0 < ¢ < 1. In particular, X is Q-factorial.

If the fiber f~!(f(L)) is reducible, there is its component L; # L meeting L. Then
L2 <0and (Kx+D—¢'L)-L; <0for0 < ¢’ < 1. Thus L, generates an extremal
ray which is negative with respect to Kx + (1 —&")D — ¢'L for 0 < " <« ¢'. By
Contraction Theorem [KMM, 3-2-1] we can contract L; over Z. This contraction
preserves all assumptions of the lemma as well as assumption (*) (however, we
can lose the dlt property of (X, D)). Continuing the process, we get the situation
when the fiber containing L is irreducible. Similarly, components of all reducible
fibers can be contracted. We obtain a model f': X' — Z such that all fibers are
irreducible. Moreover f’ is an extremal K-negative contraction. Hence p(X'/Z) =
1. By our construction, Kx + D’ is le, X' is Q-factorial and L' C SuppD’ is a
fiber of f'. Let R be an extremal ray on X’ other than that generated by fibers of
f'. Then R-L' > 0and (Kx' + D')- R <0. Therefore (Kx: + D' —§'L')-R <0
for 6’ > 0. Hence there is a curve M on X’ generating R (as above, if Kx/ + D’
is not dlt, we can use Contraction Theorem for Kx: + (1 — §)D’ — §'L’, see also
Appendix 11.2). In this situation, M ~ P! (see Proposition 11.2.5). But then the
base curve Z also should be rational, a contradiction with g > 1. O

COROLLARY 8.2.3. Notation as in Lemma 8.2.2. Then the pair (X, D) has at
worst canonical singularities.

SKETCH OF PROOF. Replace (X, D) with a suitable log terminal modification
(see Proposition 3.1.2) and apply Lemma 8.2.2. O

‘Going back to the proof of Theorem 8.2.1, denote C := | D] and B := {D}. Let
L be a component of C. By Lemma 8.2.2, f(L) = Z. If p(X/Z) > 1, there is a curve
E in a (reducible) fiber such that E2 <0 and L- E > 0. Since (Kx + D) - E <0,
FE is a —1-curve and
—Kx-E=L-E=1, E.(D-L)=0.

Hence we can contract £ and by Lemma 4.3.2 and Remark 4.3.3 we can pull back
complements under this contraction. Repeating the process, we reach the situation
when p(X/Z) = 1. Thus we may assume that X is a (smooth) ruled surface over
a nonrational curve Z, i.e., X = Pz(£), where £ is a rank two vector bundle on Z.
Moreover, Kx + D is dlt (see Proposition 1.1.6). Then

0>(Kx+D)-L>(Kx+L)-L=2p,(L)—22>0.
This implies
(8.1) (Kx +D)-L=(Kx +L)-L=(D—-L)-L=0.
Thus p,(L) = 1 and L is a smooth elliptic curve. Hence g = 1.
CLamM. We may assume that (Kx + L)? > 0.



76 8. INDUCTIVE COMPLEMENTS

PROOF. Let F be a general fiber of f. Since p(X) = 2, there is exactly one
extremal ray R # R, [F] on X. Assume that (Kx + L)?2 < 0. Then —(Kx + L) is
not nef, D # L and (Kx +L)-R > 0. If L2 < 0, then L generates an extremal ray
(see Proposition 11.2.1), so R = R [L]. This contradicts (8.1). Therefore, L? > 0.
In particular, L- R > 0. '

Further, if L - R > 0, then R is negative with respect to Kx + D — L. Since
Kx + D — L is dlt, the ray R must be generated by a rational curve. This implies
that Z is also rational, a contradiction. Finally, we have L - R = 0. Then (8.1)
implies [D — L] € R (recall that D — L is effective). By the Hodge Index Theorem,
R?> < 0. Thus, D — L = aL' and R = R,[L'], where 0 < a < 1 and L' is
an irreducible curve with L'> < 0. If a < 1, then R is negative with respect to
Kx + D +¢eL’ for 0 < € € 1. Again we have a contradiction. Hence a = 1 and
D=L+ L' Asin (8.1) we have

(Kx-{—D)-L’:(Kx-l-L’)'L':L-L':O.

Since p(X) = 2, —(Kx + L) is nef, so (Kx + L')? > 0. Replacing L with L' we
get our assertion. O

Taking into account the equality K% = 8(1 — g(Z)) = 0, we obtain
0<(Kx+L)?*=L Ky, L?<o0.

Therefore L generates an extremal ray R on X (see Proposition 11.2.1). It cannot
be K x-negative (otherwise R is generated by a rational curve). Hence L - Kx =
L? = 0 and in relations above equalities hold. Thus inequality (8.1) gives that L
and all the components D; C Supp(D — L) are numerically proportional (because
p(X) = 2). In particular,

(8.2) D?=0, Vi and LND;=D;,ND; =2, Vij

Let F be a general fiber of f. Then F-(Kx + D) <0 and Kx - F = —2. This
yields 1< C-F<D-F <2

LEMMA 8.2.4. Let f: X — Z be a ruled surface over an elliptic curve and let
C be a reduced divisor such that Kx + C = 0. Then 2(Kx + C) ~ 0. Moreover, if
C is reducible, then Kx + C ~ 0.

PROOF. Since Kx +C =0, Kx +C = f*N for some integral divisor of degree
0 on Z. First we assume that C is irreducible. Then C is a smooth elliptic curve
and we have fAN = (Kx +C)|c = K¢ = 0. Hence 2N ~ 0 because f¢ is of degree
two. Now we assume that C = C; + C2, where C,, C; are sections. Similarly,
f6,N = (Kx +C)|c = K¢ = 0. Hence N ~ 0 because fc, is an isomorphism. [

Now we finish the proof of Theorem 8.2.1.

IfC-F=2(ie., Cisa2-sectionof f),then D =C, B =0and (Kx+C)-F =0.
Hence Kx + C = 0. By Lemma 8.2.4, 2(Kx + C) ~ 0, i.e., we have an 1 or 2-
complement (with Ct = C).
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If C-F =1, then C is a section of f. Recall that X = Pz(£), where &£ is a
rank two vector bundle on Z. By assumption (ii) of the theorem, the surface X is
not such as in Example 8.1.1. On the other hand, by (8.2) C? = 0 and the vector
bundle £ has even degree. From the classification of rank two vector bundles over
elliptic curves (see e.g., [Ha]), we obtain that £ is of splitting type. Hence there is
a section C; such that C N C; = @. Write B = ) b;B;. Then

(8.3) > biBi-F<1.
Frbm 8.2.4 we have

where C, C} is a pair of disjoint sections.

By (8.4) and by the definition of complements, D* = C+C} is an 1-complement
of Kx + D if b; < 1/2 whenever B; # C;. By (8.3) this does not hold only if B =
%Bl, where B; is a 2-section. Consider this case. As in the proof of Lemma 8.2.4,
2(Kx+C+B) = f*N and f4N =2(Kx +C+B)|c = 2K¢ + B1|c = 0. Therefore
N =0 and 2(Kx + C + B) ~ 0. This proves our theorem. . O

8.3. The Main Inductive Theorem

THEOREM 8.3.1 (Inductive Theorem, [Sh3]). Let (X,D) be a projective log
surface such that D € ®,,, Kx + D is lc, but not kit and —(Kx + D) is nef.
Assume additionally that there erists a boundary D' < D such that Kx + D' is kit
and —(Kx + D') is nef and big. Then there exists a regular complement of K x + D.

