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Asymptotic directions on a surface in a
4-dimensional metric Lie group

Pierre Bayard and Federico Sanchez-Bringas

Abstract.

In this paper we introduce the notion of asymptotic directions of a
surface in a 4-dimensional riemannian manifold, and study the special
case of a surface in a 4-dimensional metric Lie group. It appears that
this notion depends on the left invariant metric in general.

61. Introduction

The aim of this paper is to introduce the notion of asymptotic direc-
tions of a surface in a general 4-dimensional riemannian manifold, and
to study their first properties.

If M is a surface in a 4-dimensional riemannian manifold M , we
define the asymptotic directions of M at a point = as the directions
of T,,M which annulate a natural quadratic form § : T,M — R: this
quadratic form is constructed from the generalized Gauss map ¢ : M —
A2T M of the surface by the formula

1
(5(X) = —§Vx<p ANVxp

for all X e T, M, where V denotes the Levi-Civita connection on A2TM;
it measures the complexity of the first variation of the tangent planes
of the surface at x. The construction is explained in details in the first
section of the paper. We show that these directions may be equiva-
lently defined in terms of the second fundamental form, or in terms of
the curvature ellipses of the surface; it appears that these directions
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are also the directions of higher contact of the surface with some 3-
dimensional totally geodesic spaces. So, the definition extends to a gen-
eral 4-dimensional riemannian manifold the notion of asymptotic direc-
tions for a surface in R*.

We then study the special case of a surface in a Lie group equipped
with a left invariant metric. The case of a surface which is also a sub-
group is particularly interesting, since the asymptotic directions satisfy
a purely algebraic equation in that case. We then give an example show-
ing that the notion of asymptotic directions generally depends on the
invariant metric on the group; this is in contrast with the notion of as-
ymptotic directions on a surface in R*, or more generally in a Lie group
if we consider only metrics which are bi-invariant. We then finish the
paper with the special case of a surface in a 3-dimensional subgroup of
a metric Lie group, and especially study the case of a surface in the 4-
dimensional hyperbolic space H*, which is regarded as a Lie group with
a left invariant metric.

We quote some related papers: the notion of asymptotic directions
of a surface in R* has been widely studied, especially in relation to the
theory of singularities, see e.g. [5, 7]. It has been extended to other
pseudo-euclidian 4-dimensional spaces in [2, 3, 4].

The outline of the paper is as follows: we introduce the generalized
Gauss map and the asymptotic directions of a surface in a 4-dimensional
riemannian manifold in Section 2; we also show in the same section
that the principal properties of the asymptotic directions of a surface
in R* hold in this general setting. We then study in Section 3 the
notion of asymptotic directions on a surface in a 4-dimensional metric
Lie group, especially when the surface is also a subgroup, or belongs to a
3-dimensional subgroup. We finally recall the fundamental equations of
Gauss, Codazzi and Ricci in a short appendix, at the end of the paper.

§2. Asymptotic directions on a surface in a 4-dimensional
riemannian manifold

We assume here that M is a 4-dimensional riemannian manifold,
with a given orientation, and denote by V its Levi-Civita connection.
We suppose that F : M — M is the immersion of an oriented surface
into M. The purpose of the section is to define in that context the notion
of asymptotic directions of M into M, and study their first properties.

2.1. The generalized Gauss map

We consider, in a neighborhood U of z, € M, a positively oriented
and orthonormal frame (e1,es) of TM. The tangent planes of M in U
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may be represented by e; A ez, a local section of F*A2TM, the bundle
of the bivectors of T'M, induced on M : we set

©: U — F*A*TM
x = e Nes (z);
this map is a natural generalization of the Gauss map. The connection

V on T'M naturally induces a connection on F*A2TM, still denoted by
V.

Lemma 2.1. For X € T(TU), |X| =1, we have the formula
(1) Vxe=B(X,X)AX+ + X AB(X,X1),

where B : TM x TM — E is the second fundamental form of M in M
(E denotes the normal bundle of M in M) and X is the tangent vector
obtained from X by a rotation of angle +m/2 in TM.