Shokurov proved this theorem under weaker assumptions [Sh3]. In particular,
he showed that if we remove condition D € ®,, in the theorem, we obtain a weaker
result: there exists an n-complement of Kx + D, where

n € {1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18, 19, 20, 21, 22,
23,24, 25, 26,27, 28,29, 30, 31, 35, 36, 40, 41,42, 43, 56, 57}.

REMARK. In contrast with 5.3.1, in Theorem 8.3.1 we cannot say that any
regular complement of K¢ + Diff¢(B) can be extended to X. For example, let
X =P!' xP!, Cis a fiber of pr;: X — P! and B := (B’ + B") + 2(B;, + B2 + Bs),
where B’, B" are fibers of pr; and By, B, Bs are fibers of pr,. Then Kx +
C+ B = 0, K¢ + Diff¢(B) = K¢ + 2(P, + P, + P;) is 3-complementary and
Kx + C + B has no 3-complements. Indeed, otherwise for a 3-complement, we
have BT > -g—(B’ + B” + B; + B2 + Bj3), a contradiction. However, Kx + C + B

has a 6-complement with B* = B.

COROLLARY 8.3.2. Notation as in Theorem 8.3.1. We can take a regular com-
plement Kx + D% so that a(E,D) = —1 implies a(E,D*) = —1 for any E.

PROOF. Since DT > D (see Remark 4.2.8), we have a(E, D*) < a(E,D). O
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PROOF OF THEOREM 8.3.1. If —(K x + D) is big, then by Proposition 5.3.1
there is a regular complement. Therefore we assume that Kx + D = 0 or
k(X,—(Kx + D)) =1.

8.3.3. Applying a minimal log terminal modification f: X — X we may
assume that K + D = f*(Kx + D) is dlt and | D] # 0. Take the crepant pull
back

f*(Kx+D'") = K+ + D', with f*ﬁ =D

By 1.1.6, K% + D’ is klt, but it is not necessarily a boundary. Consider the new
boundary

D":=D'+t(D—-D'), where0<1-t<1.

Then K+ + D” is klt and —(Kw + D”) is nef and big. Further, by 4.3.1 we can
push-down complements. So we replace X, D, D’ with X, D, D”. Thus we assume
now that Kx + D is dlt, | D] # 0, —(Kx + D) is nef, and there exists a boundary
D' < D such that Kx + D’ is klt and —(K x + D’) is nef and big. By Lemma 5.4.1,
X is rational. Set C := [D] and B := {D}. The following lemma shows that the
Mori cone NE(X) is polyhedral and generated by contractible extremal curves.

LEMMA 8.3.4. Let (X/Z,B) be a log variety such that Kx + B is kit and
—(Kx + B) is nef and big over Z. Then there erists a new boundary B’ > B
on X such that Kx + B’ is again kit and —(Kx + B’) is ample over Z.

SKETCH OF PROOF. Let H be a very ample divisor on X (over Z). By Ko-
daira’s Lemma, | —n(Kx + B) — H| # & for some n > 0 (see e.g., [KMM, 0-3-4]).
Take L € | - n(Kx + B) — H| and put B’ := B+ ¢L. a

The lemma shows that we can contract all extremal rays on X. Moreover, if an
extremal ray R on X is birational and generated by a curve L which is not contained
in C, then the contraction preserves all assumptions (see 1.1.6). If additionally R
is (Kx + D)-trivial, we can pull back regular complements by Proposition 4.3.2.

8.3.5. Division into cases. By Proposition 3.3.2, C has at most two con-
nected components. As in proofs of Theorems 6.1.6 and 7.2.10 we distinguish the
following cases: C is disconnected, C is a smooth elliptic curve or a wheel of smooth
rational curves, C ~ P!, C is a tree of rational curves. Also we should separate
cases Kx +C+B=0and Kx +C+B#0. If Kx +C + B # 0, then by Base
Point Free Theorem the linear system | - m(K x + C + B)| determines a contraction
v: X - P'. By Lemma 8.3.4, —(K x + D") is ample for some boundary D", hence
a general fiber is rational. Then we consider cases when C is contained in a fiber
of v and C has a horizontal component.
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8.3.6. Case: (C is disconnected. By Proposition 3.3.2 there exists a con-
traction f: X — Z onto a curve such that C = C; + C- is a pair of two disjoint
smooth sections (in particular, Kx + D is plt). A general fiber F of f is P! (see
83.5),s0 —-Kx -F =C-F =2, B-F = 0 and B is contained in fibers of f.
Since X is rational, Z ~ P!. In our case —(Kx + D) is numerically trivial on
a general fiber of f, so it is numerically trivial on all fibers. Contracting curves
in fibers we get the situation when p(X/Z) = 1. We can pull back all comple-
ments by Proposition 4.3.2. If C? > 0, then —(Kx + (1 — ¢)C; + C2 + B) is nef
and big for any € > 0. By Proposition 5.3.1 there exists a regular complement
of Kx + (1 —¢)C; + C2 + B. By Corollary 4.1.8 Kx + C; + C5 + B also has a
regular complement. Therefore we may assume that C? < 0 and C? < 0. Then
both C; and C> generate extremal rays which must coincide because p(X) = 2.
The ray cannot be birational, so C? = C2 = 0. This shows that there exists
a nonbirational contraction g: X — P! such that C; and C, are fibers of g. If
Kx +C1+Cz+ B # 0, then again —(Kx + (1 —¢)C; + Cs + B) is ample for € > 0.
As above (by Proposition 5.3.1 and Corollary 4.1.8) there is a regular complement.
Therefore we may assume that Kx + C; + C2 + B = 0. Now it is sufficient to verify
n(Kx + C + B) ~ 0 for some n € Ry. By Lemma 5.1.3 the numerical equivalence
in Pic(X) coincides with linear one. Therefore it is sufficient to show only that
n(Kx + C + B) is Cartier for some n € Ro. Take

n := min{r € N | B is integral.}

Since |[B] = 0, n > 1. By Theorem 7.2.11, K x +C+ B has a regular n;-complement
Kx + C + B* near C; (a fiber of g: X — P'). Then BT > B by Remark 4.2.8.
This yields B = B, n;B is integral and n;(Kx + C + B) ~ 0 near C; (because
C intersects all the components of B). Hence n | n;. Similarly, we have a regular
nz-complement near C, and n | ny. Let n’ := lcm(ny,ng). Then n'B is integral
and n'(Kx + C + B) is Cartier near C. Let F be a fiber of f and let P, := FNC;.
By Adjunction,

0>(Kx +C+F)-F =deg Kr + degDiff »(C)
and
lefF(C) > P+ Ps.

Therefore Diff r(C') = P, + P, and X is smooth outside of C. Further, n'(Kx +C +
B) is Cartier everywhere on X and it is sufficient to show that n’ € R,. Assume
the opposite. Then we have (up to permutations C; and C5): n; = 4, no, = 6 and
n = 2. Since 2B is integral, B € ®g,,. Corollary 2.2.9 gives Diff ¢, (B) € ®51n. By

4.1.12,
) 1 3 3 . 1 2 5
Diff¢, (B) = -2-Q1 + ZQ2 + ZQg, Diff,(B) = §Rl + _3.R2 + 6R3’

where Q1,Q2, Q3 € C1, Ry, Rz, R3 € C; are some points. On the other hand,
(CI,DiHCI B) =~ (Cg,DiffczB)
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(see [Ut, 12.3.4]) a contradiction. This proves our theorem in the case when C is
disconnected.

8.3.7. Case: C is connected and p,(C) > 1. By Lemma, 8.3.8 below there
is an 1-complement. Note that in this case the assumption D € ®,, is not needed.
First we claim that Kx + C + B = 0. Indeed, by Adjunction we have

0>(Kx+C+B)-C>(Kx+C)-C>degKc >0

If Kx +C+ B # 0, then C is contained in fibers of v: X — P!. But v has rational
fibers (see 8.3.5), a contradiction.

LEMMA 8.3.8. Let (X,C + B) be a rational projective log surface, where C is
the reduced and B is the fractional part of the boundary. Assume that Kx +C + B
is analytically dit, Kx + C' + B =0, C is connected and p,(C) > 1. Then B = 0,
Kx +C ~ 0, X is smooth along C and has only Du Val singularities outside.

ProOF. By Lemma 6.1.7 and Remark 6.1.8, X is smooth and B = 0 near C.
Replace X with a minimal resolution and C' + B with the crepant pull back. It is
sufficient to show only that B = 0 and Kx + C ~ 0. Now we contract —1-curves
on X. Since C is not a tree of rational curves, it cannot be contracted. This
process preserves all the assumptions, so on each step CNSuppB = @. Since every
—1-curve E has positive intersection number with C' + B, we have either C-E > 1,
B-E=0o0orC-E=0,B-E >0. If B# 0, then whole SuppB also cannot be
contracted. At the end we get X = P? or F,, (a Hirzebruch surface). In the case
X =1P? C+ B = —Kx is ample. Hence Supp(C + B) is connected. If B # 0 we
derive a contradiction. Consider the case X = F,. Then

0= (Kx+C+B)lc =(Kx +C)|c+ B|lc =Kc + Bc

and the last two terms are nonnegative. Therefore (Kx + C)|c = B|c = 0 and
Po(C) = 1. On the other hand, for a general fiber F of F,, — P! one has

(Kx +C+ B+ F)|lr =Kr+ (C+ B)|F.

In particular, (C + B) - F < 2. Since p,(C) = 1, C is not a section of F,, —» P!
at a general point. Hence C'- F = 2 and B - F' = 0. Recall that B -C = 0. Since
p(F,) = 2, we have B = 0 and B = 0. We proved that p,(C) = 1, B = 0 and
Kx + C ~ 0 in the case X = F,,. Therefore on our original X one also has B = 0.
By Proposition 4.3.2 we can pull back an 1-complement of Kx + Ct = Kx + C
under contractions of —1-curves. O

8.3.9. Case: C ~ P! (the exceptional case) and Kx + C + B = 0.
In this case, Kx + C + B is plt. We claim that after a number of birational
contractions B € ®g,,. Indeed, otherwise there is a component B; of B with
coefficient b; ¢ ®5m and b, > 6/7. If B2 > 0, then as in 8.3.6 we can reduce b;
a little so that —(Kx + C + B) becomes big and obtain a regular complement by
Proposition 5.3.1 (note that b7 = 1). This complement is also a complement of
our original Kx + C + B by Proposition 4.1.7. If B? < 0, then we can contract
B; and pull back complements by Proposition 4.3.2 and Remark 4.3.3. Consider
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the case B? = 0. By Base Point Free Theorem the linear system |mB;| determines
a contraction f: X — P! such that B; is a fiber of f. Contracting curves # C
in reducible fibers we get the situation when p(X) = 2, ie. f: X — P! is an
extremal contraction. Let g: X — Z be another extremal contraction on X and F'
a nontrivial fiber of g. Then F ~ P! and F N B; # @ (because F is not a fiber of
f). Assume that g is nonbirational and F is sufficiently general. Then X is smooth
along F, Diff r(C + B) = (C + B)|r and F intersects Supp(C + B) transversally.
Hence Diff (C + B) € ®,, and we can write

Diff (C + B) = Zb PJ,+ZQS,

where {P;1,...,P;».} = B; N F and {Ql,. .., Qr} = C N F. Moreover, the
coeflicient b; of Diff p(C + B) at points B; N F satisfies 6/7 < b; < 1. Further,

deg Diff o (C + B) = deg(—KF) = 2.
Easy computations as in 4.1.12 show that this is impossible. Indeed,

(8.5) 2 =degDiff/(C + B) =71+ »_ b;r;.
J

Clearly, Z#i bjr; = 2 —1r — br; > 0 (otherwise b;r; = 2 —r € {0,1,2} but
6/7 < b; <1). Since b; € ®m, we have 3., b;r; > 1/2. Thus

2—r=> bir; >1/2+ (6r;)/7 > 1.
J
This gives us r = 0 and r; = 1. Hence Z#i bjr; =2—b; < 8/7. It is easy to check
that the last inequality has no solutions with r; € N and b; € &,

If g is birational and contract C' (i.e., C = F), then Diff¢(B) € ®,, (by
Corollary 2.2.9) and has a coefficient > 6/7. Moreover, Kx + C + B is plt, so
K¢ + Diff¢(B) is klt. As above we derive a contradiction with deg Diff¢(B) = 2.
Finally, if g is birational and does not contract C, we can replace X with Z. We
get the situation when p =1 and B2 > 0, as above.

Thus we may assume now that B € ®,. By Base Point Free Theorem and
assumptions of the theorem, there exists n € N such that n(Kx + C + B) ~ 0. Let
n be the index of K x + C + B (i.e., the minimal positive integer with this property)
and ¢: X' — X the log canonlcal n-cover (see 1. 3) It is sufficient to show that
n € Ro. Write

Kx +C' = ¢*(Kx + C + B),

where C' = ¢*C. Then Kx/ + C’ is linearly trivial and plt (see Proposition 1.2.1).
By Adjunction every connected component of C’ is a smooth elliptic curve.

First we assume that C’ is connected. By construction, Kx: + C' ~ 0 and we
can identify Gal(C’/C) with Z,. We claim that Gal(C’/C) contains no transla-
tions. Indeed, let £ € Gal(C’'/C) a translation. Then we put X" := X'/(£) and
C" := C'/(¢). By Lemma 8.3.8, Kx» + C" is linearly trivial and plt (because



82 8. INDUCTIVE COMPLEMENTS

po(C") = 1). But then n'(Kx + C + B) ~ 0, where n” is the degree of X" — X.
By assumptions n is the smallest positive with this property. The contradiction
shows that Gal(C’/C) contains no translations. Then Gal(C’/C) is a finite group
of order 2, 3, 4, or 6 (see e.g., [Ha]).

If C' is disconnected, then Gal(X'/X) interchange connected components of
C’. By Proposition 3.3.2 there is a contraction X’ — Z’ onto an elliptic curve
with rational fibers such that components of C' = C] + C) are sections. This
contraction must be Gal(X'/X)-equivariant because X' has a unique structure of
a contraction with rational fibers. Set Gy := Ker(Gal(X’'/X) — Aut(Z’)). Since
the ramification locus of X’ — X does not contain components of C’, Gg ~ Z,. As
above we consider X” := X'/Gy and C" := C'/Gy. Then C” is a smooth elliptic
curve, hence Kx» + C” ~ 0 by Lemma 8.3.8. This contradicts our choice of n.