Proof. We assume that (ej,e) is a positively oriented and or-
thonormal frame in & C M such that VMe; = VMe, =0 at 2, (VM is
the Levi-Civita connection in M), and we compute

ngD = {VXel} Ney +ep N {Vxez}
= B(X,el)/\62+€1/\B(X,€2),

since B(X,e;) = Vxe; at x,. We finally choose (ej, e2) such that e; = X
and es = X+ at z,. Q.E.D.

Remark 1. Formula (1) has the following interpretation: at x, €
M, V xp represents the infinitesimal rotation of the tangent planes of M
in the direction X in the j-space T%M, and (1) is its decomposition in
infinitesimal rotations in two 3-spaces: the first term B(X, X)AX* rep-
resents an infinitesimal rotation in the 3-space T, , M ® B(X, X), around
the tangent direction X+, and the second term X A B(X, X*) an infin-
itesimal rotation in the 8-space Ty, M ® B(X,X"1), around the tangent
direction X.

2.2. Asymptotic directions

We note that A4T$OZ\~4 ~ R, since M is 4-dimensional (by fixing a
positively oriented and orthonormal frame of TIOM ). This allows the
following definition:

Definition 2.1. Let us consider the quadratic map
(2) 0: Ty M — R
1
X —§VX<p/\Vx<p.
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We will say that X € T, M, X # 0, defines an asymptotic direction of
M at z, if 6(X) =0.

Remark 2. By Lemma 2.1, for all X € T, M, | X| =1,
(3) §(X)=XAXtAB(X,X)AB(X,X1),
and X 1is an asymptotic direction if and only if
B(X,X)AB(X,X*)=0.

An asymptotic direction has the following interpretation: by Remark 1,
V xp represents an infinitesimal rotation of the tangent planes of M in
the direction X, and (1) is its decomposition in two infinitesimal rota-
tions in 3-spaces; we readily see that X is an asymptotic direction of M
if and only if the two 3-spaces in the decomposition (1) coincide: the in-
finitesimal rotation of the tangent planes of M in the direction X takes
place in a 3-dimensional space C T%M, instead of in the whole 4-space
Tmo]\;[; this 3-dimensional space is an osculating 3-space of M in the
direction X . We will precise this fact in the next section.

Remark 3. The notion of asymptotic directions does not really de-
pend on the metric but rather on the associated connection: this no-
tion is in fact defined for a surface in a general 4-dimensional manifold
equipped with a linear connection. For example, in R, the notion of
asymptotic lines does not depend on the choice of the metric invariant
by translation: we have a unique notion in R*, R3! or R%2, since the
Levi-Clivita connection is the canonical connection in all these cases.
However, we will see that in a general Lie group we may have different
notions of asymptotic lines, since different left invariant metrics give
different Levi-Civita connections in general.

Similarly to the euclidean case R* [5], we obtain the following:

Proposition 2.2. If R is the curvature tensor of M and (e1, e2) and
(n1,n2) are positively oriented and orthonormal bases of the tangent and
the normal planes of M at x,, we set

KN = <R(61, 62)(%2), n1>.

The trace of 6 is .
trg5 = KN - KN

where K = (RN (e1, e2)(n2),n1) is the normal curvature of M.
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‘We moreover define
A = det40.

By definition, M has an asymptotic direction at z, if and only if A < 0;
it has two distinct asymptotic directions if and only if A < 0.

Proof. We set B; = (B,n;),i=1,2. Let (X, X") be an orthonor-
mal basis of TM. The Ricci equation (26) in the appendix reads
(4) Ky — Ky = (B(X,B*(X*,na)),m) = (B(X", B*(X,n2)),n1).

We compute the right-hand side terms: since (X, X*) is an orthonormal
basis of TM, we have

B*(X*,n2) = (B* (Xt n), X)X + (B (Xt ny), X)X+
= (B(X1,X),no)X + (B(X*, X1), ny) X+
Bo(XH, X)X + Bo(X+, XH) X+

and thus
(B(X,B*(X*t,n2)),n1) = Bi(X,B*(X* ny))
= Bi(X,X)By(X*, X)
+B1 (X, X )By(X+, XH).
Similarly,

B*(X,ny) = (B*(X,ns), X)X + (B*(X,ns), X)X+
= <B(XaX)7n2>X + <B(*Xvu*XvL)7n2>‘Xvl
= Bo(X,X)X + Bo(X, X)X+

and

(B(X*,B*(X,n3)),n1) Bi (X1, B*(X,ny))
Bi(X*, X)By (X, X)

+B1 (X1, X5 By(X, X1).