8.3.10. Case: C is a tree of rational curves and Kx + C + B = 0. By
Lemma 6.1.9, C is a chain and B has coefficients = 1/2 near C. As in case 8.3.9
we claim that after some birational contractions B € ®4,,. Let By be a component
with nonstandard coefficient. If BZ # 0, then we can argue as in case 8.3.9. The
only nontrivial case is Bf = 0 and By N C = @. Then again |mBj| determines
a contraction f: X — P!. Clearly, By is a fiber and C is contained in a fiber
(because C - B, = 0). There is an extremal rational curve F' which is not contained
in fibers. Then FF'N By # @. If F? < 0, we contract F' and replace X with a new
birational model. If F?2 = 0 we derive a contradiction computing Diff o (C + B) as
in (8.5) of case 8.3.9.

Thus we may assume that B € ®g,. As in case 8.3.9 take the log canonical
n-cover ¢: X' — X. It is sufficient to show that n € R,. Again we can write

90*(Kx+C+B)=KxI+CI~O,

where C' := ¢*C. Obviously, C’ is reducible. We claim that Kx: + C’ is dlt.
By Proposition 1.2.1 Kx: + C’ is plt outside of ¢p~1(SingC). Recall that the
ramification divisor of ¢ is SuppB. Hence none of irreducible components of the
ramification divisor intersects SingC. At points SingC the surface X is smooth,
so ¢ is étale over SingC. Therefore Kx + C' is dlt and X' is smooth at points
¢~ 1(SingC). Since K x'+C’ ~ 0, X’ is smooth along C’ (see 2.1.2) and p,(C’) = 1.
By Lemma 6.1.7, C’ is a wheel of smooth rational curves and by our construction
Gal(X'/X) = Z, acts on C' faithfully. Let C' = > ._, C! be the irreducible
decomposition and P,,---, P, singular points of C'. If Gal(X'/X) contains an
element ¢ such that £ - C! = C] and € - P, = P,; for all ¢, then C” := C'/(¢) is
again a wheel of smooth rational curves. As in case 8.3.9 we derive a contradiction.
Therefore Gal(X'/X) acts faithfully on the dual graph of C' and then it is a
subgroup of the dihedral group ®,. The same arguments show that every £ €
Gal(X’/X) has a fixed point on C’. This is possible only if Gal(X'/X) ~ Z,.
Therefore n = 2 and Kx + C + B is 2-complementary.

8.3.11. Case: Kx + C + B # 0 and C is contained in a fiber of v. We
may contract all components of reducible fibers of v: X — P! which are different
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from components of C. Thus C = v~1(P), P € P! is a fiber and all other fibers of
v are irreducible. Again we may assume that v-horizontal components of B have
standard coefficients (otherwise some b; > 6/7 and —(Kx + C + B — ¢B;) is nef
and big for 0 < ¢ < 1, hence we can use Proposition 5.3.1 and Corollary 4.1.8).
Note that the horizontal part Byo, of B is nontrivial (because a general fiber of
v is P!). Further, there is a regular n-semicomplement of K¢ + Diffc(B) (see
Theorem 4.1.10). For sufficiently small € > 0 the Q-divisor —(Kx + C + B — €Bhpor)
is nef and big. Thus we can extend n-semicomplements of K¢ + Diff¢(B — €Bhor)
from C by Proposition 5.3.1. If n + 1 is not a denominator of coefficients of Byor,
then by Proposition 4.1.7 we obtain a regular complement of Kx + C + B. If C
is reducible, then by Theorem 4.1.10 we can take n = 2. On the other hand, by
Lemma 6.1.9 coefficients of By, are equal to 1/2. Therefore n + 1 = 3 is not a
denominator of coefficients of By, in this case and there is a 2-semicomplement of
Kx + C + B. Now we assume that C ~ P!. Then p(X) = 2. By 4.1.12 and by
Corollary 2.2.9 we have the following possibilities:

1 1
“P 4+ -4 =P,
£ 2 %

P+ 2P+ <P,

1.3 3

2
3
=P+ -P, +—-P; 4
6

1t .53 8

§P1 + §P2 + 6P3

By Corollary 2.2.8, n + 1 is not a denominator of coefficients of By, in all cases.

8.3.12. Case: Kx + C + B # 0 and C is not contained in a fiber of
v. So, we assume that there is a horizontal component C; C C (i.e., such that
v(C;) = P'). Tt is clear that —(Kx + C + B — €C;) is nef and big for a sufficiently
small positive €. If C; C C (i.e., C is reducible), then the same trick as in 8.3.6
(using Corollary 4.1.8) gives the existence of regular complements. Thus we may
assume that C = C; and v(C) = P!. In particular, Kx + C + B is plt. Contracting
curves # C' in fibers we get the situation, when fibers are irreducible, i.e., p(X) = 2.
We can pull back complements by 4.3.2. There are two subcases: (a) C is a section
of v, and (b) C is a 2-section of v.

8.3.13. If C is a section of v, then the horizontal part By, of B is nontrivial
and either Bpor = 5B1 + 3 B3 or Byor = 3By, where By, B, are sections and By is
a 2-section. As above we can take a regular n-complement for K x +C + B — By
If n # 1, then again this gives a regular complement of Kx + C + B by Propo-
sition 4.1.7. But on C ~ P! there exists a regular 2, 3, 4, or 6-complement for
the boundary A := Diff¢(B) > Diff¢(B — €Bhor)- Indeed, otherwise by Theo-
rem 4.1.10 there is an l-complement K- + AT. By Corollary 2.2.9, A € &,,.
Therefore At > A and A is supported in one or two points (because deg At = 2).
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Then K¢ + At is also n-complement for any n. This shows that we have a regular
complement in the case when C' is a section.

8.3.14. Now let C be a 2-section of v. Then B is contained in the fibers of
X. Since C ~ P!, the restriction v: C — P! has exactly two ramification points,
say P, P, € C. Put Q; :=v(P;,) and F; :==v~1(Q,),.,,i1=1,2.

LEMMA 8.3.15. Notation as in 8.3.14. Let F be a fiber of v such that F #
F\,F; and FNC = {P', P"} (where P' # P"). Then
(i) SingX C CU F, U Fy;
(i) Kx + C + F is lc and linearly trivial near F;
(iii) Kx + F is plt;
(iv) Diffc(B) is invariant under the natural Galois action of Zy on C — PL.

ProOF. First we show that Kx + C + F is lc. Assume the converse and
regard X as an analytic germ near F'. Let Cy, C be analytic components of C. If
Kx + C1 + Cy + F is not lc near C}, then Kx + (1 —¢)C; + Cy + (1 — €)F is not,
either. But in this case, LCS(X, (1 —€)Ci + C2 + (1 — ¢)F) is not connected. This
contradicts Theorem 2.3.1.

Now, by Adjunction

(8.6) —Kr =Diffp(C) > P + P
On the other hand,

(8.7) degKr +degDiff r(C) = (Kx +C)-F <0,

deg Diff p(C1 + Cs) < 2.
This gives that in (8.6) and (8.7) equalities hold. Hence Diff /(C) = P’ + P" and
SingX = {P’, P"} near F and proves (i). By Theorem 2.1.3, K x + C + F is Cartier

near F. Since Kx + C + F =0, we have Kx + C + F ~ 0. This proves (ii). (iii)
easily follows by (ii). Further,

124

Diff p(C) = (1 - —1—,) P+ (1 - ) P", m',m" € N.
m m
To show (iv) we just note that v: X — P! is of type A* of Theorem 7.1.12 near F'

(because K x + F is plt). In particular, we have m’ = m". O

As in Corollary 4.1.11 using that Diff¢c(B) € &, and degDiffc(B) < 2, we
have the following cases (up to permutations of P;, P;):

aP, + 8P, F, + 5

: _ ) aP' +aP” F
(8.8) Diff¢(B) = aP, + _é_P, + %P" SuppB C Fi+ F
sPL+ 2P+ 5P", Fi + F,

where F := v=1(Q),., for some Q € P!, Q # Q1,Q-, {P',P"} = FNC and
a,B € Pm.
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Our strategy is very simple: we construct a boundary B’ > B such that B’ is
contained in fibers of v, Kx + C + B’ is Ic and numerically trivial. If B’ € ®,,
then we can use proved cases with Kx + C + B = 0. If B’ ¢ ®,,, then we
show that n(Kx + C + B’) ~ 0 for some n € R;. The numerical equivalence in
Pic(X) coincides with linear one (see Lemma 5.1.3), it is sufficient to show only
that n(Kx + C + B’) is Cartier. Note that Kx + C + B’ is trivial on fibers of v
(because B’ is contained in fibers). On the other hand,

(Kx + C+ B’) - C = deg(K¢ + Diff¢(B’)) = —2 + deg Diffc(B').
Since p(X) = 2, we have
(8.9) Kx+C+B =0 <& degDiff¢(B')=2.

LEMMA 8.3.16. Let v: X — Z 3 o be a germ of a contraction from a surface
to a curve, Fy :=v71(0),.,, and C C X a germ of a curve such that C N F is one
point. Assume that p(X/Z) =1, Kx +C is plt and numerically trivial. Then there
is an 1 or 2-complement Kx +C+a'Fy (with o' € {%, 1}) such that Kx +C+o'Fy
ts not plt at C N Fy.

PROOF. Note that a general fiber of v is P! and C is a 2-section of v. Take «
so that Kx + C + aF; is maximally log canonical (i.e., a is maximal such that with
the log canonical property of Kx + C + aFj, see 5.3.3). Then 0 < a < 1. We claim
that Kx + C +aF; is not plt at C' N F;. Indeed, otherwise LCS(X, C + aF}) is not
connected near Fy. This is a contradiction with Proposition 3.3.1. In particular,
(X/Z 5 0,C + aF}) is not exceptional. By Theorem 7.2.11, Kx + C + aF; has an
1, or 2-complement K x + C' + R which is not plt at C N F;. In particular, R # 0.
Since C is a 2-section of v, R has no horizontal components. Hence R = F or
im. O
2

Now we consider possibilities of (8.8) step by step.

Subcase: Diff¢(B) = aP; + 3P,. Then X is smooth outside of F; U F,. By
Lemma 8.3.16 there are o', 8’ € {3,1} such that «’Fy + 8’F; > B, Kx + C +
o'Fy + B'F; is Ic and not plt at P, P, and 2(Kx + C + o'F; + 8'F3) ~ 0 near
Fi, F>. By Adjunction (see 2.2.6 and 2.2.7) Diff¢c(o¢'F; + 8'F,) = P, + P,. By
(8.9), Kx + C 4+ a'P; + 3P, = 0. Moreover, 2(Kx + C + o'F; + 3'F3) is Cartier
near Fy; and F;. Therefore 2(Kx + C + o'F; + 3'F3) is Cartier on X (because
SingX cFhu F2)

Subcase: Diff¢c(B) = aP’ + aP”. Then CN F = {P', P"} for some fiber F
of v. By Lemma 8.3.15 Kx + C + F is lc. Since Diff¢(F) = P' +P", Kx +C + F
is numerically trivial. By the above cases with Kx + C + B = 0 there is a regular
complement of Kx 4+ C + F (actually, p,(C + F) = 1 and we can use Case 8.3.7 to
show the existence of an 1-complement).
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Subcase: Diff¢c(B) = aP; + P’ + 1 P”. By Lemma 8.3.16 there is a; > 0
such that 2(Kx + C + a1 Fy + B) ~0Onear Fi, Kx + C + a1 F} + B is Ic and not
plt at P;. Since Diff¢(ayFy + B) = P, + %P' + %P", Kx+C+oFy +B=0.
Again by the above cases with Kx + C + B = 0 there is a regular complement
of Kx + C + B (more precisely, Kx + C + a1 F; + B is not plt, so we can use
Case 8.3.10).

Subcase: Diffc(B) = 3P, + 2P’ + 2P". Then we take B’ = B+ a, F so
that Diff¢(B’) = 2P, + 2P’ + 2P". By (8.9), Kx + C + B’ = 0. We show that
6(Kx + C + B’) is Cartier. First note that 2(Kx + C) (and 2(Kx + C + B"))
is Cartier along F,. Indeed, P, € X is smooth and C - F;, € N. On the other
hand, v~1(Q) - C = 2. Hence the multiplicity & of the fiber v=1(Q,) = kF; is at
most 2 and 2F, ~ 0 near F> over P!. By Lemma 8.3.16 there is a 2-complement
Kx + C + a; F; near F> which is not plt at P,. If a; = 1, then 2(Kx + C + F,) ~
2(Kx + C) ~ 0 near F,. Assume that a; = 1/2. Then P, = Diffc(%Fg) = %F2|C.
Hence F, - C = 2 and the fiber v=1(Q2) = F; is not multiple. So F, is Cartier and
X is smooth along F,. This yields 2(Kx + C + 3F3) ~ 0 near F.

Write

B =yF +~F, 7,7 € Bm

and
. 1 1 ! 1 11
Diffc0)=(1-— )P+ |(1-= )P +(1—-— )P’ m;,meN.
my m m
Then by Corollary 2.2.8,
1 Y171 1 1 mn

1 + 1— =+ 2
ma m; 2’ m m 3

where n;,n € N. Since 7;,7 > 1/2, we have n; = n = 1. This gives only the
following possibilities for m:
m =1 (i.e., X is smooth along F) and v = 2/3;
m = 3 (i.e., case A* of Theorem 7.1.12 with m = 3) and v = 0.
It is easy to see that 3(Kx + C + B’) is Cartier near F in both cases.
Now it is sufficient to show only that 6(Kx + C + B’) ~ 0 near F;. Similarly,
we obtain only the following possibilities for m;:
my =1 (i.e., P, € X is smooth) and v; = 1/2;
m, = 2 (i.e., P, € X is Du Val of type A;) and v; = 0,
Assume that P, € X is smooth. Since Kx + C + %FI is plt, F) intersects
C transversally (see 4.4.4). Hence B’ = B + %Fl and the coefficient of F} in B’
is 2/3. We claim that 6(Kx + C + 2F;) ~ 0 near F;. Indeed, C - F; = 1 and

C-v~1(Q,) = 2 implies that the multiplicity of the fiber v~ }(Q,) is at most 2 and
2F; ~ 0 over P!. On the other hand, by Lemma 8.3.16 there is a 2-complement
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Kx + C + a; Fi near F; which is not plt at P;. By our assumptions, Kx +C + %Fl
is plt. Thus oy =1 and 2(Kx + C + F1) ~ 2(Kx + C) ~ 0 near F;. This yields

G(KX+C’+§F1)~4F1~O

near F;.