The Ricci equation (4) thus reads

Ky —Ky = Bi(X,X")(Ba(X+, X1) - By(X, X))
+Bo(X+, X) (B1(X,X) — By(X*+,X1)).
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On the other hand, we note that
§(X) = XAX'AB(X,X)AB(X,X1)
= XAXTA(Bi(X, X)n1 + Ba(X, X)na) A (Bi (X, XH)m
+BZ(X7XJ—)TL2)
= XAXYAng Ang(Bi(X,X)Bo(X, X1)
—Ba(X, X)Bi (X, X))
~ Bi(X,X)By(X,X") - Bo(X, X)Bi(X, X "),
and similarly
§(X 1) ==Bi(X", X1)By(X ', X) + Bo(X, X 1) By (X, X).
We thus obtain
tryd = 0(X) +6(X1) = Ky — Ky.
Q.E.D.

Remark 4. Since the metric g is positive definite, we have
(try6)? > 4 det,0,
and thus the inequality
(Ky — Kn)? > 4A.

We may also interpret the invariants of § in terms of the curvature ellipse
at x,, which is an ellipse in the plane normal to the surface at z, : the
curvature ellipse of M at x, is classically defined as

&, ={B(X,X), Xe€T, M, |X|=1} C E,,.

Since B(X, X*) is tangent to the ellipse at B(X, X), the direction X is
an asymptotic direction of M at z, if and only if the line (0, B(X, X)) C
E., is tangent to the ellipse &, . Moreover, the sign of A has the
following interpretation: A > 0 if and only if the null vector 0 € E,
belongs to the interior of the ellipse &,,, A = 0 if and only if 0 belongs
to &, and A < 0 if and only 0 is exterior to the ellipse £;,. We omit
the proofs since they are similar to the case M =R*.
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2.3. Asymptotic directions and height functions

If v is a vector in T%M , we may define the height function on a
neighborhood U of z, in M by

h,: U — R
x = (v, exp;j(x)%

where exp,,_ is the riemannian exponential map at z, (this is a local dif-
feomorphism between a neighborhood of 0 in 7, %Z\Z and a neighborhood
of z, in M). The function h,, represents the “height” of Y C M with re-

spect to the totally geodesic 3-dimensional submanifold exp,, (v+) C M.
We have the following:

Lemma 2.3. dh, =0 at x, if and only if v belongs to the normal
plane E, . In that case, the hessian of h, is

(5) vMdh, = B,
where B,, is the quadratic form on T, M such that
BV(X7Y) = <B(Xa Y)7V>

for all X,Y € T,,M. Here VM stands for the Levi-Civita connection
on M.

Proof. Let us set, for z belonging to a neighborhood U of z, in M,

hy(x) = (v,exp, ! (z));
the function h,, is the restriction of h, to U C M. Let v :(—e,8) = M

be the geodesic of M such that v(0) = x, and v/ (0) = v € T,,, M. By
definition of the exponential map, v(t) = exp,_(tv). Thus

hu (4(t)) = t{v, v)

and p
dhy(v) = dh,(v) = — Wy (y(t) = (v, ).
dt |t=0
Thus dh, = 0 at x, if and only if (v,v) = 0 for all v € T,,, M, that is v
belongs to E;,. We now assume that u and v are vector fields defined
on U, whose restrictions to U are tangent to M. By definition,

VMdh, (u,v) = ,{dh,(v)} — dh,(VMv)

and
Vdhy, (u,v) = d,{dh, (v)} — dh,(V,0),
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and thus

VMdh,, (u,v) — Vdh,(u,v) = —dh,(VMv—V,0)
= dh,(B(u,v))
= (v, B(u,v))
B, (u,v).

Now, if ~ is a geodesic of M,

For v(t) = exp, (tv) we get h,(y(t)) = t(v,v), and deduce that
Vdh, = 0. Identity (5) follows. Q.E.D.

The following proposition shows that an asymptotic direction corre-
sponds to a direction of higher contact between M and some totally
geodesic 3-dimensional submanifold:

Proposition 2.4. M admits an asymptotic direction X at x, if and
only if there exists v € E,, |v| = 1, such that X € Ker VMdh,,.

Proof. We suppose that v is a unit vector belonging to E,_; by
Lemma 2.3, VMdh,, is degenerate if and only if so is B, i.e. there exists
X € T, M, |X| =1, such that B,(X,.) : T,,M — R is the null form.
But the later is equivalent to

B,(X,X) = B,(X,X*) =0,

i.e. the normal vectors B(X, X) and B(X, X') are both orthogonal to
v. We thus get the following: there exists a unit vector v € E,_  such
that VMdh,, is degenerate in the direction X if and only if B(X, X)
and B(X,X™) are colinear, that is if and only if X is an asymptotic
direction of M at x,. Q.E.D.

The direction v appearing in the proposition is traditionally called a
binormal direction of the surface M at the point x,; see [7] for surfaces
in R*.

Remark 5. We may interpret Proposition 2.4 as follows: if X is an
asymptotic direction of M at x,, then, for some open subsetV C T, M@
RB(X,X) C TIOM containing 0, the totally geodesic 3-dimensional
manifold exp, (V) has a contact with M of order > 2 in the direction
X.
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§3. Asymptotic directions on a surface in a metric Lie group

We suppose here that M is a Lie group G, and denote by G its Lie
algebra: G is the space of the left invariant vector fields on G, equipped
with the Lie bracket [.,.] and is identified to the linear space tangent to
G at the identity. We consider the Maurer-Cartan form w € QY(G,G)
defined by

wg(v) =Ly (v) € G
for all v € TyG, where Lg—1 denotes the left multiplication by g ! on
G and Ly, : T,G — G is its differential. This form induces a bundle
isomorphism

(6) TG — Gxg
(g,’U) — (g7w9(v)>'

We note that a vector field X € I'(T'G) is left invariant if w(X): G — G
is a constant map. We consider the canonical connection V¢ on G defined
by

w(VY) = 0x {w(Y)}
for all X,Y € T'(T'G), where 0x stands for the usual derivative in the
direction X; it is left invariant, and such that V&Y =0 if XY are left
invariant vector fields.

3.1. Left invariant metrics and Levi-Civita connections
We now assume that a left invariant metric (.,.) is given on G, and

denote by V its Levi-Civita connection. Since V is also left invariant,
there exists a left invariant tensor I' belonging to TG @ T*G @ T'G such
that, for all X, Y € T'(TG),
(7) VxY =V&Y +T'(X,Y).
Since I' is left invariant, we may alternatively consider I' as a bilinear
map

r: GxGg — ¢

(X,Y) = DXY);

it is such that, for all X, Y € G
(8) VxY =T(X,Y).

By the Koszul formula, I' is determined by the metric as follows: for all
XY, Z eg,

L. 21, %),

0)  CXY),2) = XV 2) + S (24.X,Y) -
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Since V is without torsion, we have, for all X,Y € G,
(10) NX,Y)-TI'(V,X)=[X,Y].
If we consider I" as a map

G — A?G C End(G)
X - IX): Y =I(X)Y)

(note that T'(X) : G — G is skew-symmetric since V is compatible with
the metric), the curvature of V is given by

(11) R(X,Y) = [[(X),T(Y)] - I(X,Y]) €A*G

for all X, Y € G, where the first bracket in the right-hand side stands
for the commutator of the endomorphisms.

3.2. A basic example: the Lie group H™

Here we briefly describe the group structure on H", and refer to [6]
for further details. Let us set

H" = {a = (d,a,) €R": a, >0},

and, for a € H", the similarity of R"~1 (by a similarity we mean an
homothety composed by a translation)

P R —» R
/
r = apr+a.

The similarities of R”~! naturally form a group under composition, and
the bijection

¢: H" — {similarities R""! = R""'}

a = Qg
induces a group structure on H" : it is such that
(12) ab = (apb' +ad',a,by)

for all a,b € H"; the identity element is ¢ = (0,1) € H". Let us denote
by (e1,e2,...,¢€,) the canonical basis of T.H" = R™ and keep the same
letters to denote the corresponding left invariant vector fields on H”.
The Lie bracket may be easily seen to be given by

lei,e;] =0 and [en, e =e;
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for i,j =1,...,n — 1. This may also be written in the form
(X, Y]=U(X)Y - (V)X

for all X)Y € R™, where [ : R® — R is the linear form such that
l(e;) =01ifi <n—1and I(e,) = 1. This property implies that every left
invariant metric on H" has constant negative curvature —|I|? [8, 6]. We
now suppose that a left invariant metric (.,.) is given on H" and define