Now we assume that P, € X is Du Val of type A;. Then F is not a component
of B. As above, by Lemma 8.3.16 there is a 2-complement Kx + C + a3 F} near
F; which is not plt at P;. If o3 = 1, then Kx + C + F} is Ic and by Theorem 2.1.3,
C - Fy = 1/2. It is easy to see that in this case

Diff» (%Fi) = (% + %CFl) P = %Pl near P;.

Hence we can take B’ = B + %Fl. Then near F; we have
6(Kx +C+B')=6(Kx +C + F;) —4F; ~ —4F;.

On the other hand, the multiplicity of the fiber »=1(Q;) divides 4 (because v~1(Q,)-
C =2and C-F; =1/2). This gives as 4F; ~ 0 and 6(Kx + C + B’) ~ 0 near Fj.

Finally, let a; = 1/2. By Lemma 8.3.16 Kx + C + %Fl is lc but not plt at P;.
Then

P, = Diff¢ (%Fl) = (—;—-‘}-%CFI) P, near P;.

Hence C - F1 = 1 and as above, 2F; ~ 0. Similarly, we obtain B’ = B + 1 F; and
6(Kx +C+B')=6(Kx+C)+F, ~-3F +F ~0.

near Fj.
This finishes the proof of Theorem 8.3.1. O

8.4. Corollaries
The following form of Theorem 8.3.1 is very important for applications.

COROLLARY 8.4.1 (see [P1]). Let (X,D’') be a log del Pezzo such that D' €
®,. Assume also that there exists a boundary D > D’ such that —(Kx + D) is nef
and Kx + D is not klt. Then Kx + D' has a regular complement which is not klt.

PRroor. If Kx + D' is not klt, then there is a regular complement by Proposi-
tion 5.3.1. From now on we assume that Kx + D’ is klt. Replacing D with suitable
D’ + A(D — D’) we also may assume that Kx + D is Ic (and not klt).

First we consider the case when |D| # 0. Let D; be a component of |D].
Replace 6, with 1:

D":=D;+ Y 6D, D' < D" < D.
i#£l
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If —(Kx + D") is nef, then we can apply 8.3.1 (because |D"”| # 0 and D" € ®,,,).
Further, we assume that —(Kx + D") is not nef. Then there exists a (Kx + D')-
nonpositive extremal ray R such that (Kx + D"”)- R > 0. If it is birational, then
we contract it. Since Kx + D is nonpositive on R, this preserves the lc property
of Kx + D and Kx + D"”. We can pull back regular complements of Kx + D"
because D" € ®,, (now we are looking for regular complements of Kx + D", see
Proposition 4.3.2 and 4.3.3). Note also that (D" — D’) - R > 0. Therefore D, is
not contracted and on each step Kx + D" is not klt. If on some step —(Kx + D")
is nef, we are done. Otherwise continuing the process, we obtain a nonbirational
extremal ray R on X such that (Kx + D")- R > 0. But on the other hand,

(Kx +D")-R<(Kx +D)-R<0,
a contradiction.

Consider now the case |[D] = 0. Then Kx + D is Ic, but is not plt. Recall

that Kx + D' is klt. As in Proposition 3.1.4 we can construct a blowup f: XX
with an irreducible exceptional divisor E such that a(E, D) = —1, the crepant pull
back

Kz +D+E= f*(Kx + D)

is lc and K5 + D¢ + E is plt for any D¢ := D' + e(D — 13’), £ < 1. Here D and
D’ are proper transforms of D and D’, respectively. Note also that p(jf /X) =1.
Write

Kz +D' +aE = f*(Kx +D'),

where @ < 1. Assume that there exists a curve C such that (K5 + D'+E)-C > 0.
Then (D—D')-C < 0. Therefore C is a component of (D—-D’) and C? < 0. Further,
C - E > 0. Hence C # E and we can choose D¢ < D so that (K + Df)-C < 0.
Therefore C is a (K + D’)-negative extremal curve and its contraction preserves
the Ic property of K 3 +D+E. Again we can pull back complements of K 3 +D'+E
(see Proposition 4.3.2 and 4.3.3). Repeating the process, we get the situation
when —(K g + D’ + E) is nef. All the steps preserve the nef and big property of
— (K5 +D'+aE). If & > 0, then we apply Theorem 8.3.1 to (X,D'+E, 15’+aE).
If a < 0, then by the monotonicity, —(Kz + l~)’) is nef and big. Again apply
Theorem 8.3.1 to ()Z' D'+ E,D' )- This concludes the proof of the corollary. [

COROLLARY 8.4.2. Let (X, B) be a log del Pezzo surface such that B € ®,,.
Then (X, B) is nonezceptional if and only if there exists a regular complement
Kx + Bt which is not klt.

COROLLARY 8.4.3 (cf. Corollary 5.3.4). Let (X, B) be a log del Pezzo surface.
Assume that B € ®,, and (Kx + B)?2 > 4. Then there exists a reqular complement
of Kx+B. Moreover, there exists such a complement which is not kit (in particular,
(X, B) is nonezceptional).
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SKETCH OF PROOF. If Kx + B is not klt, this assertion follows by Proposi-
tion 5.3.1. Assume that Kx + B is klt. Take n € N so that H := —n(Kx + B) is
an integral (ample) Cartier divisor. By Riemann-Roch
H-(H-Kx) | _1

> = sn(n+1)(Kx + D)* -

%n(Kx+D)-D+122n(n+1)+1.

dim H°(X,Ox(H)) >

Pick a smooth point P € X and let mp be the ideal sheaf of P. Then
(2n+1)2n

dim H°(X, Ox /m¥) = dim C[z,y]/(z,9)*" = “——

= (2n + 1)n.
From the exact sequence

0 — mP Ox(H) — Ox(H) — Ox/m% @ Ox(H) ~ Ox/m% — 0
we see that
H(X,m%® Ox(H)) # 0.
Therefore there is H' € |H| such that multp(H') > 2n. It is easy to see that

Kx + B+ LH' is not kit. Then Kx + B + aH' is lc but not kit for some a < L.
Clearly, —(Kx + B + aH') is nef. Hence we can apply Corollary 8.4.1. 0

Note that the above result can be improved: by taking P € Supp(B) or P €
Sing(X) it is possible to find nonklt boundary Kx + B + aH' for smaller values
of (Kx + D)?. On the other hand, in the case B = 0 and X is smooth, it is well
known that Kx is strongly 1-complementary.

COROLLARY 8.4.4 (see [P1]). Let X > P be a three-dimensional kit singular-
ity, f: (Y,S) = X a plt blowup, and Kx + D an n-complement which is not kit at
P. Then one of the following holds

(i) a(S,D) = -1 and Ky + S + Dy := f*(Kx + D) is an n-complement of

Ky + S;
(ii) a(S,D) > —1 and then there ezists a regular complement of Ky + S which
s not plt.