9ij = (€, €5)
for all 7,5 = 1,...,n; the structure constants Ffj,
ated to the Levi-Civita connection are defined by

1 <i,5,k <n associ-

I(ei,ej) = Z Ffjek
k=1

forallé,7 =1,...,n, and are easily computed using the Koszul formula
(9): we have
k kn
(13) Fij =9 9ij — 5ik5jn
for all i,j,k = 1,...,n, where (99)1<; j<n = (gij)1<ij<n -

3.3. The Gauss map and the quadratic form § of a surface
in a metric Lie group

Since the Lie algebra G of the group is supposed to be equipped with
a scalar product, so is A2G. Let us still denote this scalar product by
(.,.). There is an other symmetric and bilinear form on A%2G

A: AGxAG — R
(n,n') —= nA”,

where a fixed positively oriented and orthonormal basis of G is used to
identify A*G to R. The Hodge operator

¥t A’G — A%G
/|

is the symmetric operator on A?G associated to the symmetric bilinear
form A : it is defined by the relation

(14) nAn = (xn,n')



174 P. Bayard and F. Sanchez-Bringas

for all n,n7’ € A2G. We set
Q:={neA?G: nAn=0 and (n,7) = 1}.

Q is the set of the oriented 2-planes in G. It is well known that Q is
naturally isometric to the product of spheres S?(1v/2/2) x S%(1/2/2).

We now use the trivialization TG ~ G x G given in (6) to identify
vector fields on G with smooth maps G' — G, and sections of A2T'G with
smooth maps G — A2G. If M is an oriented surface immersed in G, and
(e1,e2) is a positively oriented and orthonormal frame of M defined in
some open set U C M, identifying the vector fields e; and es to maps
U — G, the generalized Gauss map introduced in Section 2.1 reads

(15) o: M — Q C A%g
x — erNes (2).

If o = e1 A ey belongs to A2G, we set, for all X € G,
(16) LX) () =T(X)(e1) Aea + e AT (X)(e2).

This formula extends in fact I'(X) to a skew-symmetric operator A2G —
A%G. If M is a surface in G, the quadratic form § defined in Section 2.2
reads as follows: for X € T, M,

1
(5(X) = —§VXLP/\VX<,0

_% {Ox ¢ + T(X)(0)} A {0x 0 + T(X) ()} .

Note that it is distinct to the form §°(X) = —38x¢ A Ox ¢ (this form
is associated to the canonical connection of G, rather than to the Levi-
Civita connection).

3.4. Asymptotic directions on a 2-dimensional subgroup

Our purpose here is to study the special case of a 2-dimensional Lie
subgroup in G this is a surface which admits a pair of left invariant
and orthonormal vector fields. We are principally concerned with the
question of the existence of the asymptotic directions on such a surface,
and their dependence on the left invariant metric. This is indeed the
simplest case in a Lie group since we will see that it reduces to an
algebraic problem; it moreover furnishes the first basic examples.

We suppose that H is a 2-dimensional Lie subgroup of GG, and denote
by H its Lie algebra: there exist two orthonormal and left invariant
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vector fields w1, us on H; since o = +uy A us we get dxp = 0 and the
form § of H simply reads

5(X) = ~5T(X) () AT(X) ()

for all X € H. By definition, the tangent direction X is an asymptotic
direction if (X)) = 0, which is an algebraic condition since I" is moreover
determined by the algebraic relation (9).

3.4.1. A first negative result: the case of a bi-invariant metric.

Proposition 3.1. If the metric on G is bi-invariant, then the qua-
dratic form § on H is identically zero: all the tangent directions of H
are asymptotic directions.

We note that this result generalizes the trivial case of a plane through
0 in R

Proof. Since the metric is left invariant and H is a subgroup, it is
sufficient to show that § = 0 at the origin e € H. Since the metric is
moreover bi-invariant, then I'(X,Y) = 1[X,Y] (see e.g. [1] p. 61). Let
us fix an orthonormal basis (u,us) of T, H. Then, for all X € T. H,

1
= Zul /\'UQ/\I:X,Ul]/\[X,UQ}.

Writing X = Xju; + Xous, we see that 6(X) = 0. Q.E.D.

3.4.2. An intermediate case: the group H*. We consider here the
group H* with a left invariant metric (.,.). The metric is not bi-invariant,
since the group H* is not unimodular. We keep the notation of Section
3.2, and introduce the vector U, € T,H* such that

U(X) = (Uo, X)

for all X € T.H*. By the Koszul formula (9) the Levi-Civita connection
is easily seen to be given by the map

(17) (X)(Y) = —(Y, U)X + (X, Y)U,

for all X,Y € T,H* We note that an arbitrary linear plane in 7,H*
is also a sub-algebra of the Lie algebra of H*, and thus generates a
2-dimensional subgroup. The following proposition shows that the 2-
dimensional subgroups are umbilic surfaces:
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Proposition 3.2. Let H be a 2-dimensional subgroup of H*. The
second fundamental form of H in H* is given by

B(X,Y) = (X,Y)U+

for all X,Y € T.H, where U} denotes the orthogonal projection of U,
onto the plane normal to H at e. Moreover, H is a totally geodesic
surface if and only if U} = 0 that is U, belongs to T, H.

In particular, on a 2-dimensional subgroup of H* the quadratic dif-
ferential § vanishes identically.

Proof. Let us extend X,Y € T.H to left invariant vector fields on
H. The Levi-Civita connection of H* on left invariant vector fields is
given by (17); the first result follows since the second fundamental form

is by definition the component normal to the surface of the covariant
derivative. Finally, § = 0 by formula (3). Q.E.D.

The previous discussion contains the special case of the 4-dimen-
sional hyperbolic space with its usual metric, if the left invariant metric
is given at e by the canonical metric in T,H* = R* (ie gij = 0;; in
Section 3.2). Note that in that case the vector U, is the last vector of
the canonical basis ey.

3.4.3. A first positive example: the group H? x H2. We consider

H? x H? = {(21,23), 1 € R, 3 > 0} x {(x2,24), 72 € R, 24 > 0}
with the product
((:171, x3)v (anx4)) ! ((xllvxg)v (xévxﬁl)) = ((x3z/1 + z13x3$/3),
(z42hy + 29, 247Y));

this is the natural structure on the product (recall that the group struc-
ture on H? is given by (12), with n = 2). We also consider the subgroup

H = {((z1,1),(x2,1)), x1,22 € R},
and denote by
€1 = ((1’0)3 (070)) and €2 = ((070)7 (1’0))

the natural basis of T,H C T.(H? x H?). We moreover suppose that a
left invariant metric is given on H? x H?2.

Proposition 3.3. The subgroup H has two asymptotic directions at
every point; moreover the two asymptotic directions depend on the left
invariant metric {.,.). Especially, e1, es are the two asymptotic directions
at e € H if and only if the left invariant metric is such that {e1,ea) = 0.
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Proof. Let us also consider the vectors
es = ((0,1),(0,0)) and eq = ((0,0),(0,1)).
The Lie algebra structure of H? x H? is given by
les,e1] = —le1, e3] = e1, [eq, 2] = —[ea, e4] = €2

and the other brackets are zero. The Koszul formula (9) implies that T
is given by the following formula: for 7, j € {1,2},

4
1 . )
(18) D(esses) = 505 Y (g’“““) + gk(j”)) k.
k=1

Since the metric is left invariant and H is a subgroup, we only have to
do the computations at the origin e € H. Let us fix an orthonormal
basis (u1,us) of T.H. Then, for all X € T, H,

(S(X) =u; Nug A F(X)(Ul) A P(X)(’LLQ)

Since uy A ug is proportional to e; A es, and T'(X)(u1) A T'(X)(usg) is
proportional to I'(X)(e1) AT(X)(e2), 6(X) = 0 if and only if
T(X)(en) AT(X)(e2) = Y cij(X) es Nej
1<i< <4

is such that c34(X) = 0. A straightforward computation using (18) then
shows that, for X = Xje; + Xseo,

1, .
c3a(X) = 5 (933944 - (934)2) (912911X12 + 2911922 X1 X2 + 912922X22) .
Thus §(X) = 0 if and only if
(19) 912911 X7 + 2911922 X1X2 + 912922 X5 = 0.