PROOF. (i) is obvious. Assume that a(S,D) > —1. Write
Ky +aS + Dy := f*(Kx + D),

where a = —a(S,D) < 1 and Dy is the proper transform of D. By assumptions
Ky + aS + Dy is Ic and not kit (see 1.1.6). Therefore Ky + S + Dy is not plt
and we can take 0 < b < 1 so that Ky + S 4+ bDy is Ic but not plt. It is easy to
see that —(Ky + S + bDy ) is f-ample. If f(S) = P, then (S, Diffs(bDy)) is a log
Del Pezzo. By 8.4.1 (or by 5.3.1) there is a regular complement of Ks + Diff 5(0)
and by 4.4.1 it can be extended to a complement of Ky + S. Similarly, in the case
when f(S) is a curve, we can use Theorem 6.0.6. O

Similar to Theorem 8.3.1 one can prove the following
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PROPOSITION 8.4.5 (cf. [Bl]). Let (X, D) be a log Enriques surface (i.e., K x+
D islc and Kx + D = 0). Assume that Kx + D is not kit and D € &,,. Then
n(Kx + D) ~ 0 for some n € Ry. In particular, D € ®gp,.

PRrROOF. By 4.2.8 it is sufficient to show the existence of a regular complement.
If X is not rational, then the assertion follows by Theorem 8.2.1. Otherwise we
can apply Theorem 8.3.1. The existence of D’ in conditions of the theorem follows
by Proposition 8.4.6 below. |

PROPOSITION 8.4.6. Let (X,A) be a log Enriques surface. Assume that X is
rational. Then there is a boundary A’ < A such that

(i) Kx + A’ is klt, and

(i) —(Kx + A’) is nef and big.

PROOF. Replace X with its minimal resolution and A with its crepant pull
back. Then again (X, A) is a log Enriques surface. By Corollary 1.1.7 it is sufficient
to construct A’ on this new X. Further, there is a sequence of contractions of —1-
curves ¢: X — X°, where X* ~ P2 or X* ~F,,n >0, n # 1. Put A® := @,A.
Then (X*, A®) is again a log Enriques surface. It is sufficient to construct A’® < A®
such that Kxe« + A’® is klt and —(Kx+ + A’®) is nef and big. Indeed, the crepant
pull back A” of A’® satisfies (i) and (ii). However, A” is not necessarily a boundary
(i-e., effective). To avoid this one can take A’ = A” + (A~ A")for0 <1 —t < 1.

Further, if X* ~ P2 or X* ~ P! x P!, then we take A’ = 0. In the case
X*® ~F, with n > 2, we write A®* = AX; + A°, where ¥, is the negative section of
X*=F,, 0<A<1,A° >0, and X; is not a component of A°. It is easy to see

2—n=—KX- '20 :A’.~20 = —n/\+A°-Zo > —nA.
Hence, A > 1 —2/n. Thus we can take A’ = (1 — 2/n)X,. O

8.5. Characterization of toric surfaces

Following Shokurov we prove Conjecture 2.2.18 in dimension two. Moreover,
we prove a generalization of 2.2.18 for pyum instead of rkWeil,, (recall that ppym(X)
is the rank of the quotient of Weil(.X') modulo numerical equivalence).

THEOREM 8.5.1 ([Sh3]). Let (X,D = Y d;D;) be a projective log surface such
that
(i) Kx + D is lc, and
(ii) —(Kx + D) is nef.
Then
(8.10) > di < prum(X) +2.

If the equality holds, then Kx + D = 0 and X has only rational singularities (in
particular X is Q-factorial).

PROOF. Assume that
(811) Zdi_pnum(X)_2ZO-
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First we consider the case Kx + D = 0.

Step 0. Apply a minimal log terminal modification as in 3.1.3. It is easy to see
that this preserves the left hand side of (8.11). Thus we may assume that Kx + D
is dit. In particular, Kx + {D} is klt, X is Q-factorial and pnum(X) = p(X).

Step 1. Write D = C+ B, where C := |D| and B := {D}. Then —(Kx+B) =
C + (nef divisor). Hence K x + B cannot be nef. Run (K x + B)-MMP, i.e., contract
birational extremal rays R such that R-(Kx + B) < 0. The left hand side of (8.11)
does not decrease. Of course, we can lose the dlt property of K x + D, but properties
(i)—(ii) are preserved. Moreover, if C' # 0, then on each step we contract a curve
R with R - C > 0. In particular, whole C is not contracted.

At the end we get a nonbirational contraction ¢: X — Z.

Step 2. Assume that after Step 1 we get a Fano contraction ¢ with dim(Z) =
1. Write D = DYer* 4+ Dhor where DPor = Y, ' d,;D; is the sum of all components
such that (D;) = Z and D¥** = 3 d;D; is the sum of components which are
fibers of ¢. Let F' be a general fiber of ¢. Then by Adjunction

0>(Kx+D) - F=(Kx+D" +F).F
=degKp + D" -F > -2+ DMr. .
This gives DP°T . F < 2. In particular,

(8.12) ddi<2, Y di>2

hor vert
(because p(X) = 2). Now, let R be the extremal ray of NE(X) other than R [F].
Then R-DV*"* > 0. Hence R- (Kx + (1 —¢€1)D —eD"**) < 0for0 < e; < € K 1.
By Contraction Theorem there is a contraction : X — Z; of R.

Assume that dim Z; = 1. Then, as above, we have > _.d; < 2 (because
components of DV®'* are horizontal with respect to ). This yields equalities in
(8.12) and (8.11). If dim Z; = 2, then % is birational. Let E be the y-exceptional
divisor. If F is a component of C := | D], then again by Adjunction we have

0> (Kx + D)-E = deg Kg + deg Diff g(D — E), degDiffg(D — E) < 2.

Since any component of D¥*"* meets E, by Corollary 2.2.8 we obtain > _ . d; < 2.
This yields equalities in (8.12) and (8.11). Finally, if F is not a component of
C := | D], then we replace X with Z;. Note that in this case we get strict inequality
> d; — p(X)—2>0in (811) and p(X) = 1. By the next two steps this is a
contradiction.

Step 3. Assume that Z is a point (and p(X) = 1). Then ) d; > 3. We
claim that after perturbation of coefficients one can obtain the case when Kx + D
is not klt. Indeed, assume that Kx + D is klt. Let H be the ample generator
of Pic(X) ~ Z (see Lemma 5.1.3) and let D; = a;H, a; > 0. Without loss of
generality we may assume that a; < ap < ---. Take D' = D + ¢(D; — D,), where
i < jand 0 < t < d;. Clearly, —(Kx + D") is again nef and D? is effective.
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Moreover, for D! the left hand side of (8.11) remains the same. If Kx + Do is
lc but not klt for some for 0 < ¢y < d;, then Do gives the required boundary. If
Kx + D! is klt for t = d;, then we replace D with D% continue the process with
another pair D;, D;. Since the last procedure reduces the number of components

of D, this process terminates. At the end we get the situation when K x + D is not
klt.

Step 4. Now we consider the case when Kx + D is not klt. Apply steps 0-2
again. On Step 2 in (8.11) the equality holds. So we assume that p(X) = 1 and
C := | D] # 0. For any component C; C C by Adjunction we have

(8.13) 2 > —deg K¢, = degDiff¢, (D — C;)
On the other hand, all components of D intersect C; and
(8.14) deg Diffc,(D —Ci) > ) d; —1>2

(see Corollary 2.2.8). Therefore ) d; = 3 and deg K, = 2. This completes the
proof in the case Kx + D = 0.