The discriminant of this quadratic form is

911922 (932 — g11922) <0,

which proves that there always exist two distinct asymptotic directions;
by (19) they clearly depend on the metric, and ej, es are these asymp-
totic directions if and only if g15 = (eq,es) = 0. Q.E.D.

Remark 6. Note that, by contrast, the notion of asymptotic direc-
tions for a general surface in R* does not depend on the metric since the
Levi-Civita connection of a left invariant metric always coincide with the
canonical connection in that case (the Koszul formula (9) with [.,.] =0
yields T' = 0, whatever the invariant metric is).
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3.5. Asymptotic directions on a surface in a 3-dimensional
subgroup

We consider here a 4-dimensional metric Lie group G, and a 3-
dimensional subgroup H of G. Our purpose is to study the asymptotic
directions of a surface belonging to H. Let G and H denote the Lie
algebras of G and H. We fix (uy, uy, us, u,) an orthonormal basis of
G such that (uq, uy, us) is a basis of H. If M is a surface in H, then its
Gauss map is of the form

p= Z aij u; A\ u; € A*H
1<i<j<3
where a;;, 1 <17 < j <3 are smooth functions on M, and, for X € T'M,
Oxp = Z Oxaij u; A u; e A’H.
1<i<j<3

Thus dx¢ A dxp =0 and
1
(20) 0(X) = =0xp ANI(X)p = ST(X)p AL(X)p

for all X € TM. We note that A’H ~ H since dimH = 3, and the
Gauss map ¢ is equivalent to a map

N : M — S*cH
x +— N(z),
where N(z) is a unit vector normal to M at z, translated to the Lie

algebra H by left multiplication: precisely, if * : A°G — A2G stands for
the Hodge operator, we have

o =*(N Auy).

We note that, as it is usual, dN : TM — T'S? may be regarded as an
operator of T'M; it is related to VN by the formula

(21) VxN = dN(X) +[(X)N

for all X € TM (see (7)).

3.5.1. The group R*. If G =R* then H=R3 CcR* ' =0, § =0,
and we recover the well known fact that all the tangent directions of a
surface in R? € R* are asymptotic directions.
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3.5.2. The group H*. In that case, the situation is different:

Proposition 3.4. Let G be the group H*, equipped with a left in-
variant metric, and let H be a 3-dimensional subgroup of G. Recall that
U, € G is such that (17) holds. If M is a surface belonging to H, then
we have the following:

(1) IfU, belongs to H then all the directions in TM are asymptotic
directions of M.

(2) If U, does not belong to H, then X € TM is an asymptotic
direction of M if and only if it is a principal direction of M,
i.e. is such that

(22) VN =)\X

for some X belonging to R.

Remark 7. The connection V in (22) is the Levi-Civita connection
of G let us note that VN also coincides with the covariant derivative
of N with respect to the Levi-Civita connection of H, since, by (21)
and (17), it is in fact tangent to H. Thus VN : TM — TM is a
symmetric operator and (22) implies that the asymptotic directions are
two orthogonal directions in the case (2) (if moreover VN is not an
homothety of TM).

Remark 8. If H* is equipped with the left invariant metric such
that the canonical basis (e1, ez, €3,€4) of T.H* = R?* is orthonormal (see
Section 3.2), then H* is the usual hyperbolic space, and a 3-dimensional
sub-algebra H of T.H* may be assumed to be generated by vectors of
the form ey, ea, Aes + peq, with A\, # (0,0). In that case U, = ey,
and U, belongs to H if and only if A = 0. Thus, by the proposition,
denoting by H the subgroup generated by H, if A = 0 then all the tangent
directions of a surface in H are asymptotic directions, and if X # 0 then
the asymptotic directions of a surface in H coincide with its principal
directions.

Proof. We first note that, for all X € T'M,
(23) I'(X)p = p(U,) A X+

where p(U,) is the orthogonal projection of U, onto the normal plane
of M. Indeed, if ¢ = e1 Aes and X = Xje; + Xoeo, a straightforward
computation using (16) and (17) gives

F(X)QD = Xi (UO — <61, UO>€1) Nes — Xo (UO — <62, UO>€2) N ey
= Xl p(Uo) Negy — X2 p(Uo) A €1,
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since
p(Uo) =U, — <617 Uo>61 - <627 Uo>€2-
This gives (23) since
X162 — X2€1 = XL.

Thus T'(X)p AT(X)p = 0 and (20) reads
8(X) = —-dxp Ap(U,) AN XL

Since dx ¢ = *(0x N Auy) and writing p(U,) = aN + fu,, with o, 8 € R,
we get

0(X) = —a x(OxNAu) ANAXT = % (0xN Aug) Ay A X

The first right-hand side term is zero since the bivectors *(Ox N A uy)
and N A X+ belong to A>H and dimH = 3. For the second term, we
note that by the very definition (14) of the Hodge operator % and since
kk = idp2g, we have

« A’ = (n,n')

for all n,n’ € A%2G, which implies in particular
*(OxN Aug) ANuy AN X+ = (OxN Aug,uy AXE)
= —(OxN,X%).
Observing that
VxN —-0xN=T(X)N =—(N,U,)X
(by (21) and (17)), we finally get
(24) 3(X) = B(VxN,X)

for all X € TM.

If 8 = (U,,uy) is zero, then 6 = 0, which gives the first claim of
the proposition. If now 8 # 0, then §(X) = 0 if and only if VxN is
orthogonal to X, i.e. is colinear to X; this is the second claim of the
proposition. Q.E.D.

tAppendix A. The fundamental equations

We recall here the equations of Gauss, Ricci and Codazzi for an
immersion of a submanifold M into a riemannian manifold M: let us
denote by R the curvature tensor of M, R” and RN the curvature tensors
of the connections on T'M and on the normal bundle E, B : TM xTM —
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FE the second fundamental form and B* : TM x E — TM the bilinear
map such that for all X,Y € I'(TM) and N € T'(E)

<B(X’Y)7N> = <KB*(X7N)>5

then we have, for all X,Y,Z € T'(TM) and N € T'(E),
(1) the Gauss equation

(25) (R(X,Y)2)T = RT(X,Y)Z — B*(X,B(Y, Z)) + B*(Y, B(X, %)),
(2) the Ricci equation

(26) (R(X,Y)N)N = RN(X,Y)N-B(X, B*(Y,N))+B(Y, B*(X,N)),
(3) the Codazzi equation

(27) (R(X,Y)Z)N =VxB(Y,Z) - VyB(X, Z);

in the last equation, V denotes the natural connection on T*M @ T* M ®
E.

Acknowledgments: P. Bayard was supported by the project PA-
PIIT TA105116, UNAM, and F. Sdnchez-Bringas was supported by the
project PAPIIT IN118217, UNAM.

References

[1] A. Arvanitogeorgos, An introduction to Lie groups and the geometry of
homogeneous spaces, Student Math. Library 22, AMS (2003).

[2] P. Bayard, V. Patty, F. Sanchez-Bringas, On lorentzian surfaces in R*2,
to appear in J. Geom. Physics (2016).

[3] P. Bayard and F. Sanchez-Bringas, Geometric invariants and principal
configurations on spacelike surfaces immersed in R>1, Proc. Roy. Soc.
Edimb. 140 A (2010) 1141-1160.

[4] S.Izumiya, J.J. Nuno Ballesteros, M.C. Romero Fuster, Global properties of
codimension two spacelike submanifolds in Minkowski space, Adv. Geom.
10 (2010) 51-75.

[5] J. A. Little, On the singularities of submanifolds of higher dimensional
FEuclidean spaces, Annali Mat. Pura et Appl. 83:4A (1969) 261-336.

[6] W. Meeks & J. Perez, Constant mean curvature surfaces in metric Lie
groups, in “Geometric Analysis: Partial Differential Equations and Sur-
faces”, Contemp. Math. 570 (2012) 25-110.

[7] D.K.H. Mochida, M.C. Romero Fuster, M.A.S. Ruas, The geometry of sur-
faces in 4-space from a contact viewpoint, Geom. Dedicata 54 (1995)
323-332.



182 P. Bayard and F. Sanchez-Bringas

[8] J. Milnor, Curvatures of left invariant metrics on Lie groups, Adv. Math.
21 (1976) 293-329.

Facultad de Ciencias, UNAM, Mézico

E-mail address: bayard@ciencias.unam.mx, sanchez@unam.mx