Consider the case Kx + D # 0. As in Step 0 we may assume that Kx + D
is dlt. Further, similar to Step 1, run (K x + D)-MMP. This preserves assumption
(8.11). Let ¢: X — X' be a birational extremal contraction, D’ := ¢,D, and E
the exceptional curve. Clearly, Kx + D = ¢*(Kx' + D') + aE, where a € Q. Then
0> (Kx +D)-E = aE? Hence a > 0. Assume that Kx: + D’ = 0 and H a
hyperplane section of X. Then 0 > (Kx + D)- H = aFE - H > 0, a contradiction.
Therefore Kx: + D' # 0. We can replace (X, D) with (X’, D’) and continue the
process. At the end we get a log surface (X, D) with a nonbirational (Kx + D)-
negative extremal contraction ¢: X — Z. In particular p(X) < 2. If Z is a point,
then p(X) = 1and —(K x+D) is ample. Take n > 0so that the divisor —n(K x +D)
is integral and very ample. Let G € | — n(Kx + D)| be a general member. Then
Kx+D+ %G is dlt and numerically trivial. In this case, by the proved inequality
(8.10), 3 < >°d; < >.d; +1/n < 3, a contradiction. If Z is a curve, then we can
use the arguments of Step 2. Thus 4 < > d; =3,  di+> .. d; <4 (because we
have strict inequality in (8.12)). The last contradiction proves that Kx + D = 0.

Assume that X has at least one nonrational singularity P € X. Clearly, Kx is
not klt at P and P ¢ Supp(D). Then by Corollary 6.1.11 P € X is a simple elliptic
or cusp singularity. Asin Step 0, let ¢: (X, D) — (X, D) be a minimal log terminal

modification. If lDJ is connected, then l[) J = ¢~ }(P) and p, ([DJ) = 1. By
Lemma 8.3.8 D = l_f)J and D = 0, a contradiction. Therefore C := ¢~ 1(P) is a

connected component of [DJ Denote B := D — [DJ and C’' := [DJ — C. Our

assumption (8.11) implies that B # 0. Then C N C’ = C N Supp(B) = @. By
Proposition 3.3.2 there is a contraction ¥ : X — Z with rational fibers onto a curve
Z such that C and C' are (smooth) disjoint sections. Then B has no horizontal
components. Let R be a (K3 + D — eB)-negative extremal rational curve. Since
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Pa(Z) = po(C) = 1, R cannot be horizontal. On the other hand, p(X) > 3 (because
R- B > 0). Therefore the contraction of R is birational. This contraction reduces
the left hand side of (8.11), a contradiction. This proves Theorem 8.5.1. O

THEOREM 8.5.2 ([Sh3]). Let (X,C) be a projective log surface with a reduced
boundary C = 3.._, C; such that Kx + C is lc and —(Kx + C) is nef. Assume
also

T 2 Pnum(X) + 2.
Then
(1) 7 = ppum(X) +2 = p(X) +2;
(ii) Kx +C ~0 (i.e., Kx + C is 1-complementary);
(iii) C is connected and p,(C) = 1;
(iv) the pair (X,C) is toric.

PROOF. The assertion (i) follows by Theorem 8.5.1. This also shows that
Kx + C = 0. To prove (ii) we apply steps 0—4 of the proof of Theorem 8.5.1 to
(X,C). At the end we obtain one of the following:

e p(X) =1 and C has exactly three components. Clearly they intersect each
other and does not pass through one point, so p,(C) > 1 (cf. Proof of
Corollary 10.1.2). By Lemma 8.3.8, Kx + C is a 1-complement. According
to 4.3.1 and 4.3.2, Kx + C on our original X is 1-complementary.

e p(X) = 2 and C has exactly four components. Moreover, there is an ex-
tremal contraction ¢: X — Z onto a curve. By discussions in Step 2 of
the proof of Theorem 8.5.1 (especially, (8.12)), we have a decomposition
C = CPor 4 CVert such that both CP°r and CVert have two irreducible com-
ponents. Any component of CV®'* meets all components of CP°T. As in
(10.2) we have p,(C) > 1. Finally, as above, Kx + C is 1-complementary.

By Proposition 3.3.2, C C LCS(X, C) is connected. Since Kx + C is Cartier,
Diff¢(0) = O (see 2.2.4). Thus K¢ = 0 and p,(C) = 1. This proves (iii). The
assertion of (iv) follows by the lemma below. O

LEMMA 8.5.3. Let (X,C) be a projective log surface such that C is reduced and
connected. Assume that C has exactly pnum(X) + 2 components, Kx + C is lc and
linearly trivial. Then (X,C) is a toric pair.

PROOF. Let ¢: X — X be minimal 1t modification of (X, C). Write p*(Kx +
C) = K% + C, where C is reduced and ¢,(C) = C. The exceptional divisor of
¢ is contained in C. Hence on (X,C) all our conditions hold. So it is sufficient
to prove our assertion for (X,C). By Lemma 8.3.8, p,(C) = 1, C a wheel of
smooth rational curves, X is smooth along C and has only Du Val singularities
outside. Run K+-MMP. By (8.10), on each step we contracted a component of C
(which is contained into the smooth locus of X). Thus our MMP is a sequence of
contractions of —1-curves. At the end we obtain aFano contraction ¢: (X C’) — Z,
where X has only Du Val singularities, K ¢ + Cislc (in fact it is analytically dlt)
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and numerically trivial. The sequence of transformations X — X is a sequence of
blowups of divisors with discrepancies a(-, 5) = —1. They must preserve the action
of a two-dimensional torus (if (X, C) is a toric pair). Thus it is sufficient to show
that the pair (.5(\' 6’) is toric.

If p(X) = 1, then C has exactly three components which are Cartier divi-
sors. Therefore X is a log del Pezzo of Fano index ’I‘(X ) > 3 (see 10.2.3). By
Lemma 10.2.4, X ~P? and C = C; + C, + Cs, where the C; are lines. Obviously,
(X,C’) is toric in this case. Finally, assume that dim Z = 1. Then C has exactly
four components and by Lemma 8.3.8 they form a wheel of smooth rational curves.

It is an easy exercise to prove that Z =~ P! and the fibers of ¢ are rational. There-
fore C = Chor 4 Chor + CYert + Cyert, where CPor, Chor are disjoint sections of 3 and

Cyert, Cyert are fibers. We claim that X is smooth. Indeed, by construction, X is
smooth along C. Let F be a fiber of ¢ different from Cyert, Cyert. Take c so that
Kg + C +cF is maximally lc. If ¢ < 1, then LCS()?,@ + cF’) has three connected
components near F'. This contradicts Proposition 3.3.1. Hence K + C + F is lc.
By Adjunction deg lefF(C) = 2. On the other hand lefp(C) > P, + P, where
P, = FNChor. Hence lefF(C) P + P, and X is smooth along F.

Thus we have shown that X is smooth. Then X ~ F, and 9 is the natural
projection F,, — P!. Since Ch°r, Cb°r are disjoint sections one of them, say Ch°’,

must be the minimal section £y. Now, it is easy to show that the pair (X,C) is
toric. O



